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THE nJCUL I10¥ OF SPAYW LOAD DISTRIRUTIOLS

.

Zpan load dlstrlouULonﬂ of swept-back, wings have Dbeen
lculufao The nethod used was to replace the wing with
a bound vortex at tiie quarter-chord line &nd to calculatce
the dowanwash due to the systen of tound and trailing vor
tices to conforn at th

¢ threc-guaricer-chord linc to the
glope 'of the flat-plate wing surface. ZResults are given
for constant-chord aund 5:1 tapecred plan forms, for sweep-
back angles of 0°, ZOO, and é5o, annd for aspect ratios of
3, 6, and 9. Sonc comnnents on the stalling of swept-back

b4
wings arc includocd,

iry sif 1 proposcd in which stability
andé contr nrovided by a wing with a large anglec of
sweepback ins of by the conventional fusclage and tail
arrangenent, he calculation of the azecrodynsnic forces is
norc difficult on such a wing than on the corresponding
unswept~back wing because of the nore complicated naturc of
the vortex systenm, the flow of which is to be calculated.
The problem is cssentially that of two yawed airfoils (the
twvo halves of the swept-bacl wing) subject not only to the
effects of finitec asmect ratio but also to their nutual
interference,
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' W work with rectangular flat
plates acecuracy in the total 1ift
force ing the plate with a bound
vortex ne and naking the downwvash
due to 2 . w_socz.'ﬂec’ trailing vortex
systen Torn, at tno thrce~guarter-chord line, %o the
slope o '

Such a procedure is rigorously corrcct for an unyawecd,

-
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rectangular flat plate of infinite spar. The nethod also
holls for a yawed, infinite-span flat plate because, in
this case, the spanwise conponent of the free-—strean vee
locity has no effect (if potential flow is assuned) on the
1ift whereas the component nornzl to the span has the sane
effect as on an unyawed airfoil, W#ore precisely, lct the
airfoil bYe yawed through an angle A at zero angle of at-
taclz and then rotated through zn angle a about the line
th respect to which A was measured. If the frce-strean
locity V 1is resolved along the thrce nutually perpen-
ular directions - nanely, spanwise, chordwise perpendic-
or to the span, and nornal to the planc of the flat

te -~ the velocity componcnts arce, respectively, ’

in. A cos @, V cos A cos a, and V sin’a. Inasmuch as
the chord measured normal to the span is cg, cos A, then
fronm two—dinensional thin-<airfoil theory, the circulation

I' is given by

I =m Vic, cos A, sin a ‘ (1)

’

Also, fronm twoédimemﬁnnal wing theory, the center of
pressure of the lift forces is at the quarter-chord line.
If a bound vortex of circulation given by equation (1) is
pPlaced at the quarter-chord line, the nornal induced veloc-
ity w at the three-quarter-chord line is

T mV ey cos A sin o
W= s =
2mr Co
2m — cos A
2
or
w =7V sin a (2)

which is exactly the anmount needed to produce a resultant
flow along the flat-plate equivalent of the thin airfoil
at the three-quarter—-chord point.

The extension of Wieghardt's method to flat plates of
swept—back plan form has bDeen nade in the present paver.
A swept-back bound vortex was placed at the gquarter-chord
line (fig. 1) and the downwash due to the bound vortex and
its trailing-vortex systen was calculated at points on the
three-quarter-chord line. The bound vortex sirength was
deternined Dy the condition that the resultant flow at the
three—guarter—chord line be tangent to the flat plate.
The span load distribution thus deternined should be ex-
pected to be less valid near the .tips and the center of the
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wing thanin between., In the center,: the effect:6f one wing
upon the other is strong and the bound vorticcs are curvead
lincs rather than broken lincs; whereas, at the tips, the
prescace of strong trailing vo;ticés invalidates the argu-
nent of the previous paragr hphs, which was based on two-
dinensional wing thcory, ‘ :

The results obtalned for the flat-nlate wing surfaces
nzy be applied to wings having the usuzl type of airfoil
section on the assunption tlat the finite thickness and

canber of the wing do not appreciably displace the vortex
systei from the horigzontal plane. Furthernore, inasnuch
as the section lift-curve slope a, g&enerally differs fron
2m, the airfoil chord to be used with the results of this
paper is ,
ag - . ,
5m Cactual

This correction is based on the.twp~dimensional.airfoil re—
lation

ot
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r =

20| =

cQOVaH

in which ca, occurs as product, - The valuc of a, will
depend on the angle of sweepd ack A as well as on the air-
foil section. If therc werce no viscosiity effects nor

o}

trailing-vortex systen, a would be determined by the.

]
"

ﬂ

section perpendicular to thé span because thc couponent of
the air flow perpcndicular to +the span produces- the 1ift,
The chief cauvse of the reduction in a, fron its theoret-
ical value as given by potential theory is, aowever, the
viscosity phenoncna (boupdarv layer, separation, ctc,) that
depend on the. actual path of the air particles over the
airfoil, 3Beccause, for large aspect ratio at lecast, the
streanlines over the airfoil do not greatly depart fron
the freec—strcan direction, the slope of the 1ift curve of
the airfoll section ian the frec—strecan direction should be
used, S : i

T T
...-I.u O.L!

The following synbols are used:
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wing span, necasurcd along quarter-chord line fron
tip to '
wing senispan (b/2)
sweepback angle, neasurcd from guarter-chord line
angle of attack, ncasured in frec strecan dircction
arca of »nlan form of wing
wving. chord neasured in free-strean dircction
. . . Toan N -
wing root .chord neasured in frce~strean direction
2 2
. b® cos
aspect ratio C—————aﬁ
-
total 1ift
slope of scction 1ift curve

—E)
72 g

3P

1

{~de

Tt coefficient (

-

1ift per unit length along span
circulation

induced drag

Coordinatecs:

n

al

. Y on s D5
-induced=drag cocfficicent { ————
. _va?s
density of _air
free—strcan air velocity
induced dcownwash velocity .
coordinate of downwash point in dircction of guarter-
chord line (positive to right)

coordinate of bound vortex . clenent in direction of
quarter-chord linc (positive to right)

center of pressurc of span load distribution
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a/s)
n/s)

¥ perpendicular to free-stream direction in plane of
: wing (positive to right).

1t

g angle correcsponding %to.. 0 (cos §

Y angle corrcsponding to M (cos ¥

Subscripts: \

+ refers to right side. of wing
f

~ refers to left side of wing

1 refers to bound vortex

2 refers to trailing vortex
HWETHOD

The flat-plate wing surface of swept-back plan form
is replaced with a bdound vortex at the guarter—chord line
(fig. 1). The bound vortex and an element of the trailing-
vortex. sheet,. as well as the symbols used.in the following
expressions, are shown in figure 1, By the Biot=Savart
law the: induced: velocity w (positive downward) at. the
point P on the three-quartér-chord line, due to the

bound vortex I on the guarter—chord line, is : =
C N— ~N—— —ee—
s . o B o S
1 /I sin 6, do 1 I sin 6_ :
wy = v * * o — d0_ (3)
- r 2 *TT,\ rg

0 - + ) -5 =

which,~updnléﬁbsﬁi§gtig '0f the geometrical relations

o0

. O - - 3B, tan B
cos G4 = + N+ * A sin 84 = ox
Ty SRR Ty
s (4)
O_ - M_ + B_ tan A . B3_
cos B_ = sin 6. = —
r r

becomes
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6 |
dmwy, = - g; J/“ P (6+) sin 64 d€y4-
4 . .
8

e-o
- .Bif r(e_) sin 6_ d6_ (5)
"8

The corresponding expression for the trailing vortex sheect

is
s 1 c < o
- cos (64 -~ A + 5) ar
4w, = — . - }
® / oy c0s A =y

A

o r | / ‘
Ll + cos KG; + A - E)] ar
2/

o_cos A -y

(6)

-S

The total induced velocity is the sum of cquations (5) and
(6); this sum becomes, after eguation (5) is integrated by
parts and it is noted that I' 1is zero at the wing tips,

S

| . . . ( - . ,
o (6+0) cos 6, +‘P\a_o) cos &_, _ j; cos & af
B, B ~ By, +

. -
1 ' 1+ (6, - A
-5 /ﬁ cos 6_ aI' - /ﬁ L sin Oy )] ar

Ss

“ . ¢, cos P -y
¢ ‘ :
w/ 1 + sin (6. + A) ar (7)
cos A - ¥
-5

The Varlables of integration o, 6, and I' may be ex-

pressed in terms of a single independent variable ¢,

| varying continuously from O to m across the span from
| right to left. Thus by the definition



NACA Technical Hote ¥Ho. 834

0. = s cos P for .~ <.0_. < O
6, = s cos § for 0<L 0, < s
and the geometric relation ..
tan 6, = —————— tan . =
Ofp = &y o. - A_

together with the usual Fourier séries expression

[eo]
' = 4ﬂVcoAsin<a k§0 aoypey Sin (2k + 1) ¢

(8)

(9)
for r

(10)

the following expression may Dbe derived by substitution

into equation (7):

X

© {/ - A A

_ v_ = 2 (2kl) agy,; | \2 i/l ! - -

Co S1 & J=g | \*+ B,” +4,° :B_/B “4p 2
/2 . : ‘Ti/2

/2

‘B o A/ S -_cos(&h+1)¢d¢ |
+ S
(s cos A cos § - V)M/,B+‘ + (s cos ¢ A*)

Ti/2
cin A IS (s cos A - A+) cos (2x+1) ¢ af
_/ - . 2 i
. o (s cOoSs A cos ¢‘/—' y)/B+ + (S cos ,Q-—- A+)2
T .

L f cos (2k+1) ¢ ap + 1 / {s uOé fZ§ A4) cos (2£+1)¢ d¢
' J B2+ (s cos § - A,)3

+//j cos (2+1) ¢ - é¢l+ 1 /q (s cos f - 4 ) cos (2k+1) ¢
s cos hcos f -y 3 v/ 3.7 + (s cos § - 4_)?

ﬁ/g . . /2

-~
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| + B_ cos [ : o8 <2k+l) p af
| : ¥ (g cos Acos ¢ - y) v/gj§;+ (s cos p - A-)z

| /2
om
+ sin A /’ (s cos $— A_) cos (2k+l) P af - ‘! 1)
n;; (s cos A cos § —437 J[E;g ¥ (s.cos.¢'—_A_)2’

The Tirst and the fifth ihtegrals,are integrable by means

of
™
n / .
cos n § Jﬂ?; 7T sin n ¥ (12)
cos % - cos V¥ sin V¥
o
The singularities in the integrands of the third, the
fourth, the seventh, and the eighth intograls can be removed
by the 1denp1ty ' : : ‘
cos n cos n P
‘ s . -1
(cos ¢ - Il) 1+ (—— <§os ¢ - fj) - CA ) cos § -
8 / LB+
13 \a . , " ’ .
- (S | .
3./ | ‘ _

A
// ' R ~  cos nf (cos ¢+ 2 -2 §i>

together with the elomentary indtezration

n/e A
e — /\ ; .COS ;-QS d.¢ ' (14)
MR S g/ " cos ¢ - cos Y o ‘ -

o
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m . /2
The iimits J/“ can.be‘changéd_to'/q by the substitution
: Y : v
/2 0
@ =mm Q. Vith bhesefbhanges’and‘ﬁhe_expression of all

distances in terms of the root chord ¢y, equation (11)
for the downwash at P becomes . '

w

v - {( 1)
2 (@A) ey, ¢ =

L \,
V sin @ k= 2k + 1 B
o0 1 B_ A_2+B_2>
‘ : /a2 S _
L m  sin (Ge1)y .5 cos (2k+l) @ cos @ af
s cos A\ sin V¥ B,=. - F A

\
/2

B+_<_~'+ tan @Z//?: c?s (?§+1);Q'§¢14 é%.<1f+ ié%fﬂl tan‘A>,
o T T

™

T

cos \2&%1) ¢ cos ¢ - E - 2 8>
K21’+l - <B+> / F (C—l—“) ¢
/2

S cos P ¢ 2ic4+1, o
b5 s )¢d¢
B_,’- G .

o}

/2

<§: _ tan4A>'//) cos (2k+1) Q d¢

ﬂ/a

+% - (A_ -n) tanA)/ cos (21<+1)¢ p} (15)

cos¢+ )G

where
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[
i
$
T+
[ D
1wl“
o
o
m.
-
+
|
N’
—
N

(16)
1l 2 2 ’
C = -— B + 8§
34 +
cos Y = B
8
and where
. 3
Kl = Il
Ky = 4I, - 3I4
' (17)
Kg = 1615 - 20I, + 5I, /
X, = ,64I, -~ 112Is + 56I, - 7I4
etc. /
'\
1 1 + sin V¥
I = . lo
° sin €e cos VY
Il = E + CcO0S \L’ Io
2 .
I, = 1 + cos ¥y I, ‘
I, = g + cos ¥ I
- o P (18)
14 = —'+ cos 3 I. - :
9
I = 3T 4+ cos Y I
S 16 v.te
. 8 .-
Ig =-]—_g + 'cps v Ig
—. 5o .
I,.= 33 + cos ¥ Ig

stc. <
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.

The integrals in equation (15) can be expressed in
terms of elliptic functions but the formulas are too long
for practical evaluation. The integrals were therefore
evaluated numerically by Simpson's rule and the downwash
was thus computed as a2 linear function of a,, a;, asg,

and a, at four points on the three-quarter-chord line.
These points were located at ¢ = cos™? % = 20°, 40°, 60°

and 80° corresponding to 2 = 0.940, 0,766, 0,500, and

0.174, The condition that the resultant flow be along the
flat plate at these locations (and the symmetrically sit-
uated spanwise positions) was fulfilled by setting

w =171 sin o« in equation (15). TFour simultaneous equations
were thus obtained and solved for a;, az, ag, and a,

which by equation (10) gave the spanwise -distributions of
- circulation. The convergence of the Fourier series thus
obtained for the circulation o was rapid. (See tadle I.)

RESULTS

_ Span load dlstrlbuulons were calculated:for constant~
chord and 5:1 taoered plan forms with 30° angle of sweep-—
back and for congstant chord plan form with 450 angle of

sweepback, The aspect rao tlos calculated were o, 6, and 9.

he Fourier serieg coefficients for the c1rﬂulaulon,
the - qunw1se locations of thé center of pressure, and the
induced~drag coefficients are given in table I. The ‘cen-
ter of pressure of the span load distribution is given by

S /2 : .
[o o]
opVI' cos A do cos Psin P % a5y 4y Sin (2k+1) § df
- . . (o]
¢ 7o _ o A
s s EYE
m .
s‘/anFcosA dcvd/q sin g' Qolkal sin (2k+1) ¢ a¢
'..0 ’O .
4 "3 a 1 a 1 a
S (R e (19)
3T 5 a, 7 a, 15 a,; -

The induced drag was obtained by~projccfing the 1ift-
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ing elements dinto .one line perpendicular -to the free-strean
direction (Hunk's stagger theorem,-refercnce,Q) and obtain-
ing the induced. drag of the resulting lifting-line distri-
bution. Thus, for 'the distribution .o

[0e]

T = 4m V.cy 8in o I ag.,; sin (2x4l) ¢ '
regarded as a lifting-line distribution, the induced drag is

s cos A

R w 1 A
D = e A r— - T d
"? . .V cos A X
0

2 . ‘ ® o | \h D
=8 pV° co o ,/[} § (2k+1) 2oy sin(2k+l)P £ apyyy sin(2n+l)p ap
. . : )

With the relation between CL and a, derived in .equation
(21) ~

2
i
[N
[

l oo a \2
= — % ..(2x + 1)(—31—’—‘1) -~ (20)
A 0 ~ N Ay _ .

A\

[

which holds for both the const ant-chord and the tapered
plan forns,

The. total 1ift forces are obtained from a; as fol-

lows: CL o : : o -
Constant chordi | s
6, - 1 ] P V cos A“é I ds - 2n® @ a, ]
: $pV s 3 p V™ S
5:1 taper: | . S (21)
C, = = %gvne . a,

The variation of the total 1ift forces with aspect ratio
is given in figure 2, The curve-fer zero ahgle: of sweepback
is practically identical with that given by Wieghardt (ref-
erence 1, fig. 4) but is extended to as aspect ratio of 9.
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Included for comparison are the curves for the correspond—
ing unswept-back plan forms obtained from lifting-line
theory, a curve due to Krienes (reference 3) for an ellip-
tical flat plate calculated on the basis of the accelera-
_tion potential, and a result from experlmen al work (ref-
erence 4) for a 2:1 tapered wing of 30° sweepback.

There is a surprisingly large difference between the total
1ift forces predicted by the ordinary lifting-line theory
and those predictecd by the modified theory uscd in this
report, The experiments of Winter (reference 5, fig., 36)
on rectangular flat plates favor the modified theory.

For a low aspect ratio and an arbvitrary plan form,
cquation (24) for the limiting _span load distribution
(presented later in thls paper) yields

lim GL TA
L —— = . 22a

while for large aspect ratlo and arbltrarj taper, equation
(1) gives

. C g : o

P 537& = cos AT - (z2p)
The reduction of 1ift by <cos A, indicated by the preced-
ing expression, may be rcgarded as a first approximation
to the lower 1ift force of a swept-back wing, Figure 2 in-
dicatecs ‘that the approximation becomes less valid for lower
aspect ratios, higher angles of sweepback, and higher
amounts of tapor. ) :

. A comparison of tne curves for the cons tant~chord,
30° and 45 sweonback plan forms, and the rectangular plan
form (by Wieghardt's method) shows that .the total 1ift-
curve slopes are rcﬂaced by about.7-and 19 porCUnt for the
30° and the 45° cases, respectively, at an aspect ratlo of
6. If the total 1ift of the rectangular plan form ob-
taincd by lifting-linc-theory is used as. a. basis of com-
parison, the corrcspond1n0.+ot al lift rcdvct ons .are 14
and 25 percent, :

igure 2 also SbO&S thnb thc .reduction in lift-of the
swept back tapercd. plan form 19 much less than that of the
swept-back congstant- cnord pl v . form.

The span-load alstrlbutlons arc éhqwn ip figure 3.
The ordinates arc given by )



14 ' NACA Technical Wote Ho. 834

1 [ L (28)
%-e Y2<S-CT . ”"VTClA“ ay 7 - -

.It-¢éan bec shown that, as the aspcct ratio approaches zcro,

equation (11) -yields, for -an-arbitrary plan.form,

[

lim - Vb . A ggn g oo (24)
. A0 1 S & - AL it
=0 oz e VS O ‘ ‘ |

as 2 limiting form.

‘Figure’s shows that the wings with the SWOPEQback
constante~chord plan forms have higher tip loadings than

the corredponding unswepb-back wings. This result implies

greater tip-stalling tendencies for swent-back wings.
Furthermore, the root sections tend, with higher aspocct
ratios, to be less loaded than the scctions halfway between
root and tip. That this result must be valid is evident
from the fact that a yawed, infinite-aspect-ratio, constant-
chord airfoil has a uniform span load distridution. If one-
half of the airfoil is bent back te form 2 swept-back wing
and if the bound vortex strength remains the same, points
near the root section, which originally had the proper
downwash to conform to the slope of the surface, would now
have too much downwash; hence the bound vorticity must be
reduced at and near the rcqt section, '

" Figure 3(a) indicates that 11ft1ng~11nevtheory pré—

‘dicts higher tip loading than is given by the modified

theory used herein, Now, the trailing vortex system in-
duces ,less downwash at the quarter-chord line than at the
three~qu rter-chord line. Since lifting-line theory de=-
ducts the downwash anglec at the quarter chord line from
the voomctrlc angle of attack, the 1ift near thc tips

“therefore appears AI"HOT than that given by the modified

thnorJ.’

The spanwisce location of the beginrning of the stall
on a swecpt-back wing and the corresponding angle of attack
arec, however, primarily dependent on the spanwise flow of.
the boundary layer on the ‘suction surface. This spanwise
flow is due to the surface Dressuie dlstrlbutlon. On a
swept~back wing the surface pre sure gradients sweep the
slower moving air of the boundary layer towa rd the tip,
Some tuft observations on constant-chord swept- back and

swept~forward wings indicated’ that in addltlon,lthe tip
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vortex, which was coming off the top of the wing, provided
an added local inducement for the boundary layer to sweep
toward the tip. Near the tip, the thicker boundary layer
(before it has been excessively influenced or removed by
the favorable pressure gradient of the tip vortex) will ’
therefore stall the wing first in that region. On a swept—
forward wing the surface pressure gradIents sweep the
boundary layer toward the center but near the tip vortex
the flow is 8till outward because the tip vortex comes off
the top of the wing.

The span loadings of the tapered plan forms do not
differ greatly either in magnitude or distridution from )
those that lifting—-line theory predicts for the correspond-
ing unswept-~back wings. The total 1ift forces on the
tapered plan forms being higher than on the constant—chord
plan forms, stalling should occur at a lower angle of at—
tack for a tapered wing than for the corresponding constant—
chord wing. If two—dimensional chordwise load distribution
on each spanwise location of both the tapered and the
constant-~chord plan forms is assumed, geometry indicates
smaller spanwise pressure gradlents on the tapered plan
form,

CONCLUSIONS

1}AA'swept~back wing has a lower total 1ift force and
& higher tip loading than the corresponding unswept-back
wing of the same plan form and aspect ratio.

2. The changes,.below the stall, caused by sweepiﬁg
back a wing are much less pronounced for tapered plan
forms than for constant—chord plan forms.

-

3, A swept—back wing tends to stall first at the tips
and at a lower angle of attack than the corresponding
unswept—-back wing.

~

Langley Memorial Aeroﬁautical Laboratory, .
National Advisory Committee for Aeronautics,
Langley Field, Va., September 16, 1941.
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