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AIRFOTL IN A TWO-DIMENSIONAL SUPERSONIC FLOW
By I. E. Garrick and S, I, Rubinow

SUMMARY S

A connected accounbt is given of the Passlo theory
of nonstationary flow for smull disturbances in a htwc-
dimensionel supsrsonic rlow ard_of i1ts apnlicqtion to
the determination of the aerodynamic forces on an oscil-
lating alrfoil, Further applicution is made to the pro-
blem of wing fluttor in the degraes of freedom -~ torsion,

bending, snd alleron torsion. HNuwzerlcal tables for . S

flutter calculations are provided for various valuecs of
the Mach number grezter than unity. Results for bending-
torasion wing flutber are shown in figuros and ulscusqed._
The static instabilities of diverzonce and allaron s
reversal are sxamined as is n ona-dsgroc- af frcaﬂon case

of torsional oacillatory instability. L=l IT T

INTRODUCTION . T s

The problem of fluttzr or asrodynamic lustubillby
for high-spesd aircraft 1s of censiderable importanco
znd hence interest is directsd to the ssradyfismic problem
of the oscillating airfoll moving forward at high speed,
Although for conventional aircraft the subsonic ‘and the
near-sonic or transonic speed runzes are still of main
Interest, the purely supsrsonic snecd_range 1s becoming
:n,roa31nqlv signiricent. i

A thecrstical treatment of ~the oscillating airﬂoil,
of infinite aspect ratio, moving at superscnic speed )
has heen given by Possio (reference 1). This Lreatment

is bused on the thesory of small psrturbations to the -
main stream, thus 1s essentially an acoustic thecry, and -
leada to linearizaticn of the equabtion satlsfied by ths
veloclty potential. The airfoll 1s thersfors assumea to -~
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be very thin, at small angle of attack, asnd the flow 1s
agsumed nonviscous, unseparated, and free from strong
shocks.,

The small-disturbance linearized theory, being much
less complicated than & more rigorous nonlinear theory,
1s to be regarded as an expedient which allows an initial
theoretical solution., The theory permits the occurrence
of weak (infinitosimally small) shocks and thus the basic
trends and effects of the parameters of the simplified
problem can be indicated. The theory reduces to that of
Ackeret in the stabtionary (static) case and, like 1%,
is not expected to be velld too nesr M = 1. In view of
the restrictions and assumptions in the analysls lmportant
modifications may be required in certaln cases for thlck
finlte alrfolils, but oven here the simple theory for thin
wing sectlons may serve as & basis.

In additicn to Possiols brief work an equivsalent
extended treatmen®t has been glven by Borbely (refer-
ence 2) which utilizes contour Iintegrations to carry out
the sclution of the partial differpniial eguation for
the veloclty potential according to the Hsaviglde operator
method or Laplace btransform method., KRecently, enother
equivalent treatment has been gilven 1in England by Temple
and Jahn employilng the method of characteristics. In
reference 1 & fow curves are glven for the asrodynamic
coefficlents but no numerical valubs are tabulated.
Referencs 2 contains no numerical resulbs Temple and
Jahn recognigzge the lack of numerlcal resul 8 and supply
some initial caleulations for the functions neoesaary
for flutter calculations.

A paper has recently appeared by Schwarz (rofer-
ence 3) devoted to coxputing end tabulating the key
mathematlical functions that arise ia the theory. Tho
present paper makes use of refercnés 3 to supply more
extensive numerical tables for aepplication of tho theory.
The formulas of the theory are recast ln more famlilar
form for application to the flutter problem and a series
of calculatlons on bonding-torslon flutter are carried
out and discussed. The performensé of simllsr calcula-
tions for wing-alleron flutter is indicated. Brief
discussiong also are given of the static instablilitles,
divergence and alleron reversal, and of a one-degree-~of~
freedom torslonel oecillatory instabillty.
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For ~completeness, a connected account of the -Possio
theory 1s presented since the original presentation in
Italian 1z quite tersse and also since it 1ls believed
thas this treatment is the simplest and most sultable
for scneral extensions. The extension of its applica-
tion to include the aileron is gilven.

ATR 7ORCTS AND MOIENTS ON AN OSCILLATING AIRFOIL MOVING
AT SUPERSCNIC SPEED IN T.O-DIMENSIONAL FLOW
- Differential Equation for the Veloclty Potentisl
The differential equation satisfied by the velocity

rotential in fixsd coordinestes in tne case of infln*tesﬂnal
disturbances is the wave equabtion ] -

R
o3
> -

(1)
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where ¢ 13 the veloclty of sound in the undisturbed
madaivm,., (For the adisbatic equatlon of state

A ap D . L mee

ol = = F ) . e —

ap Yp.

#eferred to a system of rectangular coordinates
moving Ierward at a constant supersonic gspeed v in
the negative x-dlrectlon the wave equation satisfied
by the velocity potentiul in two-dimensional flow becomes

+
Glr\)
id

/0\8 22 o%d
BJZ) ] ixg 8;5

It is propossd to treat the eoffect of a_slightly
camhered thin airfeoll wmoving forward at a. supersonic
aneed v abt small (zerc) ancle of attack as that of a
distribution of small disturranues placed along the
x-axils and hence to utilize equaticn (2). 'The velocity
componenta in the x- and y-ulrections relative to S
tiie moving airfoil are, respectlvely, T

=Q (2)
-0x ot -
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X ox

and i
v =28

y '537

which may be considered the additional components to
the maln stream due to the disturbance created oy the
vpresence of the alrfoil. Relative to cocrdinates fixed
in space the velocity components are v + vy and vy

Effect of a Socurce
¥quation (2) is linecsr and sdélutions are therefore

additive, &An important particulur soluticn of sgqua-
tion (2) having the propert;y of a'sourcse pulse is

— ald, M. T)
g, = = = o = = (3)
\/O(t-T)—[X"E's”V(t"_T)J - (y - n)

This solutlon may be considered td gilvs the effect at a
point (x, y) at time t of a diisturbance of magni-
tude A originating at a volnt (&, m) at an earlier

time T. The potential ;d’o is thus a retarcded potential

and the elapsed time at (x, y) since the creation of
the dilsturbance is ¢ =t - T, i

Unlike the situation for a subsonic flow, For g
superaonlc flow the effect of tne Gisturbance is propa-
gated only down%tream, that 1s, the point oeing

iniluenced (x, v) is alwavs considsred to be aft of the

point of disturbance (&, 7). Equation (3) is thus
valld in the angular reglon with vertex at (&, 1) amd
boundsd by two straight lines.imakihr the Mach anzles

-1z 1l

tu = Tsin” - = fsin" 5 with respebt to the x-axis.

(See fig. 1.) TUpstream from thls mngular region the

value of ﬂg is zerc, It follows. also that disturbances

in the wake need not be considered’ and the solution to

i 2
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the boundary problem may be attempted by a dlstribution
of potentisls of the type ﬂo talzen along the projectlon
of the airfoil on the x-axls,

A disturbance at (&, m) created at time T 1is
first felt at a point (x, v) after a certain time T,

has elapsed., The point (x, y) ©penetrates bthe wave
front of the disturbed region and bcocause 1t is moving
at a speed greater than that of the wave front it
emerges from the disturbed region at a lafer time T,

Thus, the duration of this initlal disturbunce at

(xy, ¥) 138  T5 = T-. (See flg. 2. Y The transition

VS g 1* LeT s b

at (x, y) from a region of gquisscence to a region of
disturbance and vice versa is assoclated with the

vanishing of the denominstor in equation (3). The :
values of T, and T, for a disturbancs created on e LT

the axis mn = 0 are thus glven by

(s - &) 2\ (x - ©)2 = 3202 - 1)
SRR ) _
(M2 - 1) -

Ti,2 ©

where the minus sign ls assoclated with Tq and the plus

sign with 71, and where M = g. It may also be observed

that a negatlve quantity under the radical slrn in
equation (3) is to be interpreted as assoclated with an
undisturbed region. (that is, with & = 0). : T

Potentlial Tor a Distribution of Sources

The total effact at any point (x, v) ls the sum
of the effects of dlsturbances originating between the
leading edge & = 0 and the intersection of the Mach
line through (x, y) with thoe &-axils : '

R Y S

(since only disturbances created forward ¢f the Mach
angle region can affect (x, T); see fig. 3).
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The total potential at (x, y) at eany time t 1s -
thus given by : - . - )

-7
#x, 5 t) = - et dr ag '

e

1 S1NT2 A, 0, £ - T) e 5)
= T T . AT .
e - ¢l \/ (r = 7y) (T“ -T)

Vo JTy : -

Boundary Condltion and Strengbh of Dlstribution

The function A4A(&, O, t - T) giving the masnitude
of the source distribublon is now te be determinad by
tne usual boundary condltion of tangentlial flcw elong
tho egirfoil, If the ordinate of any polnt—cf the mesn -
line defining the ailrfoil 1s glvin as y = ym(x, t) the =

boundary comiition may be written

(£) =ute, 1) = e
9Y/ =0 - at - ' =
oY, o P T

=y—3 4 20 (6)
1% ot F

where w(x, t) thus repressnts thp vertical veloclty
induced by the source distributicn in order to realize
tangential flow at the airfoll boundary. (In the
statlonary case - Ackeret treatment =-the two surfaces =
of the alrfoll may be considered als acting indepondently,
which can also be done for tha nonstatlonary case. o -
However, for the purpose of obtalniing the oscillating *
forces in the linear treatment 1t 13 siificiznit to—con-
sider soparately the uoper and lower gldsess of only the
mean 1ine. )

I

g b
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The evaluation of *g. as y approaches zerd may

Oy
be readily obtainnd by use of the variable " 6 Instead
off 1 vhere = (12 - T7) cos 6 + Tg + Tpe This

substitution in equatlon (5) ylelds

Sy g /. To+Tqy TouaT
2 1
- / AlS, O, 5~ . 2 cos §,;d6 4g
2 2
yo

1
Q’='-—'::..—"""—
Vo2 - o2

=

v0

Ry differentistion with regard to y and with the aid of
an integration by psrts T

OIQ{ _‘-1““— ﬁA(él’ 0, t - ___L)
oy VVZ - c2 dy eMe - 1

+ 1 T O7A 1n2e e az

WE o2 o2 -1 Jy Jo OFF

Since & = x - W2 - 1, there results in the limit
as y approacies zsro on the vpositive side, the important

relation
od N
- = -3 alx, 0, %)
OF/y=+0

Alx, t) ==~ % w(x, t) (7

or, briefly,

Tor ¥y avprcaching QO on the negative side .an
equal and opposite result 1s optained and hence the _
distribution of singularities to be utilized to replace
the airfoil is of the scurce-sink type. Thus & is to
be understcod in the subsequent analysis to be prefilxed

=

I",é]_ N 2 . . o=
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by a g sign, + for the upper side and -~ for the
lower side., : S A

The total potentlal for y =
by means of eguations (5) and (7)

o o) 1 1 rx T o wig, t - 1) ar az (8)
x, S N . .
T A2 - 1Jo UL v(T - Tl)(Tg - T)

where, from equation (L) »ith y = 0,

- & 1
Ty = =
L c M+ 1
and .
X - :é_:i 1
To = -
2 c Moo=l

Applicaticn to 0Osclllating Alrfoill

The general result given by equation (8) may now
be applied for definiteness to the case of an alrfoil
peorforming small sinusoidal oscillations in several
dogrees of freedom., Let the wing undergo ‘the followi
motions: & motion due to dlsplacement h (veloclity h)
in a vertical directlon; a torsional motion consisting
of a turning about x=x3 wit’s instantaneous angle of

attack «; a rotation of an alleran about i1ts hinge at~
x = %7 with instantaneous alleron angle [ méasured -

with reapect to a. (See flg. h.)

In accordance with equation (&) the verticsgl veloclty

at any point x of the airfoil siituated at 0 S x & 2b

(of chord 2b and leadlng edge sat x : 0) is easily
recognized to be S

wix, t) = —{;.+ va + (x - xo>& + éﬁ + (x - xl>6] (9)

where the f-terms are ta Le Ilnterpreted as zero for
x < Xy (and where the minus giocn 1s Introduced because

0 may now be expressed
as

;

il

t

Pl
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the vertilical veloclty w 1is positive upwards whereas
the terms within the brackets are positive downwards).

It is convenient In treating sinusoidal motion to
utilize the complex notation

h = hnel®t
a = C(.Oeiwt (10)
g = ﬁ_oeiw’c B

where hyg, @g, and Bp are complex amplitudes and
hence include phase angles. -

Since the further analysis 1s concerned only wilth
exponential time variations of the type given in squa-
tion (10), the function w(g, t - 1) occurring in

gquation (€) is of the form w(g)eiw(t"T), which may

also be written for convenience as w (&, t)e” 19T, The ;
potential @ gilven by equation (8) may now be written as

X -
#(lx, &) =--——_—§—-_-_—_-:r w(&, t) I(&, x) a& (11)

where

T2 -10T
I(g, x) =% : ° ar
Uty V(T - Tl)<T2 - T)

The integration with regard to T may be readily per-
formed by substitution of the variable € where
21 = (1o = T7) cos 6 + Top + Tqe Then C

v - L L -
I(é, X) - % e-iw(T"'_""Tl)/aJO e—iwCOSG(Ta-'Tl)/a de
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With 77 and Tp replaced by thelr values as glven for

equation (8) and with the ald of the Bessel function
relation ' .

A iAcos 8 i
£ -iAcos -
~ e an JO(K)
0 ;

1t 1s recognized that

O i
. ‘1‘055‘&" E.M“ x-S o
I(C,-, X) = e - J;') o MZ - (12)

Throughout the subsequent anglysis it is convenilsang
to employ the variables x and (¢ 1In a new sense to
mean nondimensional guantitics obtained by dividing the
0ld variables by the chord 2b. The retaining of the
symbols x and & for the nondimensional variabWes
should lead to no confusion, !

The potential @ of equatlon (11) is then

X o : S : —
H(x, b) = 2 __ 1Lva +h +2b/\§- XO)EL + v +2b(§:‘,— xl);_lI(g,x) ag
'\/ﬁ - l : . - .
O i N
(13)~
where with the introduction of tha important frequcncy
paranetors .

= 0 :
v

I O

M2 - 1

i
']

the function I(¥, x) becomss

(8, x) = e~ lo(x-g) TOB (x - §>] 2

b

Pl

i
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Thus, I(&, x) is a function of the variable x - & and

of two parameters M snd w, or, alternatively, M

and k. )

It 1s desireble to express
sum of the separate effacts duse
the airfoll associated with ths
equation (1%). Thus

#x, &) =ﬂq+¢ﬁ+ﬂd

where

2P x
,®,a, = ————— va I(é,
\/Mz - 1 J0

2y = —2b hL/ (g, x) as e e

0

¢a=——@i—_&fx (& - xo) I(z, =)
0

2b B A
gy = —=— | 1,
\.4‘12 - 1 '

X 1

N . [ '
Po = —=—p| (&-=x) (& x)az
K - oo .

1

the potentisl @ as the
to position and motion of
Individual terms in

+ 52’/-13 + de (1Ll-)

x) ag R

(e

x) a&
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Forces and Moments

The basic vressure formula 1n the theory of samall
dlsturbances is L=
dg B -

T - =

which in the present case of the moving alrfoil may be -
expressed as ; it

where p 18 the density in the unflisturbed medium. The
local pressure dlffersnce on the &lrfoll surface betwoen
the upper and lower surfacss gt anv point x (ncondimensional)
is R

! . O
pl = _a{: ég + .E.. ...g. (15) B
dt  Zb ok,

The total force (positive downward) on the alrfoil is

1 : -
P=2b [, n! dx ; =
¢ O : : =

Pl .
s ox Jo ' .

The moment (positive clockwige; f¢o. i) on the entire
alrfoll abaut any point X4 is i . - = e EE=

L
Ma=lm2/ @-—x&p’dx f ) o
10 ' =
. LI S ;
= =l pbv g;(x - XO) dx - 8pb | ﬁ( - KO) ax  (17)
0 J0 =
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13

Similarly, the moment (positive clockwise; Ffig. Ji)

on

M

=y

1

~Lpbv
[ J{l

the alleron about the hinge point x4

is

[ - )
p hb2‘ (x - x1)p! ax o o .

1l

UXl

gg(; - x1> dx - BPbal ﬁ(x = xl) dx (18),

In the further reduction of equations (1€) to (18),

wlth the potential

glven in equation (1lit), the followling sets of integral

raplaced by 1ts separated form

evgluatioas are required:
‘1 .
o8
0 ox 1/512 - 1

) éﬁd}_ dx _ ll:ba

&[%2(M, k) - xorl(M, k{]"

Jo ox wﬁZ—:"E-
a1
o 2b
—L gx = —S— vBt. (M, &k
Jxl ox Vﬁa -1 ' l( T Xl)

&
js])

et

1 5@ ‘
x Cx v&g - 1

1L
~/ -
2 - 7
110 -\/f'{

L/ﬂ.g%:dx _ __QEE__
o . vﬁ -

2 éta(u, K, xl)

3 vara(M, k)

<L _
- [; ry(M, k) = xgr,(H,
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L :
[2_ qZ(M" k) - L0 Q.]_(M: k)]

(" % fl) -xp 1(1* K, ’“1)]

_LEPE_ p[l (.,n, ,xL,> + xq tZ(M:.k:x]._)]

l . :
[ y_fB dx = :/—f;;é— . 1 v tz{n, k, xl>
Uxy T
b
ﬁ.‘ dX = 5 1, k Xl)
X P '\/Mz - l
o} o ;
_Zf_c_c__ x dx = ,._,b - va ql(M, k).
oxX \/M‘a - 1 .
o - 2
— x dx = MP.._.__- a
ox Ve -
=1
f—E x dx = 2
é .
_gﬁ % dx = - 5
ox Wa_ 1
2b 1 :
g .x dx = —=== va 5 q,(M, k)
o ‘Vé\ia-‘l. 2 "2 ',. ot
e .11 1
X dX = ——i=— g i Mk) - 5 x
& V2 -1 [§q3( o 270

qZ(M, kﬂ
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2o

v -1

Fpx ax = "APEL“‘é{% 5 (¥,

=
Vie - 1

xl) dx

-

=
A

. v l:% 32<M, X, xl) ;"xl t2<M, k, x]_)] | .

e 1 .
k, ‘{1) + 5 %1 t;(:—-{, k, xl\]

—_ 2b va p (M i, x )
peos R 2 ) 1
w2 -1 L
o _pE
Y *|2 Pz
2b
) AT -1 vp s (M, i,
L -
_ b2 -1/
Yl 52 (3, 1,
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L :
b/ ga<x - xl) dx = ffE~_ﬁ va %_?Z(M’ k, xl)

x7 \/M2 -1

1

ﬁd(? - xl) ax = 4—** (V X, yl) - %XO p2<M,k;x1E}

V2 -1

ﬂ
11 ' ;
2b .61
/ Aol - mp) ax = === v 3 9,(0, ¥, x;)
. .. 7
L'X]_ .

The functlions definsd by the iforegolng integral
evaluations are further dilscussad::in the rollowing sec-
tion; rirst, hLowever, the force ard moments {equations (16)
to (18)) are given in their final forms &s

-

P =-—&9~——[ (va +h - abxoa)rl +. ab(fvd +“H§—“2bxod)r2

[P,

vi2 -1l : o L o
o, T ' G
+ Lhb<d —25— + vapt + L|_bvﬂ1.m + moa 25] (161)
Qb2 | . -
Mq —-?%Eﬁji [(va +h - beoa)ql + ?b(;va +-h = 2by0a) 3
Q -
2" : - ¥l '4,.:..2'. .
+ }-lb a ~ + v B(S'] + 4:.."] tl) -+ 'bV \f t Xltz
7/ -t ry
Lo i3 = .
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M= - -Sep pl + 2b(2va + h - 2bxoa>—-

b vﬁ it

+ L% Eéé + v2(:sl + Ihvf 82—2 + L;.bab' -8—6-3-] (181)

fleducticn and Evaluation of Foregoing Integrals
It 1s convenient to introduce the substlitutlion

u =x - & and to express the function I(&, x)
(equation (12')) as : . 2

I(¢g, x) = I(u)l= o= 100 JO<% ﬁ> (19}

The various functions defined by the foregoing sets of
integrals may now be expressed as follows:

i
ri(M, k) = I(u) du )
(0
Ll px
ra(M, k) = / L/ I(u) du 4dx
w0 Ud
nl Ax . : 3
rs(M, k) = %L L[ (x -~ u) I{u) du dx :
w0 vo . . B
Nl
ay (M, %) =/ w I(u) au
v0

{1

l - . —— . : ‘_:
L[ fx(x - u) T(u) du dx =
QO _ _ i

{11 o . S e
a. (M, k) 2, k/ x I(u) éu dx ' o

1

qB(M, k)
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py (1,

p2<M,

pa(M’

(1,

k,

1]

0

f f u) du dx

)l—xl X .
/ [ % -;u) I(u) du dx

1—x1
[ u I{u) du
JO '

Y1 "'-A.l ).K
/ / u) du dx
..{l

x(Jc .- u) I(u) du

1 : NACA TN No.
f <u - xl) I(u) du
1 X
2 (x - x1) T(w) au ax
X, W0 :
1l X . .
6[ (x - xl)(x - u) I(u) du dx
UXq 0 -
l—xl
_ I(u) du

dx

1158
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Borbely (reference 2) has shown by méans of L
reduction formulas that the six r- and q-functions may -~
be obtained from a single integral.  In a similar manner
1t may be indleated how the foregoing 15 functions may
be obtained from the evaluation of the same integral.

The reduction is accomplished in two stages. Firat,
conslder integrals of the following type:

1
£y = 5 (M, &) = I(u) uM du

0

x1
— 1
g = £ (M, &x,) = —5=3 I(u) vt du > (20)
_ Cplexq
i — 1
hy = fx_M’ w(l - xlX} = " I(u) u du
(1 - x1) 0

_ Lo
By integration by parts it can be readily verified that
the following relatilons hold ' :

ry = fo

!-lii
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Py =41 - X1y
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+ x12(gg -~ &)

P2 = dp = 2xTp +-X15<80 - 28 * gp)

p5 = QE - 5X1r

5, = (1
B3 = (1
sy = (1

5 + %l (gg “_551 + 385 = 8s)

- x1>h

)2 - 1)

- xl)«<ho -~ 2hy + h

- x1)°hy
- \)5 (h h_e>
~xﬁ”@m>*5h.+hﬁ_

The final stage in the reduction of these functions
is to utilize the following recurslon formula (refer-

ence 2) obtalned by

Mo - 1

== ofy (M, @) =
ML..

where A 21 and

interpreted as zsaro.

integratlion by parts:

B 11 15 (6 1
L+ (1 - n)=Is —) - =
) ( ) 5]1 Jo(#l) M

+ 1(1 - 2\) £y

Ao (B @)

+ {1 - hf2-

wlth a negatlive subscript

(21)

1s to be

it
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The function I (M, ®) may clearly refer also to
ths foregolng g~ and h-functiona, if @ 1s replaced

by the appropriate parametsr; namely, WE for 8
and ®(l - x5) for hy. (See equations (20).) The

recursion relation {(equationn (21)) thus re d_g_o the

WKLo AUl LT UL UL wa b LWL Uil L LEE P v

varlous functlons to the singln function

.
e:

73]

/ﬂw e-1u Jo(iw‘i) du (22)

0
[F AV

fO(M’ 5) =

el

which 1ls therefore the only ilutegral needed in the
evaluaticn of the forces and moments.

The important integral in equation (22) has been
recently made the subjsct of a natkhematical investlga-

tion by Schwarz (reference ir). 3chwarz gives tables
of the values of its reel and Imaglnary parts to elght
decimal places for 0S5 S5 and for 1 S U< 10 for

conveniently small intervala, For values of T >5 not
given in Schwarz! tables, the fuaction £ may he
svaluagted by means of tre foWLowlng serles development
(reference 2):

£olM ) = o103 LQ ) L LT (w) + 13 ()] @3)
e 2%nt(2n+1) T el ]

Table I gives values of the functions f£;(N, ™)
hased on the tables of Schwarz and cn equation (23) for

r
selected values of the Kach number M = 10 2 lO 2
5 10 o' L 773

2 5 3 —-, and 5 and for varlcus apprapriate values

of w or T /e Later use 1s mads of fthe values gilven

2

in table I for obtaining tables for flutter calculations.
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EQUATICNS OF MOTION AND DETERMINANTAL EQUATION FOR
FLUIDTER CONDITION

The equatlions of motion and the border-line condil- .
tion of unstable equilibrium ylelding the flutter speed '
and frequency may be obtained exsctly as in the incom-
pressible case treated, for example, 1in reference h.

The two-dimensional treatment (infindte aspect ratio) _ . -
is reteined herein, Modificatlons due toc assumed vibra- '
tlon modes of the finlte wing may of course be introduced
a8 in current practice (for exasmple, reference 5). The
modification of the forces and moments due to ths threse- —
dimensional nature of the flow is @& mors diffloult
problem which remains to be studled.

The equilibriwm of the vertilcaul forces, of the
moments about the torsionsl axls ® = xpn, and of the

moments on tis alleron about its hinpe X = X7 ylelds
the three equations, : =

hM + asa + pSB + hCy, =P

i1

M

BIg + & [IB‘+ 2b(xl - xO>SB] + hsg + BCg

where the wvarious parameters are defined in the list of
notatlon. (See appendix.) :

In order to define the border-line condltlon of
unstable equilibrlum separating damped and undamped
oscillations, the variables h, a, and B are used
in the sinusoldal exponentilal fcrm given in equation (10),
For the desired condition, it is nocessary that the
equations (2lL) have a (nontrivial) sclubtiion for Lhe
complex amplitudes ho, Ly and :BO’ or that the

following detorminantal equation hold:

1]
I
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iich Aca Acﬁ
Bn Baa  Bap| SO (25)

Apn o Eb{3

where the complex elements of the determinan’c in
separated form are

'-QhX—LJ."l'Ll‘{'iLa

.

Q

[y
|

Aog = -Uxg + L5 + iLL|.
Acﬁ = —p:{ﬁ + L5 + 1L6 SRS S
Aah = -pxg + My o+ iMZ |
A = QgX - p,raa + M§ + iMLL

fag = -H 1%62 + 2(xq - xo)xﬁ] + Mg + ms

A‘bh: -p__zxp + Ny + iN2

Aypyg = B [I‘@a + 2(x1. - xo)xg} T+ Nz + iN)-l-

g = Qg - p,rpz + N5 + LNg e
and whers the L's, M!s and KN's are deflned by the

force and moment equations (16v), (17%), and (18')
expressed in the following fcrms:



I
1

1y = ~LipbPy2y2e 100 (%)(Ml + iMz)‘ + 00(‘%*‘ 1, ) + o (i + iMe);i >(26)

=
<™
]

Hence,

-Lob VZkESiwt!K%‘) (Ll + 112> + :ao(L‘% +—iLh) + By (15 +1Lé)§

_—}_Lpbevgkeeiwt(% (% + i) + a0 (% + 11,) * gt + iNéj

Ly + ilp

-+

iLLI-

iL6

iM?.

iM}-l-

1M6
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=i

<

‘|

e wdrs + 'j"' r
‘/“12 — l ( 2 k _l>
L —2r, + 2L S /~2 s L

1. 1 1£( 1 )]
o —— -L..t + t - ": “'Zt + - t
\.«-’.’6:12 - 1L ? k . 1 2 ke ~4

had l - i =
. |
Ll L2 L/, 21
\ﬁﬂ?—bl 3BT % TR\ e 9
| 1/ 1 21
oz - AL i N. 21
27:0 i 2r5 + 7 Ty T\ 2;["2+ k111> 2q2 + " 95

!

fall i o
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1 21
Ny + iNp = ————= {-2 + —
t e 121 ( P27 % p1>
1 Ly 21 i
= e |- + = - ~={-
N M =TS 3 T w Pe k<2P2 ¥ pl)
i = . AN

1 i~§ 21 1 21 Vi

N. + iNg = ———==j~ 85+—-s -—-K—-Zs 4+ = 3
2 " &k 2 x “1/i
5 vﬁa-l 3 .k &

The determinantal equatlon {25) with the foregoing
complex elements is equivalent %o two real simultansous
equatlions and hence may be solvsed fcr twe unknowns. In

a zlven case the ususl unknowns are the flutter aspesd v _

and the flutter freguency «w or, mcore camvenlently, the
related mondimensional psrameters X and 1/k. The
paramoter X apvears linearly and only in the majar
diagonal slements (wlth bars), waile the parameter 1,k
appears transcendentally in every element of the deter-
minsnt. Hrence an cbvious procedure though not the
simpiest for obtainlng the simultaneoas solutions of
the two equations 1s to fix values of 1/k, to solvs
for the roots of the two polynomlals In X, "to plot
graphically these roots against 1/k, and fo note the
points of interaection,

In a systematic numerical study of flutter any two
parameters may be utilized as unimowns instead of X
end 1/k, which 1s often more convenient. A discuasion
of such procedurns snd ktke use of a m=sthod of elimiratlon
for simplifyins the calculaticns 1s ziven in the
appendix of relerence G.

The application to the two-dezrese~of-fresdom subnuse
of bending-torsion flutter is treated more fully in the
following section,
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APPLICATION TO BENDING-TORSION FLUTTER

The determinantal equation in the two degrees of
freedom h and a 1is =

A A -
ch
_-CCE = 0
Aen Laa )
or | -
Qi - o+ Iy + 1L, ﬂma+1% +iqp
| = 0 (27)
~px, + My o+ 1M QX - urg® + My + 1M, _

The two equations In X obtalned by equeting the real _ .
and Imaginary parts senaratelvy tozero are L

Chﬂaxa + 5?ﬁ(nl - u) +—Qh(M3 - pf&a)}x + Cp = 0
and : _ i o - - (27

(Qglp + O )X + 0p = 0

where

Og = “{%G<M1'+'L5) '.<M3 - ”ra2>:" LiTe® = “xaé] *+Dg

and : ; e
Cr = X <V + L - M, ~ L 2] + ﬁ e

I~ Hi¥Fa\"2 Iy~ taTy I .

whsere : . o - ) ’ e
and -

Dr = L]-MLL - L}.LMl + LEMB - LBMZ . L
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For convenience in numerlcal tabulation, 1t is
desirable to introduce primed quantitles, independent
of the parameter x5, defined by the followlng relations:

N
L5 = La‘ - EXOLl
> (28)

= ! -
M M2_ 2XOL2

M, = M! - 2x, {'_(er + Igt) - 2_x:OLl]

M, =Mt 2-:sco [(M%T +I)t) = 2xgly]

In table ITI convenient expressions for the quantities
1 1 t t Y 4 )
Ly L2, L5 Lh R M1 M2 s M5 and MM are
given and tabulated together with the canbinations

Mi! + LB' and M,' + Lh" Clearly these quantitiles
depend on the function £y given in table I and hence
the tabulation 1s made for the same values of M

and 1/k (or ®). In addition, table II contains
values for the quantities Dg and Dy which, in fact,

are independent of x5 and may be expressed as

D, = M_! - M. - nolo4 RO
R L115 L3 Ml L2Mu Lh M2

and

I = 1 4 t 4 ! - !
Dp = LMy ! - I 'y L Mz Ly 'M,!

The numerical application in the case of bending-
torsion flutter has béen performed for various selected
examples., In most of the calculations the numerical
procedure was to fix values of 1/k, eliminate X, and

-,



23 5 NACA TE No, 1158

solve for the parsmeter xg. Interpolation was also

used to obtaln additional points in order to improve the
falring of some of ‘the eurves. Values of 1/k 1less

than 1 did not yield any flutter points in this
procedure. Results are shown plotted ln a number of
figures (figs, 5 to 20): howaver, before these figures

are discussed, 1t la desiraule to explaln the significance
of the parameters and the numerical values assigned to
them,

The parameter p may be cansidered to signify the
wing density and three selected ivalues %,927, 7. 85ly.,
and 15,708 in the order of 1ncreasing wing denslity have
been mainly used.in the calculations. (These values

correspond to values of .% = 5, ‘10, and 20 1n ths

notation of reference li,) Alternatively, an increase
in p may be interpretud a3 an increase 1n gltitude for
a fixed wing density. The parameter U mdy be expected
to range up to high valuss for gctual supsrsonlc wings
et high altitude. Only a few cdlculations, however,
have been made for high values Qf b (p = 78454,

L= = 100; see FTig. 18).

The vparameter h/b is the ratio of the wlng

bending frequency to the wing tcrsional frequency and
may be expected normallv to be less than unity. The
three values 0, 0,707, and 1 have been largely used 1in
the caloulabions although other values up to 2 have
also been studfed.

The parameter X, represents the position of the

elastic axis measured from the lpading eodge and the three
values O.l, 0.5, and 0.6 represent, respectively, posi-
tions at AO 50, and 60 percent thord. (These values
corresnond to values of a = «0,2, 0, and 0,2 in the
notatlon of reference [i.)

The parameter X, represents the dlstance of the .

center of gravity from the elastlc axls, For example,

= Q.2 vrepréssnts a position pf the center of gravity
1% percent of the ohord bohind thi elastio axis. T
many of the calculations X, habs been regarded as
varlable. i o '

L
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The parameter r, 2 represents the radius of gyratlion

of the wing about the elastio axls and has been ltept

fixed at the value rg= = 0.25. X R
The ordinaste in figures 5 tor20.is the nondimensional

flutter coefficient v/bw, where My 1s a convenlent

reference speed, This coefficient 1s also a function
of the Mach number M = % .and several values of M
have been employed 1In the calculations, o

In a plot of the flutter coefficient v/bw,

against M, stralight lines drawn from the orlgin at
angle O and Intersecting the curvea may be given an
Interesting interpretution (fig, 17). The slope of the
v a [} bwa
line 1s given by = or cot § = —, Thus,
cot 6 is dlrectly proportional to the product of the
chord and the' torsional freguency. The question of
whether at a given value of M the value of  bwy

which will just prevent flutter 1s glso sufficient to

prevent flutter at neighboring higher values of M 18 )
answered by the simple criterion of whether cot 5 o '
increases or decreases, In flgure 17 two typical

flutter curves are shown. In curve B the value of bw,

just necessary tec prevent flutbter at a speed corresponding
to the value of M at P, 1is insufficient to prevent

flutter gt any higher wvalue of M for which the flutter
curve 1ls below the straight line OPE. For the type of

curve A a maximum values of & occurs at the "design
critical points! Pl' The valuves of bwa just necessary

to prevent flutter at a spesd corresponding to ths
value of M at is also sufficient to prevent flutter
at all higher speeés. L
The following sallient facts may be extracted by
inspection of the figures. Flutter exists or 1s DossIble
for various ranges of the parameters but, in general,
compared with subsonic cases the ranges of the parameters
ylelding flutter are more restricted,

The chordwise position of the asrodyriamic center,
the center of the osclllating pressure, is an important
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factor in the conslderatlon of flutter, In the simple

theory the midchord is the aerodynamic center for .
M >> 1, For subsonic speeds, M << 1, the linearized
theory indlcates the quarter=chord position as the asero-
dynamig center., It should be expected that in the
transonic region near M = 1 +the aerodynamic center
may shift consildersbly. From this point of view alone
concluslions drawn from the simnle theory for the range
near M = 1 may require large modifications. The -
nature of the modifications may be roughly Iinferred by

further experimentel and theoretical study of the

behavior of center-of~presaure locatlons.

For low values q£ the ratio of bending frequency to
h _

torsional frequency 5; Z 0 the position of the center
of gravity relative to the aerodynamlc center is Important,
For center-of-gravity posltions forward of the midchord
no flutter exists, whereas for nositions behind the mid=-
chord there 1as a sharp decrease 1n the flubtter coeffi-
clent from infinity; the position of the elastic axlis
Influences the value of the flutter coefflclent in this
regio?,)gorward positions being more favorable (figs., 5(a)
to 16(a)).

W ' s
For values of et 1 the position of the center -

Vg
nf gravity relative to the elastic axls becomes of more .
Importance. For center-ofeiravity positions forward of
the elastic axls no flutter exlsts, whereas for positions
behind the elastlc axis flutter does occur, and a relative
minimum coefficient appears for center-of-gravity poasi-
tinns only slightly (a few peroent of the chord) behind
the elastic axls,
w
The Iintermsdiate case, for which 'EE = 0,707,
a

shows a blending of the effects in which the center-
of=gravity position relative both to the aerodynamle .
center and to the elastic axls is significant,

In figures 12 and 1l there are shown, for refer- -
ence, some numerical values of- w/ba, the ratioc of the

flutter frequency to the torsionsal frequency.
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The effect of the wing-density parameter py 1is
rather complicated but, in general, &n lncrease in p
vields & corresvonding increase In the flutter coeffi-
clent. For low values of /0, and for high wing

densitlies this Increase is expected to be proportional

—_ w
to +1Ai. In the resonance-like region near 52 =1

a
and for small values of x; the flutter coefficlient is
relatively unafféected by the value of p, and in this
region the structural damplng may be expected to be
particularly effective in increasing the flutter
cnefficient,

For values of ths Mach number near unity (for

example M = 10 4 value for which the validity of the

9’ - -
theory is in question), the flutter calculations becoms
difficult to plot because of the appearance of othsr
branches., In some cases (for lnstance, Xg = 0.6) the

flutter Instability appears limited to a definmite range
of speed. Calculatlions to include damping were peiformed
to verify the exilstance of the range. (The appearance
of these other branches seems to involve values of 1/k
for which the gquantity MM is negative. The condition

of negative Mh is signifioant for the one-degree- of-
freedom instability discussed in the next section. N

A plot of the flutter coeffilcient against Mach
number for two values of x, 1is shown in figure 17.

The significance of the straight linss drawn from thﬁ
orlgin has already been discusssd., The type of curve A
is representative of the effect of forward location of
the center of gravity and the type of curve B is
representative of rearward locations of the center of
gravity. PFigure 18 gives a plot of the flutter coeffi-
clent against M for various values of the wing-density
parameter | and for a rearward locatlon of the center
of gravity. The subsonlc vglues for M = 0 and

= 0.7 shown on these curves and on some of the other
fiﬂures have besrn either tagken from rasference 7 or
calculated in the manner outlined therein. The subsonic
and supersonic parts of the curves (figs. 17 and 18)

have bpeen arbitrarily joined by a dashed smooth curve'in“__



ITAN
FSW X ASEY

T
TIT ¥Mo. 1153

1-
e &

the transonic range. In fizure 19 there is given a
crods nlot of flutter ceefficient against frequency o
ratlo wy/w,, for various valuves of M, and in rig- -

ure 20 is given a similar cross plot for three values ] e
0l the elastic-axlis pararetsr Xqe

An indication of the effzct of structural dampling
in increasing the flutter spsed in a few examples nay
be cbtained from the following tsble, where ~gq

and g, &are the torstional and flexural damping coef-
10

ficients, respsctively, and whers M = 5, u = 7.55.,
-a = 0, and x, = 0.2: '
Wp /g, Zq Zh W/, v/bwy
o 0 2 0.AT73 2..38
0 .05 0 L3 2.551
0 10 0 £28 2.6€9
e 707 0 0 17T 1.255
» 707 .05 0 -TZl 1,553
707 «10 0 . 766 1.569
. 707 0 .05 .788 1,592 .
707 0 .10 .787 1,602
.707 .05 '05 |7 2 1.(:‘23
STO7 10 1.0 .78l 1.725 .

STATIC CABES - WIkG DIVERGENCE AKD ATLERON REVERSAL -

It Is of soms interest to emamine the expressions for
thoe Torces and moments in thr limit case in which the
frequancy anproaches zero. f1iera follow then for the
mean~line wing section the well-Imown statlc-case results
which may of course be obtained dlrectly without the
use of a limiting process, as originally treated by P
Ackeret, Thus, with the use of tle followin: relation
easily verified from equations (20),

im £y (m, k) = —=
k—»0 Ao+l
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thers are obtained from equations (16!) %o (18f) for
the 1ift and moments in the static case, -

-—LLBP—V—Z- a + (1 -xl);%!

1l

21

Mg = _bewe Kl - 2xg)a + (1 - x){1 + %, - 2;:0).3]

2 -

These relations for the mean-llne wing section are
now used to obtain the critiocal speeds for the statIc  °
instabilities -wilng divergence and wing-aslleron revarsal
(for wing of infinite span). At the wing divergencs
speed the effective torsional stiffness of the wing
vanishes, hence the total moment about the elastic axis
is zero. The sum of the structural restoring momsnt and
the serodynswmic twlstling mowvent is

+ QREEXE a(l - 2xo>

VIS - 1

~
G:Lla

which when equatad to zero ylelds the divergsnce speed

= bwa(M - l> 1/ xﬁr —f—i—u——

Thus, the divergence speed 13 303l cnly:for nositions
of the elastic axis behind the asrodynamic center (mid-
chord, in the simple theory). This formula obviously
should not be used for valuss of M too near unity.

For comparison 1t 1s of intereat to note the
corresponding result for the divergence speed in the
suosonic case, whers the asrodynamlc center is (approxi-~
mately) at the quarter-chord point. Thus,
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D .....

Ve, = (1 - Ma\l/l'v L

where M < about 0.7.

The alleron raversal speed 13 determined by the
condition that the change in angle of attack due towing
torsion nullifies the effuct of movemsnt of tho alleron
so as to yiseld no change in 1lift (in rolling moment, in
the case of finite wlng span). There are bwo equations
to be satisflcd for this condition: namely,

@+ {1 - z)p=0

(that 1s, L = 0) and

%2%EEI((1 - 2x6>a + <1 - x;)(l + X9 - 2x0)ﬁ] = 0 )

The alleron reversal speed,: obtained by climinatlon
of a and B, 1is : .

v. = bwa(Mg - 1)1/'L g2 —==

n Fo

VX1

Por hinse posltions aft of the midchord, the factor
l/vxl in this expression varles from 1 h to 1.0. The

sl laron reversal speed is thus relatively wnaffrctad by
the nosition of thse hinge. In general v may be cxpeched
to be lower than vp. i T

0Nm~-DEGRAFR~0W-FREEDON OSCIFLATORY IWSTABITITY

As was polnted out by ~nss3ip, the theory indicsates
the existence or g torsiaonsal Zunastabllity which may arilse
for a win., having only ons degr.é& of fr.o¢dom, This
Instabllity 1s due to the wing being negatively damped
in torsion and 18 associated with the vanishing (and
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change 'in 512n) of the torsional damping coefficient B u
(equation (26) =

Certain conslderations for the case-of slow oscilla-
tions made. by Possio (reference 1) and further Jdiseusscd by
Tomnle and Jahn serve te brling out the .maln results., -

Thus from equation (20), for slow oscillations,

1 . 2mme 1
1

A+l ME-1MN+2 0 oo

£3 (M, k)

7, = ___l___ i Z | _ . ue _. A

The condition Mﬁ<M’ xo) = 0 1s shown plotted in fig-

ure 21, where the shaded area ig_the region in which the
instability 1s vpossible (negative Mh). The maximum
ranges for the parameters x5 and M 1n this region
are X, less than 2/3 and M 1less than 2.5 (and

greater than unity).

(It may be appropriate to mention that a similar
torsional instabllity is theoretlically indlicated sven -
in the subsonic (incompressible) case for positions of
thie axis of rotation between the leasding edge and the
quarter-chord point. However, the combination of
parameters required for this indlcated instability is
practically unattalnable.)

The torsional instebility may be studied more
fully in the genersl case., It is found that the range
of instablility for ths parameters Xq and M réemsins

essentlally as in the simple case (large l/k)_ but more
infcrmation may be obtained regardinz the critical
sneed and frequency, The moment equation 1s equivalent

to Aaa = 0, or to the two equations
QX - uraa + Ma(ﬁ, x0> =

Mh(M, xo) + gL, X

|
o

1l
(=]
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where the structural dampling coefficient in torsion gg
has been introduced as in reference 6. The critical
speed and frequency mey be studied as functlons of the
parameters x5, M, 8¢ &and the product combination prg®.

Results of & few selected calculations are shown plotted
in figure 22. Since instabillitles are indicated for the
range of near-sonic values (1< M< 1.58) it would
seem that a more comprehensive investigation of thils
problem 18 very desirable.

It may be remarked that a similar enalysis for purs
bending exhlibits no instabili ty while the case of the
alleron alone does exhibit a range where such instabllity
may occur. This range for an alleron hinged at 1lts leading

edge is 1< MS 2.

Langley Memorlal Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va., May 29, 1946
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APPENDTIX
SYMBOLS
o} disturbance veloclty potential
£ time at which disturbance influence 1s felt
T time at which disturbance ia created '
T=%t - T
o) pressurs ) B
p! pressure difference
p density
v adigbatic index (for alr, « = 1.h)
v veloclty of main stream (supersonic)
c velocity of sound in undisturbed medium
M Mach number (v/c)
x coordinate measured in direction of main stroam
¥ ordinate |
Xy absclssa of axls of rotation of wing section
(elastic axis)
xq absclssa of aileron hinge
<, N absclsasa and ordinate of point of disturbance
b one-half chord

After equation (12) the quantitles =x, vy, X5 xé,
and & are employed nondimensionally and are reférre
to the chord 2b as reference length.

w(x, t) vertical velocity at position x on chord and
at time ¢
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N
Co

h vertlcal displacement of sxis of rotation
a angular displacement about axls of rotation
B angular dlsplacement of. aileron me gsured with
respect to ‘a
w angular frequency of oscillation
k reduced frequency (wb/v)
/ 2
o frequency parameter —égﬁ——
M2 - 1

I(&, x) function glven in equatiops (12) and (12!')

T (A) Bessel function of oréer |n . . o
The following additlonal symbols, emplaoyed in the

flutter equatlons, conform ta the notatlon wsed in refer-

ences ; and 6 in which ths half- chord b 1s the unilt
refersnce length.

M mass of wing per unit spah

S statlic moment of wing-alleron comblnation per
unit span referred to the elastic axls

Sﬁ statlic moment of alleron per unit span referred
to allercn hilnge

Iq moment of lnertisg of wing~alleron combination
about elastic axis ver;unit span

I moment of 1lnertia of aileron about its hinge per

e unlt span S . :

a coordinate ,o0f elastic axld measured from mid-
chord (2xp -~ 1)

c coordlnate of alleron hings axls measured from
the midchord -(2x7 - ET

Xq location of' center of gravity of wing-ailleron

system measured from elastic axis Sa/Mb;

location of center of ‘gravity in percent
total chord measured from leadina edne

1 +a+x;
1s 100 ' = 100(x +~-
2 "0

L .
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B

E]
= I

o—

o=

reduced location of ,center of gravity of ailleron
referred to ¢ Sg/Mb

radius of gyration of wing-alleron combination =

referred to =a -z
Mb2
reduced radius of gyration of aileron referred o
I.
to ¢ ——FZ'—
Mb

torsional stiffness of wing around a per unit
sSpan ' ’ ’ a

torsional stiffness of ailleron system around ¢
per unit span

a

stiffness of wing in deflection

natural angular frequencJ of torsional vibrations shaut

:} QD = 2nfy, where £,

is in cycles per second)

elastic axls

natural angular frequency of torsional vibrations

: GE
of alleron around c¢ —_—
e
natural engular frequency of wing in deflec-
%
tion " )
) wpb e .
wing density parameter, where K = Zeo_ L

is the ratio of a mass of cylinder of alr of
a dlameter equal to the chord of the wiling to
the mass of the wing, both taken for equal
length along the span; this ratio may be

expressed as K= O.Eh(bg/W)(p/bo) where W
is the welght in pounds per foot span, b 1is

in feot and p/p. 1s the ratio of air density
at altitude to tﬁat for normgl standerd air

_ M w1l
(B - 2 - I %>
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€qs BRs> Eh structurgl demping cogfficients (see refer- .
ence b6) _

Ll’LE’L3)Lu’M1’M2)M51Mu quantlties defined in table II
and by equations (26) and (28)

flutter coefflicient; that is, flubtter speed
divided by referende aspeed bW,

Ll

|9
Q
o
il
by o
Q"S
\S}
°E
N
n
[ J

[@)
o)
e
1l
=
2]
o
AR
P
R
\V]
i il

where ® _1s the angular (flutter) frequency and .

2
X = pr 2(:2>
b a w

for case of bending-torsion (Jots that in the incom-
pressible case (refersncess /i and 6) g 1s replaced
by 1/4.) -

ih ..
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TABLE I.~ VALUES OF fg(M, ©) = (fo) + i(fo)I
&fo)ﬁ = %f (%) cos u du
(fo\)I = -% fm Jo(ﬁ) sin u du
o ! -

42

- 1 — 1
] z (£0)n (fo)z 3 i (fO)R ,("'0)I
10 10
M= — M= =
9 7
20.00] 0.526| 0. 02102622 =0.111998785 || 20.00| 0,196 0,01041793 -o o L73581
10.00| 1.053] .10786366 .2127 61|} 10.00 .532 =,027900 7 976570
8.00| 1.316| .15L2339 ; 16721 || 5.00 o7 W13 30 .557 89Z2
6.00] 1.754 1759312 '27930183 5,90| 1,006 .15 gg 7 7165
«00] 2.105| .2336410 «306238 3.10| 14265| .19688319 5286
«20| 24506 .2692790 -.29526037 2.p01 1,630 32317741 | - 5391
3.20 3.289 .27020078 ?299556 | 2,00| 1,961 008 .567863 6
2.50 .211 ?a% 36757 1.60| 251 . 012790 ?g ggz 3
2.10| 5,013 . 60905 75224 7| 1.18 323 g 2
1.68] 6.266 E - 027h6 .93 172 - u13781
1.40] 7.519 .6 3gosoh - 8895719 .Z 5.028 8 1 8 -.35721
g Rt et ) T o | iR
26| Lo.88 .9 h512 .125 38 Jio| 9.80 .3 73&0 .195&28
«10|105.263] 997660 -.0h9910 «20| 15.608| 991735 gh2s
«10| 394216| 4997930 «049930
<Ol | 9B.039] 999675 -.020000
M= E M= %
20.,00] 0.278|=0.0258903). { =0,08629977 {| 20,00} 0,156} 0. 008272hz -0,07001922
10.00 «556] 0252 6gh -.2259959 10,00 312} -, 031,080 - 13&391&3
oo 1.111] .190043 «33199 5 5.00 62 .07303312 -.32L46 g
1,263 .2153922 .323 32701|| 3.10| 1.00 1570019l 915502
3 go 1.68L] .226 3569 «369221 2,50 1.250| .28500372 2%1
1.98L] .263807 2 592085 1.90| 1.6L5| .48 00601 - 6011
.ao 2.525 .5818 .51518210 1.60| 1. 53 .52329?96 - 577376 2
1,66 ﬁ.3uz 5576 .532 6al, 1.30] 2.0 g _gu 22573582
1.3k Sl Z 00823 .9% E.szu .83983 19702
1.10{ 5.051 g 855505 30 .Z 112} .892157 .552 80
.88] 6,313 g 62| 5.040 '926978 5089
-712 7.508 Lw _ - 538307 'ES 6+250[ 95132 110
o5 9.921 .9 377 =-.266032 . Lol 965855 -.205300
»281 19,841 4582907 -,138218 321 9.766) 580047 -.15791
. 39.683| 4995700 -069739 .16 19 531| 99497 -.07973
«06 | 92.593| 999200 -.025983 .08 g 062 .99873 ~.039962
0| 78.125) .599675 ~.020000
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TABLE I.- VALUES OF £0(X, %) = (fo)z + £(f); - Concluded
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- 1 - 1
@ x <f0) R <r0) T w b4 (fo) R (1‘ O) I
M=2 =5
20,00{ 0.133(=-0, 015u8798 -0 .06557016 20,00 0,104 |-0,1854996 {-0,060117 8
10,00 «2671 =,006 gz 13137 10,00 «208 | «,00207595] =.12707
5,00 5 g «007 272 -.29 15 a.oo .hlz -.12 620 .1735%
2.70 «9 .2150615 -5 5875 «20 419 -.1 51 Z - 35826002
2.10| 1. Zo 11 9770 - +65550L0 2,10 «992 | 1311225 g -.70315051
1.60! 1.667 06 -,59698731 || 1.70] 1,22 «5807235 .65532307
1,30 2.051 .7225Z -.23366358 1.20] 1.7 73 0710| =.52771202
1.10| 2.424 6 -o[;7882893 (| 1.00| 2,083 08297 -J;57.6891
.80 e333 -371721 AL 2.480 g -.394511
N .16g .92262 ~+305330 .62 +360 .95 01 -.2? 626
.Z% %.9& .9% 567 -.261128 .Zg o167 -.24i5%2
Ji2| .g 9] «967381 -e2057 ‘ %.960 0& -.206750
o361 T OZ .9359h7 -e1773 Z .5% 127 ™ -.168271
26! 10,2 987392 -el2 g «28.] T.440 .986729 -.139032
.1% tﬁ.o 8] .996329 ~-.069803 20| 10127 | .993215 -.099645
0 Uil 4999333 -+029983 «10| 20,833 | .998300 -.049960
e02|1334333] 99950 - 4010000 <06 3LeT22| 4999383 -.026983
. 002 101,167 | +999950 -.010000
=2 M 5
20,00 0.119{ 0.00671539 Lo. 75&8 20,00{ 0.110-] 0.00960890 -o. 304109
10.00 «23 .02216359 -.o 10.00 «220 .025090 o] =~ 76219
«00 176 =405520172 | =425 1&0 «00 ofi0 | =411086610 233
.80 L196| =.05938671 -.27691560 .0 5001 =.1214389 .51 8051
2.40 <9921 429706773 -65925550 2.20 *999 -5703h955. -.689565h
1.90| 1.253] .49182591 | ~.65290 é 1.80| 1,221 .53617331} -.659689
1.0 1.701| 69153899 | -.57136881 || 1.30| 1.691 .gshi- 15 553&
1.20] 1.984 36 19655 | -.5168512 {| 1.10{ 1,958 0420000 .+9025
«96] 2.80] . 99 632 .88 | 2,498 .871331 -
72 3.507 «909960 -.5 120 .66 ¢330 | 4926118 -.51665
.Eg #1051 940 gh -.28008 . «227 | «953675 -.253427
. 2.960 «959181 -.aguag . «995 .96667 -.2156005
.38 2661 970266 ~ol % ‘. .10 5760 -.177806
32| 7.440] 981697 -.15831 30| Te32 111110 -. 148727
. 9'321 «98967 =-4119238 «22 | 94990 .991525 - 109495
.12| 19, gl «997L0 -+059908 .10] 21,978 | .95982 -,019950
06| 39.6 g +999350 -+029983 061 36,630 4999367 -,029983
.02{119,0L +959950 -.010000 .021109.890| 4995950 -.010000
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TABLE II.- VALUES OF FUNOTIONS USED IN PLUTTER CALOULATIONS - Concluded
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, Vv
Y
NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS.
Figure 1.,- Machangle b . The disturbance at point (£/m) moving forward with
supersonic velocity v influences the angular region having half vertex angle N
b= sinl$,
_____ (x,7,T)
P A
(5,0,T+7

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure 2,- Influence of impulse created at point (£,0) at Hme t = T on a point
(x,y) fixed relative to (£,0) and moving with supersonic velocity v. (Observe
g_hait;;e )distu.rba.nca influences the point (x,y) only during the time interval

2 1. . . .
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Figs. 3,4 o P NACA TN No. 1158 -

Figure 8,- Sketch showing that only disturbances created forward of the Mach
angle reglon with vertex at &,, can atfect (x,y).

odge
4 Midochord
I.Q&“;_:g Aileron
x30 axts o | 2 -
l rotation
| = %o
“T_T\>\q _l - - -~ — X
| hl \\§~~
| W
I

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure 4.- Sketch illustrating the three degriees of freedom h,a, and £ of the _ R -
oscillating airfofl.
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Figure 5,- The flutter coefficient against center-of-gravity location for seversl positions of elastic axis
and for three values of the frequency ratlo. M = JéQ"' = 3,927,
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Figure 68,- The flutter coefficient against center-af-gravity location for several positions of elastic axis

and for three values of the frequency ratio. M = ]Q—O; p= 7.854.
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(b) and {c) Measured from elastic axis.

Figure 7.- The flutter coefficient against center-of-gravity location for several positions of elastic axls
and for three values of the frequency ratio. M = lgo ; B= 15.708.
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Figure 8.- The flutter coefficient against center-of~gravity location for several positions of elastic axis

and for three values of the frequency ratio. M = —];%; ¢ = 3.927.
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(b) and (¢) Measured from elastic axis,

Figure 9.- 'The flutter coefficient against center-of-gravity location for several positions of elastic axis

and for three values of the frequency ratio. M = 1,-?—; w= 7.804.
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Figure 10.~ The flutter coefficient against center-of-gravity location for several positions of elastic axis

and for three values of the frequency ratlo. M =

10

; k= 15.708.
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Figure 11.- The flutter coefficient against center-of-gravity location for several positions of elastic axis
and for three values of the frequency ratio. M = 2; 1 = 3.927.
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Figure 12.- The flutier coefficlent against center-of-gravity location for several positions of elastic axis

and for three values of the frequency ratio. M = 2; u= 7.854.
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Figure 13.- 'The flutter coefficient against center-of-gravity location for several positions of elastic axis
and for three values of the frequency ratio. M = 2;¢ = 15.708. .
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Figure 14,- Toe flutfer coefficient against center-of-gravity location for several positions of elastic axis
and for three values of the frequency raFio. M= 51 = 3.027,
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Figure 15.- The flutter coefficient against center-oi-gravity location for several positions of elastic axis
and for three values of the frequency ratio. M = §; W= 7.804,
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(a) Measured from leading edge. COMMITTEE FOR AERONAUTICS.
(b} and {¢) Measured from elastic axis.

Figure 16.- The flutter coefficient against center-of-gravity location for several positions of elastic a.x:ls

and for three values of the frequency ratio, M = b; 4 = 15.708,
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Figure 17.- The flutter coefficient against Mach number for two locations of

©
the center of gravity. Other paramseters are -1;;5 = 0,707; a = O;
b = T7.8b4. ' '
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Figure 18.- The flutter coefficient against Mach nun;ber for sev&ﬂ va.].-ues of
Wu. Other paramsters are -mw%- = 0; Xg = 0.3; & ~ 0.
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Figure 19.- The flutter coefficient against frequency ratio for several values of
M. Other parameters are a = 0; X = 0.2; p = 7.854."
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Figure 20.- The flutter coefficient aga.inst-_frequency ratio for three values of

X,. Other parameters are M = -119—; a= 0;p= 7.854,
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(n) Flutter coefficlent against axis-
af-rotaticn position for several
values of M (& = 15.708).
Note that the range of x
narrows with increase in M
and disappears at M = 1.58
and x, = 0.33.

&x

(b) Flutter coefficient against tor-
sional damping coefficient for

two values of x, M = 18-;

p = 15.708). Negative damping
values are shown dashed and
have no physical existence.

y73

(c) Flutter coefficient against wing--
density parameter r for _
several values of x, (M = JQQ).

The straight-line curve shown
corresponds to Mg = 0

(x, = 0.327).

Figure 22.- Curves for cne-degree-of-freedom torslonal instahillty.
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