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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 106l

LIFTING-SURFACE-THEORY RESULTS FOR THIN ELLIPTIC WINGS
OF ASPECT ‘RATIO 3 WITH CHORDWISE LOADINGS
CORRESPONDING TO 0.5-CHORD PLAIN FLAP
AND TO PARABOLIC-ARC CAMBER

By Stewart M. Crandall

SUMMARY

As peart 'of a general-investigation of methods of
calculating hinge-moment and lift characteristics of
control surfaces on finite-span wings from two-dimensional
data, the electromagnetic-analogy method was used to pro-
vide lifting-surface-theory solutions applicable to the
decermination of aspect-ratie.cerrections for the slope
of the curve of hinge-moment coefficient against flap
deflection. Solutions were obtained for two vortex
patterns representing unswept elliptic wings having aspect
ratios of 3. The chordwise loads corresponded to a thin
airfoil with a 0.5-chord plain flap and to a thin airfoil
with parabolic-arc camber, both in two-dimensional flow.
The vertical component of the induced-velocity field of
the two vortex patterns was determined; however, the
actual method of applying the results to hinge-moment and
Liftceomplubations 1s not discussed.

A comparison of the results of the present measure-
ments with those of previous tests indicated that the
increment of induced downwash at the 0.5-chord line over
the value predicted by lifting-line theory is a linear
function of .the.center-of-pressure coefficient. This
increment decreases as the center of pressure moves toward
the trailing edge of the airfoil. The induced camber
decreases as the center of pressure of the two-dimensional
load moves toward the leading edge. This variation does
not appear Hol bel linear,

INTRODUCTION

Lifting-line theory has proved inadequate for the
computation of the hinge-moment characteristics of control
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‘ surfaces of finite-span wings from two-dimensional data.
Lifting-surface-theory solutions for thin unswept elliptic
‘ wings at an angle of attack have been used in computing
| the slope of the curve of hinge-moment coefficient against
angle of attack for small angles of attack (reference 1).
The results were in good agreement with experiment.

A description of the electromagnetic-analogy method
of solving lifting-surface-theory problems is presented
in reference 2. Two electromagnetic-analogy models were

‘ constructed and tested to provide lifting-surface-theory
solutions applicable to the determination of aspect-ratio

‘ corrections for the slope of the curve of hinge-moment
coefficient against flap deflection. The models were

| elliptic in plan form and had an aspect ratio of 3. The

‘ chordwise loadings corresponded to a thin airfoil with

a 0.5-chord plain flap and to a thin airfoil with

parabolic-arc camber, both in two-dimensional flow.

The present report gives the results of these tests and

a comparison with values predicted on the basis of 1lifting-

line theory.

SYMBOLS
i circulation from leading edge to general point
¢y section 1ift coefficient (L;£t>
a angle of attack
Ay angle of attack for infinite aspect ratio
6] flap deflection
A section slope of curyve of 1lift coefficient with
angle of attack TEL ‘
0Qg Js
Clg section slope of curve of 1lift coefficient with }
flap deflection 751\
6/“0 vé ;
[2
(ag) section 1lift effectiveness oA = 8
Cl 08 cy Clg

q free-stream dynamic pressure (%pv?)
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free-stream velocity

vertical component of induced velocity
wing span

wing area

aspect ratio (ba/S)

wing chord

wing chord at plane of symmetry

£ laprehord

ratio of maximum ordinate of a thin parabolic-arc

2
. . s x max
airfoil to 1ts semichord )

c/2
maximum ordinate of thin parabolic-arc airfoil
center-of-pressure coefficient (ratio of dilstance
of center of pressure from leading edge to
chord)
chordwise distance from wing leading edge

spanwise distance from plane of symmetry

parameter defining chordwise position

(cos‘l (l - C§2>>

e
parameter defining flap location <cos‘1 -7% ~ l>>
: \

Subscriptss

LL
max
pa
flap

lifting-line theory
maximum
parabolic-arc~-camber chord loading

flap chord loading
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ELECTROMAGNETIC-ANALOGY MODELS

Vortex Patterns

In order to construct electromagnetic-analogy models
of the wing with flap and the wing with parabolic-arc
camber, the vortex patterns that are to represent the two
wings and their wakes must first be determined. The load
was assumed to be distributed chordwise according to thin-
airfoil theory and spanwise in proportion to the chord.

Elliptic wing with 0.5-chord-flap chord loading.-
The ratio of the circulation from the leading edge of the
airfoil to a point x at any spanwise station to the
total circulation from the leading edge to the trailing
edge is given by the chordwlse circulation function 2T fecyV,

From thin-airfoil theory the wvalue of this function for a
flat plate with a plain f{lap is

1-cos (B - Gf-)

o\ g (r-08¢)(8 +5inB) +(cosB - cosBy) logelcos E +9sinfByp
cclv)flap m( - 0p + sin B ¢)

(1)
This relation may be derived from the velocity-potential
functions presented in reference 3 and is shown in figure 1
for a flap=~chord rafio of 0.5.

The load per unit span cc;q at a general point Yy
is given by

= c(2 )
ceclq el W)(aalozéq

T \/1 ' @‘92 el

whence

I / )
CCZ il y 2
035 =B ((16) CZ \/l \\b/2>

Contour lines of the product ZP/CSVG of the span-
wise loading function ccy fcgd and the chordwise
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determine the vortex

25,)
civeniativn fanetion
CCZY/a
. flap
pattern of the wing with flap. Figure 2 shows 10 of these

contour lines in terms of the parameter

bg Vé/ (SV6/ 1ax

2k P/Tmax'

Elliptic wing with parabolic-arc-camber chord
loading.- A thin airfoil with parabolic-arc camber at
zero angle of attack has an elliptic chordwise pressure
distribution. The chordwise circulation function for
such a pressure distribution may be shown to be

2r ’
\/CC V> t%(e-lsin 29) (2)

o

A pilot of the function is preseanted in figure 3.

The load per unit span cc;q at a general point ¥y
is given by

ceqq; = 2nefq

2 al. ki - (3
sy e o
s | b

ce e
— = anall -] e
CsP b/2/

The wvortex pattern of the wing with parabolic-arc-
camber chord ladélnf s’ determined by contour llines of
the product 2I'/cgV3 of the spanwise loading func-
tion cc3/cgB and the chordwise circulation func-

1

whence

/2-
tion K\ FV) . Ten contour lines for the elliptic wing
cey
t*/pa

with parabolic-arc camber are presented in figure L.
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‘ Construction of Electromagnetic-Analogy Models

In order to simplify construction, only one semispan
of each wing was simulated. The models were constructed

by fastening fz—inch-thick aluminum and brass strips to

sheets of plywocod. The spen of each model was 8.3% feet,
which is considerably larger than the spans of previous

electromagnetic-analogy models tested (references 2 and Iy s
A larger span was used to increase the accuracy of the

| simulation of the vortex sheet and of the measurement of

‘ the magnetic-rfield strength. Details of the construction
and the method of introducing the current into the strips
at the center secbion of the mocdel are shown in figure 5.

| The lead-in wires at the center section were perpendicular

\ to the plane of the simulated vortex sheet so that the
current flowing through these wires would not induce
downwash in that oplane.

Downwash Measurements

The method employed in making the measurements of
the vertical component of the magnetic field induced by
the electromagnetic-analogy models is described in refer-
ence 2. DMeasurements of the magnetic-field strength at
both the real and the reflection points were made because
only one semispan of each wing was simulated. The induced
downwash was determined from the sum of the two readings.
The induced magnetic-field strength was measured at about
50 chordwise points for five vertical heights and 20 span-
wise positions for both models. Curves were faired through
the measured data and extrapolations to zero height were
made for six or seven chordwise stations.  The extrapolated
values of magnetic-field strength were then converted to
the nondimensional downwash Wb/zymax'

Corrections applied for the finite length of the
trailing vortices were computed by assuming the loading
to be a simple rectangular loading (see reference a0
Experience has shown that this approximation gives correc-
tions of satisfactory accuracy.
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PRESENTATION OF RESULTS

Elliptic Wing with 0.5-Chord-Flap Chord Loading

According to a combination of lifting-line theory
and thin-airfoil theory, the nondimensional down-
wash Nb/é;max for an elliptic wing with a chord loading

cornesponding to that of a 0.5-chord plain sflap in two-
dimensional flow is given by

TYb \> % % {z/c.x 0.5) (3a)
a*mdg/LL +
- T
il (/¢ > 0.9) (3b)
( iy 4 - 7 L 8(“6)0

The term 1 represents” the downwash induced by the trailing

Ly
vortlices as computed by lifting-line theory. According
to thin-airfoil theory the downwash induced by the bound
yeombiiciibyil 8 zero for all points ahead of the' filap hinge

line, where the slope of the surface is zero (equation (3%a)).

The second term of equation (3%b) represents the downwash

induced by the bound vorticity behind the flap hinge line,
whereNithe glope of Ghefsuriace’ igsa 8¢ W EFoPr an aspect ratlo
of 3 and a 0.5-chord flap, this term has a value of 0.L59.

Valuves of the nondimensional downwash Wb/2rhax fop
the wing with flap chord loading, determined by the
electromagnetic- analogy method, are presented in figure 6
gsi gl @linctlion 'oF cherdwilse locatlon for various spanwise
positions.: The lifting-line-theory wvalues predicted by
equation (3) are included for comparison. These data are
replotted in figure 7 with the lifting-line-theory values
(equation (3)) subtracted. This operation removes the
diseontinuity ‘of the'"rlap’'hinge' ‘line.
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Elliptic Wing with Parabolic-Arc-Camber Chord ILoading

According to a combination of 1lifting-line theory
and thin-airfoil theory, the nondimensional down-
wash wb/2l'max for an elliptic wing with a chord loading
corresponding to that of a thin parabolic-arc airfoil at
zero angle of attack in two-dimensional flow is

L =1, A (X
(ZPM> ;A e «0.5) (Lt

The first term on the right-hand side of equation (L)
represents the downwash induced by the trailing vortices
as determined from lifting-line theory and the second,
that induced by the bound vortieity according to thin-
airfioll theoXy.,

Measured values of the parameter wb/2[.y are

presented in figure 8. In order to give a better illus-
tration of the induced camber, the lifting-line-theory
values of the induced-downwash parameter (equation (L))
were subtracted from the measured values and the results
were plotted against spanwise location for various chord-
wise stations in figure 9.

DISCUSSION OF RESULTS

Induced Angle of Attack

Lifting-surface-theory solutions of unswept elliptic
| wings show the induced camber to be approximately para-
bolie, since the chordwise varlation of downwash 1is
approximately linear (see figs. 6 and 8). Because the
\ angle of attack of a thin airfoll of parabolic shape is
given by the slope of the mean line at the 0.5-chord
| point (reference l.), the induced angle of attack at the
‘ Uhb=chord line.of an unswent elliptic wing 1s a measure
of the induced loading of angle-of-attack chord loading.
| This induced angle of attack is thus determined from the
‘ values of the downwash wb/2l'y.x at the 0.5-chord point.

‘ In figure 10 values of the induced downwash wb/2D %
at the 0.5-chord line, reduced by the amount predicted on
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the basis of lifting-line theory, are plotted against the
center-of-pressure coefficient of the two-dimensional
load. The value for the angle-of-attack chord loading
was obtained from reference 2. The increment in induced
downwash appears to be directly proportional to the loca-
tion of the center of pressure; the ingrement decreases
as the center of pressure moves toward the trailing edge
et theNaiinfol ] .

Induced Camber

The induced camber or so-called streamline curvature
(references 1 and li) is extremely important in determining
the aspect-ratio corrections to hinge moments. The induced
camber results in an increment of elliptic chord loading,
which causes large changes in the pressure distribution
near the airfoil tralling edge.

The induced camber as measured by the parameter

5 <{ wb
“lmax
o(x/c)

chord loading. The data for the angle-of-attack chord
loading are obtalned from reference 2. The induced camber
decreased at all spanwise stations as the center of pressure
moved toward the leading edge of the airfoil; however, no
simpletrelation for expressing the variation is apperent,

1s presented in figure 11 for three types of

CONCLUSIONS

surveys of the vertical component of the induced
velocity field of two vortex patterns have been made by
the electromagnetic-analogy method. The vortex patterns
represented elliptic wings having aspect ratios of 3% and
chordwise loads corresponding to a thin airfoil with a
0.5-chord flap and a thin airfoil with parabolic-arc
camber, both in two-cimensional flow. A study of the
results of the present measurements and those.previously
made of a vortex pattern representing a wing of the same
plan form with:an angle-of-attack chord loading indicated
the felllowling conelusieonss

1. The increment of induced downwash at the 0.5-chord
line above the value predictéd by lifting-line theory is
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a linear function of the center-of-pressure location; the
increment decreases as the center of pressure moves toward
the trailing edge of the airfoil.

2. The induced camber decreases as the center of

pressure of the section lcad moves toward the leading
edge. The variation does not appear to be linear.

Langley Memorial Aeronautical TLeboratory

National Advisory Committee for Aeronautics
Langley Field, Va., November 23, 19L5
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