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TO STIFFENERS AND RINGS .oF PRESSURIZED GABIN S".ERIJ'OTURE"I

By Theodore Hsueh-Huang Plan
.. Lo e SUMMARY

The general problem of this paper is the deformation
and the stress analysis of .a pressurized cabin struature,
consisting of sheet metal skin, longitudinal stringers, and -
a finite number of rings which are equally spaced between
twe end bulkheasds. The minimum potentlal energy method is
used. The deformations are calculated by solving the simul-
taneous differsnce equations, involving three deformation
parameters - radlal expansion of rings, quilting of stringers,
and transverse elongation of skin. The tensile stresses of
the rings and the stringers, and the longlitudinal and the -
circumferential stresses of the skin are determined from the
deformations. A few special cases from the genergl problem ’
are also considered. L -

The results obtained during tests of pressurized cabln
structures by ‘both the lLogkheed Aircraft Corporation and the
Coneolidated~Vultee Aircraft Corporation yield reasonabdle .
checks with the results from the theoretical analysis,

INTRODUCTION

The requirements of comfort dnring a high altitude
bombing mission, and in the commercisl passenger airplanse,
call for a new design trend:' of airplane atructure, the pres-
surized cabin structure, . - S

[ o

*Thesis submitted in partial fulfillment of the require-
ments for the degree of Master of Science from MNassachusetis
Ingtitute of Technology, 19244,
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A series of laborat®dry investigations (reference 1)
were carried out at Wright Field during 1935 and 1936, on
pressure cabins, the results of which formed the basis of
the specifications of the first practical substratosphere
airplane, the Air Corps Model (Lockheed) X0-35, The results
show also that the simplest and lightest type of structure
is a round cylindricel vesegel with hemispherical heads, and
that the present standard design of semimonocoque construc-
tion of fuselage 1s- quite suitable. The first passenger
airplane with pressurlized cabin, the Boeing 307-B "Strato-
liner" (referencd 2); is-0f the same type of all-metal
structure as the Lockheed, circular in section, with alumi-
num~a2lloy rings, partition bulkheads, longitudinal stiff-
eners, and smooth skin alclad covering. Following the same
design trend, Boeing B-29 "Superfortress also has a fuse-
1age69f:circu1ar section for holding presaure.

VI, : o -
Tehts'bf’pressurized cabin structures were xq;kpd out
’iﬁ’tﬁe‘ﬂur%iss‘Wright Corporation, St. Louis AirpLa Divi-
sibr "(réference 3), the Lockheed Aircraft, Gorporation ,(.nef-
erentes 4 and 5), and the Consolidated-Vultee Aircrafﬁqur—
fporation (reference 6). The effects. oft the internal pres-
,_.sure on theé stresses and the strain of the structure W re

’ﬁspecially investigated in the Lockheed and the Consalidg@ed—
Yultee Aircraft Corporations. The results of some particular
test aections were represented by some plots. Some ampfqical
"formulasteré developed. However, there were no anayxmical
“golutiong'for the general problem of the pressurized cabin
structure. T . o

Thé ‘¥nvestigations -in this paper were made to obtain

“'more genérdrized mathematical analyses of :monoccoque struc-
ture subjeatéd:so0 internal-: pressqu,;,lt ks also asgumed
that -the "principle of superposition.oan. be applied, so that
the stress analysis of a structure with combined internal
pressure and external load can be made without excessive
compllication,

The author wishes to take this opportunity to express
hls appretiatlion to Prof. J. 8. Newell for his valuable sug-
g€estions and helpful encouragement during the preparation of

‘this thesls, and also to express his gratitude to the:lpok-
heed Aircraft Corporation and the Consolidated~Vulte? 44 x~
eraft Qorporation for their interest in this work, and their
kind cooperation in supplying the test data. U
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NOTATIONRS ¢ o .

R modulus of elas;icifé- i : )

i Poisson's rati; T

P cabin internal pressure-. -- .. - S S

[ longitudinal spacing of- - rings

s number of stringers along circumference of fuselage
T radius of fuselagse

Al cross—~sectional area of ring- )

It sectlion moment of inertis of ring

A eross-sectional area of stiffener . o

I section moment of inertia of stiffener

t thickness of skin

m total numdber of spaées between two heavy rings

Ty longitudinal setress

c, . cir;u;f;rantial strese of skin-:_ T
€x longitudinal strain

€, circumferentlial strain of skin

X, Y, Z rectangular coordinates, longitudinal, tangential
ond radlal, respectively :

Yy radial displacement of eithef stiffeners or skin

n an integer betw§en2~0. and n

Uy, radial displaé%hen; ;é the nth ring o )
wa radial displé;gm;nt-Of skin (or stiffene;;) with -

respect t0 ring

v longitudinal displacement between the nth spacing
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M bending moment

o nondimensional parameter (1/1 - w®)

™

nondimensional parameter, ratio between-ring and skin
area (A'/t1)

nondimensional parameter (t/1)
nondimensional parameter (r/l)

nondimensional parameter (4nsI/l)

£ © o DO

nondimensional parameter, ratio between stringer and skin
area, (sA/2nrt) .

<

nondimensional parameter (p/B®) ' : '
operator for solving differential equation

parumeter in the solutlon of diTferential equatlon

B> Wi

parameter defined by equation {(55)
STATEMENT OF PROBLEM

The simplest type of pressurized cablin structure 1is a.
oylindrical shell with hemispherical heads, as shown in fig-
ure 1. This fuselage is divided longitudinally into many.
gimilar sections, each one of whicthoqsists primarily of:

1, Sheet-metal covering - the skin

2 LOngitudinal stiffen;ng membera f the stringers
3. Transverse stiffening eleménts ~ the lighter forming
rings, and the heavy partition bulkheads

The present problem 13 limited to the stress analysis
of this kind of structure ‘when subjected -to.internal pres-
gsure only. The analysis involves the determination of the
deformations and stresses of the skin, the stringer, and the
rings. .
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~ spupLe uiTHOD' FOR cALbUiAHI%& g A#Eﬁﬂ@ﬁ*S@hEﬁSﬁ% S e
T;. ol oum Té“PRmSSﬂﬁﬁ ‘f'“’f““ it T F et
2 fTEEE B o 25 Poob ’_‘-"».'7:”'- anvd. 1o
T peaala ¢$!tn,xh::_ i . (o ,;q“? RS £ ?:;i..gﬁidef
A m%thod for g Iculatfgg the averag: tfinser. frame € i#i
and skin stréssés was gived in referenee 4 N "f ;
In the case of a mogogoque fuselage the skin stresses
are given by the twb-equations’ “r- oLl

o4 = rpfat+ = (1)
and )

0o = Tp/t (2)
where : -
g, longitudinal stress, pounds per Square inech A

23 ° - - [ L ¥

Cq circumferential stress,_nounds per squane inch R
wd - -3 . R ) . R o T IR A
r radius ofIfuselage ainches A e o - ..
g =27 L m) - . i

P . pressurd di£ferencge between the inside and the outside
of the fuselage, pounds per square inch
Frla g gttt PN B Y A L

t skin thickness, inches wzigsve- - *. « % S RO T

It might bYe assumed thqt %f :the.longitudinal stringers
and the circumferentiasl rings were added to the monocoque
shell they would tgke as much stress,as_the skin. This
would mean that the averageQIOngitudinal and éircumferential
stresses would be given by

r°p , .

E ——— Y LA 1 6 4

%L{av) ¥ A+ 2nrt 3

RN e o B B 1)

and __Egi._ (a)

AT + 1) Zetav) 3 PR i
R Vot oo EANE L Tg doennl I SRR o .

where - -~ O S R L CLBROT S5 PR 3
D : HES S T A S LT ‘l‘ -_...‘c'ﬂis :__ - _.-”—'.'
A éféss-éectfdngl areé“&f stringef ke e -{f T T s
4 rTdiR nemeiia A DT T TN SO o I

8 ﬁumWJf ‘of stffngefé ‘didudd ‘the . ciréumference of fuséraéd

Sl Llarlr

i frame spacing

A' <frame area
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By considering the..faot: thal¥ the ekin has -stresses in
two directions, that is, by considering the effeet of Polsson's
ratio, there 1s actually found-a-difference between the stress
of the stringer and the longitudinal siress of the skin, or
between that of the frame and the circumferential stress of
the skin, Two formulas-were suggested -dy,.ihe-article Just
mentioned (reference 4) for calculating the atresses of the
stringer and of the frame,

oA ARG 7 AL, | [

Ostringer = °L(av) = M9 (av)

(5)

Sframe = Ou(av) = M 9L(av) (8)
vhere
# Poisson's ratio

A serles of tests on pressurized caebin structure were _
run in Lockheed Alrcraft Corporation. The results of the
tests are represented as the plots in figures 2 and 3. The
measured stringer stress is checked almost exactly by usilng
equation (5), while the measured frame stress is lower than
the. oalculated value by using equation (6), This shows that
the skin deflects more oircumferentially than does ths frame.

The skin stresses can be calculated, from equilibrium
conditions, that is, by the equations

. 2.
2nrt_cx =;§A- °stringer = nr°p

= rl_'p'_,,..

ti oy =8l Orrame

where

Oy longitudinal skin sfress .. T ie.,ic

Oy circumferential skin stress
The discussion which' fbllows is based on the assunption
that there is a certaln amount of quilting between skin,
stringer, and the frame. Some generalized formulas for cal-
culating the deflections and stresses have been developed.
These are all dependent ch*a’latge’ numdber df vhtiables,  such
as, skin thickness, stringer area, stringer stiffness,
stringer sbaclhgl T firane’ breny’ framwerspaeinz,Tand diameter of
fuselage.

wow e marm oy e
L o
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MATHEMATICAL ANALYSIS OF PRESSURIZED CABIN STRUCTURE

it Method wof Approach ¢ 0 v oee ]
. L, ., ) '1— - \,____...'- .:,.;1".

-mhe analvsie of the preeent problem 48 based on the
strain~-ehergy: method, or in bdbther words, the principle that
the potential energy of a loaded elastic structure is mini-
mum when ejuilidbrium is reached.- In.applying this principle,
the fblloWwing procedure is followed.

The first step is %o make a deformation assumption,
that is;,:to write & formula glving the deflection of sach
part of the structure as a functlion of certain variables
which are often called the deformation parameters.

The eecond etep 1e to write the expression of the po-
tential energy of the structure as & function of the defor-
mation  parameters, - i.ulL] . - RETSS { o S NN

The third.stéep’'is’ to determine the change: in potential
energy-due $0. a.virtunal displacement, that is, %o differenr e b
tiate: the. expreselon for potential energy of the structurer;L-

with reepee$ to- each deformation parameter. R A FXTT
G e i I DI T/ S T e -
The fourth etep is to determine the work done. by the et
external lpad during each virtual dieplacement. - a,qh;' SR

- -
a W
L3

e < e
.

The fifth step is to write the equations of virtual
work by equating the internal and the externsal work deté®»i”
mingd frop the previous steps and to solve for the deforma-
tionﬂpa?a?etere..

e [} & - - T LRI

et Thelast step ie to determine the etressee of each part"
offthe structure baged on the deformstion already assumed,

- .

™ .
-

The type and number of deformation paraemeters are ‘flex-
ible depending upon the choice of the analyst. The solution
becomes more accurate as the number and sultability of the
parameters increase. However, the amount of computation in-
creases rapldly as more parameters are added, and therefore
it is desirable to place reliance on sultability rather than
number, Thus the method pays & premium for good Judgment,

Assumptions
The .present analysis applies £0 a monocoque structure
having the following characteristics:
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1. Circular ‘orose sectlon without taper
2, Very thin skin taking no bending loads

3. Uniformly distributed stringers: apaced closely
enough that the quilting of the skin_panels be-
tween them is very emall and can be negleoted

4, Bqually spaced light rings between bulkheads, the
bulkheads being considersd as rings of infinite
rigldity .

5. Radius of fuselage very large 1n compariaon with the
gsize of the ring . .

6. Same material for skin, stringers, and rings

Deformation Assumption - Three Deformation Parameters

1. BExpansion of ring.~ Consider a certalin section-of a

pressurized cabin structure between two main frames Or bulk-
heads., Between these two end rigld rings there are (m&l)
equally spaced light rings, each of which is attached to the
skin and ie supposed t0 expand radlially with the skin due %0
the alr pressure. The radial expansion of the ring, 47, is
oconsidered to be the first deformation parameter, and is
represented by wup,. The subscript =n indicates the order

of ring from the end, - i

-

IRT AP 4‘ d
2. Longitudinal expansion of stringers‘of "4 n betweon
two rings.- The increase of the distance,*ALh betwoen two

- rings due to0 pressure is congidered to be the seoond deforma-
. tion parameter, and is represented by v,. The sudbscript =n

indicates the order of the span, the nth span being that be~
tween the (n~1)th ang the nth ring, S

"3, Quilting of Btriqser or skin between the rin 55. 3The

*
J

stringer is a trigonometrioc function, that is, the sine
function, the cosine funetion, or a ¢ombimation of’ these
‘functions, In the practical construction, the stringers are
usually continuous through several spans, and are fixed to
the rings rigidly eithér by riveting or welding. It is,
thus, a proper assumption that the.rings remalin untwisted
“when -the pressure is gpplied. and .that the slope.of the .
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deflection curve of the stringer with respect to the.refér-
ence line is zero at the Junction point to the ring.

The deflection curve of the stringer can bé represented
by the following trigonometric :function, which satisfies the
ebove-mentioned end condltions, as its first derivative be-
comes 2zero at the ends of the span.

e = U e e
¥p = Qpoy * —E——E—E—l-<é - ¢cos %%}*‘“n (} - ©O08 E%E (7)

Here wp 4is the third deformation parameter, indicat-
ing the average quilting of the stringer between the rings.

The definitione of the deformation parameter can be
1llustrated more clearly by figure 4.

it

Strain Energy of Bending of Stringers
M
The general expression for the strain energy of bending
“4s given by the equation: (reference 7) '

ST R T v o . e
O O A TON B ﬁN = -"'b/n —“"‘ dx . .- (8)

where EI is the flexural rigidity of the stringer. The
?egond derivative of . y with respect to x  from equation
7) 1is 0 et o s

2 _
dy Up = Up.a1 o 2 2nx
_—= = —— c0§ — ¥ Wp cog —
ax?® 2 12 ]
Substituting in equation (8) gives o
. 5o
BI ﬂi,/p 1 2 X
Ve == 10 = (u, - wnoq) 08 = .-
2 1%,/ n n-1 :
N o) - -
e Lo : .
T e ~n.i1§;q‘s Lot g me
+ 2wy (up = up.y) cos ™= cos =& 4+ 16 wy® cos® 2LE gx
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It“can be ahown that

> B T A I S TS REYY L B I
wd e 1-7u;rnt'styh .
. .
a4 Fon . < g .. .
i coga F_de = J.:.

) L farc - .
- 1!1' LN P O ' . . 1
and

X x
cosg ET— cos E%—-ax = 0

L.

IR LM AN

Hence, the’ expresslion’ for strain energy becomes

BI 4 P
v='2—;-r§' %‘-(un-un-ﬂa* 8"’:«.2]
or '
4 2
ant Bl 1 2 -
v e — - + - 9
) 12 [64 (un un-l) o n ] RN g’)

This eguation applies to only one stringer at a particular
section. The total energy :of bending of stringers betwsen
the two rigid rings 1s expressed as

. L 3 : n
vl e SEI [ ig (uy, ~'un_ )* 4 }j wnﬂ] (10)

1° & -

where

™
DAY
-~

"o

v noe ‘-

. v .. n - ! ..
§ number of gtringers around circumferencs
R TR T I S S

n number of spans between two iféid rings

s

Strain Energy.. of Elongation of ﬁgr;ngera ;i "

The general expression for the strain energy of elonga-
tion is given by the equation (reference 7)

.- ._"r"‘ L) B R
UV SR R 2 AR Ay ( . - .t} EN
N N = 82 s : (11)

21
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where
A cross~sectional area of the bar
§ increase in length within a!céiéain_secéion of length

The elongation of the stringer between two rings is
equal t0 the difference between the length of the deflectlon
curve and the original length of the chord multipllied by e
factor representing the increase 1n distance between two
rings. As shown in figure 4 the elongation is

;‘“ . | _ .
" .

§ = [z +{/P (s - dx)] 1+ 2)a. (12)

Q ( l) N

~

The difference between -the "length of an element ds of
the curve and the corresponding element ‘dx of .the chord is

equel to
2 2
ds - dx = dx 1+_d_z_ -dxzig'—y- dx
ax 2 \dx

Substitutingtin“eqﬂgtfon (lZ)“gifé§

f< ) R ( I

u, - u ' 2
7 . %n a-3 W . X Wnel anx
dx 2 i ] [) i, .
ST ) SN 3 %4 - o Lt
Up =~ Upaqy\2 72 C ;e fEN\. AWp 2R
2o Z Beoa VT T L (TEYV . T g0 2nx
2 12 ‘1 1® i
P it SR MR I ALY - S ! S o - - et
2" - un-l) wn sin iE gyn 2UX

f:r

FEER 4
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It can be shown that

k] *
?ff%=b/n sin 20X gx = =
"o ,.'O .
¥ 1 -";J,.
and = T S -
v l
‘/ gin E.E sin .IEEE dx = 0
o] l
TN
Hence,
d.y 2 . 2 un - un...1 2 211'2 a
-}, dx = =—— + ¥n .
dx /" 21 2 [
and

2 /U, — W,_\"° a v
8 =[;‘L{(—£_'2——£'—L> +T_T1_wna] [1 +"‘z'n"]+vn HI X

By comparing the magnitude of the two terms of the preceding

ot : 3 a
D oW - Upn.
equation it is obvious that —%~ or (Eﬂ——f—ﬁ—%> ig of

very small order of v,, and 1t is sufficiently accurate to
asgunme s

8§ = vp (13)
Thus the expression for strain energy becomes

AR 2 P
Ve cacavw T e e . . (14
21 ° )

The total energy of elongation of etringers between the two
rigid rings 1s expressed ‘as '



©

NAGA TN No, 993 13,

v = 242 Z vy (15)

Strain Energy of Expansion of Skin

I ol
e -

The general oxpression for the strain energy for a
three—-dimensional stress distribution is given by the equa-
tion (reference 8)

v =;LZ7Q% (ogey + Oyey + Oye,

+TyeYxy + TggVxy + Tys¥yg) dxdyds (16)

where o, €, T, and Y are the normal and shearing stress
and normal and shearing strain.

.-In the present case, the problem of expansion of skin

cah be réduced t0 a two-dimensionsl one, by assuming that

the x- and z-directions coincide, respectively, with the
transverse and tangentisl directions along the skin, and

that the thickness t of skin is so small that the varla- .
tion of it can be‘néglected. Eaving the assumption that the-
skin is expanding uWRiformly and symmetrically along the cir--
cumference, it can be concluded also that the membrane shear-
ing stresses T,, vanish. .Phe expression for the strain
energy 1s thus reduced to the Tollowing simplified form

! anr )
v ='£;/? /“ (ogex + Op€g) dxds (17)
CIVANEVA . : ] )

where »r is the radius of the fuselage.

" In the case O0f plane stress distribution the relation
between stress and strain is gilven by the equations (refer-
ence 8): .
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(18)

R R I

where.Ju.,}g_Roiasggfs ratio., Solving for o and ©,
glives . . .

€x+u€z
1 - w? C , -
(19)

€, + €
g = 2z T KB fx 4

1 - p®

Substituting in equation (17) gives

v = /ﬂh/n (e.® + 2p € xéy * € z°) dxdz (20)
2 (1 - W )

The strain ¢y, can be asaumed constant" throughout the span
through the same argument as in the previous section, " Thus

-

vt . iy

: v .. oy
’ Ex = —zn— (21)

-The strain €, can be 'expressed in terms of the other two
deformation parameters.

" - o
M !

[u + E.n_-._ll..g-:.!'_(l.. cos T—E—) + wn': 1l «.cos E_'l:f_x_ (22)
n=~-1 2 1 e N WO 1 4

Substituting equations (21) and (22) in (20), andlintéérating
by noticing the fact that

B s
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]
; el s f ATt 5 d P .
. . v ..~ ] ..e0s BBX dx = O s
7. i
(e}
[ '
T Hmx BITR. =0 s o }
b/ﬁ cos 57— cos mx d 0
-, ¢ _0 4 N N T
and
1
u/q cos® 28X gx = L]
2
4 A O . . R R . . . s ALy
leads %o
nEd r 2 Uy, P u, 1 /1 a. L
V = [—-v + 20 v B By j+liEu + =1
n n-1 n-1
1-p® n n 2 r \8
hre e, A Ans " o= el et > N '
- LT Mgty Ua, T g Vet f Un ¥n T Una W;>:]. . (28)

The total energy of expansien of skin between the two rigid
rings is expressed as i .

m o + E
. TmEt ol y 2 n=3 ug
Mg e [z Ly me +_.2“.-.Z Ta A\t
1 % I" s : 4 LI ; - P

+

B |

(24)

+
®jw
g
»
+
!
5
w
+
5
5
+
&
o
&
AN
d
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Btrain Bnergy of Expansion of Rings

From the genersl expression for the strain energy of
elongation (equation (1?3) it can be shown that for the ex-
ransion of ring

t "'.'-
P A () e

where A' is the cross-~sectional area of the ring or

t
Ve TA S e (25)

The total energy of expansion of rings between two rigid
rings is expressed as -

m
t
7V = mA'E Z un® (28)
L T - L. o T
i3 e . . ‘ - L v -0 .

Strain Hnergy of Bending of Ring

. The general expression for the strain energy -0f. . bending
ig' given in terms of the bending moment by the equation (ref-
erence 7)

o . -, 4 - N . .-
Lo o " . v . M dz .o . . - 'L
EEI H R 4 - 4 -2 ;. 7]
f . RGN d (' l)l H

13 ‘ .. - ~ tive K3

The bending moment for beams having circular ceatral
axes is expressed by the equation (reference 9)

u 1 a®y ) '
—_—= -2y« : (28)
I r3 ab, =

where

T radius of curvature

v radiial expansion of ring

¢, angle represeonting position of section
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For a uniformiy~é¥panded ring, the deflection. -y 1s constant
2ll around the circumference; that is, its second derivative
with rgspectft§“f¢1 ‘vanishes, Thus a :

P

BI
A M==-37
BI AT
{ p V = ——%ﬁ az
2r.
o
- mhI. (29)
r3

¢

In practical cases, the depth of the ring is usually very
small, while the radiuns r of the fuselage is very large.
It can be shown in the actunal example under the section

Analytical Solutions Applied to Actusl Test Sections that

the value of J? is very small in comparison with the value

T T
of A/r. It is thus allowable to neglect the strain energy
of bending of ring in ths present discussion.

Expresaion for Total Strain Energy

The total Btrain energy between the two rigid frames is
expressed 1in terms of the deformation parasmeters as follows:

an*szI (2 c jﬁ A ii )

T8 .. " 2 3 ‘8 .

V = =—mo_ —— 3 ‘(u - Up o+ w & — v 2, -
[o] 1l

1
N S &
nBt | r a® 8 L o FUn~y By o
R [7 EZ ot B ZZ B ( 2z~ 'm
1 1

m
1. 2 2. 1 : 2 2.3 . »
T Z (E- Un-3"* 7T Unoy UptgupySFtgwpttuy wptup, wy
1

AtR
+ I S_\ una " . e : - (30)

5 . . . . -
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Introduetion of Nondimensional Parameters
In order to simplify the form of the general eguationu
the following nondimensional parameters sare introduced:

o = 13;3 ' (31)
8 = f% . (32)
B _ )
) "2' ,:, ' '! ¢ - 41113:;51 , o (35)
ooy :it' ' o _('36.)

m m m
V = 1rB [%) {-—6;-‘— Z‘ (Pn - v:n___?)e + Z Wy } + pbOV Z v
. SR T L 1 1
P o I ag., * up
+ pa \6 Z Vp .ot 2R ) vy (— e + "n) :
1 - |
v (
Y 3 2 4+ L 2,848 .2 7 . ..
*9 Z \& Ppe2” * EPan S T g T g Vel Bt
T i ) iy . _

TS

+
o

(=4

=
=]

+

o

»}

l

(%)

’f
~_/
[ ']

.

o3
gl

1

=1

- 0
| SR |

-4

fhange in Strain Energy Due to Small Deformation ﬁ_-

The effects of the small changes of the deformation on
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the change in the strain energy are determined by dlifferentl-
ating equation (37) separstely with respedét to the deforma-

T

tion parameters. Since the derivatives of 2; (u, = un_l)a

with respect to u, vanish, it follows that

3V " 1 (1 3 1 >
— du, = 2mrkE @ A= (vp+ v + =1l UpsFtF—u,+—u
™ n ™ [P {é (va+ vpea) 26 \g tp-17 5 Un¥ 7 UYn+a

P Gu b owgyy) }+ = unJ au, (38)

u
KL vy = 2an[p Vv, + pa {evn+ v (——P_——E + w ) } ]dvn (39)

j.., <

. .
27 dw, = 2nrd [—w +pcc{|.w +—- In :n'1+-w>}]dw (40)

Work Done by External Load

The work done dne to thoe i:ta:ral p1easure applie to
the end of %he ¢yliandrical struciure may be expressed approx-
imately vy :

m
.U = mr® p }j Vn (21)
) .\ — _ .

where p 13 the pressure difference between the inside and
the outside oflthe qa§1n='

The vork dcae Gue to the internal pregsure applied radi-
ally is expresced as a ' T

o~d
RN
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[ TR it '
) yo ' Py
- ' n ’!z
U = 3nr p _zz u/; T dx ’
-~ I 1 o t
t . e
m 1
: Uy = Up.
= 2nr P Xﬁ /1 rgnﬁi + R B } (1 - oos ﬂ£\=
- T oy .
+ wy (l - co8 ?-.“il)] ix
m-1 m'
= anr p [ Sﬁ uy + 22—:—22 + Vn. .: . (42)
zi_.. e 2 : S VI R

The work done by the external load during the additional
varlation may be expressed similarly by differentiation.

/

——du, = 2r p 1 4 u, (43)
ou, :

-

(Bxcept for wu, and wup, which are taken to be Zero in this
case) '

jﬁL-d Va = mr? p & v, (44)
vy,

20 4 Wp = 2r p V d wpy (45)

dwy
Genera; Zquations .for Determining
the Deformation Parameters

Bquating the change in straein energy to the work done
by the external load during each additional varistion re-

sults in

=
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oV U
‘ [l - ST aun aun
K- RO L e .
r A Wy =.=m & ¥ T -
R - Y :
{ —— - e emn e = - ——
\ ‘L d w,.s = _ag.. a Wt
3‘ n.:; . ‘11..? a'?ﬁ .
- ~

By defining another nohdimenaioﬁal parameter v
and by Tearranging the terms, ‘it ie found thef

orest (8 D) v s

_I -2 ——

L (nn-n + up) + 28 @ +1:> Vo guBB wy = 2r

pa
[ —~ Y "_' =
1 ¢ 3z Vr
S Wpoy v u,) + 84 vy * ;;.f.s._yn =

From equations (48) ana (29)s "
terms of wu,., ang Up. Hence

»
D
s
[/
b ]
H

_-for

o
- A L
p

. —~ -
na

p/E,

(48)

. (49)

vy cénd W “can be salved im

21

+ Vn-l-l) +"l (Wn"" Wn-'-;)"'p: (47)

. 1yt
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® + ﬁ - 2#) 2L . (—— + 1’ (up-1 + uy)
v = (50}

CDEp
[ b9 T

UG T

For solving wu,, the simultaneous difference equations are
written in the following form (reference 10)

1 B é) = . 1= By = = B+ B vr
24 (=4 2)F+ =3 + — (E+ B + = ==
[8 <m 4 8 ] up *+ 5 e ¥a

and

(L +B)u +20 (Ye 1 V)Tv. +3uTw =92
0 ) u, = n 1 n = oo

1 + B = ¢ 3\ = . ur
) un+8pEvn+<Ez+§>Ewn ‘5&" (52)

where 2 1g an operator defined by the relation

Eof (x) = £ (x + n)

The solution of these equations 18
U = Ay MP 4 A AR+ T (53)

where A, and A; are the arbitrary constants determined

from the boundary conditions, A, and A, are roots of the
equation ’
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po(1 + A)

'3 4+ A
)

993

1 4 (E + §> A+
a 4

1,2
8 . . .

-

BB o s By AR N
.2 o2
26 <%+ 1>>\fa.£..>\_

BN - <__ + §

523

?\2

= 0 (54)

and u 1is the partibular’solutidn'of the difference equa-
tion determined by substituting T = 1
simultaneous egquation (equation (52)).

in the preceding

Equation (54) can be reduced to the following simpli-

: fied form
where
b 2L SN
..
- iq—
o
K P

DG DD ] Gy e )

..a a0t s .
N+ EAN+ 1 = 0

.o ..

e —— atmt e s s e
A .
et -
L A S E
- N -.-,,.I

’ (“.i. ".'_;', " -(55)

T

In general

X

2
pa

s+ the coefficient of the
and usually lles between 20 and 50. The
quedratic equation will be approximately

£ DR D) D)- ]

DECD-

1 -3
- = p
:l 4 L

A-term, is positive
solution 6f this”

(DD

1 ; ;_ ;;:§>[ <1+!£> ]d%ua (56)
S 5“‘“) o
CGe 9[(““’)(&*4) ](1“’) a»(ﬁ )
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The particular solution of wu, 1is.ddtermined, by solv~
ing the following simultaneous equations

/ (E + i) T+0 pv+wa
a pa
zuﬁ'+ze<ﬂ+ 1>v+2gw=‘-’—1l .(88)
m pm r .-.-_l-l.'
— ¢ g) - Vr
. b T + 8 v+li—+ =
! ® po 2 Pery arfd al I i
hence ' ';,t;f.;”r’

T a[ep- gl
<1_g> ( K“)(Hﬂi)_u]-(“;\k)

_ The boundary conditions in the present case are that
foxi w = Q_ and 1n = m., The radial deflections’ of the ring

ane-gero. Thus ‘from. equation (63) for wu, =0,

- cAf P AL + T =0 ok
or e L
A1 + Aa =2 - T_J- (a)
viwer eet et . A e ' i B bt TN
for . uin = O"( v , ) . . . d _,.

or e - : S \ .
' Al_ké“m + Azrkam & - E U (v)

Solving foré-ﬂ;:'an& 'Ag © from equatiafis’ (a) and (b) gives

m .
AT @
Ay = = —Te
£ T -":; 1+ ham
£ - - T ’ & S ," e <$ - ) A -
b e re
D A IR R B TSSC P VS A - — W
. {,. ,A,a T e m———
'S 1 + Al |
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Substituting in equation (53).gives

e

Ns

AN Ar g

3 2 -

n <= T Mt m - v
1+ A; 1+ A

Rearranging and substitutiag A, by Az~> gives
m-n n
+
Aa Aa
up = T 1 - ————— (80)

' 1+ A,

The other two deformation parameters v, and w, can
be determined in turn by substituting the values of u, and
Up., in equations (50) and (51)

-0 I3

i© . Stresses and Moments ih.thé;S%}qﬁtu}@ff“;_;:17 -

vy,

The stresses of the rings, the stringers, and the skin
can all be determined by.knmpwing the .deformations, or in
other worde, the strains of the structure. TFor example, the
stress in the ring can be written as :

B 1% T A S

Cerame = © €frame, .- -

or
Up
Oframe = Eﬁ;’ ; ‘6;2W
Similarly, the stress of the quinger is equal to
L I S A ST T _‘  . o
+ njzngstxﬂnggmaq?.quatringer- .
T T T 5 S 2 A L R T : S i
v L
=z £ 62)

Lo

e

The longitudinal:bgfféyjéffﬁhe skin may be written as
. . o f . L -
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Ly (63)

L
~ ]
Y

where y 18 determined from equation (7). The circumferen-
tial strese of the skin may be written as

o = €g + L €&

E
) 1 - p?

= "“"““"“TE (64)

The bending moment of a beam can be written in terms of
the deflection, The differential equation of the deflection
curve 1is

-
Ma-81 22 (65)
dx

The second derivative of y with respect to x 1is

%y vy, - u _, w2 cos TX 4, &M@ 3mx
— S — s-—-
ax? 2 13 0% 3 nE °© )
Substituting in equation (65) gives
M= B (287 %man? o mEy, 4n? 2m=> (66)
2 i [ 13 i

It can be seen that the bending moment 1s maximum at the end
of the stringer where the ring Joins. At the end of the
rigid ring,

Up.y = Uy = 0
-l
3 I

+ Ay
- Y
Ua T W1 =W ( 1 + AT ‘>
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o [ee]E 0]
n - 'ae[(pf-%)(-a% _.1)-,@]

and . .
\ 2 g a2\ . et
C o0 O Me =B I ATy, &My T
. ( 2 i® L] . .
, .

Crh e g EL___. (uy + 8 w1) Tn LT 6%7)
s 21°

Particular Proplems

1., Pressurized Gabin with Infinitely Many Equal Spans.
l..f.\.; A s s e m et = S e
It ifyobvious that the &eformatiéns o each panel of
the presst riZQd cdbin structure with infinitely many equal
spane are identical. In the general equations,

g frg 3 .t dtmaT T 3T :
v} erlae uﬁqy = ﬂn "# un+1 = .u.:r'g::u 4 . LT .' 2%
- LN RRUCARTI R : u e om
Yn = Vp+a =V -
. - Iy
T S S A R A T S
temger | ket ARLW U UE g L =Tw Cedrkisde edimlnas
and equahionsx (3?0 ‘(35 10 and (39) becomg S
2B P o _ --;-.'r,.'_q.;;-_:':f-".sl‘ - P
idHJ i : e Ceenwtoanie s <.
L ‘- . gemleggul she S
padie 1 \;,.--b Q— p, RYNE I ST SRPC g e N :
pa
; T Ur
2 powt 28 ﬁ L LlvH 2 pwm — (88)
---:: -.. 2] - G . -"‘- T_ pu'
u+ 6puv+ EL + g)w = Ur
TI : P“+ ~*\ woPa
These are the same equations as the simultaneous equations _ o "

for solvin% the particular solution in the previous section
(equation (48))., The solutions are
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[(“*) Rt
(- B)( D601

2{@DEE-D-] (-3
G DEDED ] 6D

. BICecEicin
D ENE06D 6

Nl"“

It can be seen that equations (50) and-(51) reduce to equa-
tions (70) and (71), respectively, by substituting up.,
= un = u'

II. Single Span Pressurized Gylinder with Bnd Frames of
Infinite Rigidity.

This kind of structure will have only transyerge and
raedial expansion of skin, but no deférmation of the rings.
For this case the deformatlon parameter u in equation (68)
is zero, and hence the first equation in (58) vanishes, The
problem is thus reduced %o the solution of the following

equatlon
25<a\y+1>v+2pwsl’£.

pa
. (72)
¢ 3 vy
+ —— -, M awme
& un f (pa + é) W 5o

-

The-sb%ﬁfions are



¢ + éi‘.'z".'u)'.l..:!'\'.'- .
pa 2 )

L<>@ Dl

sy
TEIE D -

- .

-

(74)

o BLI,. 8Single Span. Preaaurized Oylinder ‘with Pixed End
supports" PO *l ML . . .

B -

This kind of .structure will have only radial ezpansion
of skin between the. end supports. In this case only the de-
formation parameter w appaprs.' The solution of thia probe-
lpm is thus baseg,on the eguation |

T mlt . P

(2 .§>.W.= 3£ . . (7B)

and-' 13 PRI o - £ S P R

srXosn dEmacl '1-)".! 4
O M 1T ,w #PL_ 1P%o " qv_ - sUyp. .' ..2:-....'r-‘£'; ;,_:_"'(76)
U PSS Jead - i-‘. -3-.'$+ 3 pa’ BN CRL M S i ) 4
pa 2 | . . _
S s b ooas ralal S R A SR .
O YIS S SD S ,f-.'! I. RS B Rt o :_ ey, .-,5 e - R
PR PR I .-‘-..n.lq '--' :...;. -I"- Lo ¥
R TESTS QF PRESSURIZED QABIN swnvomﬁiﬁ AT
O A T siodn S S CIR 00 S LR I B SN -..
" "--‘,_-_ LQDKEEEH .&IRGRAFE‘\OORPORAEION HEtiey
PR A N TIPS ""_.s- ot L

R A R BN AL """

______ Lockhga& &ircrqft Qerporabiom.made g complete Envesti-'
gation of . & pressurivzed té&st gectidn. of .thé. Model 49 fwee-
lage. The following provlems were tstudied il thie telt.

. - ; s .
Sas b - LR S "f @ fiw O ST X S _Jll!s_.' 2
BANR # . i Lo
o P .,-..} Laer o omal o mala sl o Y . i -
PPV ——_ TR T e ~oe - LS Tt
a8 S-S SV SN S K KO Hre~ T e E PRI S SO s A PR

Ly X T -
B . . . . .- . 4 L e
ceabEn e a2 wile g e o aS¥EED Ul % 3 A
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1, Leakage rate

2. Deflection due to internal pressure
3. Stresses due to internal pressure
4, Bending test

6. Torsion test

6. Floor-support test

7. General instabililty

8, Frame test

Since, in the present problem, only the effects of pres-~
sure are of interest, a summary of the test of the primary
struecture is given.

Description of test setup.- The general arrangement as
well as the dimensions of the test apraratus are ehoewn In
figures Ba and 5b., The essential elements of thils equipment
conslst of the followlng:

1. A full-scale section of the fuselage

3. A large reinforced concrete block which serves as a
fixed end to support the test section

3. A rigld steel framework or loading head which was
attached to the free end of the teast section

The test section was circular in cross section and was
tapered with a ratio of approkximately 1:10 in the longitudi-
nal direction,  The primary structure was composed of a
248=T alclad framework of channel-section rings and bent-up,
J-section stringers to which & skin of 248-T alclad sheet was
attached, The stringers were uniformly spaced at 6° inter-
vals around the periphery of the cylinder, except at the
bottom, in which case 3.5%° spacing was employed. The
stringers were of five different sections, only ons of which,
the LS=160, made of 0,032-inch 245-~T alclad sheet, was used
mostly. This section is given in detail in figure 5b. The
rings were spaced at an interval of 18,4 inches, 4 typliocal
section of the ring is also shown in the same figure, Two
thicknesses of skin were used, 0,032~inch sheet on the top
and the bottom, and 0,040~inch sheet on the two sides,
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a7 1 iThe pressurdizeatiohi-of the-test sebtlon,was: aocomplished
with’the conpressed air:which was..ied inhto the pylinder: : ol
through-a:.safety ‘wvalve. located:within thé concrete. support-
.ing structurel:. The alr. was suppliled.constantly’ for. balanec-
ing the leakage of air through the skin.
<l g 1—,101’: -‘:1',-,,, . S .: _-..'-.4 1;: -

Y.l fThe Baldwin-Seuthwark-%ype electrical strain gagesrwefi'
used for.measuring.the stresses. - They wére.mounted,upon’ the
. .suarfaces! bf the:members, in-which:.the sttekses were' tD be.
maasured by cementing'them to- these. surfaces., gee

,'.
- - ) e 4oy, = ‘.’C“fd‘"'-. ‘.‘--:'v

J‘u

b P AR .'.‘J o3

Pressure deflections.- The, skin deflectibna were.. cbmh';
posed of two parts, firat, the deflection of the center of
$he” phned-relative td: the~stringbrs ‘ahd seddndly, the: de-
fisction: of the-stringer relatiye.to the frame: - These. ‘de~. )
flections were;allimeasured by the dial.geges as. shown in.
the diagremmsatic sketcHes-rin figures 6 and-7.: :.Theratrange...
:- and unexpecied reshlt.  in thass figures.is that skin between.
the stringers-had an inward deflection. An-explanation for:
this may be.that these panels-had. a slight curvature in the-
longitudinel. direction.. The-deflection of. the stringer be-
twean.the frame ls outwerd; and is practically directly .. .,
proppritlional.t0 the internal pressure. L s L LT we. Lab

Pressure stresses.- The ‘results of the ﬁre;sure stress

measuement - have been discussed.previously and are repre-
sented . in the plets in figures 2. ani 3.

alau FACILIL A ) HEY ] “ =0 .-,'.‘.—---5- - PN

Y- A LN AR O S o Peasl -
he it e DESTE. OF Pkﬁssuaxzmp casxk smnucguam AT el
et . s foae i ‘:.- - 1

e GQNSQLIDATEHNVELTEE AIRORAEE GDRPQ@ATION 1; Sa s

o Peo s el . Iral - PRE L .'-.h-:'!a
- : Looat LDowoty g

Gonsolidated Vultee Aircnaft Gorporation made a-seripg ;
of tests to measure the atressesfin and the deflections, ef
the structure members of a one-half’ scale "noge-wheel sec-
tion" of the XB-32 fuselage under maximum operating air
pressure. The teste qovered two, kinmds: of specimens: the
floored specimen, which was a cylindrical structure with
flooring and floor bracing inside, and the "control specimen,®
which . wge g iperfectly ayemmetrical .cylinder to:be-.used as
control in preliminary testing. Only the tests of the con-
trol specimen are described here, as this specimen is similar
to the strugture which ig.disgyssed in.this;paper.. -

trar

Test setup.- As shown in figure 8, the test section was
mede with 0,016-inch skin riveted to 0.020-inch angle
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strihgers: with: 0, 032+incht channél Delt frames. - The stringers,
52 in.mumbér; werecdibtributed nniformly arsund the psriphery
of"* the'cylindar.- The' belt Prames,~ 5. in hnmber; including:
the .2 end:bulkhdads, were. apaced at an:intarvalnof 10.inches.
R T LY S RN TP WIRTY S S T

The test specimen was mOunted in a boxlike structure
Bteel Jig withithe .centeér line of the specimen in a vertical
position, The top bulkhead of the specimen:wus. held.in a.:
fixed 'lateral position by:means of bali-bearing: gulde. rollers.
The effect was, that.as the specimen expanded under pressuras;j
the top bulkhead could breathe vertically but 1t wag re-
straimeﬁ from lateral motlon. S _r-11~n- : -

A R+ [ H e

Stresses.- The stwesses of the control spegimen at 6 55
psi measured dy the “Celstraihn! gage equipment are gshown. in.
figure 9. ‘'Thée averagh ¥aslues of indicated stresses in-the.
memberd &t 6,65 psi compared with the stresses obtalned. by. -
simple calculations: (equations (3), (4),:«(5), and (8)) ' folloew:
In the stringer - 1300 psi- versus 1355 calculated. in. the
belt framb - 2400 psi veransg 6660 caleculated; longitudinal
skin =4770 psiiversus BEBO talculated; arnd circumfrential.
skin stress - 11,200 pei -versusr8560 calculated. Tre ex-
perimental value of circumnferentisal stress was a meximam:- "
value instead of an average value._

--Defieetions.~ Etarrett deflection geges reading in

1/1000 inch were used:'to measure’ the’ deflection of the.mem-
bers of the specimens under pressure. The belt frames did
not deflect evenly along the periphery, but the average de~
flection of the center belt frame '0f -the econtrol: specimen
was 0,018 inch at 6.56 psi. The radial deflections of skin
and stringerd’vwith respect to end ‘bulkheads-at 6,55 pai werse
shown in figure 10, The quilting of the skin and stringers
was from 0,006 to 0,020 inch greater than the belt-frame de~

flection, 'In'no bhse’was a flattéhing'bf the skin between
Btringers noticed in this areae.uv '

- I “
o1 .. . s e

~

ANABYTIGAL SOLUTIONS APPBPEﬁ TO AGTUAL TEST SEGTIONS

PR SL | LI

st

b 4

Y - ol
F— ,.1 ~ e
foxl ke Ta T

ot LN :.—_-’c
-

1. Tests of” Preésurized Gabin Structura at. Lockhged
Aircraft Corparation. S _ £ “Eu».
- T w B syt A8 ‘TAa s e s - . [

Por simplicity in hnalysis, the fdllowing assumptions"
are made?

LA I R S L N O .

v

S S ce P
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1.
2.
3.

4.

6.

Seme type of stringers (LS-160-0,032)
Same type of rings

Same skin thickness (0 032 in.) around periphery

Ul

Some stringer svnacing (
ame stringe gnacing

l

Uniform fuselazge cross section

The pressure difference 1s assumed to be B psi throughout
the entire.computations. The important dimenslons and fig-
ures are shown in the following list:

P
B

Al

1!

= 5 psi
10,300,000 psi

= 0,3

= 18,4 in.

= 0,032 in. . o
= 65 in. R |
= 73

= 10

0.0617 sq in.
= 0,0096 in,*
= 0,228 sq in,

= 0,317 in.*%

The following nondimensional parameters are derived:

V = p/E = 5/10,300,000 = 0,485 x 10”©

® = 4n® 8I/1* = an® x 72 x (0,0096)/(18,4)*

0,748 %X 10”°

p=t/r =0,032/65 = 0,493 x 10-3
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B = A'/tl = 0,238/(0,032) (18.4) = 0,405

8 = r/l = 65/18.4 = 3,53

a = 1fl=p® = 1/0,91 = 1,1

¥ = sA/2nrt = (73) (0.0617)/2n(65) (0.032) = 0.34

For further computation the following valpes are also
calculated.

®/pew + = 0,748 107°/0.493 x 107 x 1.1, = 1.38

¢/pa + 3/2 = 2.88 L

¢/pa - 1/2 = 0,88

¢/pa  + 1/2 = 1.88 .
V/a = 0.34/1.1 = 0,309 -

1+ V¥/a = 1,309

B/a = 0,406/1.1 = 0.368
B/a+ B/4 = 1,118

B/la~1/a = 0,118

l-g/a = 0,632

B/a+ 1 = 1,368

(0.8)% = 0,09

ua
x-d

%§ (0.485 x 10~%) (65)/(0.493 x 107%) (1.1) = 0,0581
. ',

Thé value of X in equation (55)is

(z 88) [(2) (1. 309) (1.118) - 0O, os]-l 309 - (2)(0 09) (o 118)
(0.5) (0.88) [(0.5) (1.309) - 0.09] = (0.25) (0.09)"

K=

= 30,4
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The value of MA; :in‘équetion (80).is.aprreximately
equal to -1/K or

}\a = - 1/30.4 = - 0.0329' wov

It cen be seen fronm equation (60) that the expansions of the

frames are nearly idantinal:’ -n:hd that +hiq nroblnm can be

CiRe - -G ALV e V- [Ep A S- Y =2 =

reduced to that of pressurized cabin with infinitely many
spans., By using equations (69), (70), and (71) it is found
that = ¢

(o0.0881) (1. 309 - 0.15) (1.88)

u =
(0.09)(0,632)+ (2.88)[(1.368)(1,309) -0, 091 - 1,309
_ 0.1265 "
3,648
= 0.0347 im. ‘ ‘ E i SOt
(0,08581) [(z.sa) (l;géé - oj%) + (3) (0,632) - 0.5}
v = — - L
(8.68) (3.648)
= 0.00361 in. e T
(o0.0881) (0.368) (1,309 - 0.15)
w = . : -
(3.648)
= 0,00683 in. A ‘.-_'-'-'.'_'._.. _.':‘_‘;

e

A comparison between the strain energy of ezpansiou and
of bending of ring 1s shown.

>oBnergy of .expandion’ (equation (25))
H

TA n ua
X

0
< X ( é;sS) E (0.0347)2

V =

3y,
w7

1.38 x 10°° B

Ay



3%

Bnergy of bending (equation (29))

g I
u

r3

n& B X..0,317
&85

fothm 3,26 X 1077 @

x (0,034%7)

It 1s obvious that the energy. of bending of ring can be neg-
lected., .- . v C )

The straine and stresses of the structure are derived
from the velues of deformation parametar, : .

Longitudinal Strain of Skin (Strain of Stringer) . . .. |

€x = v/1 = 0,00861/18.4 = 0,000196

Gircumfereﬁtial Strain of Skin'(Av.) _ V.

u + w 0,0415
€y- = - = Y = Q,000639 s .‘

Strain of Frame

u , 0247 ‘~
eframe = ; = ——;——— = 0, ,000534

5

Longitudinal Stress of Skin . -

€x + B €
o‘x=_}.__.._._.__z_E
1 - p?

0,000196 + (0.3) (0.0008639)

10,300, 000
0.91 ' !

43§0 pBi-

NACA TN No, 998
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Oircumfereptial Stress of Skin

N
R T B __.._.,E..__,‘"E:.'. € N [ LY

o, = 2 B X ® BN hwu,-t R N o
1 - p@ L A B LT L -

v . -

Y _ 0.0poB3s * (0. gy (0'000193) X ;b 500, 000

0.91
= 7300 psi T e

Stringer Stress

Ogtringer = €x B

0.000196 X 10 300 000

2020 psi
i ST E . e

Frome Stresgs

— -
Sframe = €frame *

0.000584 x 10,300,000

5500 psi

The following is the comparison between the experimental
results and the calculated values.

e . -0

Experimental Results
o . - y R . : . -
R N L T U S I R A )
oframe ébo o 690 l
oz' 15600' ;\3#.3 E] Eﬁx =
U B i

Ogtringer _ 1400

Bt TP

T = 05374
ax ’3750'
Y - Y . * - --_ % 3 \- . . . _.‘,‘ .
Calculated Results ‘--~-~I-,, R
c 550 RN .:" z "a Y, o= <
frame _ o, 697
Uz 7900»:."., ;:,_ -
c" o '3'0.20 [ o " pmrts
striniger L 0.430‘"

Oy 4290
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These results are within a reaaonable check

II, Tests of Oontrol Specimen at Gonsolidated-vultee
Alrcraft Corporation.

A 1lst of the important dimensions and figures for the
control specimen at Consolidated~Vultee Aircraft Corporation
is given.

6.565 pst
= 10,300,000 psi
K = 0,3
1 =10 in; -
t = 0,016 in. |

r = 28.5 in,

s = 62
m = 4
A = 0,025 8q in, (see appendix)

0,00102 in.%

-t
]

A' = 0,0744 sq in.

I' = 0,0176 tn,*
The following nondimensional parameters are derived:

vV =p/B = 6,55/10,3 x 10° = 0,635 x 10”°

¢ = 4n® gI/i* = 4n® 52 (0,00102)/10%

=.0,659 x 1073

= t/r = 0,016/28.5 = 0,562 % 10~°
A'/t1 = 0,0744/0,016 % 10 = 0,485 . Y2lp:
= r/l = 28,5/10 = 2,85
= 1/1-p2® = 1/0,91 = 1,1

QR © m» D
u
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V = gA/2nrt

39

(52} (0,025)/2n(28.5) (0.016)

O 536

furﬁher'computation the following values are also
calculated.

¢/pa

= ‘1.07

d/pa + B/2/=.8.57

¢/pa - 1/
¢/pa + 1/

V/a = 0.536/1.1

1+ V/a =

B/a = 0,465/1.1

B/a + 3Bf4
B/la ~ 1/4
1 - B/a =

2"

2

0.659 x 107 /(o 562 X 10'3) (1.1)

" .
Toed .. . . ¥ P

i .
0.57

1.

657

0,488

1,488

0,423

1.173

0,173

0.577

-~ L

Bla + 1 = 1,423

pa=(03)2=009

pa

= 0,0208

The valua Of

K

LT - 0,635 x 10”° x 28.5/0.862 x 10™° x 1,1
» .

in eauatibn (55) 18

P

(z 57)[(2)@1 488)(1 173) - O, 093 - 1,488 - (2)(0 09)(0 173)

= 44

(o.8)(0.57) [(0.5) (1.488) ~ 0,Q9] (0,25) (0,09)

‘_I

- ’ 1“)-('-.

D T -

The value of Ag fin!equabion (§O) is approximately

equal %o

-1/ or

Az

- 1/44 = -0,0227%
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The value of ¥ 1is from equation (59)

- (0.0293) (1.488 - 0,15) (1.57)
(0,09)(0,877) + (2,57) [(1.423)(1.488) - 0,09] - 1,488

= 0,0163 in.
The expansion of the center belt frame l1s

Vs = B (]_ - ?\32 + 7\'a.g> o e
R 1+ Nt/

)

(2) (-0. 0227)
=1 4 (0.0227)%

(0,0%163) (

0,0163 in.

e [}

The expansion of 1ts adjécg}tl?bame is
SerLd

ALE + A
wy = “'i (1 - —3—.—2,@-9
1+ A

ey

(0.0163) (1 + 0,0227)

= 0,0167 1in,

The parameters of longitudinal expansion and radial
quilting of thd.skin DPetwden these two rings are determined
by substituting the values of wu; and up 1in equationu (60)
and (BLl)

(2.57 ~ 0.6)(0.0293) - {0.8) (1.57)(0.018% +70,0163)

Yo =
-.?;J_t_g._ (2) (2.859:[(i.488) (2:57) n-e 093 © s
= 000199 in.w""""" L A :.‘....__. LR, fas
. L(a)(1.488) - 0.5](0.0293) + (0,09~ 1.488)(0,0167 + 0.0163)
Tooracie e N(aY [(1.488Y(2087) £ 0,097

0.00435 in,
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A comparison between the strain energy Qf,expaqsipp'and
of bending of ring is shown.

Energy of expansion (equation (25)).

v < TA' B w2

-r . n
mx 0,0744 % E x (0,0163)%
28.5

2,17 X 107
Energy of ‘bending (equation (29)) - PR

mw B I! R T clbartie sl
Ve — — R B P S
1'3 n

mx E X 0,0176 (0.0183) o
(28 5)3

2 '3.9 X% 10‘ B

It 1s obvious that the energy of bending of ring can be neg-
lected here in the discussion, ... -, ,J?“.., fxrde -

The strains and stresses are derived from the defurma-
‘tion parameters. . . _ . s

\ Tt 7 £ ¥ ) L {:‘ Al:} P -. ‘- >
Longitudinal Strainof Sktn'(St#Etn“Uf'Stringer) u

€x = vg/l = 0,00199/10 = 0,000199,

Circumferential Strain of Skin

00 Avevrase ,_’Va‘_‘h’;!'g'-. ' S :'_:5.__.*..‘..._ R R
(0,0167) + (0.0163)
—
z - ' 28.5

= 0,000734

+ 0,004385

(1111"'113)/2“‘ Wz
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4w Maximum Value

(ul + u3>/2 + 2 Wa
r

€

z (max)

0,0167 ; 0.0168 , (2) (0,00435)

28.H

0, 000954

Strain of Frame

€frame = ugz/r = 0,0163/28.5 = 0,000572

Longitudinal Stress of Skin

x = 1 - ue

0,000199 + (0,3) (0,000734)
0091 L

x 10,300,000

4750 psi

Circumferential Stresses of Skin -

Average '’

0.000734 + (0,8) (O, 000199) X 10,300,:000
0,91 .

Oz =

9.000 pei S

Maximum : .,":: .-

0.000954 + (o 5) (o 000199)

%2 (max) = 0. o1 -

X 10,300,000

= 10.800 pBi A osa )

. &
* rmuar tnoa e - - - i s . . -
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Stringer Stress - o .
Ogtringer = 0+000199:x 10,800,000
= 2050 psi
Frame Stress . S

Sframe, =, 0.000572 x 1q}sqo{o§q

Y% ' 5290 psi
A comparison betwaan ‘the results deterqined from ‘experi-
ment, from empirical formulas (equations (3), (4), (5), and
(6) and from the mathematical snalysis is spovP in the fol-
lowing table. A

e L R . TS BT
Z - :,-":r_ o= ‘I‘A.IBI.E I -"f-;:;- R L
. N K - TR, I T
COMPARISON OF STRESSES IH PRESSURIZED GEBIN STRUOTU%EI
h o a2, M . o3 '}
: g S e mn yamran a2 Frav i..-l A
Lol : Prom.y = Promaiof'r. Eron sy
Tooeny experimemt. | .empiricgl- mathematicqﬂ
"“fﬁd:ﬂa A I - formule ]! analysis|
e mtis tpsi) . (psidy | . (pai)
? C':T.'," NEPECEY DO S N N AR “r. * . . |-’
* < ) R ',:,.L-.:, . F— -'l.:-.. . “w . - 2o
Longitudinal akin R SR T LI ST
stress. T e gy 4“.37:70 S .-5'.230: ) . .4.'7.’5:10:‘;-&[':
Gircumferential'aiih ' : R f‘i
stress (av.) = |=-ceceeceaw 8,560 g,000 '
Gi ¢ fi Y skt H I Tt o aldmlucico u
rcunm eren. a 8 n oo, s .o i LI R :"--i' '-_- . (T 1 £
stress (max.) {711,200 e r . ?rl.oj-f?ﬁ:qu;;., .
Stringer stress o 1,300 v Ly 365 L1: R 080 7 7,
. ) A SR 338 3 SN RS ¥ S
Frame stress 4,400 6,660 ,490
L TR UETTNEY P .
I . B

The, expansion,of thp penter bslt frame is calculated to
be 0.0163 inch as. pompqred.with the. experimental valqe 0, 018
inch (av.)., .

. : an - I 30 BT © L ma e T

.fl
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DISCUSSION OF RESULTS AND SUGGESTIONS ... ,.. .

e s a .

. FOR .PURTHER DEVELOPMENT

e

From the comparisons betwéen'tﬁe-experimental results
and the mathematical solutions, the following facts can be
noticed: . -

1, The calculetea valuee’mfekin Btresses &nd frame
stress all give a satiefactory check.

. 2+ The calculated values of stringer stresses always
: exceed the experimental valuee.
3. The oaloulated frame defléction checks very WelI‘
with the values determined from experiment.

One of the resasons for the deviations of the mathemat-~
ical sBolutions from the experimental values 1s, of course,
due to the approximation of the assumption in the energy
method, In the assumed funoction of the deflection curve.
only the first term-0f the Fourier series has been used.
However, by noticing that in the result, only the solution
of the striﬂger stress has large deviation from the experi-
mental value, 1t sdéems that there may be something wrong in
the: assumption, The assumption that the skin expands uni-
formly along the periphery, does not agree with elbher of
the two tests described here, In the test at Lockheesd Alr-
craft Oorporation . the skin between .stringers had an inward
deflection. In thé test at Oonsolidated-Vultee Corporation
the skin bpetween the stringers deflects more ae shown in
figure 10, - o -

In calculating the energy of bending of stringere only
the. moment of inertia of the stringer: was considered, How-
ever, for a structure of circular shell with longitudinal
stiffeners. there 1s = redistribution of stresses between
gekin and stiffeners. A betteriresult might be expected if
an effective flexural rigidity (BI) were introduoed. .

--—~~-One. more regson. for the deviatione between the caleu-
lated and tested results lies on the deviation-of test speci-
men from the, ideal structure. The nonuniform stress or de-
flection dietribution cleariy ehows the unsymmetry in oon-
struction.‘ The fixity between skin and frames! depends wvery
much on the workmenship during the assembly of.‘the test
specimen.,
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It might be. suggested~that furtheriexperimental investli-
'gations te made to verify the deformation of the structure '
and to develop an empirical formula for' the effective HI
,.of the skin and, stiffener combination,,

+ .
5 S .

Further developments dealing with" $he" pressurized cabin
structure would be the analysis of the following types of
structures. . .

1, Fuselage with nonuniform cross ggct;on -~ elther

tapered or curved’ '

2. Spherical’ or ellipsoi&él heads of the pressure ves-
sel .

s

3. The connection between the end and the main struc-
tures °’

Massachusetts Institute of Technology,
Cambridge; Mass., October 15, 1944, . -

APPENDIX

Computation of Section Properties of Test Specimens

LU

1. Test Specimens at Lockheed Aircraft Gorporation (Figs.
Sa and: 5b) o . SoonnEs _

.. x""

(1) Area of ring [(0 512 + 2 648 + 0 586 + 0 199)

o M} a3 -
[ AR : - .i

) ) — / 0-051

[ o

- 1‘."-‘:":-.‘ [ "'-"‘.'._W,.; (8.945+ 00707) 0_. 051 'J“"

¢ .= 4.652 x 0,051

.= 0.288 in.? et

o (2) Moment of inertia of ring.: .The moment of inertia

is computed approxiuately by assuming etraight bends at the '
corners. The position of the neutral axis from the top chord
is equal to

I L renaf -
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B oae g e O e - 3 o . .'.n __T
_ﬂ”.fa X:128.%.0,9375,%-3 + 0.375:%+2,812 ly 9'3? <'1,675.1n,
©10i8 %0, 9375 + 0 875 + 23 812 + 0;6878 7 "B P
i S | SU A LAl i.‘ R T

.
N S T DL
_ The moment of 1hs#tia 18 Sompiited through tihe following
. -'t-gfbu]:flz::larr?'ngeme'nt.!‘ T L T I b b -l e o

A R A
Top oHord <ov - -0:6875. 0 1638 ' 1.83
L¥ew om0 a7 .09
lLéwer cﬁord- | 9375 1,30° """ 1,68
Lower leg -  ° idve 'f:i§33', :Lﬁg

£1da° = 3,97

L]
[V

.
m!
w,

ST 1, (Wed) Y =BR[22

Moment of Inertia 6,22 X 0,051

= 0,317 in.*

"(3) Sectlon properties of stringer.
ceord The. following table presente the computation of-the ares,

the moments of length takenat the base o0f the cross'/gection,
and the distance from the base to the neutral axis,

. N Seo o IR Length
"Dop are  x 0.2035 = 0,64 x 0.9257 = 0.593
Web A s Wi T BBBE X L4688 = .308

, 004

Lower corner % X' 0;141 =" *0%05 X ., 0614

Lower leg e I 111 =

: " "Total Length'= -1,9385 Total Momedt = 0.9046
s R e - - SRR . Lo ) :.'.”: L
TR T 032 e S

Total Ares = 0,0817 in.”

Distance from the base to the nesutral axis = %L%§§§= 0,490 in,
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ment of inertia of the stringer.

Ay > ol

e Pafﬁ C Length (l) ff_Fii- lda_
Top arc JETILC e.6&7. 4 " .(6.4367)°  o0.122
Web ;6568 v ¢ 0212)® - L0038
Lower corner L0706 TI-(laB9)8 . 014
Lower leg .5625 LAY G 185
L R & ¥ LR v

I.. . Né X2 L.
zo ~'(W’éb) “m m : : = ,024
t T ,
(Arc) = (o 2035) 2X {) = ,002
. 2 ' —ﬂ .
' I .0.300
%

&

The moment of inertia = 0 300 x o. osz = 0,0096 in.*

A summary of the section proPerties of the specimens at
Lockheed Alircraft Corporaetion,is '‘gzi¥Yen.in the following table.

Stringer area } A 0.238 in.2
Stringer moment of inertis I «317 in.4
FPrame ares Al .0617 in,.?
Frame moment of inertia I . 0096 in.%

II, Test Specimen at Consolidated-Vultee Aircraft
Corporation (Fig. 8)

(1) Ring

Area (A') (1.20 + 2 x 0,5625) x 0,032

2,326 x 0,032

0,0744 in.®
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Moment o Thbrtia’ (113

3 o Cnp Rl '
[i;éﬂ 472 X 0,5625 x"Cd;s)a] x 0.032

12 o
£ 0.0327°(0.144 + 0.405)
= 0,032 X 0,549 '

*0,0176 in.*

(2) Stringer
Area (4) = 2 x g X 0,020 = 0,026 in,s
Neutral axis position ;+75/32 from top leg

Moment of Inertia () ... = i:wg)

[ (—) X 2+ <§> —1—] x 0,020

.-=-(0,0305 +.0,0203) x 0,020 B
... =0 osoa x 0.020 . - :f{f? o _'“f:"?T’
! = 0, 00102 in. - .“ _ wo o omil
v -
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Figure 3.~ Longitudinal stresses dus to pressure, Lockheed Nodel 49 test section,
Ratio of skin area/stiffener area = 2.08; skin thickness = .032 and .040:%

radius of ocuxsmture = 66 in.
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Figure 3.~ Oiroumferential siresses due ‘o gressu:e, Lockheed Nodel 49 test section.
Ratio of arca/trame area = 3.35.
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Figure 6.~ Skin deflection relative to stiffener against pressure, Lockheed Model 49
test sesotion. Stiffener spacing = € in,; frame spacing = 18.4 in.; radius of
ourvature = 88 in.
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Figure 7.- Stiffener deflection relative to frame agalnst pressure, lookheed Model 49

test section, Stiffener spacing = € in.; frame spaoing = 18.4 in.; stiffeners=
.002280 1:.‘; radius of ourvasure across pancl = 68 in.; radius of curvature along panel
= b« 19
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Figs. 9,10

All values are psi

Sectiorr A-A

Qﬁgnfev- balt frame

FPigure 9. ~ Celstrain gauge installation and stresses in control
specimen at 6.56 pai. 1/2 soale test secticn;

Consolidated XB-32 airplane.
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Figire 10.- Radial deflections with respect to end dulkheads at
section; Consolidated XB-32 airplane.
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8,55 psi.1/2 scale test



