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THE SHEAR ING RIGIDITY OF CURVED PANELS UND ER CO MPRESSION 

By N. J. Ho ff and Brun o A. Boley 

SUMr.llARY 

Exp eriments we re carried out at P n lytechnic Institute of 
Br oo klyn Aer o nautic a l La b o rat o ries -in o rder t ! det e rmine the 
sh e aring rigidit y o f curved p anels und e r compressi on, p a rtic
ularly in that re g i o n of l o ading wher e the panels are in a 
buc k led state. F s r th e p reli minary t e sts f our, and for the 
final test s e ries ei ght, circular cylinders were built o f 
aluminum all oy she e t. The c y lind e rs we re reinf o rced with a 
nUQb e r o f s t ringE rs and ring s. The te s ts we re mad e by meas
uring the an g le o f twist o f t h e c y linder caused b y k no wn 
am ounts o f t o rque wh ile the c y lind e r wa s subjected t o unif o rm 
axial c 0mpressi o n . 

It was f ound that t he s he arin g ri g idity decre a ses with 
increasing c nn pressi o n, and the l o we st value measured wa s 
ab out o ne-t enth of the o riginal value. The r e sults o f the 
inv esti gati o n are pr e sented g raphically and by me a ns o f an 
a pp r o xi mate e mp irical f o rmul a . Us e is made o f the n J ndimen
si onal pa r a me ters € h and rid, whe re € is the a x ial 

cr 
c o mpressive strain in the s t ringe rs , Ecr its value wh en the 

p a n e l buckles, r the radius o f t h e c y linder, and d t h e 
stringe r spacing me asured al o ng t he circu mf e rence. In t he 
exp e rim e nts the value o f E/Ecr v a ried appr o ximately fr o m 

o t o 15, that o f rid fr om 1 t o 2.5. 

I NTRODUC TI ON 

Wh ile tw o o th e r rese a rc h p roj e cts we re b e ing carri e d out 
at P0 lytechnic In st itute o f Br ook l y n Ae r o nautical Lab o r ato ries 
it wa s f ound that it w; uld be d e sirable t o i n v e sti ga t e t h e 
vari ~ ti o n with increasing compr e ssive stress o f t h e sh e aring 
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rigidity of curved panels which are in a buckled state be
cause o f the c 0m pressi o n. One of these pr o jects dealt with 
the calculation of the str e ss distribution in monocoque cyl
inders (ref e rence 1). Because 0f the lack of data on the 
shearing rigidity the calculati on s had to be restricted to 
cases o f l oad ing in which the panels were in a non-buckled 
state and thus a comparison with test results (reference 2) 
Was possible only f o r low load conditions. 

The othe r research pr oje ct was a the o retical investiga
tion n f the general instabiJity o f monocoque cylinders in 
pure bending. In the absence of experimental data the theory 
of the inW a rd bulge type gene ral instability waS developed in 
reference 3 o n the basis o f an assumed variation of the ap
parent sh earing rieidity o f the panels al o ng the circum
ferenc e of the monocoque cylind e r. It is desirable t o replace 
this assu mpt i o n by d ata deriv e d from experiment and to extend 
the a pp licability of the numerical pr o cedures mentioned to 
cases of l oading in which s o me of or all the panels are in a 
buckl e d state. The effe ctive sh e ar modulus values sh ould 
also be us e ful in other calcula ti o ns of the stress distribu
tion, f o r instance, in sh ea r lag analyses by Paul Kuhn's 
meth o d. (ref e rences 4 and 5). 

The experimental investigatio n described in this report 
was und ertake n in order to furnish these data. 

It is believed that the simplest method by which uni
formly distributed shearing stresses can be applied to thin 
she e t consists in twisting a cylinder made of thin sheet. If 
the cylind e r is circular, and the stringers are attached tJ 
its circu mference at uniform intervals, plane secti on s bef o re 
t o rsi on r em ain plane during the loading and no warping mo
ments are intr o duced by the end fixtures. 

In the preliminary experiments f our and in the final 
series eight reinforced monocoque cylinders were tested by 
applying first a unif o rmly distribut e d axial c0mpressive 
force and then measuring the angle of twist of the cylinder 
und e r a si mu ltane ously appli e d torque. The effective shear 
modulus Gaff was d e fined as the value that makes Bredt's 

f o rmula v a lid even th ough the panels are ·in a buckled state 
because o f the compression. 

In r e fer e nce 6 it Was suggested that the apparent or 
effective sh e aTing ri g idity would depend o n the ratio of com
pressive stress to critical c ~mp ressive stress and o n the 
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differ e nce between the ch o rd length and the arc length of the 
non-buc~led pane l. Th e two parameters E lEer and rid used 

in t ~ is report r epres ent these quantities in a nondimensional 
f o rm. 

The p r elimina ry work Was carried out by Albert J . Cullen , 
and the fi na l investigati on by the junior author. The former 
was assisted b y Edgar B. Beck and th e latter by Joseph D . 
Windisch mann . The project was under the directi on of the 
seni o r author. It was s pon sored by, and c onducted with fi
nancial assistan ce from, the National Advisory Committee for 
Aero nau tics. 

LIST OF SY M30L S 

a side length of a square secti on 

A a rea en cl ose d by the circumf e r en ce of the cylinder 

C geometric factor in torsional rigidity GO 

d width of panel measured al ong the circumfer en ce 

D diameter of cylinder 

E Young's modu lus 

Fey yield-point stress 

G shear modulus 

Go shear modulus of cylinder at zero c omp ressive load 

Geff effective shear modulus 

I moment of inertia 

Ip p o lar moment of inertia 

k nondimensional coefficient used i n the formula f o r the 
buckling strain of a flat panel 

L length of cylinder 
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number o f stringers 

= 0.0275(n + 1) 

a x ial c ompressivo force 

force 

radius of cylinder 

circumfer en ce Qf cylinder 

thic kne ss o f sh ee t c J v e ring 

to rqu e 

effective width o f flat p a lle l 

e ffective ~idth of cu rved panel 

nornal strain 

buckling strain of pane l 

buccling strain of n ) n -rei Df o rced circular cylir.de r 
under uniform axial c ~ mpressi o n 

buckli ng st rai n s f flat pane l u n der uniform c om 
pr"ess i on 

ax i a l co ~pre ssive strai n in the stringers 

angl o o f twist 

harm on ic mean o f angl e s of twist measured i n the 
upper and l owe r halves of the cylinder 

l owe r 

uppor 
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DESCRIPTION OF TESTS 

Final Series 

One of the test cylinders of the final series is sh own 
in figure 1. It has a diameter of 16 inch e s and is made Jf 
0.012-inch thick .·24S-T Alclad sheet. Its reinf')rcement 
c o nsists of 4 rings and 12 equidistant stringers made 0 f 
3/8 - by 3/S-inch square secti o n 24S-T aluminum alloy bars. 
For the c o nvenience of manufacture the rings are arranged 
outside and the stringers inside the cylindrical sheet t o 
which they are attached by l/8-inch diameter AI7S-T aluminum 
a lloy r0und-head rivets. 

The characteristics o f the variJus test specimens are 
listed in table 1. The cylinders 0 f the final series were 
numbered from 26 t o 33. The number of stringers varied fr 0m 
6 t o 16. The ring spacing was 4 . 5 inches except in cylinder 
32 where it was 2.57 inches. In cylinder 31 the rivets at
taching the rings t o the sheet were omitted and in cylinder 
33 they were replaced by screws. The sheet o f cylinder 33 
was o f spring temper brass ~f th8 f o ll o wing nominal composi
tion: 72 percent c oppe r and 28 percent zinc. Its thickness 
\'Ia8 0.0055 inch. 

Tw o steel one -pi e ce end rings and one steel two-piec e 
middle ring served the purpose a f intr oduci n g and distrib
uting the external loads. The stringers were attached t o 
the rings by grip fittings ') f the type described in r e ference 
2. In addition, either 12 o r 16 gri~ fittings o f a diff e r
ent kind were used t~ attach the sheet t o each ring, and the 
inside o f the rings was knurled in 0rd~r t o prevent slippage . 
Details of the attachment are sh o \m in figure 2 . 

The c ~ mpressive l oad was applied by means ~ f a 200,000-
pound lever type Riehle Bros. Universal testing machine (fig. 
3). Between testing machine and en d ring a hard rubber ring 
an d a steel plate, each 1/2 inch thick, were inserted. The 
unif o rmity o f the str e ss distribution was checked by measur
ing th e strain in both the upper and the l ower half of each 
cylinder . in all the stringers, and in additi o n in · the she e t 
of two · cylinders. The measurements were made by means of 
metalectric strain gages. The accuracy of the load measure
ment is better than ±15 pounds on the Riehle machine; while 
the maximum error in the strain measurements is about 
±1 X 10- 5 • 

5 
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The t o rque was applied by means 0f six links attached 
at J n e end to the st o el rin g s, and ~t the ~ ther end to a 
load i ng frame which rests o n bull beRrings as sh o wn in th e 
draw i ng of figure 4. Details o f the torque loading device a 
ar e a ls o visible in figures 2 a n d 3. ' In the origina l setup 
the t o rque was appli e d by tight e ning the n uts at the ends o f 
the middle li n ks. On o ne middle link the nut was arranged 
insid e t h e fr am e s o that tight en ing it caused a compressive 
f o rc e in the li n k. (See fig. 3.) On the o ther middle link 
th e nut w~s outside t h e fr a me. Co ns e qu e ntly, tight ~ ning it 
caus e d a t ensile f o rc e i n the link. Th e forces in the links 
wer e measured b y me t n lec t ric strain g ages. Wh e n c y linder 26 
was t e st e d, str a in g ag es were cemented o ~ly t 1 the t e nsi o n 
lin k s - that is, t o the t e nsi on middl e link, and t o the upper 
and lower links o n the sid e wh e r e t h e middle link wa s in c o m
pr e ssi on . 

In a ll the o th e r t e s t s t he str a in Wa s me a sured in all 
the links. Fr o m c y lind e r 30 on , thr eads and nuts were pr o 
vided on all t he six linko in o rder t o i n sure a.more accurate 
l oad ap~ lic a ti o n . The 1 0ad lin y s we re c a librated on a 
30,OOO-~ound l e ver type Riehl e Br o s. U~iv e rsal testing ma
chin e . Th e a ccur a cy o f th e i ndividu a l lo a d li n k readings in 
the fin a l arr Rngem en t was as f n llows: 

Li nk (lb) 

1 ±ll 
2 I8 
3 ±12 
4 ± 8.5 
5 ~ 18 

6 ± s 

Th e relative r o tati o n o f middl e and end rings was meas
ured by Ames dial gages h a ving 1!IOOO-inch subdivisi o ns. 
Th ey wer~ att a c h ed t o the middle ring and their plungers 
rested a n aluminum a lloy br a c ke ts fastened t o the e n d rings. 
Th e accu racy o f the measureme n t o f the angle of twist was 
ab out ±0 .00002 radian. 

The testing p r o cedure wa s as f o llows: The cylinder was 
rigged up in the testing ffiachine. The nuts o n the l o ad links 
were ti g htened and l o ad link r eadings were made. The nuts 
were adjusted o n the l oad lin k s until a n a p plicati o n of 
t o raue was o bt a i n ed whic h wa R c Oll sid ~ red suffici en tly uniform 
and fr e e o f b e ndin g . The an g l e o f twise was recorded. The 
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forces in the load links were then increased in fiv e stages 
and the procedure of adjusting and reading was repeated at 
each stage. The angle o f twist was plotted against the t o r~ue. 

The t o rque Was remov e d and compression applied by lower
ing the l o ading head of the testing machine. The strain was 
measured in all the string e rs in b o th the u~per And the lower 
bands . The compressive strain was adjusted by shimming until 
a sufficien tly uniform strain distribution was obtained. 
Torque was applied and the angle of twist measured as de
scribed in the no - co mp ressive-Ioad case. The string e r strain 
readings were repeated when the maximum torque was acting 
upon the cylinder. 

With each cylinder the angle of twist versus torque curve 
was established f o r fr om 6 to 12 co mp ressive loads. A com
plete test t ook from 2 to 3 days. With a few cylinders the 
unifor n ity o f the distribu ti o n o f c ompressive strain deteri
orated considerably in the c ourse ) f the test . These cylin- . 
ders were re-shi mmed at a low load. 

The strains in the sh ee t were ma sured in cylinders 27 
and 29 by means o f pairs o f metalectric strain rosettes . 
cemented back t o back on opposite sides o f the sheet. 

f re l iminary Tests 

To rsion tests were als o carried out with cylinders 7, B, 
and 10 of the series used for the general instability tests 
of reference 7. These cy linders had a diameter of 20 inches. 
Cylinders 7 and 8 were o f 0 . 020-inch thick 24S-T aluminum 
a lloy sheet and cylinder 10 was of 0.012-inch thick Alclad 
sheet . 

Th e cylinders were fsst e ned to the bending test rig de
scribed i n detail in reference 7, and the c ompressive force 
was applied by tightening the nut on th e compressive load 
bar . 

The app lic a ti on o f the toraue is sho,n in the sketch of 
figure 5 an d the photograph o f figure 6. In the f o rmer, A 
is an interlinked pair o f frames between the two units of 
which a mechanical jack is i n serted. When the jack is 
turned, the movable unit is forced downward and exerts a 
downWard pull upon lev er B-B to the midp 0int of which it is 
attached by a p in . One end of lever B-B is linked t o one 
end of laver C - C, while the o th e r ends o f the levers are 
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c onn ected by cable D passing over sheave E. The sheave can 
rotate around a pin attached t o bent F, while lever C-C 
forms part o f loading head G which is rigidly connected to 
the monocoque test cylinder. The leverage is so constructed 
that the do wnward p ull a t one end of lever C-C is equal to 
the up ward pull at the o ther end when the jack is cranked. 
The f o rces a re measured by means of metalectric strain gages 
cemented to the calibrated load links H. Consequently, a 
pure toroue can be transmitted to the t e st specimen, and it 
can be mea sured accurately. The weight of the loading head 
with its attachments is bala~ced by c ounte rweight J. 

The angle of twist was measured by means of two Ames 
di a l gage s graduated 0.001 inch which were rigidly attached 
to the load end of the TIonocoque test c ylinder. The Ames 
gag es were 40 inches apa rt and were arranged symmetrically 
t o the c ente r of t he cylinder. Their p l unge rs bore against 
rigid aluminum alloy bars extend ing fr 0 m the fix e d end o f 
the mono c oqu e . 

Befo r e the cyli nde rs were t e sted t o destructi on in the 
g ene r a l inst abil ity exper iments describ ed in r efe rence 7, 
they we re subj e ct e d t o different compr e ssive loads. At each 
stage of c 0mpress i on the strain distribution around the cir
cumf eren c e was dete r mined. Increasing amounts o f t o r que 
were then applied t o the cyl inde r and the c or res pond ing a n
gles of twist we r e r eco rd ed. With cylind er s 7 a nd 8 t o rsion 
tests we re carried out a t 3, with cylinder 10 at 6 different 
v a lu es o f the c omp r e ssiv e l oad. 

Because of limita tion s o f the c omp ressi o n l oading device 
in th e se prelimin a ry tests, th e g r ea t e st c ompre ssive load ap
aplied was on ly about five tim e s that under which the sheet 
c o v e rin g buckled. A new test rig was developed, theref o re, 
and used in testing c ylinde r 15. This cylind e r was v e ry 
simil a r to the cylinders of the final series, but the rect a n
gular cross section o f its r e i n f o rcing ring s was 1/8 by 3/8 
inch. Compres si on was app li e d t o the cylind e r in the 
200, 000 -po~nd Riehle Bro s. t e stin g machine and the torque was 
trans mitte d to the middle ring by means of weights, l e v e rs, 
sheav e s, and c ab les. (See fig. 7.) This t e st arrangement 
was abandoned for the test rig described in connecti o n with 
the fi na l series because it had the f o llowing drawbacks: (1) 
The re a cti on s of the app li ed torque had to be resisted by the 
Riehle t e sting machine . It was not c ons idered permissible to 
load the testing ma chine in suc h a manner when it turned out 
that th e desirable amount of torque was greater than 

8 
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anticipated. (2) The loading he~d underwent a rotation be
cause of the tor~ue transmitted to it. Oonse~uently, the 
lower half of the cylinder carried considerably more tor~ue 
than the upper half. (3) The application of the weights was 
inconv en ient. (4) The force measurement was not sufficient
ly reliable. 

DISCUSSION OF RE SULTS 

Unif o rmity of Compressive Strain 

Typical compressive strain distribution curves are shown 
in figures 8 and 9. In the former are plotted the strains 
measured in the six s t ring e rs and in the middle of the panels 
of band B of cylinde r 2 9 . It may be s ee n t ha t under a co m
pressive lo ad o f 5100 pound s t he strai n in the sh eet is prac
tically the same a s tna t i n the stringers. Under a c omp res
sive l oad P = 10,025 pounds th e strain in the she e t is 
slightly l ess tnan t hat in the stringers; while und e r 
P = 15,000 pou~ ds the strain in the sheet is little higher 
t han its value und6r 1 0 ,025 pounds. From 15,000 pounds on, 
the str a in i n t he s heet decr ase s slightly and th e increase 
in t he c omp r e ssiv e l oad is ent ir e ly t aken by th e stri nge rs. 
Because o f the sm n ll d eviati nn s in the v a lues it was not 
practicable t o p l o t t~e shoet str Rin at lo ad s h igh e r than 
15,000 pounds. 

Wh il e the unif o r mity of the strain distribution is b e t
t e r than average en fi gure 8 , it is W0 rse than a v orage on 
figure 9 . Tte I Rtte r shows the values obtain ed with c yl ~nd e r 
33. 

The vari at i o n o f QVe r ag6 strain in stringe rs 
with c owpressivo load is pr e s ented in figure 10. 
c a l curve is a ls o sh ~ wn w~ich was calculated fr ~m 

f o rmul a s: 

2w l = 2\'1 + ( € curved/ € str) (d - 2w) 

2w = [€ f 1 a t / ( € S t r - € cu r veri) ] 1/ 3 d 

wh e re 
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2w l effective ~idth of a curved panel 

2w effective width of a flat panel of equa l width 

€ str strain in t~e stringer 

€ flat buckling str a in of the flat panel of equal wiuth 

€ curv ed buckling strain n f a cylinde r o f equal curv~ture 

d developed wi d th J f the curved panel 

Equ a ti ~ ns I and 2 are id en ticel with two equations given by 
Eb ce r in r e ference 8, p age 26, e~cept f 1r the symb ols used. 
The b~ckling str a in o f the flat panel was de t e rmined fr om the 
equati s n 

2 
€ flat = k(t/rl) 

where t is th e thickne ss c f t he sheet, and tho value o f the 
nondi ' ensLmal c oe fficient k was taken fr0L1 the literature 
on the basis a f c on si~Gratio n s given in the next article. In 
the case ) f fi gure 10 (cylinder 29) k was taken as 11.3 , 
while € curve d Vias calculated fr om the experimental criti-

cal strain r; f 3 . 3 X 10- 4 by mean s ) f equation (4). The 
variati on o f YJung's modulus with c ~mpressive strain was tak
en fr om reference 9. The sg re emen t between t h e theoretical 
and the exp erimental curv e s is good. 

Buckling o f the Pane ls 

Generally, buckli ng ~ i d n J t 
all the panels o f the cylinde r. 
strain c orresp ond s t o that st a t e 
number of the pacels passe d fr om 
the buckled state. 

occur at the same time in 
In table 2 the buc k ling 
o f l oad ing in which a great 
the n on -buckled state into 

The theoretical buckling str a in was calculate1 from 
Reds haw 's f o rmul a : 

In t h is equati on the value o f € flat was determined fr om 
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equation (3). The value of k was taken as the arithmetic 
m;an of the values corresponding to four simply su ppo rted 
edges (p. 309 of ref e rence 10) and four ri g idly clamp ed edges 
(p. 323 of refer e nce 10). The buckling stra,in E: curved of 

the circul~r cylinder of equal radius was computed from 
Donnell's formula: 

E: curved 
= 0.6 (t/r) L - 1~7 X 10- 7 (r/t)2 

I + 0.004 (E/FCY) 

It may be seen fr om table 2 that the theoretical buck
ling strain is c ~ nsistently hi gher th~n the experimental 
buckling strain. It is believed that the d iscrepan cy is due 
t o the deviati o n o f the actual shape of the cyli nde r bef o re 
l o ading fro ~ t h e true cyli nd rical shape. It was observed 
that because of initial str Bsse s set up during the manufac
turing process the panels showed a tend en cy to pull flat at 
some distan ce fr om t he r einfo rci ng rings. In t h ree cylinders 
the flatt e~ing wa s measure d by mean s o f a Geneva Lens Meas
ure. The results o f the mea sur eme nts f o r a typical panel 
are sh own i n figure 11 . 

Distributi o n o f Sh ea r Strain 

The shear strain d istribution was det e r mi n ed fr om the 
metalectric equilat e ral strain rosette re ad ings made with 
cyli nde rs 27 and 29 . Figure 12 presents the distributi on in 
cylin d er 29 when there is no c ompressive load. When the c om 
pressive l o ad is high enou gh t o cause the panels to buCkle, 
the variati on o f the strain within the area c overed by the 
rosette makes the re adings u n reliable. 

Ca lcu l at i o n of the Effective Sh ea r Modulus 

The shear mo dulus was calculate d fr o m the measured values 
o f t o rque and angle o f t wist by Bredt's f o r mula: 

where 

11 
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~ angle of twist 

1 length of the cylinder 

S length of the circumference of the cylinder 

A area enclosed by the median line 0f its wall 

G shear modulus 

t wall thickness 

If the subscript U is used t~ denote the upper half 
of the test specimen, the shear modulus becomes on the basis 
of the test results obtained with the upper half 

where 

:a 
K = (LS)/(4A t) 

In a similar manner the lower half of the test cylinder 
yields 

Tne average ~f the tW0 values of the shear modulus is 

(8 ) 

(9 ) 

Since in the tests the difference bet"leen TU and TL was 
of the same order of nagnitude as the accuracy of the load 
link measurements, the value of Geff was calculated on the 

assucption that TU = TL = (T/2). In this case 

12 
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where T is tne total applied tcrque. 

The applied torque was calculated from the readin g s of 
the ffi iddle links (links 2 and 5) and was plotted against 
t h e average angle of twist ~ mean defined as 

Figure 13 is a typical example of · such a plot. The slope o f 
the straight line multiplied by K/4 yields the shear modu
lus in acc ordan ce with equation (10). Whe n ever the experi
~ental p o i u ts did not fall on a straight line, the best 
fitting straigh t line Was calculated by the meth od of moments 
presented in ref ~ re n c e 11. 

The appendix sh ows that the torsional and bending rigid
ities of t h e in d ividual stri gers, as well as the ri g id fixa
ti on o f th e ir ends t ~ t h e end rings, contribute little to the 
torsj onal rigi d ity o f t he e ntirA cyli n der. Co nsequ en tly, it 
is p c r~issible t c c a lculat e Geff a ccording to the procedu re 

outli n ed above in wh ich the t 0 rsi c nal rigidity of the 
stri ~ gers is n eglecte~ . More 0ver, it was establis h ed exper i
mentally that d eviati o ~s in the distribution of forces in the 
load links fron t h e required pattern , which result in the ap
plication o f b ena ing no me nts simult an eously with the torque, 
have a negligible €f:ect up on the a~gle of twist . 

The Shear Rigidity versus Compressive Strain Curves 

For each cylinder tested the values of Geff were plot

ted against the co mpressive strain. Figures 14 t~ 21 present 
these curves f o r the cylinders of the final test series, The 
curves obtained in the first t h ree prelin i nary tests (cylin
ders 7, 8, and 10) are sh own in figure 22, while the curve 
corr e sp o n ~ ing t o the fourth preli n ina ry test (cylinder 15) is 
presented in figure 23. 

The scatter of the experi mental p~ints a b out the smooth 
curves is attributed t o i ncidental d etails af the buckled 
sh~p e o f the p ~nels. 

13 
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Nondimensi o nal Shear Rigidity Curves 

In figure 24 the ratio of G to 3.9 X 10 6 psi is 
plotted against the ratio of the g~~pressive strain t o the 
buckling strain of the panels f ? r each of the cylinders o f 
the fin a l series . The buckling strain used in plotting these 
curves was the experi mental critical strain listed in table 
2. The f o llowing observations may be made in c onnection with 
fi gure 24: 

1. The shear modulus ratio d ecreases with increasi n g 
c ompressive strain ratio and seens to approach a horizontal 
asy mptote. 

2. In the region 0 < t./ t. cr< 3 no systematic variation 

of Geff/Go can be observed with the number of stringers. 

It is noted that investigations of the Alu minum Company of 
America showed random variations of Young1s modulus of Alclad 
in the regi o n fr on zero to about 12,000 psi c omp ressive 
stress as published in reference 9. 

3. In the region t. / € cr:> 3 the shear modulus decreases 

with ~ ecreasing number of stringers. 

4. The points corres pond ing t o cylin d ers 26 and 30, built 
in the same manner with 16 stringers, follow closely the same 
curve. The agree went is almost as g o od in the case of cylin
ders 27, 31, and 32. These three cylinders had 12 stringers 
and different arrange ments of the reinforcing rings. Because 
of these differences the buckling stress o f the panels and 
the Geff versus t. curves in figures 15, 19, and 20 differ 

c on siderably. At the sa.me co mp ressive load the value of Geff 
is smallest for the cylinder in which the rings are n o t riv
eted t o the sheet and large st for the cylinder with the 
closely s paced rings. However, when the experimental results 
a re plotted in a nondimensional form as in figure 24, the 
points corresponding to the three cylinders follow reasonably 
cl o sely one single curve. 

5. In the first two preliminary tests the maxi:~i ul!l t. It. cr 

ratio reached was 1.4, in the third preli minary test it was 5, 
and in the fourth 6.5. The experi wental p o ints corresponding 
to these tests are not included in fi gure 24. They show the 
same general trend as the points o f the final series, but 
their inclusion would increase the scatter. 

14 
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Cylinder 33 

Cylinder 33 Was built in order to extend the range of 
investigations to higher values of ~ /~ cr' Since no hard 

aluminum sheet thinner than '0.012 inch could be had, spring 
te~per brass of a nominal thickness of 0.005 inch was used . 
Because of the small thickness of the sheet and the small 
width of the bands from which the cylinder had to be fabri
cated, the sheet covering of the cylinder was partially 
wrinkled even before loads were applied. Figure 25 is a 
p hotograph of cylinder 33 taken when the compressive force 
was about 23,000 porihds. 

In order to get rid of the wrinkles application of an 
axial tensile load would be required . Since the state of 

. strain under this tensile load corresponds to the state of 
' strain at buckling, an effective strain may be defined for 
cylinder 33 as the rr.easured strain augmented by the tensile 
strain and by the theoretical critical strain, all taken 
with their absolute values. In other words, when the experi

I mental points shown in figure 21 are replotted in the nondi
~ iensional graph of figure 24, they should be shifted to the 

right by an amount corresponding to the sum of the absolute 
v~lues of the tensile strain referred to above and the crit
i~al strain. On the other hand, the value of the former is 
not known. The" ctlrve 'representing cylinder 33 in figure 24 
was therefore shifted arbitrarily until it fitted into the 
general pattern of the figure. 

It is admit~ed . ~h~t this procedure is rather arbitrary 
an~ thus the n~~eri6al values ' of the points corresponding to 
6ylinder 33 in figure 24 are not reliable. Nevertheless, the 
curve is showh in the figure since it proves that the effec
tive shear rigidity ceases to decrease even when the number 
of stringers is as low as 6 if only the strain is increased 
sufficiently. 

In the calculation of the strain ratios the theoretical 
critical strain was us~d · in place of the experimental crit
ical strain because the latter was not known. The theoreti
cal value was found to be 3.28 x 10- 4 when t = 0.0055 inch 

and E = 13.09 X 10 6 psi were used in Redshaw's formula 
(equation (4». The value of Young's modulus was - taken from 
reference 12. A tensile test made with a strip of the .brass 
sheet to which metalectric strain gages were cemented checked 

· the handbook value within 3~9 percent. In · the computation of 

15 
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the shear modulus ratio Go = 5.12 X 10 6 psi was used. This 

was also taken from reference 12. 

Presentation o f the Results 

The folIo \d n g e ill pi ric a 1 for m.u 1 a iss u g g est e d a s are pre -
sentation o f the variation of the effective shear modulus 
with co~pressive strain: 

N = O. 0 275 [( 2n rid) + 1 ] (12a) 

The four curves shown in fi gure 26 were calculated fro~ 
t his for m u 1 a for the val u e s n = (2n rid) = 6, 8, 1 2, and 1 6 . 
Co mp arison of figures 24 and 26 discloses good general agree
ment for v a lues of ( I (cr greater than 3, except that the 

for mula gives higher values for G/Geff than those shown in 

figure 24 when n = 6 and (I (cr is large. This deviation 

is intentional, since no full credence should be given to the 
values obtained with cylinder 33. In the region where (If. cr 

is less than 3 the indicental variations of the experimental 
curves caused by the unpredictable behavi o r of Alclad are not 
foll owed by the empirical formula. 

Failure of the Cylinders 

All the cylinders of the final test series failed in 
buckling of the panel type. Fi gure 27 shows ~ylinder 27 af t 
e r its stringers buckled in the top and bottom panels. The 
failing loads and failing strains are listed in table 3. 

The failure of the first three prelicinary test cylin
ders was not due to co mp ression ~ut rather to bending as de
scribed in reference 7. The fourth preliminary test cylinder 
failed in general instability o f the inWard bulge type under 
a load of 44,500 pounds. The bulge involved 3 stringers and 

16 
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2 rings. The buckled cylinder is shown in figure 28. The 
greatest measured conpressive load was 45,500 pounds. which 
corresponded to an average strain of about 18 x 10-

4 
The 

maximum strain measu red in the stringer at the Eiddle of the 
bulge was 20.9 x 10-4. The greatest strain measured in the 
monocoque was 23.7 x 10- 4

. It was obtained in a stringer 
at 90 0 from the middle of the bulge when the total co mpres
sive load was 44,150 pounds. 

It is interesting to compare the average strain observed 
at buckling with the critical strain predicted by the theory 
of general instability in pure bending. Such a co mparison 
was carried out with the aid of the fornulas developed in 
reference 13. It was found that the use of n = 2.21 in the 
buckling for mula resulted in agree me nt between observed and 
calculated critical strain. With this value of n the in
ward bulge would extend over 4 to 5 rings and 8 stringers ac
cording to the theory valid for pure bending. 

Obviously, the theory discussed in reference 12 does not 
hold in the case of pure co mp ression. Nevertheless, it is 
worthwhile to know that the value of n Dust be chosen con
siderably smaller than in the case of pure bending if it is 
applied to the case of pure compression in order to obtain a 
rough ap p roximation. This result night be anticipated be
cause of the absen ce of the support contributed by the tension 
side of the cylinder in the case of pure bending. 

CONCLU S IONS 

The shearing ri 'gidity of a circular cylindrical panel 
decreases when increasing amounts of compressive loads are 
applied to the panel in the axial direction. In man y calcu
lations it is convenient to ' take this decreased rigidity into 
account by the use of an effective shear modulus Geff " The 

results of tests carried out with reinforced monocoque cylin
ders made of Alclad sheet are shown in the nondimensional 
plot of figure 24. On the basis of this figure the following 
e mp irical for nula was establish~d: 

= (1 - N) e -N ( € / € cr) + N 

where 

17 
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N = 0.0275 [ (2TT r / d) + 1 ] 

The curves represented by this formula are plotted in fi g ure 
26 for the cases of 6, 8, 12, and 16 stringers. 

Th e for mula was developed from data obtained from tests 
carried out in the following approximate range of the param
eters: 

1 <r/d<2.5 

Equation (12) should be used with caution when the parameters 
are outside of this range. 

Polytechnic Institute of Brooklyn, 
Brooklyn, N. Y., August, 1945. 
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APPENDIX 

A small error Was introduced in the calculations when 
the sheet covering alone was assumed to resist torsion. The 
order of magnitude of this error will now be determined. 

The geometric factor C in the torsional rigidity GO 
of a thin-walled circular cylinder is given by 

In the case of cylinder 10 

C = 75 in. 4 

The geometric factor C in the torsional rididity GO 
of a solid square section of edge length a is 

C = 0.14 a 4 

For a stringer of 3/8 in. square section 

C = 0.00277 in. 4 

For 16 stringers 16 X 0.00277 = 0.0443 in.4, which is about 
0.06 percent of the value of C for the sheet alone. 

When the monocoque is twisted, the stringers are bent as 
well as twisted. A rough calculation of the increase in the 
torsional rigidity of cylinder 10 because of the bending of 
the stringers can be carried out as follows: 

In the case of a rotation of 0.01 radian the relative 
tangential displacement of the two end points of a stringer 
is 0.1 in. If the ends of the stringer are assumed to be 
rigidly fixed to the end rings, the force ~ needed to cause 
such a displacement is (12 EI/L3) x 0.1 lb. With 

I = 0.00165 in.4 

20 
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~ = 0.77 lb. 

The torque Tl caused by the forces ~ acting upon all the 
16 stringers is 

Tl = 123 in.-lb . 

On the other hand, if the sheet alone is taken into ac
count, the torque Ta necessary to twist cylinder 10 is 

Tz = (GC/L) ~ 0.01 = 95,000 in.-lb . 

Conse quent ly Tl is only about 0.1 percent of Ta. 

Finally , the co mp ression load bar had also to be twisted 
in alJ. V~·~ te sts of cylinders 7,8, and 10. Fa ctor 0 for a 
solid Ci'.'c'llar flection is equal to the polar moment of inertia. 
Sinc e the diameter D of the load bar was 1 . 25 in., 

This amounts to about 0.3 percent of the value of C 
found for the thin-walled cylinder. The percentage so ob
tained should be multiplied, however, by approximately 3 
since the co mp ression load bar is of steel, while the cylin
der is of aluminum alloy. 

In conclusion, it may be stated that the simple formula 
used in this report for the calculation of the effective 
shear modulus is accurate enough for practical purposes. 
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Table 1.- Cylinder Characteristics 

Cy1. No. of Dia- r Sheet Ring Ring Fasteners Sheet Stringer K 
No. Stringers meter d thick- Spacing Cross- for for Material .t4a.terial _ IS in. ness in. section ~tringers Rtngs 

n = 21Tr in. - 4A2t 
d . -3 111. 

Final Test Series 
26 16 16 2.55 0.012 4.5 3/8"x3/8" Rivets Rivets " .348 

I 

1 I 

27 12 16 1.91 0.012 4.5 II Rivets Rivets J 
.348 J 

I 

-d 0 

28 8 16 1.27 0.012 4.5 11 Rivets Rivets cO ~ .348 ,...; 
() 

29 6 16 0.95 0.012 4.5 " Rivets Rivets ';if 

·1 
.346 

,30 16 16 2.55 0.012 4.5 " Rivets Rivets 
,Fi> 

.348 -.;t M 
C\l m 

31 12 16 1.91 0.012 4.5 " Rivets 
I 
I 8 .347 I CI) 
I 

32 12 16 1.91 0.012 2.57 " Rivets Rivets I -.;t 
.327 I ~ 

f 33 6 16 0.95 0.0055 4.5 " Screws Screws Spring Tern- .758 
per Brass 
72% Cu 
28% Zn 

Preliminary Test Series 
~.! ~ I 

7 16 20 2.55 0.020 5 1/8"i3/8 Screws -- ~~ .226 

8 1f 20 2.55 0.020 5 " Screws -- ;J'~~ ~~ .226 
8 

10 16 20 2.55 0.012 5 " Screws ---- ~ ~g .4J.h 8cO 
CI),.....j 

15 16 16 2.55 0.012 5 " Screws -- ~() N7J -24ST .420 
al.alloy 

----- -

For all cylinders: Stringer Section: 3/8" x 3/8". Ring Material: 24ST aluminum alloy. 1/8" machine 
screws for fastening stringers and rings at their intersection. 
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Cylinder 
Number 

26 

27 

28 

29 

~ 

31 

32 

33 

7 

a 
10 

15 
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Table 2 - Bucklin£ of Sheet Coverin£ 

Buckling Strain ~ cr Ma.xi.rm.lm 1£/ ~ cr 
obsel"'l'9d theoretical reached in test 

x 104 x 104 based on observed 
£ cr 

Final Test Series 

3.0 4.46 10.87 

3.0 4.42 10.58 

. 2.5 4.18 12.23 

3.3 4.15 10.00 

5.0 4.46 6.84 

2.2 4.27 13.55 

4.0 4.54 10.54 

- 3.28 --
Preliminary Test Series 

4.73 6.00 1.13 

3.81 6.00 1.49 

1.48 3.60 5.04 

2.76 4.42 6.65 

The · theoretical value of e cr was calculated from Redshaw's 
formula (equation 4). 

Table 3.- Failure of Cylinders 

Cylinder Type of Maxinrum Maximum Ma.xilmun 
Number Failure Compressive stringer Stringer 

Load P Strain Stress 
lb. (average) (average) 

x 104 p.e.i. 

Final Test Series 

26 78,800 33·75 33,500 

27 61,150 35.50 35,200 

28 
tID 

. 40,600 33.60 33,400 

29 § 30,800 35.25 35,000 
-a 

30 .5 82,000 34.80 34,600 
<D 

31 £; 60,900 33.80 33,600 

32 .-i 70,390 48.40 45,000 Q) 

~ 
33 23,800 33.20 33,000 

Prelimina!y Test Series 

8, 10 
I I 

7, Failure dTribed in Refereno, '/. 

15 ~~~~~li ty 45,500 I 18.00 18,900 
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.. 

F1gure 2.- Details of torsion loading apparatus for final 
series of tests. The links for the applicat i on of 

the torque are shown attached to the loading frame. The two 

lower links are connected to the bottom steel ring. One half 

of the middle steel ring lies on the left. Portions of the 
sheet covering and stringers are shown attached to each steel 

ring by means of grip fittings. Two of each type of grip 
fittings are in the foreground, in the following order, from 

left to rights stringer grip fittings for middle and end 

rings, sheet grip fittings for end and middle rings, 
respecti vely. 
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Figure 3.- Cylinder 29 under load. P = 20,000 lb. 
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Figure 6.- Torque application for cylinders 7, 8, and 10 of 
the preliminary series of tests. 
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Figure 7.- Test set-up for cylinder 15 of the preliminary 
series of tests. 
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FIG. 12.- SHEAR STRAIN DISTRIBUTION IN THE SHEET 
DUE TO TORSION. 

TORQUE APPLICATION SHOWN BY ARROWS. 
CYLINDER 29 P = 0 LB. 
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FIG.16.- VARIATION OF EFFECTIVE SHEAR MODULUS Gm . WITH 
AVERAGE COMPRESSIVE STRAIN. 

CYLINDER 28 
DIAMETER D -16u 8 STRINGERS RING SPACING 4.5" 

SHEET THICKNESS t"" 0012" SHEET MATERIAL 24 ST ALCLAD. 
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FIG. 17.- VARIATION OF EFFECTIVE SHEAR MODULUS GEff. WITH 
AVERAGE COMPRESSIVE STRAIN 

CYLINDER 2i 
DIAMETER 0-16" 6 STRINGERS RING SPACING 4.5" 

SHEET THICKNESS t= 0.012" SHEET MATERIAL 24 ST ALCLAD 
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FIG.18.- VARIATION OF EFFECTIVE SHEAR MODULUS GEFf. WITH 
AVERAGE COMPRESSIVE STRAIN 

CYLINDER 30 
DIAMETER 0 = 16" 16 STRINGERS RING SPACING· 4.5" 

SHEET THICKNESS t = 0.012" SHEET MATERIAL 24 ST. ALCLAD. 
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FIG. 19.- VARIATION OF EFFECTIVE SHEAR MODULUS GEFF WITH 
AVERAGE COMPRESSIVE STRAIN. 

CYLINDER 31 
DIAMETER D - 16M 12 STRINGERS RING SPACING 4.!>" 

SHEET THICKNESS t • 0.012- SHEET MATERIAL 24 ST ALCLAD 
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FIG. 20.- VARIATION OF EFFECTIVE SHEAR MODULUS GEFF WITH 
AVERAGE COMPRESSIVE STRAIN. 
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FIG. 21.- VARIATION OF EFFECTIVE SHEAR MODULUS GEfF WITH 
AVE'RAGE COMPRESSJVE STRAIN. 

CYLINDER 33 
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FIG. 23.- VARIATION Of EffECTIVE SHEAR MODULUS Gm WITH 
AVERAGE COMPRESSIVE STRAIN. 
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FIG. 26.- NON-DIMENSIONAL SHEAR RIGIDITY CURVES 



r 

I. 

-
~' " ~ 

1.0 

,\\ -1 

\\ \ , 0 .9 

0 .8 

0.7 

0 .6 

0 0.5 
\J 

" '" "" J"0.4 

O. I 

O. , 

O. 

00 

,,\ 

\ ~ 
t> j\ 

'\ 

\. 

\ 
\ \ \ 

'" • 1\ 

\ 1\ 
~, "'" ~ 

"'" 1',0""\ ~ 
D'\,: ....... 

---~ '0 

'<;'*~ ~~ 0 
C 

"!oJ. ~, ~:--.... 

2 3 4 5 

SYMBOLS 
NUI.4BER Of 
STRINGERS 

fOR LINE fOR POINTS 

16 SQUARES 

12 TRIANGLES 
8 CIRCLES 

e - -- - CROSSES 

CYL. 
SYI.4&OL 

NUI.4BER Of BUCKLING SHEET RING 
NO. STRINGERS STRAIN COVERING SPACING 

n =2n cT EcR. X 10
4 IN. 

26 0 16 3 .0 )-N 4.5 
S!9q 27 l> 12 3 .0 
.J...JO 

4 .5 
2& 0 • 2 .5 u«, 4.5 
211 I- e 3 .3 

.J::f~ 
4.5 

30 e 5.0 ;~~ 4.5 
31 "" 12 2 .2 ~~ 4.5 * 
32 "1 It 4 .0 N;;!j': 2.!H 
33 v 8 3 .28 "'. 

BRASS 4.!> " t- 0.0055 

I:> * RINGS NOT RIVETED TO SHEET COV£RING. 
0 n IE * * BUCKLING STRAIN fROM THEORY. 

C ~ 10 ~ 

"-;;-r- "1 0 ~ fieR. TAKEN fROI.4 EXPER.II.4ENT EXCEPT CYLINDER 33 

Go= 3 .11 X 10· P.S .I. FOR ALUMINUM ALLOY 5.12 X 106 -.;;; ~ ::-- :::t ~ ~- n= 12 -- -. - P.S. I. FOR BRASS -- -- --;---
v ---- --6.. I--- -- I- ---- _Q:ri'-r-_ --f-- r-- r----,~ 

-, -.... n= 6 - -- -~ -r---""- --- I~ -

6 7 8 9 10 II 12 13 14 15 16 17 18 19 20 21 
E /E CR . 

FIG . 24.- EXPERIMENTAL NON-DIMENSIONAL SHEAR RIGIDITY CURVES. 

-- /--,--

22 

-

z 
» 
~ 
-; 
z 
Z 
9 

o 
<D 
o 

23 

"T1 
.c 
N 
-I> 



NACA TN No. 1090 Fig. 25 

Figure 25.- Cylinder 33 under load. P = 23,000 lb. 



NACA TN No. 1090 Fig. 27 

Figure 27.- Oylinder 27 after failure. 



NACA TN No. 1090 Fig. 2S 

Figure 28.- Cylinder 15 after failure. 


