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SUMMARY

The turbulent air flow between rotating coaxial cyl=-
inders was investigated. The distributions of mean speed
and of turbulence were measured in the gap between a rotat-
ing inner and a stationary outer ecylinder.

The measurements led to the conclusion :that the tur-
bulent flow in the gap cannot be considered two-dimensional
but that a peculiar type of secondary motion takes vplace.
It ig shown that the experimentally found velocity distri-
bution can be fully understood under the assumption that
this secondary motion -consists of three-dimensional ring-
ghape vortices. The vortices occur only in pairs and
their number and size depend on the speed of the rotating
cylinder; the number was found to decrease with increasing
speed. The secondary motion has an essential part in the
transmigsion of the moment of momentum. In regions where

the secondary motion is negilgible, the momentum transfer

follows the lawg known for homologous turbulence.

Ring-shape vortices are known to occur in the laminar
flow between rotating cylinders, but it was hitherto un-
known that they exist even at gpeeds which are several
hundred times the critical speed.

INTRODUCTION

The flow between coaxial rotating cylinders is known
as Couette's type of curved flow. Owing to the importance
of this type of flow as a basic problem in fluid dynamics,
a number of investigationg have been carried out. The
exact velocity distribution in the turbulent state, however,
is still unknown. The flow was "investigated by G. I. Taylor

(references 1, 2, 3) as well as by others. (See, for exam-
ple, reference 4.) Taylor measured the velocity distribu-
tion between a .rotating inner and a stationary outer cyl-

inder (reference 3). He found the paradoxical result that
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both the circumferential velocity and the moment of momen-
tum increase outward. This condition is apparently con-
trary to both of the alternative assumptions that the
moment of momentum or -the vort1c1ty is transferred by tur-

bulent diffusion. Taylor tried to explain this paradox
by the shadow effect of the tube that was used for measur-
ing the total~pressure distribution in the gap. - He varied

the dimensions of the instrument and concluded, by extrapo-
lation to zero diameter of the pressure tube, that the true
velocity distribution in the gap corresponded to a constant
value of the moment of momentum, that is, to a constant
value of the product Ur where U  is the mean circumfer-
ential velocity and r 'is the distance from the axis of
the cylinders. ; ' ' :

In order to invest1gaue the validity of Taylor's
extrapolation, Dr. von Kdrman sugsgested the s oo i s e i
Wire anemometers for the measurement of the velocity dis-
tribution. A special measuring device was designed to

reduce the shadow effect to a net“lgible amount. "~ "Ihe :
inner cylinder was ‘rotated and the outer one held station-
ary. 'The operating speeds were several hundred tlme« the:

critical eneed as given by Tay;or (rePerence g o o

The author wishes to express hls thanks for the help
received from the GALCIT staff, varticularly to Dr. von
KArmidn for his ingpiration and guidance, to Dr. - ¢. B. Millikan
for his: interest and advice, and to :Mr. Carl Thiele for his
help and suggestions regarding avparatus. The section of the
paper on theoretical discussion was contributed by Dr. von
Karmin. This investigation, conducted at the California
Institute of Technology, was sponsored by and’ conducted with
the financial assistance of the Watlonal Advisory Committee
for Aeronautics. J : :

SYMBOLS
r
6&- orthogonal, cylindrical coordinates ; ’
2 ; ' vy
b length of rotating pylihdefs s
t width of gap between cylinders
R1> “radius of outer cylinder
y  normal distance from a solid wall in lbgarithmic

veloecilty disgtribiution law
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N nﬁmber of-revolutions of rotating cylinder
g moment per unit length of rotating cylinder
T shearing stress

o) density

v kinematic viscosity

WL s mean circumferential velocity

u,v circumferential- and radial-velocity components,
respectively, of secondary flow ‘

u',v! circumferential and radial components, respectively,
of turbulent fluctuations

DESCRIPTION OF APPARATUS

The main part of the apparatus consisted of two co-
axial cylinders mounted on a rigid frame made of gteel
angle stock. The inner cylinder was cast of aluminum
alloy, turned true~fo 0.002 inch and carefully balanced
to eliminate vibration. Its outer diameter was 15% inches
and its -length wasgs 11 inches. Thie" poEgi by of M icdie cthilia~
tion from the gap to the inside of the inner cylinder wasg
eliminated. by sealing the inside of the cylinder with
wooden plates and wax.

Two sizes of_ outer cylinder were used; their inner
diameters were l6tz and:1l7g inches, making gaps of 17/32
inch and 1%5 inches, respectiwely. The cylinders were
wooden with l-inch walls. At the bottom of the outer cyl-
prdier & sories of é/é—inch holes were drilled around the
circumference. Two wooden rings with a width just slightly
less than the gap were attached to the outer cylinder; one
ring was at the top edge and one just above the bottom
holess The clearance between the rings and the inner cyl-
inder was sealed by felt.

The inner cylinder was turned by a l/lO—horsepower
synchronousg motor coupled rigidly to its shaft. The speed
of rotation of the cylinder was measured by means of s
10-pole generator attached to the motor shaft. The out-
put of the generator was checked against that of a cali-
brated oscillator by the Lissajou figures formed on a
cathode-ray oscilloscope.
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A conventional hot-wire anemometer was used for the
measurement of the mean velocity and the root mean sguare
of the fluctuations of the magnitude of the velocity. The
ratio between the root-mean-square of the fluctuation and
the mean velocity multiplied by 100 will be referred to as
the "percentage of turbulence." No attempt was made to
determine the direction of the velocity.

The hot wire was inserted at the central part of the
outer cylinder by the holder shown in figure 1. The hot
wire was soldered across the small gaps and the small
spindles could be changed so a2as to measure at different
axial positions. -The spindles were far from the hot wire
and the effect of their wake was therefore negligible.
The spindles were mounted on a block that rested on a .
slide so that the spindles could travel back and forth
with the block as a whole. The slide was moved by a
micrometer that indicated the position of the hot wire in
the space between the cylinders.

A series of static holes, 15 in number, were drilled
along an element of the outer cylinder. These static
holes gave an indication of the flow pattern in the gap.
Figure 2 shows the test setup’ with theé hot-wire holder
inserted in the center of the outer cylinder. 'The syn-
chronous motor and the speed indicator are beneath the
cylinder. - The multiple stopcock on the stool permitted
any desired static orifice to De counnected to a manometer.

The front part of the hot-wire holder was made of
hard rubber. In order to obtain a good fit between the
hot-wire holder and the cylinder, a brass slot was made
and set.into the wall of the outer cylinder. The inside

of the outer cylinder, the brass slot, and the hard rubber.

holder were turned as a unit and vainted simultaneously.
The three pieces formed a smooth cylindrical surface.

THEORETICAL DISCUSSION

Two different theories have béen proposed for the

computation of the velocity distridbution in turbulent flow:

l. According to the momentum transport theory orig-
inated by L. Prandtl, the shearing atPess” 7% A9 given by
the ‘expression;

Te= l—c' —(‘i_' (Ur):
rhar




NACA Technical Note No. 892 5

~where k denotes the coefficient of turbulent exchange, .
iy + dgy the, circhuferential wveloedty of the fluid, apd =z

is the distance from the cylinder axis.

In the case of the flow between a rotating inner and
a stationary outer cylinder, the moment of the shearing
stresses acting on an arbitrary cylindrical layer in the
fluid is equal to the moment required to rotate the inner
cylinder. The moment referred to unit length being denoted
by &, the equation takes the form

12 = xr & (Ur) = - (1)
dr :

It follows that the product Ur = should decrease with
iTneresasing . 1, i ¢

2s Aecording to the vorticity-transeort btheery.oxig-
inated by G. I. Taylor, the vorticity transport through

any cylindrical surface is zero. . The mathematical expres-
sion for this statement is
d [ 1 5a:
f2a ] 3
dr Ty : )

This eguation 18, for example, satisfied if Ur 1is con-
stant. Taylor concluded from his measurements that Ur
iy, 1in fagct, congtant in the central 80 pemrcent of the
gap. As mentioned. before, this conclusion was drawn from
a special extrapolation; the investigations presented in

this paper were undertaken mainly to clarify this point.

Preliminary measurements that are described in the
following section of this paper. showed that the flow be-
tween the cylinders was not two-dimensional as assumed in
equations (1) and (2): The flow could be considered to
consist of three parts: 1. The two-dimensional mean mo-
tion having but one circumferential velocity comvonent;
2. A secondary motion which accounts for the deviation
from the two-dimensional case; and 9. Turbulent fluctua- .
tiong. General eguilibrium conditions applied to this
case require that the transfer of angular momentum through
a cylindrical surface of radius . . equal the torque, which 3
is independent of r. Thus, if the stresses due to viscos-
ity are neglect'ed, : :

l am : i \

/ r® (U +u+ u') (v + v')dz dA = constant £3) |

0.0 \
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where U is the mean circumferential velocity; u and

v. are the circumferential and radial components, respec-
tively, of the secondary motion (that is, the deviation
from the mean velocity); u' and v'! are the components
of the turbulent fluctwations in circumferential and
radial direction; 1 is the length of the cylinder; and
T, ' end ..z are cylindrical coordinates.

If averages with respect to time and over the length
of the cylinder are made, it being assumed that the aver-
age values do not depend on B, it follows from equation
£3} that

r(uv + u'v') = constant (4)

since dWv vanishes by averaging over the length of the
cylinder, because the continuity of the flow and the time
averages of u! and vV, arvre gerpn, by definitiom. .This
equation shows that the torque is transferred from one
cylinder to the other by two different mechanigms: one,;
secondary motion and, two, turbulent fluctuations. The
relative importance of these motions wasg to be experimen-
tally determined. It is to be noted that equation (3) is
guite general and does not depend on any assumption as to
the mechanism of the turbulent friction.

PRELIMINARY INVESTIGATION

At first it was thought that the flow. between the
cylinders would be two-dimensional except near the ends.,
lMieasurements were therefore made at the exact center of
the cylinders where the flow would best approximate.the
two-dimensional type. Two entirely distinct types of flow
were, however, obtained at the same position, depending on
the starting conditions. The tyoical. . sets. of the velocity
and the digtributions of the turbulence level across_ the

gap for these two types of flow are shown in figures 3 to 6.

For convenience, the type of flow shown in figures 3 and 5
will be called type A and that shown in figures 4 and 6
will be called type B.

The relation of these two types of flow to the start-
ing conditions was as follows

If the inner cylinder was started in such a2 manner
that its speed ©Nj increased gradually up to the desired

value.and if the hot~wire spindles were close to the inner
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cylinder, type A flow was obtained. = Once either type of
flow was established it seemed unaffected by slight changes
in speed of rotation.

Furthermore, at high speeds ‘it was found that in the
middle of the run the type A flow might suddenly change to
the tyoe B flow. This change is illustrated 'in figure 7.
At first the cylinders were started in such a way that the
type A flow was obtained, and readings were taken outward.
These readings followed the upper. full-line curve as shown
in fdegure 7. At a certain point near the guter wally the
mean speed suddenly dropped along the dotted line and the
velocity distribution then became that shown in the lower
full-line curve, that is, type B flow. Further traversing
had no effect on the flow pattern. When the 17/32-inch
gap was used, decreasing the speed of rotation of the in-
ner cylinder to a certain low value restored the type A
flow. This phenomenon, however, did not occur for the 1---
inch gap. a W - ; S

It was believed that the presencé’ of the hot wire near
the inner or the outer cylinder could have an essential in-
fluence on the velocity distribution, for example, by in-
creasing the thickness. of the boundary layer. Thigiposisi~
bility was excluded by introducing a dummy hot wire at var-
ious positions. The next assumption was that the flow pat-
tern is three-dimensional; the transitions. between the two
types of velocity distribution. would' be caused by changes
or displacements in the flow pattern. This assumption was
. eonf irmed by further experlments. '

In erder to 1nvest1gate the three-dimensional charac-
ter of the flow in the gap between the cylinders, evenly
spaced pressure-measuring orifices were inserted on the
outer- cylinder -along the axial direction. The readings
at these orifices (fig. . 8) showed that the static pressure
was not constant along the axial direction, as would have
been expected in the case of two- dlmenslonal flow, but
showed.. systematlc variations.

The’ end.conditions of the cylinders.were.found to
have considerable influence on the static-pressure readings.
In order to eliminate the end effect as far as possible,
the "aspect ratio," that is, the length of the working
section-to the width of the gap, -was-increased from 10 to
20 by reducing the gap from l1 inches to:17/32 inch. The
seals at the two ends:of: the gap were also redesigned to
make the end conditions as symmetrical as possible. The
pressure and the velocity distributions obtained with the
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symmetrical gealg were similar for the two aspect ratios,
and it is believed that the end effects were negligible at
the place where the measurements were taken.

Thus, .the measurements of the static pressure indicate
without doubt the three-dimensional character of the flow.
In order to determine the flow pattern, it became necessary
to meagure the velocity distribution in various sections
perpendicular to the axis. These measurements are described
in the next gsection. ; ' :

VELOCITY AND TURBULENCE DISTRIBUTIONS ALONG THE

AXIAL DIRECTION OF THE CYLINDERS

Since the flow pattern could. be changed by the start-
ing conditions, care had to be exercised that the gtatic-
pressure distribution along the axial direction was kept
the same for all the runs at any given speed:  Measurements
were taken at . seven axial stationg at the ceéntral vortion
.0f the cylinders. .The distance between two adjoining sta-
tions was 1/2 inch. These stations -were numbered from 1
to 7, the . number increasing toward the bottom of the cyl-
inders. The actual positions of these stations. are marked
by the arrows in the. gtatic-pressure diagrams, on the right
of the corregsponding results.

A typical set of results, .corresponding to a rota-
tional speed of the inner cylinder egual to 1200 rpm will
be analyzed in detail. k%S i ‘

The mean-velocity distributions for this case are
shown: sl figure s oI 1Bs lgeen that botly tyves .off filiow
obtained in the preliminary investigations existed simul-
taneously for the same flow pattern but at' different axial
positions. The mean-velocity distribution gradually changes
from one type to the other..: For ‘ingtance, at station I the
digbribuwtion is type By at gtaticgung 2 and &, 1t ig tybe Aj
at: station 4y it -isg an intermediate type, and it may be
called "Ap; at stations 5 and 6, it is type B; while at
.station 7, the intermediate stage is again obtained.

Figure 10 was obtained by plotting one of the disgtri-
butions of type A, say at station 2, and one of tyve B,
say at ‘station 6, on a semilogarithmic scale. It s fselen
from these curves that, “for.flow of type A, the velocity
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distribution near - the inner wall is logarithmic, that is,
the velocity defec¢t is proportional to the logarithm of:
the distance from the wall (reference 5); whereas, for
type B, the velocity distribution near the outer wall is

logarithmic. If the typical velocity distributions obtained

in the preliminary investigations are plotted in the same
manner, the results are similar. .. It has been shown by Dr.
von Karman (reference 6) that for Cowvette's flow the mean-
velocity distribution is logarithmic if homologous turbu-
lence is assumed. It may be stated that, at the vlace
where the velocity distribution is logarithmic, the trans-
fer of shearing stress from one cylinder to the other is
mainly due to turbulent fluctuations.

Since the gap is small in comparison with the radii of
both cylinders, as a first approximation, eguation (4)
gives ;

uv + u'v' = constant - t5)

At the place where the influence of the secondary mot'ion,
that is, the term of uVv, is negligible, equation.(5)
becomes’ ) SR i Gl

BWiv? = ponst@t: - ' : “(6)
The same condition is valid for flow between two parallel
 plates mov1ng with different veloc1t1es.

At the place where the influénce of turbulent fluc—
tuations is small equation (5) becomes

uv = constant ; (7)

No attempt was made to measure the radial velocity v of
the secondary motion. Some conclusions as to the distri-
bution of v along the axial direction can be drawn, how-
ever, from equation (7) after the distribution of u is
examined, that is, the deviation of the circumferentlal_
velocity from the avérage taken over*the ax1al 1ength

First, take the average of the mean-velocity curves
"of the seven stations. Thig average mean-velocity dis-
tribution is plotted as a dotted curve for couparison with
the curvés of mean-velocity distribution of Figure 9. The
deviation u from the average distribution at various
axial positiong ig shown in figure 11. :
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It.ds. seenfrom equation W70 GlEt neng changes
gsign along the -axis of the eylinder, v 'must also change
sign since the:product is a constant. - But from figure 10
it e geen thaty fowof low of b$ype A, W i positive and
tiliest o sfholr Hiypel BLp 0l gl tnegaitiivies’ #Heénclel, it idam ‘b ieion~-
cluded that the radial compénent v  of the velocity of
the secondary motion changes its direction with the type
of flow.. At stations wheye the veloeity—distribution
curve shows type A, ‘the radial velocity is directed out-
ward; while at .stations where the velocity distribvtion
ig of type By ther radidl weloelty ilg directed inward,

RING-SHAPE VORTICES

It seems, therefore, that ring-shape vortices iwhich
are known to introduce the instability of the flow in
rotating cylinders igtdliiexist ati Reynolds numbers as high
as several hundred times the critical Reynolds number. In
,order to give a satisfsctory explanation of the experimental
results, these ring-'shape vortices must be assumed to be
distorted and arranged as shown in figure 12. (cf. refer-
ence 1 in which Taylor'!s originalseonception of the vor-
tices is given.) The fluid along the walls diverges from
station 3 .and from:-a point that:lies somewhat beyond station
s It has been found that the pressure has peaks at these
points. The gtatic pregsure drops-in the neighborhood of
stations 4 and .7 rather .rapidly, and over: the mean portion
of the interval between the two peaks the static pressure
is more or less constant, Near the walls, the fluid flows
in the direction of degreasing pressure; where the pressure
"1is vonstant,; there ig practically no flow in the axial
direction. This result is congistent with- the. gsuggested
distribution of the vortices. Opposite gtations 2 and 3
near the inner cylinder there is a purely turbulent domain.
In this turbulent domain, the velocity distribution is
expected to be logarithmic; ‘this exvectation has been found
to be correct.. At .stationsg b.and.6s5.where the'velocity
distribution is of type B, there ig a purely turbulent
domain near the outer cylinder wall. At stationsg 4 and 7,
the intermediate stage will be obtained because the influ-
ence of the secondary motiow and that of the turbulent
fluctuations are of .the.same order of magnitude.

Very close to the walls, the shear should be mainly
determined by pure viscosity. In order to transmit the
same amount of shear as exists in the central portion of
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the gap, the slope of the velocity curve near the walls
must be very large. In all the velocity curves obtained,
thig result. ig true. »

The ‘distributions of u', the circumferential turbiu-

lent fluctuations, are shown in figure 13. It is interest-
ing to note that the curvature of the distribution curves
for uw and--u' are opposite for any given axial position.

Inwerder to-Lind the:influen¢e of theyspeedof rota-
tion on the vortices, measurements at a fixed axial posi-
tion but with different rotation speed were made. The
results are plotted in figure 14. At the low speed of 1200
rpm, the curve shown as diagram 1 of figure 14 was obtained.
It shows essentially a flow of type A. The speed was then
increased to 1500 and 1800 rpm. The results are given in
diagrams 2 and 3, respectively. Thie distnibugion ofsthe
static pressure as well as the distribution of the mean
velocity are more or less similar to those of diagram 1.
FPinally the speed was increased to 2100 rpm. The distri-
butions of the static pressure and of the mean velocity
were suddenly changed, as shown in diagram 4. The pressure
peak that existed in the three preceding cases at the mid-
point, where the measurements were taken, disappeared, and
thus the mean-velocity distribution at this point became
of type B. When the speed wag reduced to 1800 and 1500 rpm,
diagrams 5 and 6 were obtained. They are similar to diagram
4, which shows that the new flow pattern, once established,
continued after a considerable reduction of the speed. As
the speed of rotation was reduced to 1200 rpm, however, the
original flow pattern returmned, as shown in disgram 7.

At lower speed there seemed to be a certain stable
configuration involving a definite size and number of the
vortices. As the speed was increased, a critical value
was reached at which the vortices increased in size and
decreased in number. - Since the.vortices-can exist only in
pairs, because the total circulation must be zero, a pair
of vortices must .disappear at a certain critical speed as
the speed increases and reappear at some critical speed as
the speed decreases. It seems that these two critical
speeds are not identical. - This mechanism fully explains
the sudden changes of the ‘flow encountered in the prelimi-
nary investigations. The effect of the position of the
spindles probably consists of the delaying of the ehange
in the number of vortices. When the spindles were situated
in a purely turbulent domain, however, their influences
were eliminated. This result is conslstent with the ex-
perlmentel results.
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Only two stable vortex-system configurations were
observed. One ‘consgisgted of sixzx'vortices @nd the other of
four vortices. The one that prevailed at the lower speed
ig called the small-vortex system and that existing at
high speed, the large-vortex system. For the l7/62—inch
gap the upper critical speed of the gmall-vortex systen
was found at 1800 rpm or higher. Hence, the upper limit
of the critical Reynolds number for the existence of the
small-vortex system ig about 200 times the critical
Reynolds number for the instability of the laminar flow.
Beyond thig 1limit only the large-vortex system can exist.
The lower 1limit of the critical Reyunolds anumber for the
large-vortex system, that-is, at 1200 rpm or lower, isg
about 100 times that of the critical Reynolds number for
the instability ‘of the laminar flow. Below thig limit
only the gsmall-vortex gystem can exist. There is a range
in which both types of the flow pattern can exist, and the
starting conditiong determine which-pattern.prevails in a
particilar case. For the 1{%—inch gap the lowest operat-
ing Reynolds number was about 175 times that of the criti-
cal Reynolds number and a change could be made from the
Iarge-vortex system to the small-vortex system if the
large-vortex system was once established.

ESTIMATE OF SHEARING STRESSES

The shearing stress can be estimated from the loga-
rithmic veloecity profile by assuming that the relations
obtained for parallel flow are also valid in this case.
By the well-known universal velocity distribution near
the wall, -

1!

U 245 /??757 logey + constant

5:786 (T p) log,0y + constant IO )

i

0 O

where U _is the local velocity, y 1is the distance from
the wall, and T 1ig the shearing stress. If the slope §
of .the atraicht portion of The"velocity-digtribution curve
plotted on semilogarithmic paper (fig. 10) is assumed to
Yo equal to 6.7V T/

T/p = /38 " R8s )
It is interesting to compare the sheafing stress thus

obtained with the values obtained by G. I. Taylor by means
of torque measurement. (See reference 2.) Taylor plotted
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log,6(T/p u?) against loglo(Ut/v) for various values of
t/R,;s where T 1is the shearing stress on the outer ey 1=

inder, U =2 m NR,, . N is the speed of rotation of the
cylinder, "Ry . is the radius of the outer cylinder, and
t 1is the gap distance between the two cylinders. It dm

correct to use the B-type velocity distribution for the.
comparison with Taylor's results Decduse,.ln this case,
the velocity profile is logarithmic near thé outer cyl-
inder walls .- I0 1is found that:. the - differenc¢ce of the shear-
ing stress calculated from both walls is small, the shear-
ing stress at the inner cylinder Dbeing a little larger
than that at the outer cylinder. ~ Tais rcqut is .to be
expected. . Fléure 15 shows. the - comparison of the results:
The full-line curve is an,. evernge curve obtained from
Baglor's eurves for t/R = 0.0555 and O. 0770. Hence, .
it may be stated that this: curve correononds Pmprox1mately
to t/R = 04 06b6. This value compares with the curve
obtalned in the present investigation for t/R1 = 0.06355.
di gdditidng Taylor's curve for t/Rl = 041146 1g com-
pared with the present result for ‘t/Rl £ 0430803 v i@

“geen that, for the large gap, the result of thé present

measurements checks Taylor's curve very well; whereas,
for the small gap, the present.results are higher than
those: obtained by Taylor.  The general teadency that the
coefficient of friction decreases with increasing value
of t/R ie found to “be "trues

CONCLUDING REMARKS

The turbulent flow between two coaxial cylinders 1is
accompanied by a peculiar type of secondary motion that
affects the transfer of momentum. The secondary flow can
be described by assuming pairs of ring-shape vortices be-
tween the cylinders. The gize and the number of the vor-
tices depend on the speed of the inner rotating cylinder,
the -dumber tending to decrease with increasing speed. A%
certain critical speeds the flow pattern may suddenly
change owing to the loss or the gain of a pair .of vortices.
There exist in the gap certain regions where the velocity
distribution is governed mainly by this secondary flow and
other regions where the turbulent fluctuations are prede-
determinant. In the regions in which the fluctuations are
predeterminant, the velocity distribution is of the loga-
rithmiec type in abreement with the theory of homologous
turbulence,

California Institute of Technology,
Pagadena, Calif., October 1939,
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