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By Eﬁgene B, Lundquist! Gar% ‘A, E??ﬁ@ans Ce i

and John C., Houbolt
SUMMARY

The resulls are presented of A theoretlcalstuiyfdrthe
determination of the ecolumn curve from tests of column
specimens having ends equally'restrained against rota— T
tion., The theory of %his probdlem.i§ studied and a curve =~
is shown relating the fixity coefficient ¢ %0 the T
critical load, the lengih. of the column, and the magni—
tude of the elastic redtraint.. A method of using this
curve for the determination of the column curve for col—

-umns with pin ends from tests of columns with elastically

restrained end§ is presented The results 6f the method
as - applied t0 a series of ‘tests on thlnmstrfp columns of

" .stainless steel are also given. . R

I K . a5 - P - - - --.«.-__.; T

It is fairly common practice for engineers to assume
that a given’ fixture or restrainlng member at the end of
a column provides = column "fixity coefficient ¢ that is
constant for columns of different lengths and sizes of
column cross- sections. In reality, however, the fixity
coefficient depends upon bhoth the dimensions of the col~
umn and the restraint offered by the restraining membery =~ -~
therefore, a more correct procedurs, theoretically, would
be to assume that a given fizture orxr restralnlng member
at the end of the columan provides, rather than a Ziven
flﬁlty coefflcient a'restraining stiffriess against rota—

A method for deternining the ‘column eurve for thin sheet



2 NACA Techpical Note No. 903

L e s

materlal thaﬁ is based upon considerations of the restrain— “
ing stiffness and that shows promisse of successful devel—

opment involves mounting sath end .of & small column

specimen in special end fixtures of the general type shown

in figure 1, The specimen with end fixtures attached is

then loaded .by axially comprassing thé assemwbly until the
specimen fails by instahility as an ordinarv column. : _

The special ond fixtures on the column specimen in
figure 1 tend to produce a condition approaching that of
completely fixed ends. Actually, the elasticity of the
clamping fixtures and of- the specimsn Qoes not permit com—
pletely fixed ends and, as a consequence, the column
fixity coefficient which is 1 for pin ends and 4 for
fixed ends, will .be silghtly less than 4.

The method of gnalyzingz test data to obtain the
column curve for any thin sheet material, tested in the
manner described, is presented herein. Column curves that
have been dtermined in this manner for a series of staln-—
lessasteel specimens are also presenfed.

DE__TERMINAT“I,QN'-OE. GOLUMN CURVE FOR ¢ = 1
:__ Y o ) N ) = s
‘fhe column cnrve.dwthat igx usually plotted for any
_'materlal is.the curve for pin—ended columns, ¢ = 1. 1In
-order to’ obtain the column curve from tests employing the
end ' fixtures shoyn ip figure 1, the value of the column
fixity cvefficient ¢ must be detérmined, This coeffi—
clent ¢ can be determined by use of the curve of figure
2 provided the length of the column L, the experimental
critical buckling load of thé&.célumn Pgp, and the re—

straining stiffness of the ®nd. fixtures m (assumed to
be the same at each end), are known. The curve shown in
figure 2 is - the- graph of the equation

- e e ——— -

'"__?a : cr.n.."n Jh—tan Cl— vri)

n

%

ar

which has heen determ1ned through consideration of the
sbvablilify. of a”éolumnfhaving ends .equally restrained
against rotation and is ‘a special case of the general solu— L3
tlon given by equa%ion (Arlz) in. the appendix. -

LY &



»

NACA Technical Note No, 903 : ' 3

After the value of ¢ has been found, the effective
value of the slenderness ratio L/p for the fixity coef—:
ficlent ¢ = 1  can be debtermined by use of the following

relétiop:
(}.) - L (i)
.P eff Mﬁ;; e sXp

where

L)

; effective slendsrnes rétio for c =1
.p / eff - -

<%¥> _ actual slenderness ratio of tested column
exp - ‘

and
o radius of gyration of column .
The column curve for pin ends is obtained by plotfing

Per/A against (;%{>. - for the specimens tested, where
eff

A 1s the coross—sectional area of the specimen.
EVALUATION OF RESTRAINT m

Before the fixity coefficient ¢ 'can be evaluated’
by the procedure given in the foregoing sectlon, the value
of the restraint m of gach end fixbture must bde known., -
In the case of the end fixture of figure 1, the specimen
is so narrow compared to the width of the fixture that
probadbly only a part of the fixbture is elastically re—
straining the rotation of the end of the specimen. It 1is,
therefore, likly that the restraint m depends on thse
width of the specimen and should be evaluated for each
different width., The value of m for any group of colunmn
specimens of the same wldth and thickness can be deter—
mined from the test data for the longer specimens of ths
group, because the critical compressive stress for these
specimens is low and lies within the elastlioc range where
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the effedtive modulus B is eéqual to Young'!s modulus E,. .
For theése longer test specimenBd, all quantities in the
Euler column formuls are known except c¢. Therefere

PcrLg .,'H oo
C = T——— ° . LRI (l)

n2B1I

Pepl
m
be found from the:.-graph offigure 2; themn m can bhe com—
puted because Peor and I are known., " When m has been

detbrmined, the evaluation of ¢ for the columns of

shorter lengths can be made as desgribed in the preceding o
section. o

The valus of

corresponding to this value of ¢ may

In order to retain the degree of accuracy reguired
"in computations, the curve of figure 2 should be plotted
to an enlarged scale, As an aid in preparing such a
curve, a set of coordinsates of the curve 1ls given in
table 1,

RESULTS OF TESTS OF STAINLESS—STEEL COLUMNS

OF THIN SHEET MATERIAL

The mebthod for determining the column curve as de-—
scribed in this report has been applied to eight series —
designated A, B, 0, eto. — of stainless—steel colunmn
specimens. The heat treatment and condition of loading
for sach series is given in table 2. The chemical analy-—
sis for each series .is . as follows: -
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Percentage composition
Chemical : . Series
element - | A, B, - G,|. B. -F..{ G and K
and D . )
Fe 71.925 {72.238 | 27,009
c , 08 .11 » 04
Mn . .63 1,63. 1,40
P .016 . 024 014§ -
S ' « 009 , 008 . 007 Not
St .45 .46 43.00 | { avallablse
i . 8.71 7.35 10.13 3 ' )
Cr 18.16 18.16 18.00
Cu .02 .02 » 02
Ti .38

The column tests were made of flat strips with the
type of fixture shown in figure 1. The specimens were
loaded in a standard 100,000—pound—capacity hydraulic
testing machine, The heads of the testing machine were
set parallel and the specimens were centered to produce

as nearly an axial load condlition as poseible, The test~_ "_

ing machine was of the two—screw Hype_ and the column
specimens were so positioned that failure would occur in
the plane of the screws of the machines, as the stiffness
of the testing machine is greatest in this plane,

The values of B were obtained from stress—strain
tests.of column speocimens from each series of columns
tested. A tensile modulus was used in the analysis of
several series because it was not possible to determinse
the compressive modulus. A summary of the values of &
and of restrgint values ‘m found for the different series
is given in.table 2. - :

Table 3 shows the compubations necessary to analysze
series A by the method outlined. previously in this report;

the column ecurve for series A - is shown in figure 3. Graphs
of the results of the tests, in which critical stress - -has
been plotted against slenderness ratio for ¢ = 1, arse

shown in figures 3 %o 10,
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EFFECT OF ERRORS IN E ON DERIVED COLUMN CURVE

The application of the procedures outlined in this
report to the data obtained from the tests of the stain—
less—~gteel columns revealed that the accuracy of the re—
sulting column curve depended on the cholce of the value
of E wused in the evaluation of the restraint m, 4
gtudy was therefore made to determine the effect that
errors in E would have on the final column curve. The
results of—this study revealed that (see fig. 11):

1., At any value of (L/plgrs the strese given by a

derived column curve based upon a value of E smaller
then the correct value will be in error on the conserva—
tive or low side as compared with the curve derived by
using the correct value of B, ¥Yor a given percentage
error in B, a low value of E will give, over the most
practical range of (L/plesrr, a smaller percentage error

in column stress than will a correspondingly high value
of &,

2+ The maximum percentage error in.stress given by .
a column curve derived by using an incorrect value of
¥ is great'er than the percentage error in B (ses
fig., 11), It is thersfore important that the compression
modulus for the materilal of the columr specimens bhe ac—
curately known if a column curve is derived by the method
glven in’ thie report,., . .

3. If the correect value of X 1is unknown and a com—

monly sccepted value of E 1is assumed for use in the com—

putations, the analysis should reveal the presence of any
unreasonably large errors in this choice of E., If the
value of E 1s too large, the derived column curve will
lie above the Buler curve for this value of E in the
range of intermediate column lengths (see fig. 12). If
the value of ® wused in the evaluation of m £from the
test data for the longer specimens of the group is suffi-—
" ciently less than the gorrect value of E, %the computsd
value of the fixity coefficient, as given by equation (1),
will be greater than 4,

)
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Oonsideration of the foregoing facts indicates that,
if the value of E is uncertain tut is known to liwe
within a small range, the lowest value in that range
would be the most suitabls value to select for use in com—
puting the column curve of the mabterial.

Langley Memorial Aeronautical Laboratory,
National Advisory Committee for Aerongutics, .
Langley Field, Va., June 10, 1943, .

APPEND IX

THE STABILITY OF A COLUMN EAVING ELASTICALLY

RESTRAINED ENDS

Timoshenko has obtained the expressions for the ro—
tatlons 85 and '8y at the ends of 'a member subjected -

%o compressive forces P and end moments M, and My

(shown in fig. 13) by solving the differential .equation
expressing the equilibrium of the bent member. These
expressions, given as equation (25) on page 13 of refer—
ence 1, are: _ ' o

MaLG  MpLF-

2] = r— + - - (-A-"'l) -
® 7 8E1  6®T
M iG M_LE .
0p = —om + =2 _ (4~2)
SEIL BEI
where
: 3 1 1
F = ¢o(un) = < —mMmMm — — A-3
¢( ) o8 (sin 2u 2u ( )
3 1 1
G = =\ =-"7T—7
Viu) = —{ 35 tan 2u> (A—a)
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= [E T (e

In the foregoiﬁg equations the symbols have the
following meanings:

g, 81 rotations of the tangents to deflection curve
at the left and right ends, resvectively, of
the member; positive as shown in figure 13

Mgy Mp .applied moments at the left and right ends, ]
respectively, of the member as shown in fig—

ure 13
L length of the member
b effective modulus of elasticity
I moment of inertis of the column cross section
P - axial. load acting on the member

If the moments Mg and HMp in equations (4=1) and

(A-2) arise as a result of rotabion of the restraining
elementes that oppose the deflection of the member when it
bends and if,'in-addition, the restraining momente are
proportional to the rotations of the restraining elements,
respectively, the end moments acting on the member can be
written

—mp 081 _ { A—8)

¥p

whers mg and m}y are the moments necessary %o rotate
the restraining elements at the left and right ends of the
column, respectively, bthrough one radian.

Substitution of these values of Mg and My in
equations (A—-1) and (A—2) gives

Ge Fe
(1 + —-3—%> 0g + —f) 8p,=.0 . (4—-9)
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Fe Ge R C
Za 6, + <1+--3\ 8y =0 -, (A-10)
/ 3 / e ol
where
Lom L
€g = —m— . (A—11)
S § .
m_bI.
€y = = (a-12)
' BEI

The quantities €53 and €1 are the "restraint coeffi—
‘clent! at the left and right ends, resPectively,~of the',

'compr3331on member._

Equatzons (&~9) and (A—10) are. linear 81multaneous
equations ‘which can be satlsfied by taking . 85 = 8p-=:0.
The deflection at sach point on the’ member is then szero
and the 'straight form of equilidbrium of the mémber is ob—
tained. The buckled form of equilibvrium of the member
becomes possible only if equaticns (A—9) and (A4-10)

_yield for 65 and 8p solublons different from zero;

which reguires that the determinant of theSe eauatlons_
become zero, or . _ _ o

(o E Yt GG

The value of P that satlsfies ‘$his equation for neutral .
stabilibty of a member elastically reéstrained against ro—
tation -at each end is the critical load Pgp. -

When the restraints at the ends of the column are
equal, mg = mp = m and €, = €y = €,  For.this casé

squation (A—13) reduces to

<} + —-q < \ (a—-14)

o e

This equation cannot be solved dlrectly'for écrs the
critical value of the load P, Dbecause P occurs in
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transcendeontal expressions F and G. If P is regarded .
as Known, however, equation (A—14) vields as solutions
for € two values : oL

€ = A-15
¥ s (A-15)
E 3
-1
€= - —
¥, 6 (A-16)
6 B

which descrlbe two mathematiCally possible buckling con—
figurauions. 'The buckled shape that corresponds to each
of these equations may be obtained by substituting the
value of. €. in either equation (A-9) or equation (A~10).
From thls &ubstitution of € as given by equation (A~15)
it is found that 8g = —8yp, which by the ald of equa— -

tioms | (k—?) and: (A—B) -shaws . that, Hy = —Mb. ‘This type of
buckling -is' reprosented by the bent member of figure 14(a). »
Similarly., by substitubion of $he value of .€ a8 given T
by equation (A=16) iin elther equation (A-3) or (A—10), it is
found that .fg = 81, . uhlch again by -the aid of—equations -
(A7) and (A—8) shows that Mg = Mp. This type of buck—

ling is 111ustrated by flgure 14(b). '

. The tvpe of buckllng shdwn in figure 14(b) will occur

at a lower load than the type shown in- figure 14(a) be—
cause of the longer wave length involved. A column with
equal elastic.restraints resisting.rotation at ite ends
will therefore adopt the buckling configuration ghown in
figure 14(b) at a.load. P = Per . . that 'satisfies equation(Arlo)

When the values.of ¥ and & as given by equations
(A—3) and (A—4) are substituted in equation (A—ls ; the
followlng relation is obtained.

€ = e . (a-17) -

From equations (A—5) and (A—6)

e
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2u= /A 1. (4—18)
BI AAmREL

By use of the relationship expressed by the Buler éélgﬁn
formula, . .. ot Lo ST T

. - ’ ’
eq BI oo
Por = —/3— ' (4-19)
L
equation (A~18) becomes

2u = win . (ATSQ)

Equation (A—~17) may therefore be- expro&sed as

- c

(A—21)
tan -JCTTEG - - : |

kE:

This expression for the elastic restraint at the ends of .
a column in terms of the fixlty coefficient is shown
graphically in figure 15 in order to show that the varia—
tion in the fixity coefficient is small when the restraint
is large.

If the equations (A—11) or (A~12), which define ¢,
are solved for EI/L vwhen mg = mp = m and this valus

is substituted in equation (A~19), the Buler column
formula can be written '

*

Por = c:'g %’ (A—22)

Substitution of the value of € as given by equation
(A~21) in egquation (4—22) gives ' T

mrr .\/_c:,- tan(% «/ c>
P = -

cr T

Hultiplication of both sides of this equation by I/m
results in the equation
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5%_;5 e —n./e tan (-g— ﬁ) (A—23)

Bquation (A—23) relates the fixity coefficient <c. to the
critical load, the length of the column, ernd the magnitude
of the elastic restraint. This egquation is represented
graphically in figure 2.

REFERENCE

!//Timoshenko, S.: Theory of Elastic Stabillty. McGraw—
Hill Book Co., Inc., 1936,
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PABLE.1l,.,— VALUES OF 2 AND CORRESPONDING TALUES OF ¢
P
e CI‘L c PGI‘I' c Pcrl'
m m . .

1.00 ™ 2.68 3.29718 3,64 0.87342
1.10 | 42,8911 2.72 3.18358 3.66 .82544
1,20 | 32.7811 2.%6 3.07200 3.68 J77740
1.30 | 16,0036 2.80 2,96222 3.70 .72930
1.40 | 12.55%2 2,84 2.85420 3.72 .68120
1.50 | 10,4425 2.88 2.74%758 3,74 83301
1.60 8.9920 2.92 2.6424%7 3.76 .58486
1.%70 7.92086 2.96 | .2.53852 3,78 .53658
1.80 7.0853 3,00 2.43581 3.80 .48816
1.84 6.79802 | 3.04 2.33%406 3,81 46401
1.88 6.532324 | 3,08 2.23329 %.883 . 43979
1.92 6.28489 | 3.12 2.13336 3,83 . 41554
1.96 6,05359 | 3,16 2.03401 3,84 .39128
2.00 5.,83651{ 3,20 1.93544 3,85 .36704
2.04 5.63180| 3.24 1.83%740 2.886 .34269
2,08 5.43821 | 3.28 1.72980 3.87 .31839
2,12 5.25432 3,32 1.64271 3.88 . 29406
2.16 | 5.07920| 3.36 1.54594 3.89 .26966
2.20 4.91177 1 3.40 1.44946 | 3,80 . 24534
2.24 4,75145| 3.42 1.40135 3.91 . 22095
2.28 4,5973%7 | 3.44 1.35326 3.92 .19645
2.32 4,44916 | 3.46 1.30518 3,93 17202
2.36 4,30597 | 3.48 1.25712 3.94 .14753
2.40 4.16748 ] 3,50 1.20918 3,95 . 12304
2,44 4,03316!) 3,52 1,16117 3,96 . 098491
2.48 3.90272!| 3,54 1.113821 3.97 ,073821
2.52 3,77577 | 3.56 1,06525 3,98 . 049343
2.56 3.65200| 3.58 1.01731 3,99 . 024817
2.60 3.53117 | 3.60 .906936 4,00 . 000000
2.64 | 3.41288| 3,62 .92144




TABLE 2

SUMMARY OF Pnorﬁrﬁm- OF STATHLESS-STERL COLUKKS

411 apsclmens were smlled by Fleét\linga Inc,; seriss A, B, G, D from roll
0. 44603 B from roll No. 2348, heat No. "IJ.BG- ¥ from rol] No. 839, hu\'. :
Ko. 72833 and G and E are type 522 "w*

T

208 "OK 930K TWOTUY9e L VOVK

[ . !
Ultimate Tield .. |Bardness R
Sartss! Ormin | West trsatment 7Hl-rdr:;a:§ strass - | atrasy | SLOREALYON Lipo oy g)y {1b/sq in.) n
ds3cription| (1y/eq in,){ (1b/eq In.)| (percent) | number)[ Tensile [Compressive Paok (lbein,)
Iy Tongi-l Not heat-treated | Full hard | 185,000 to | 148,200 to | 8.5 to 10.0| €-28 [26.10 x 106{26.3 x 108 ["25.88 x 10%| 0
tudinall ] 1 186,500 149,600 _ .
B. | Longl-|400% ¥ for 72 hr| Full bard |e--i--eems |mememcmen | ocmmemnanas C 296,18 |w-- . 1690
c Prans-|Not heat-treated| Full hard |185,900 o |148,200 to 10,0 G-38 LR - S PO cevammtmees| OO
vorse | 197,800 158,000 :
D | Trans-|200° ¢ for 72 hr| Full bhard ol emee | 828,85 Jecemeoeen ecccomaeaoeo| 1m0
B ‘_un"‘;s—i— o 0 e o e S 1/2 el 1:35,500' ."—"—;:‘-'-Jv=‘=.= 28.0 £=34 .olﬂ.‘a-e'v, ==sss=ssss Rt Lo bl £40
tudinal
F LONEL~|===mmmmunmen-eee| Armealed 83,200 |-cicamono- 85.0 B-68 B2B ¥ [eemmenemnn  |enaammmmecas|{ oo
tudinal - . R PR
3 | Trans-|900® P for 1 br | Full bard o | memmea - 20,76 %20.0 SR YY"
verse . . N O
- Tomgi-|900° P fop 1 hr | Pull bard v [ Y [ 29,16 *29.17 cnemmmmeanem| 440
tudinal

Srrese yaluss of E ware used to determine m snd are the vhlues used in the snalysis of the test data.




TABLE 3

ANALYSIS OF TEST DATA OBTAYRED FROM SERIBS A OF STAINLESS-~STEEL COLUMN SPECIMENS

Evaluation of =

LI P
1 b t Pop R I °=% ".;':;'L Fopl m
(an.) | (1n.) | (4n.) | (1) | (1b/sq in.)| (in.%) (From | (10100} [(1b-1n.)
fig. 2)
£2.4505 |0.31998 |0,02907]118.51 | £5.856 x ].06 0.71758 x 10~5| 5.8873 [0.2680 | 290.41 1126
2.1852 | .319056] .03001]145.17 | 25.85 « 72045 5.7644 | 5741 | 316.94 662
1.9110| .31978] .0 187.54 | 26.85 71851 3.7310 | .6548 | 358.89 548
_ Ave. =740 .
Evaluation of (L/p)gre
L b ¢ p A Por Porl { e ' Por
From | v¢ L/e | (L/p)
in. in. In. in. 8q in. 1b o eff
2.4505 10,3200 {0.0300 [0.00888 | 0.009589 118.51 0.26B0 | 3.8873 | 1.9716 | 283.0 143.56 12,558
2.1832| .3199 | .0500 | .0O887Y 009549 145.17 O741 } 3.7644 § 1.0402 | 251.7 129.7 15,123
l.9110| .3198 | .0300 | .00867 009593 187.54 6548 | 3.7310 | 1.9318 | 220.4 114.1 19,549
l.4779( 3202 { .0300 { .00868 +»009618 300.34 5998 | 3.754 1.9876 ¢ 170.2 87.9 31,226
117687 | 3197 20298 | .00B61 +009527 414.34 6689 | 5.729 1.9311 | 136.6 , 70.6 43,492
1.1767| 3192 | .0300 | .0OB66 009560 446,34 J709%7 | 5.708 1.9256 | 1356.9 70.6 46,688
l.0282| .3202 | .0208 | .DO86L +000542 507.84 #7043 | 3.7105 | 1.9263 | '119.2 6l.9 §%,281
l.0272| .3204 | .0298 | .00B81 «009545 B27.97 <7329 | 3.697%5 | 1.8229 | 119.3 62.1 55,311
8842 | .3203 «0297 00858 »009511 8351.84 7680 | $.6895 | 1.9201 | 103.0 53.7 66,4350
.B872| 3198 | .0297 | .00858 «000498 578.84 5940 | 3,715 1.9274 | 103.4 53.6 60,043
74021 3206 | 02908 | .00861 008552 702.84 L7030 | 8.711 1.9264 85.9 44.6 73,577
JT406 | 3209 0298 «00B51 +009561 755,34 »7660 | 5.689 1.9207 88.0 44.8 79,000
56809} .5188 .0298 00881 009531 B69.72 «6945 | 3.718 1.9274 €8.8 55.6 21,250
«5164} 3203 | .0%00 | .00BS56 009597 | 1009.04 JT042 | 3.7105 | 1.9263 59.6 31.Q0 105,150
+4418] 5194 § .0300 | 00866 009566 | 1111,.09 .6634 | 3.7275 | 1.9307 51.0 26.4 118,150
+38581 5196 | 0298 | 00861 +009516 | 1246.34 5180 | 5,747 1.9357 42.5 22.0 150,980
»2911] .3201 0298 00880 «000830 } 1412.04 «5554 | 3,7745 | 1.9428 35.8 17.4 128,170

208 'O e320M TROTUWOeL YOVN

ST
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" Pigure l.« Column and end fixtures assembly.
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Figure 13.-‘Bending of a compressed bar with couples
on the ends. (From reference 1l.)

‘ FoaNg -

(b) M&. = Mb

r

Flgure 14.- Buckling configurations of a compressed
bar with elastically restrained ends.



Fixity coefficient, ¢

£06 °Of e30f TEOTUTPe] VIVN

5 ¥
4
/_,d
’ <
= o % /2
/e TI’/E/ a.n'r\r/"“c/

N -

/ ‘
1F "
0

0 10 20 30 50 60 70 80

¢ = mL/EI

Figure 15.- Relationship of mlL/BI and ¢ for colums equally elastically restrained against rotatlon at
sach erd.

T ¥y



