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A METHOD OF DETERMINING TEE EQUILIBRIUM PERFORMANCE
AND THE STABILITY OF AN ENGINE EQUIPPED WITH
Al EXHAUST TURBOSUPERCHARGER*

By James Buchanan Rea

SUMMARY

The performance of an exhaust turbine drivimg a super-
charger 1s investigated by means of a sample calculation
based on reasonable assumptions for the purpose of determin-
ing whether the assumed installation is stable with respect
to changes in the mass of gas handled, boost pressure, etc,
The arrangement was found to be stable thr oughout the en-
tire range of operation. The method developed can be gener-
ally applied.

INTRODUCTION

This paper presents a method of determining the equi-
librium performance and the stability of an ongine equipped
with an exhaust-turbine supercharger.

The exhaust-turbine supercharging mcchanism is csscn-
tially composed of five parts: the engine, the nozzle box
with nozzles, the turbine, the blower, and the intercooler.
The sequecnce of evonts is shown schematically in figurc 1.

The author wishes to expross his appreciation to
Professors C. Fayotte Taylor and EBdward S. Taylor for their
guidance and supervision; and to Professor Joscph Keenan
for his helpful suggestions.

*Thesis submitbed, in partial fulfillment of the require-
nents for the degrees of Bach®8lor of Science and Master
of Science, Massachusetts In-titute of Technology.
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CHARACTHARISTICS OF COMPONENTS
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The following ligt of symbols

has becn used in

analysis and charts of the present study.
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specific heat at constant pressure
spoelfiec haaot at-constant volume
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Boefore the equilibrium performance of thec complote su-
percharging operation can be determined, it 1s nccessary
to know the performance of cach of the component parts of
the supecrcharging mechanism,

The nethod of analysis will be illustratcd by v
the analysis of a specific installation using the Unit
States standard atmospherc as a basis for variations in at-
mospheric conditions with changes in altitude,

> C‘Q

Assunc the following best econditionss

(a) Wright G-102-A engine
(b) =Bngine spoed hold constant at 1900 rpm by pro-
petler sovernor

(e) The temporaturc of the air entering the cngine
ig that of the standard atmosphere corre-
sponding to the cntering pressure

\ — < 0 T 2 e 5 :
{d) Thoe onecine will beo rum at full throttle

sunption: 0,11 pound per brake-
epower per ninute

¢ 2, thoe fullethrottle brake horsepower 1is
st standard-density altitude for various cn-

From figure 2 and reference 1, a curve of full-
quOuth bra&o horsepower against pressure hefore throtElde
was constructod and is given in figure 3., 4 curve .of ex-
haust gas weight per sccond against brake horSO)owor is
algo plebted in figure 3,

Tozzle Data

Based upon the standard and acc
zle design, the following fundancnt

a zzlo data were uscd
(critical conditions at nozzlc throa

pted methods of noz- .
no
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(a) Simple convorging Hozzles of squarc ' crogs scction

v

(b) Total nunber of nozglcs,. 9
(e} Total nozzle throat arca, 7.37 square lnches

(d) Yozzle angle, 20°

(4

The calculation of the nozzlie performance ecurves. will
be ltreated in: three parts:

@) " The effoesive ildealy icheviclocibyve- 1L as assumcd
that the veclocity of the gas as it hits the turbine whcel
is the fully cxpanded velocity even though the velocity at
the nozz1< throat is not greater tham the volocity of
sound.. This assanption, although not strlctly correes for
largo. cawngcs in pressurec across the nozzle, should bec good
in this analysis becausc of the couPnratl rely large dige
tance between the nozgle throat and the closcst turbine
blade, Above 30,000 fect this nssunntlon should bec used
with caution bocauso the highor the altitudce the norec the
assunption ig in error,

Phe v01001uv (0)53

the exhaust ga
can be ecalculated by the 2

a2t tke bturbine blades
following ‘nul

™

()

where

velocity of exdaust gas ittingwturbine blades,
feet per second

<l

A E, change in enthalpy for (1.+ F/A) opounds.of the
exhaust gas as found from figure 4 by expand-
ing adiabatically from the nozzle-box pressure
and temperature to the atmosphere pressure out-
side the: nozzle box

(Sufficiently accurate values of AH may be calculated
from the perfect gas law provided that consistent values

ol Cpo and R are usediand that the correet value of R
is also used. The data for figure 5 were calculated from
equation (1) and fron figure 4,)
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_ (b) Weipght rate of flow of cxhaust mas through noz-—
zles.=~ The weight rate of flow through tho nozzles nay bo
calculated by the following fornula: '

O Ay F
Wy = —S8.TER (1 # & (2)
. Vth 24
where
WW welight rate of flow through nozgzles,

pounds per second

Uiy, Vvelocity at nozzle throat, feet per second,
calculated by using equatior (1). In this
case AH, 1is the change in enthalpy ob-
tained by merely expanding adiabatically to
the throat pressure and not the atmospheric
pressure

A¢yn  throat area, total, squarc feet

T

V¢p Specific volume, found in figure 4 of |1 + i
pounds of exhaust gas at the throat con-
ditions

Results of calculations for WW are pleotted in figure 6.
(¢) Nozzle horsepower,.,- The nozzlo horscpower rmay be

calculated by the following formula, where J 1is taken as
778 foot-pounds per Btu,

AH, 778

Hog = o = 1,312 AHg Wy (3)

(1 + %) 550

In this case, AH, 1is the change in enthalpy for complete
expansion of the exhaust gas to the pressure P, Dbecause it
is the horsepower of the exhaust gas as it contacts the tur-
bine blades,; which is the walue desired. Tho results of

the calculations are plotted in figurc 7.

Turbinc: Data

A sing}c;stago'inpulsc turbinc.of'll.l ihches in dionm-
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eter was chosen., This turbine was assumed to have an cffi-
ciency curve as shown in figure 8, corresponding to a noz-
zle angle of 307 This efficicney  curve was baken from

dets in reforonge 3 (fig, 218, ps. 284).

Blower Data

AN s insle—istame . abraisht  vadial-blade, 'centriivaal
blower 11.1 inchos in diameter was used. The turbinc and
blower wore directly connectcd, The details of the design
of this blower have been omitted in this paper, but cxperi-
mental curves for a blower of the same dimonsions and dec-
siten Sare giwvon sn figuze 9.

Intercool Data
It will be assumcd that an intercoolcr is provided
and regulated so that the temperature of the air entering
the cngine is the standard United Statos atmospheric temper-
aturc (roference 1), corrcsponding to thc pressure of the
entering alr. Theo proessure drop of the charge air has becn
neclieeted but, in general, as pointed out in reference 4,

ol shlenid’ be taken dinto aceount,

DETERMINVNATION OF EQUILIBRIUI PERFORHANCE

Now that the performance curves for cach component
part of the supercharging mechanism have been deternined,
the over-all performance will be obtained for the eguilib-
riun conditions,

Pirst, curves of required prossurec coefficient against
revolution speed at various altitudes and for various full-
throttle brake horsepowers arc deternined by the use of the
following ocquation, which involves the definition of B,
the pressure coefficient.

o2
. (4)

o
I
€4
1
<

tx)

C
= G

o

a a

1flcance of the subscripts and the-units

where ‘the sign
16 calenla b S a®e a's  folliliems::

Weed in th
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Up tip specd of the blowoer, foobt por second

v : ) -
T, outsidc-air tomperaturc, 'F absolute
¥, -1
b o
Pin
Y, = ~—i} %
Pa

Py 1intake manifold prossure, pounds per square inch
P, standard atmosphoric pressure, pounds por square inch
W Tetiolof smecific hoste '€, /8y ;| ‘Tor alr

Fa a

a
(¥ = TN, = G.58%

Dy Dblower diamctoer, fect

Ny revolution spced of blower, revolutions per minute

Thus
Fop, \Ow2878 -
J oy B (;5> =1 e
R Sa, L ot 3]
L= TN : ) e
(T Bay
A 69 /
But
v B _ltR) (0.2897) (32.8) (3600) »
i e g e e i
i D’b £ (5.1_}”)0 1-—. \
<—ga- \1g o
$0
¥
Blegale w0t B
Tp®
or
i ¥
B = 2456 o (5)
5 B A
1000/
4§00 Y oif My "Dor weplous valuwog of By /P " is gPwed fin

al
flsure 10, The zegquired pressure coecffic
computcd and the results are plotted as s
falificure 1L,

ients have beecn
olid~line curves
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Second, curves of available pressure coefficient
against blower speed, at various altitudes and for various
full-throttle brake horsepowers arec determined from the
Tornula

(63

A
=V, ¢ 7 bhp (8)

where Vv, is specific volume and e is specific fuel
consumption., At a given altitude and brake horsepower,

v
raq s : o
values of 3 can be calculated from cquation (6) for
¥y Dy
various values of Ny. From figure 9 valucs of available
or " Vregq
pressure coefficients corresponding to values of ——5
e Ty
L0 .b'b

essurc coeffi-
~Figure. 11 4

cients are plotted as dotted-line curves i
. . . s
The intersection of corresponding curves of avu*lauWG
and required pressure cocfficionts gives data for curves
of blower speccd rcguired against altitude for various brake
horsepowers, Since the blower and the turbine are dircctly

econnected, it is “ossi’l to ecaliculate curves of turbine
tip specd required against altitude for various brake
horsepowers, Thesc curves are shown in figure 12; the fole
lowing formula was used gs the basis of calculation:
U TR R R G 1 T 1 . '
Turbo.. tip=speed = ( ==\ (Dy) X, = 0.04842 Ny (7)
' - T e, & R R req
Third, blower shqft horsepower recuirecd against alti-
tude was determined for various brake horsepowers as fole
lows: - Sinece values of required blower spceds against alti-
tude at various brake horscpowers are known and since val-
uves of Vype against altitude :at various brake horsgpowers
£ »\ -

can be found from equation (6), it follows that values of

v .
re . ! x :
R o can be esileculatcd Tor different altitudes and at
i

by 5
Hreq Db

-warious brake orstovcrs. Thuas, from f
a

pries -9l el iieigiio £

s
: &
gdiabatic officiency nad can be determincd for corrcsponde

» "Y s
ing values of —42%—. The value of T, g used was Staken
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from figurc 9(a) or 9(b) depending on which rpm rangc more
closely corresponded to the rpm uscd in the cxanmple, It

is assumcéd hore that MNgq 1s a function only of 4—;K£9i7;

¥rcq Db
and is indcpendent of ﬂfoq, which is ¥ory ncarly true as
can be scen from figure 9, Values of rcguired adiabatic
Lhorsepower for various altitudes and engine brakc horsc-
powers are casily calculated by the. formula below:

ie) gl e :
(hp_.) req = = - = 0.0006215" (dhp) (T, ¥,) (8)
Atk 33000 ‘ _
whore W3 is the air consumpfion, pounds per ninute.
Finally, corresnonding valucs of adiabatic efficicncy
and adiabatic horsenower roequircd being known, curves  of
blower-shaft horsepower required against altitude, for var-
ious brake horsepowers, may bc plotted as shown in.figure v
13, using the followlinmg reiation:
' aliabatic hp .
Te
Blowcr—shaft hproq = 4 (9)

nad

Fourth,. curves of nozzlc-box pressure requirecd against
altitude arc determined for various brakec horsepowcrs by

.bde use of Eleures 5, 7, By 12, .8nd:13, as feollowsi Deelde

upon a constant brake horsepower. An altitude should then
be chosen and the turbine tip speed required obtained from
figure 12. A value of the required nozzle-~box pressure

should be chosen and the nozzle gas velocity and the nozzle

‘horsepower at the assumed altitude should be obtained from

figures 5 and 7, respectivoly, With the nozzlec velocity
and the rcquired turbine tip speed, the turbinc adiabatic
efficicncy may be obtained from figure 8. Then the blower-
shaft horscpower is obtained by multiplying the ecfficioncy
by the nozzlc horsevower, With this blowor-shaft horse-
power, an altitude is obtaincd from figure 13 at the con-
stant brake horsepowecr first decided upon, If this alti-
tude dees not agree with the altitude chosen a}b the begin- >
ning, then a different value of the required nozzlo-boX
pressure is taken and successive cfforts are made until the
scquence is in consistent cquilibriun,

This process may s«
rieonce has shown that &

D
® 0©

m very long and tedious, but oexpo-
equilibrium value of the turbine

PG
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efficiency varies by only a slight amount with changes in
altitude at constant brake horsepower., Thus, the number of
trials necessary is seldom more than two if a turbine effi-
el eney is .first estiimated and later subsbantiated by wsing
the foregoing curves.

Figure 14 shows the results of the foregoing mnethod.

From figures 14 and 6, curves of required nozzle weight
rate of flow against altitude for various brake horsepowers
mgyiibe determined;: they are.shown in figure 15,

Fifth, curves of required "nozzle-equivalent" waste-
gate area against altitude are determined for various
brake horsepowers, as follows: At any given altitude, the
weight rate required through the nozzles in order to main-
tain a given brake horsepower is found from ficure 15,
The exhaust-gas weight rate available is determined from
figure 3, and the difference petween these two rates repre-
sents the weight rate that must pass through the waste
gate. Now, since the pressure required and the assumed
constant temperatur of the gas in the nozzle box are known,
figure 4 may be used to find the change in enthalpy of the
gas leaving the nozzlo box, Also, figure 4 may be used to
find v, the chart volume of the gas as it leaves the waste
gate, These values being known, the required "nozzle-
equivalent" waste-gate area may be found by the condition
of continuity, as rcprescnted by the following equation:

T

Wozhauat ¥ (10)

A a
i /AHG/778x2g<1+§

A much simpler method of calculating the "nozzle equivalent!
waste-gate area is shown in the following equation:

Wieso2t
A A, —exhaust N

Wels ~ N Vreq

Figure 16 ghows fthe curves resulting from ecguation
x2) io¢ required "nozzle-cquivalent" waste-gate area
against altitude, at various brake horsepowecrs

scussion

>
(=0

The curves of required pressure shown in figurce 14 in-
dicatec a dofinite minimum., This fact is substantiated by
cxperimental curves of Berger and Chenoweth (refeorcnce 4),
pepricdueed 9n figure 17,
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It should be remembered that the analysis thus far is
only valid for determining the equilibrium conditions of
the supercharging cycle. But once these conditions have
been determined, the static and the dynamic stability of
the system may be easily found by assuming a small change
in one of the variables and following this effect complete-
ly through the cycle. ZEquilibrium conditions cannot occur
ot altitudes above that at which the curve of weight rate
required is intersected by the curve of weight rate avall-
able, 'for constant brake horscpower. {See fiz, 15.) En
this partiéular example, these curves do not interscct
within the ranges investigated, but they nmight interscct
if experimental data rather than theoretically calculatoed
data, were used throughout the analysis.,

It 4is possible for the systen to be in equilidbriunm
even though 1t 1s statiecally unstable. In other words, a
slight change in one of the variables from its equilibrium
value night not be followed by a tendency for the systen
to return to its original state, It nay also be possible
for the systenm to e statically stable but dynanically un-
stable, that 1s, a slight change in one of the variables
from its equilibrium value might result in an undamped and
cumulating oscillation,

DETERMINATION OF STATIC STABILITY

Developnent of Fornulas Used in
Static-Stability Caleulations

The fundamental expression used in determining the
stability of the exhaust-turbine supercharging cycle is
based upon Newton's second law of motion, and is as follows:

i (0g.» 0%
( g U5 (12)
w .

where

W angular velocity of rotating parts,
radians/second

T turbine torque, foot-pounds

Ty Dblower torque, foot-pounds
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An expression for the turbine torque T¢ 1s derived
from the basic equation:. for horsepower:

Turbine hp = E;g (13)
also

furbine hp = hpy My (14)
where |

hp.‘_\T horsepower of exhaust gas from nozzles as
it comes in contact with turbine blades

Ny turbine efficliency (Sce fig. 8.)

If equations (13) and (14) are combined, there is obtained
for turbine torque

Lt = 11; ' (15)

An expression for the blower torque may also be found
by using the basic equation for horsepower:

31 e L (16)
bDlLOWEeTr-siaaiv Ap =
£ = .7 550

also,
Adiabatic hp

Blower-shaft hp

Ny = lled

where TNy 1s the adiabatic efficicnecy of the blower and
is defined by ecquation (17). The adiabatic horsepower can
be obtained from cquation (8).

T i
J cpa Wy Lo Ta
Adiabatic hp = =
33000
By the introduction of cguation (4) and the cquality
Uy, = wr, an expression may be developed .as follows:
g J Cp Ta Ya \ .
= .
Bw? = 2 (18)
T
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BEquations (16), (17), and (18) nay be combined to give
a final cxpression for the HWower torguo,

= (2) e (i)

Additional equations, such as

Wy = {(bhp) (0.11) (20)

are needed for the stability calculations,

60w

Since Ny = —5— and since Wi =V p,, an expression
for the. dimensionless blower coefficient T”K_E is easily
developed: NpDp

v Wi\ / 21
bt £ i o5 (21)
¥y Dp” MW/ \EO py Dp®
also
We = Wy + Woxhaust (22)
and i b Awoge (B3
Vexhaust = Wi o sl 23)
thus,
W
R e ]

Ay

Procedure for Determining Static Stability

Select an altitude at which the stability is to be in-
vestigated, This altitude will determine the pressure,
the tenperature, and the density of the air as consistent
with the standard atwmosphere. Colunns 22, 23, 24, and 25 of
table I may be filled in inmediately. Then, decide upon an
equilibriun value of the brake horsepower (column 1) at this
altitude and from the equilibriun-performance calculations,
deternine the corresponding value of the waste-~gate area
(nozgle equivalent) for colunn 13, The value of Wg (col=-
unn 2) mey be found from figure 3; - Py (column 3) may be
Tound by using figure 43 and Wy (column 4) may be found
by using equation (20), Colunn 5==99;E££——§ s Bollunn 6 is

5 colunn 23
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optadned by uwsing column ' 5land fizure 10. Colunn 7 nay be
found using equation (18),

Next, estimatec a value of w and use cquation (21) to

TR

Ny Dy°

fron ficure. 9 and caleculate Buﬁ. When this value agrces

with thevalue in colunn 7, the Ww..ig. eorvoct, aidd the Ty

may then be determined from figurec 9 corresponding to the
T

get % Then, get the corresponding walue of B

el a3« Bhugy.eolunng 8L i@ a1
Tp Dy

Bay be filled in once this equilibriunm value of W has
been obtained. Column 12 may be calculated using equation
(19), Coluomn 13 is determined from the equilibriun-
perfornance calculations, and colunn 14 nay therefore be
obtained from equation (a4l SWilith "e value "in columnn 14
enter figure 6 at the proper altitude and get Pe for cols
tan ko,  Then, with this walue of Pe, get hPN (colunn
16) from figure 7 at the correct altitude. Also get U,
(colunn 17) fron figure 5, using the foregoing value of Pe

correes value of

' € o.Lburn 8 e
ancesthe! 'gane gltitude, Colunpn 18 = S T 0 I v s
coLunn el
¢ Eeolunn 19) from figure 8.
alculated using equation (15).

1ot lgolnn 12 from lcolunn 20,

value nay be used %o obtain 0N
Now, T¢ (colunn 20) gy be cr
t

e
=]

folunn 21 is found by subtrae

t W nay be nade as
h

nal
shown* In £
the stability at a cons ude, for a fixed waste~
sition and for the riun horsepower corre-
sponding t this fixed waste-gate position, The systen is
stable for any altitude and waste—~gate position only when
vhe slope of the corresponding line is negative, that is,
a decreasc in w fron its oquilibriun value causes an in-
erease in T+ -~ Ty, ' thus eapsing the gysten to return to
its equilibriun conditions, On the other hand, an increase
in W would causc a decrease in Ty - Ty for a stable

systen,

[
of e e
o ot

51

W e cenls to-lundicate thaf, for a constant value
of the cquilibrium horsepower, the stability decrcases with
Llnerease in alt

at 20,000 and 25,000 fect, An increasc in horsepower at the
sanc altitude secns to affect the stability very little,

s
[©]
=
5% 60
162}
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DISCUSSION

It should be remembered that the shape of the actual
curves as obtained by the equilibrium performance and the
stability calculations made in this analysis depend upon
the original characteristics of each component part of the
superchargingieyele, The' analysis of a particular theo=
retically caleulated cycle was made in this case mercly to
outline a gencral procedure that could be used in determin-
ing the over-all characteristics and stability of any ex—
haust turbine supercharger installation.

Turbosupercharger installations are apparently static-
ally unstable in the region of low V/nD8 where the super—
charger stalls and the curve of B (or gq) plotted against
V/nDS is discontinuous, Dynamic instability is frequent
but is caused principally by control difficultics, and con-
sideration of it has therefore becn avoided in this paper.

It is generally known that in the past many actual
exhaust-turbine installations have been unstable under cer-
taln critical coemditions. Because of the socrecy at the
present time in connection with the general subjecct of ocx~
haust turbines, the author nhas found it impossible to ob~
tain data necessary for an ananlysis of any actual installa-
tion, : ; :

It is suggested that, i1f an analysis of this type were
made prior to. the installing of -any exhaust—-turbine sys-
tem, information might be discovered which would help to
eliminate causes for unstability and thus enable the de-
signer to. obtain a reasonable estimate of the performance
of the entire supercharzing. gycle,

Massachusetts Institute of Technology,
Cambridge, Mass., May 15, 1941,
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TABLE I — COMPUTATION OF STABILITY

Table 1

p, Ta¥a v (w 2 v,
--ﬁz-— 3 -4)&-!-_1§- W, = 0,11bhp;Ty = (Jﬁaorz ( Y ¥ e o= Ty = Ty ;
[ T NpDb NpDp? | @ Opanb’ - il ﬁé’ L ™ s
Ay
.29-22n31 = 0,0512 sq 7%; F/A = 0,0872; Dp° = 0,792 ou ft; g = 32,2 ft/sec/sec; J = T78; o, = 0,2397 ;
a
r= 0.4625]
(22) (23) (24) (25) (3) (4) (5) (6) (7) (8) (9) (10)
Al titude e Ta Pa Py W P v B w v
(ft) (in. Hg) Cp) 1b (1) e & radiand ypd B
bel [(cG TE Hg W B sec
600 hp equilibrium " +
20,000 13,74 | 447.1 | 0,04100 | 18.95 [ 66.0 [ 1.379 [0.092 [11.54 x 10° [1405 f0.1513 0.590
Do |me | i | amlfnE 0 Na [ |
15,¢ . o) . 1
~—25,000 | 1L.10 | 429.2 [ 0.039%0 | 18.95 | 66.0 | 1.706 | 0.162 | 19.49 B puth o
25, 85.8 2,252 o261 | 3L, 42 2205 .1303 <647
35,8: 1.55,0 1,423 L,102 112,27 1385 ,1332 .63
30, 000 8.88 | 411.4| 0.02863 | 18.95 | 66.0 2,133 | 0,222 [ 27.92 115 [0.1439 0,624
£5s 85.8 2,817 .346 | 39,92 2580 .1535 .598
185 4,25| 1,351 2086 | 9,915 1285 21482 a5
35,000 7.0 | 393.6]| 0.02371 | 18.95 | 6640 2.692 | 0,329 | 36.25 145 [0.150% | 0, 60!
25. 85.8 3,552 . 440 | 48,60 2935 .1628 .565
12, | 41,25| 1,704 | ,162117.88 1680 ,1369 £630
ugide (11)] (12) 13) (14 115’) 1(13) U(lﬂ (18) (19} (2;)7 (21) 5'2) 1)
ude n W 1D g n . I bhp
(£1) ? (lt"{"\-il ?gq Te) |1 o - é£1;§ r O e (18-
1b) éec) q ln) sec Ug 1p) [ft-1b)} "gec)
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Figure 2.~ Altitude performance. Horsepower and manifold pressure
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Figure 16.~ Variation of waste-gate area with altitude;
engine speed, 1900 rpm § full throttle.
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Figure 17.- Flight test of exhaust turbine-driven supercharger
showing effect of properly designed disposal system (reference 4).
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Figure 18.- Variation of Iy with @, Iy = Ty - Ty. o
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