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THEORETTICAL MOTIONS OF HYDROFOIL SYSTEMS

By Frederick H. Imlay
SUMMARY

Results are presented of an investigation that has been under=
taken to develop theoretical methods of treating the motions of
hydrofoil systems and to determine some of the important parameters.
Variations of parameters include three distributions of area
between the hydrofoils, two rates of change of downwash angle with
angle of attack, three depthe of fmmersion, two dihedral angles,
two rates of change of 1ift with immersion, three longitudinal
hydrofoil spacings, two radii of gyration in pitching, and various
horizontal and vertical locations of the center of gravity. Graphs
are presented to show locations of the center of gravity for stable
motion, valuves of the stability roots, and motions following the
gsudden application of a vertical force or & pitching moment to the
hydrofoil system for numerous sets of values of the parameters.

The lateral stability of tandem-hydrofoil systems is briefly
discussed, and values of the lateral stability roots are presented
for two longitudinal hydrofoil spacings and two vertical locations
of the center of gravity.

The analysis indicates that if only the longitudinal motions
of a hydrofoil system are of interest the present theory should
provide satisfactory predictions. An adequate theory for the
lateral motions, however, must treat the longitudinal and lateral
motions in combination. The conclueions based on the investigation
are that a large longitudinal spacing between the hydrofoils, a
large rate of change of lift with depth of immersion, and a horizontal
location of the center of gravity near the center of the region of
stable locations are important contributions in the attainment of
desirable characteristics for the longitudinal motion. An appendix !
glves an outline of the methods of theoretical treatment used and
presents methods used in computing the required stability derivatives.
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INTRODUCTION

The use of hydrofoils as an alternative to planing bottoms or
hulls for the support of craft operating on the surface of water has
been of interest for scme time. (See reference 1.) Guidoni
advocated the use of hydrofoils as a means of Improving the take-
off and rough-water performance of seaplanes as early as 191l.

(See reference 2.) Some of the advantages claimed for hydrofoils
over planing bottoms are e better ratio of 1ift to drag on the
water and less sensitivity to irregularities of the water surface.
In addition, if hydrofoils are used, the hull lines can be designed
to favor good aesrodynamic rather than good hydrodynamic charac-
teristics, and by retracting the hydrofoils the aerodynamic
verformance can be even further improved. In spite of the evident
adventages of these devices and the attention that they have
received, no published work is known to exist on the stability of
motion Por' systems employing hydrofoils.

The present paper deals theoretically with the behavior of a
system supported solely by hydrofoils and is a first aporoach to
the problem of developing methods of theoretical treatment for the
more general case where tlie interaction of hydrofoils, hull, and
aerodynamic surfaces have to be taken into account. The treatment
1s based on the theory of small oscillations and involves assumptions
customarily made in applying the theory. (See reference 3.)

Definlt’ons of all symbols used are listed at the beginning
of the appendix.

LONGITUDINAL MOTIONS

The longitudinal motions of a number of hypothetical hydrofoil
systems were investigated by means of calculations based on the
theoretical treatment presented in the appendix. All the computa-

tions were for systems composed of two similar hydrofolls of rectangular

-plan foxm and rectangular tipe. The hydrofoils were arranged in
tandem and had an aspect ratio of 6 and e total hydrofoil area of
0.188 square foot. (See fig. 1.) The systems were assumed to have
a mass of 0.256 slug and to operate at a velocity of 20 feet per
second in water having a density of 1.97 slugs per cubic foot. The
mass of the system wag agssumed to include all items such as structure
and additional mass effect. For systems with dihedral the hydrofoil
area, aspect ratio, and span were based on the nart of the hydrofoil
immersed during the initial undisturbed motion, althousgh unwetted
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parte of the hydrofoils were assumed to project above the water far
enouszh to ensure that the tips were never immersed during disturbed
motions. (See fig. 2.) Most of these dimensional characteristics

of the hydrofoil systems were chosen. to facilitate comparison of the
theoretical motions with the results of contemplated experimentsl tests.

Changes in the other parameters were made to determine their effects
on the stable regions, the stability roots, and the motions resulting
from disturbances.

Effect of Parameters on Stable Regions

The stable region, ac used in the present paver, indicates
pvermigsible locations of the center of gravity relative to the
hydrofoils if the longitudinal motions are to be stable. The stable
region alone, however, gives no quantitative indication of the
degree of stability. The stable region is bounded by lines that
are the loci of center-of-gravity locations for which neutrally
stable longitudinal motions cccur. The positions of the boundary
lines, and hence the size of the region, vary with changes in the
paramsters of the hydrofoil system and thus suggest variations of
the parameters that may be of practical interest for more detailed
study.

The tyve of unstable motion occurring Just outside the boundaries

has been noted for each of the stable reglons in Tigures 3 to 9;

thue, for each stable region, center-of -gravity locations bevond the
rear boundary lead to an unstable divergence, and in most cases
unstable oscillations occur for locations beyond the front boundary.
The rear boundary is always located farther to the rear of the front
hydrofoil than would be the case for a similar paleof airfolls
becanse of the additional damping introduced as a result of the
sensitivity of the hydrofoils to depth of immersion.

In addition to the selesction of a center-of-gravity location
that lies within the stable region in order to meet the requirements
for stability, certain supplementary practical factors must be
considered. TFor example, negative 1ift on either hydrofoil should
be avolded; otherwise momentary uncovering of the hydrofoil (as by

a wave trough) will be followed by nosinz-over if the rear hydrofotl @ .

is operating at negative 1lift, or nosing-up if the front hydrofoil
1s operating at negative 1ift. Furthermore, the loneitudinal
location of the center of gravity is also restricted by the maximum
positive 1lift obtainable, end may be influenced by the desirability
of operating the hydrofoils near their maximum lift-to-drag ratios.
The net effect of such restrictions is to reduce the usable part of
some of the computed stable regions shown in figures 3 to 9.
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Tn the present study, where the effects of power are neglected,
the vertical center-of-gravity location selected appears to be of
secondary importance, low locations being somewhat advantageous.
The effects of power, however, will vndoubtedly have an important
bearing on the choice of the vertical center-of~gravity location.

Distribution of area.- The effect of the distribution of area
between the two hydrofoils on the extent of the gtable region is
shown in figure 3. The plan-form arrancements assumed for the
three distributions treated are shown in figure 1. In arrangement 1
the hydrofoils were identical; in the other two arranzements the
ratic of the distribution of area was 1l:4 and the arrangements
differed only in the location of the larmer hydrofoil. All the
arrangements had the same totel hydrofoil area of 0.188 square foot.
The horizontal distance between the assumed hydrodynamic centers of
the hydrofoils for all arranzements was 10.0cy, where cj is the
chord for the arrancement with two equal hydrofoils, and the assumed
hvdrodynamic center was located at the quarter-chord noint of the
center section. All the hydrofoils were assumed to be immersed 1.0cy
at the hydrcdynamic center during the initial undisturbed motion.

Tigure 3 shows that the configuration with the smell surface
ahead (arrengement 3) gave the largest useful stable region. The
rearvard extent of the stable region for the arrangement with two
hydrofoils of equal area (arrangement 1) was considered adequete,
however, and because this arrangement permitted certain simplifica-
tions in the calculations, it was used for the rest of the work.,
The configuration having the main surface ahead (arrangement 2)
would, from theoretical considerations, be the most efflcient

© arrangement for developing 1ift but has a considersbly more limited

range of stable- center-of-gravity location than do the other
arrangeéments. - - e SR L

Rate of change of downwaéh.— In a tandem-hydrofoil system the

.dowvnward. velocity produced in the fluid by the front hydrofoil reduces

the effective angle of attack of the rear hydrofoll by the-amount of
‘the downwash angle ¢. The downvagh angle is a function of .the 1ift
onithe front hydrofoil and hence varies with angle of attack.  The

. rate of change of downwash angle with angle of attack, which is the

factor of interest from the standvoint of stability, will be represented
by the symbol ¢,. The valus of ¢ will probably be intermediate

o
, e y . _ o o{Cp)y
between zero and the theoretical ultimate maximum €, = ?EI —S———~
Sa,

but to determine the value accurately wouvld require an investigation
of downwash near s free surface. Corresvonding limiting valuves of ¢,
which are given instead of ¢, 1Iin the figures for the seke of
brevity, are zero and twice the induced angle of attack aj. In order
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to show the. inflnence of the rate of chenpge of.downvash on the:
nature of tlhie stable raglon, computations were made for thess two
extremes, znd the results for a system having two equal hydrofoils
are shown in figure 4, An increase in the varistion of downwash
with o shifte both boundaries forward without appreciably "altering
the size of the stable resion. . :

The effect of downwash for the other hydrofoil arrangements was
found to be similar to that indicated by figure 4 for the arrangement
with two equal hydrofoils.. Because there was no pronounced changs
in the size .of the stable region with change in dovmwash, the
condition of zero rate of change of downwash with a was assumed in
most of the remaining calculations. ’

The true boundaries of the stable remion for the gystem treated
in figure 4 lie somewhere within the bends defined by the boundaries
for €.=0 and € = 2wy, but accurate definition of the boundaries
requires that € be knbwn. Conservative estimates will be 'obtained,
when the value of ¢ 18 not known, if the ass'mptions are made that
€ =204 for computing the location of the rear bondary epd that
€ = 0 for the front boundary, ;

Depth of immersion.- The 1lift and drag obtained From 2 hydrofoil
depend upon the depth of immersion Zo of the hydrofoil in the water.
Because apnreciable change in the depth of immersion may occur under
normel operating conditions, computations of the stable region were
made for immersion depths of 0S¢y, 1.0c3, and l.5¢1 (See fig. 5.)
Limlts of the stable region were not altered to any important extent
by the assumed changes in the depth at which the hydrofoils cperate.

Dihedral angle.- The effect on the stable region of increasing
the dihedral angle I' of the hydrofoils from 0° to 30° 1s shown in
figure 6, Both the front and the rear boundaries of the stable’
reglon were affected by the dihedral in such a way that the increase
In dihedral increased the size of the stable region,

Increasing the dihedral angle from 0° to 30° resvlted in an
associated increasse in vertical damping. It appeared reasonable
that the improved stability obtained by changing the dihedral might
have resulted from this increased vertical damning, consequently
the effect of arbitrarily increasing the vertical damping for the
hydrofoils with a dihedral. angle of 0° was studied and the results’
are discussed in the next section. r

Rate of chonge of 1ift with lmmersion.- If the depth of immersion
of a hydrofqil is changing, the 1lift is elso ‘changing, and the rate
of change-can be expressed by the vertical-damping derivative BCL/BZ'.
It is believed that the increased stability which accompanied the
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increase in dihedral angle from 0° to 30° (discussed in the preceding
section) may have been brought about by the resulting increase in

the valuve of BCL/GZ'. Inasmuch as a further increase in dihedral
angle would decrease the value of the derivative, an explanation of
the inciease in OC/dz' when the dihedral was chenged from 0° to 30°
may be of interest.

In order to avoid the mathematical difficulties of tresating
discontinuous derivetives the assumption was made in the present
study, for the case of hydrofoils with dihedral, that a normally
inactive part of the hydrofoil extended sufficiently far above the
water surface to keep the hydrofoil from being completely immersed
at any time during disturbed motion. (See fig. 2.) As a result of
this assumption, hydrofoils with dihedral have a larger variation of
1ift with change in depth of immersion.than do hydrofoils with
0° dihedral becavse of the increased area brought into action when
the hydrofoil sinks deeper into the water. This variation in active
area becomes greater as the dihedral angle becomes smaller.

The effect on the steble remion of increasincg the value of
BCL/EZ' for each hydrofoill %o twice the value that the hydrofoils
had with 30° dihedral, but having other characteristics the same as
for O° dihedral, may be seen by comparing figures 6 and 7. Doubling
the value of BGL/BZ' shifts the rear boundary of the stable region
back considerably and produces pronounced changes in the fronw
boundary. The former boundary for unstable oscillations now hecomes
an mnstable "hump" in the region with a new front boundary ahead of
the hump. The new forward boundary renresents conditions for an
unstable divergence, but the boundary is too far ahead of the front
hydrofoil to be of any practical interest.

Longitudinal hydrofoil gpacing.- The effect on the stable
region of increasing the longitudinal spacing of the hydrofoils from
10cy to 20cq is shown in figure 8. The larger spacing results in a
very large increase in the stable region and in the replacement of
the front boundary that indicated wnstable oscillations by & new
front divergent boundary. The new front boundary is well ahead of
the front hydrofoil, which is the practical limlt of forward center-
of -gravity location.

The absence of a boundary for oscillatory instability for the
system with a spacing of 20c, suggests that the large amount of
damping in pitching for this spacing, relative to the pitching radius
of gyration Xy, might result in overdamping and thus prevent the
system from having any oscillatory motion. Calculations with Ky
reduced to give a similar relation between inertia and damping for
the small spacing of 10cy, made to check the ‘hypothesis, showed that
oscillations were still obtalned; thus, it appears that the absence
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of unstable<dscillations for the larger svacing does not signify
inability of the system to have transient oscillations,

The pronounced increase In the size of the stable region when
the longitudinal spacing of the hydrofoils is increased indicates
that a large spacing is desirable in order to minimize the effects of
wavoidable chaenges in center-of-gravity location encountered in :
practice. In a previous section entitled "Distribution of Area"

a spacing of 10cq was used in the calculations mede to study the
effects of distribution of area. If a larger svacing had been
used, it would possibly have resvlted in a sufficient gain in the
size of the stable reglon for the arrangement with the large
hydrofoil forward to make this configuration of practical value.

Radius of gyration in pitcliing.- The marked increase in
permissible horizontal center-of-gravity movement when KXy 1s
reduced is indicated in figure 9, where the stable range of
horizontal center-of-gravity location is shown for zero vertical
elevation of the center of gravity with Ky reduced to one-fourth
the valve used previously. The pronounced effects of reducing Ky
indicate that increased values of Ky, which are more likely to
be used, should receive attention because of possible adverse effects
on the characteristics of the longitudinal motions.

Effect of Parameters on Stability Roots

When the equations of motion are solved, the motion is obtained
as the sum of a series of components called modes. Stabllity roots,
which indicate the degree of stability of the various modes, can
also be obitained from the equations of motion without effecting a
complete solution of the equations. A more detailed discussion of
the significance of the stability roots is contained in the appendix
of reference 4, Information obtained from the stability roocts is
most usefvl when the relative magnitude or importance of the various
modes 1s known, because the roots then provide a clue to the nature
of the complete motion.

In the present analysis, four stability roots )\ are obtaimed
from the longitudinal equations of motion and are distinguished Dby
the subscripts 1 to 4. The nature of the roots changes with
variations in the parameters of the hydrofoil system. A typical
variation in the real parts of the roots is shown in figure 10. In
general, when the masnitudes of any two real roots become equal, the
two real roots are replaced by a conjugate pair of complex roots,
each having the same magnitude for the real part. Thus, such pairs
of complex rocts in figure 10 are indicated by a double line and an
appropriate modification of the subscript. The magnitude of the real
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part for such complex pairs of roots should be read off the plots at
the center of the double line. ' '

For every real root obtainsd from the equations of motion the
ccmplete solution will.contain an aper 'odic mocde, or component,
f the motion. ILikewise, for every pajr of Pomn“et roots the motion
will contain an oscillatory compenent. When the masnitvde of the
real part of any of the rocts passes through zsero, the motion becomes

unstable.

Horizontal center-c -of -gravity location.- Tu@ effect of changing

ths lorLzontal Tocati:

o or the ceqter v of "ravjt" on the real parts

of the stabilitv raots is ghovm in Figure 10 for a syatem of two :
equal axd*ofo¢13 with 30° Plhndrwl For center-of-gravity locations
ahesd of uh° hydrodynamic center of the front n*drofoil, two resl,
roots g md o and -a palr of complex roots: X, N exist. VWhen

the e¢shter of gr

avity is 2.16cy ahead of the front hy rdrofoll the

X3@h ‘rcots are uhgtable, which indicates thot the center of gravity

hés reached the forw

ard bounderv of the stable region. As the center
of" gravity is moved re
oscillatory component

%y

sarward, the stability slowly 3mgroveu for the

: of the motion renrosentci ty the Aa.) roots.
- Meanwhile the magnitudes of the XA; and Ap roots approsch each
other and become eaual when the center of gravity is about 1l.5¢q

behind the front nydrofoil., With .forther recrward movement of the
center of gravity the roots are coupled as two oscillaticns

repregented DY Aq.n

and M\-,.,s Vhen the center of gravity is

moved back to the vicinity of L.5cq bshind the front hydrofoil rather
rapid changes in coupling occur, which finally result-in a real
roelt A with a large amount of aumplng, a8 co mﬂl“" palr Xp_a with

moderate damping, and
center of gravity is

a real moot: Xl with'slight damping. Then the
moved, back ito-a point 5.49cy sbehind the front

e

hydrofoil, the magnitude of the .\ root becomes zero and the resr

btoundary of ths stable rcgion has been réached..

The behavior of
center of gravity 1s
by disturbances will
locaticn of the center

Pate of change of
of assuming the downw

the rools as the horizontal location of the
changed indicates that the type of motion caused
he conaiderably influenced by the longitudinal

r of gravity. §

f downwagh.- The effect on the stability roots
ash angle e to be 204 instead of zero ‘can be

geen from'a commarison of figures 10 and 11, No, pronounced change

in the roocts occurred
the pattermn of 1oot o
of-gravity: location;

obtained earlisr froem

with variation in e, except for a shift of
ounlings with respect to the horlzomntal center-
this result is consistent with indications

g study of-the influence of .¢, :on-the stable

region. Hence, for the rest. of tne‘ rork the value o e was’

assumed. to be Zero.'
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Dihedral .~ The influence on the stability roote of changing the
dihed;ginzhgle from 30° to 0° is evident when figure 10 1is compared.
with figure 12. The difference in the rate at which the Ao,
oscillation develops with rearward center-of-gravity movement for
the two dihedral angles accounts for the different appearance of
the right side of the diagram in the two figures. The most
important feature disclosed by the comparison is the improvement,
brought about by the use of dihedral, in damping of the component
of motion involving the root A)y or the complex pair K3'h'

Vertical center-of-gravity location.- Figures 13 and 1k
together with figure 10 show the effect on the stability roots of
verying the vertical center-of-gravity location from a point on a
level with the hydrofoils to a noint 10cy above the hydrofoils. As
had been indicated by the diagrsms of the stable regions, no
pronounced changes occur in the nature of the roots when the vertical
center-cf-gravity location is shifted.

Rate of change of 1ift with immersion.- The effect on the
stability roots of making the value of oCr/dz' +twice that for
30° dihedral is evident if fisure 15 is contrasted to figure 10.
Doubling the vertical-damping derivative caused marked improvement
in the X\, ) oscillation, which suggests that the similar improve-
ment in damping obtained by increasing the dihedral angle from
0° to 30° was a result of the associated increase in the value
of BCL/%)Z’ .

Effect of Parameters on Tndicial Resnonses

An indicial resvonse is the motion resvlting from a unit force
or moment suddenly applied to the hydrofoil system at zero time and
held constant thereafter. The indicial responses are of interest
because they are of the same general character as the motions
produced bv types of disturbance that are likely to be encountered
in practice.

The longitudinal equations of motion (equations (9)) involve
three variables; hence three indicial responses are necessary to
define the motion caused by any specific unit disturbance. The
three indicial responses may be conveniently represented by the
symbols ay, z'z, and 6, for the change in angle of attack,

vertical position, and angle of pitch, respectively, when the motion
18 caused by the sudden application of a unit Cy~-force to the
hydrofoil system. Similarly o, z'p, and 6, are the response
factors for a sudden unit Cyp disturbance.
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The indicial responses are functions of nondimensional time s,,
typical variations of which are shown in figure 16. The magnitude
of disturbances actually encountered, when expressed in coefficient
form, will usually be considerably less than unity; consequently, the
actuval motions experienced will be of proportionately smaller magnitude
than the indicial responses presented but will have the same type of
variation with time. Values of the indicial responses after the
disturbance has been absorbed by the system and new steady-state
equilibrium conditions have been reached are represented by short
horizontal lines at the right side of the plots. Such steady-state
values are not only new equilibrium conditions for sudden disturbances
but also represent new trim conditions after gradual changes in the
load condition, such as would result from the use of fuel.

Horizontal center-of-gravity location.- Indicial responses for
a unit Cg-disturbance applied to a svstem of two equal hydrofoils
with zero dihedral are plotted against nondimensional time in
figure 16 for several horizontal locations of the center of gravity.
Values of x; wused in figure 16 were selected to give center-of-
gravity locations covering all the types of root coupling shown in
figure 12. If the center-of-gravity locations used in figure 16
are noted on the dlagrem of the corresvonding stable region (see
fig. 3), the following points are evident:

(l) A center-of-gravity location near the front boundary of
the stable region is conducive to motions characterized by pronounced
oscillations.

{2) A more rearward location of the center of gravity reduces
the prominence of the oscillations but increases the uwltimate
deviation from the attitude that existed before the disturbance.

(3) For center-of-gravity locations near the rear houndary, no
discernible oscillation 1s noted, but very large departures from the
initial condition occur.

Comparison of the maximum deviations for the three center-of-
gravity locations of figure 16 shows that, during the interval of
time covered by the curves, the smallest amplitude of motion of the
hydrofoil system occurs for the case with the center of gravity back
35 percent of the distance 1 Ybetween the two hydrofoils. The
deviation caused by a given disturbance rapidly becomes greater as
the center of gravity is moved back of the optimum location, with the
result that for such rearward locations = very slight disturbance
would bring the hydrofoils to the surface or cause them to sink very
deep into the water. Location of the center of gravity any appreciable
distance ahead of the optimum location appears undesirable because of
the pronounced oscillatory motions involved. Such motions would
be both uncomfortable and difficult to control.
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Indicial responses for a unit Cp-disturbance, for the same
conditions as for figure 16, are plotted in figure 17. The
discussion of the effect of change in horizontal center-of-gravity
location on the indicial responses for a mit Cy~disturbance also
applies for a uvnit Cp-disturbance, with the exception that the
amplitudes of the motions are least for the most forward center-of-
gravity location considered, instead of for the middle location.
The oscillations are much more persistent, however, for the forward
location than for the middle location.

Because of the large response factors involved for either type
of disturbance, even when the best center-of-gravity location is
selected, motione for hydrofoils with no dihedral will involve large
amplitudes whenever a slight disturbance is encountered; hence, 1t
appears evident that such a type of hydrofoil will not give satis-
factory performance. This conclusion anplies only to the arrangement
investigated, where the hydrofoils always remain completely submergedy
and it shouvld not be extended to cover ladder arrangements, for which
a change in effective area with immersion depth produces effects
similar to those for vartly immersed hydrofoils with dihedral.

Dihedral angle.- The effect on the indicial responses of
increasing the dihedral angle from 0° to 30° may be obtained by &
comparison of figures 18 and 16 for a unit Cz-disturbance, and of
figures 19 and 17 for a unit Cp-disturbance. The figures indicate
that the effect on the nature of the motions of changing the
horizontal center-of-gravity location is much the same as that
indicated in the preceding parts of the present paper. Thus, the
most deslrable center-of-gravity location appears to be about 3.50¢cy
back of the front hydrofoil, as in the case for 0° dihedral angle.
At any particular horizontal location of the center of gravity the
increase in dihedral causes an appreciable reduction in the Indicial
responses. The reduced sensitivity to disturbances when the dihedral
eangle was increased from 0° to 30° may have been a result of the
corresponding increase in vertical demping. In such a case, as
mentioned in the discussion of stable regions, a further increase in
dihedral would have an effect opposite to that caused by this initial
increase in dihedral.

Rate of change of 1ift with immersion.- The effect of varying
the rate of change of 1ift with immersion on the indicial responses
for a vnit Cr-disturbance may be seen from a cemparison of
figures 16, 18, and 20, Figures 16 and 18 give the indicial responses
for hydrofoils with dihedral angles of 0° and 30°, respectively;

.whereas for figure 20 the rate of change of 1ift with immersion

is assumed to have a value twice that for hydrofoils of 30°
dihedral sngle but to have other hydrofoil characteristics the
same as for 0° dihedral angle. If the case for the center of
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gravity at 3.50c, 1s selected in each of the figures, comparison
shows the direct relation betwsen good riding characteristics and
a large value of oC /Bz . It appears, therefore, that a large
value of dC /Bz should be attained by the use of arrangements
such as hydrofoils with dihedral for which the effective area
changes with immersion depth, cxr by the use of some device that
changes the angle of attack when the height varies. Figure 21
gilves data corresponding to the data of figure 20, but with a
wnit Cy-disturbance assumed., Results for the several center-of-
gravity locations assumed in figures 20 and 21 indicate the same
influence of horizontval center-of-gravity location on the motions
as has been shown by the computations swmmarized in figure 17.

Longitudinal hydrofoll svacing.- Indicilal responses for either
a it Cp-disturbance or a unit Cp-disturbance applied to a
system of two equal hydrofoils spaced 20cj are given in figure 22.
The horizontal center-of-gravity location in figure 22 is at 0,351,
which is the same percentage of 1 that was used in figures 18
and 19, and other conditions are also the seme as for figures 18
and 19. Figure 23 gives data similar to the data of flgure 22
except that the spacing has been increased to 100c Comparison of
figures 18 19, 22, and 23 indicates that increasinﬂ the hydrofoil
spacing tends to incirease the restraint in pitching and thus
reduces the response in all degrees of freedom for pitching-moment

disturbances, and in all but vertical motions for Z-force disturbances .
The effect of increasing the hydrofoil spacing on the motions suggests

that the spacing should be as large as is practical, in order to
reduce the response to a given disturbance. Figure 24 shows the
gignificance of 10c,, 20cy, and lOOcl spacings if the hydrofoll

systems were attached to a typical flying boat.

LATERAL MOTIONS

Lateral stability for flying boats has not generally been a
gserious problem up to the present time; hence the present investiga-
tion of the lateral characteristics of hydrofoils was brief and
made chiefly to check the lateral stability of tyvical hydrofoil
arrangements assumed in much of the study of longitudinal stebility.

In the present investigation all the lateral stability
calculations were made for a hydrofoil system consisting of two
identical hydrofoils of rectangular plan form, each having
rectangular tips, 30° dihedral, and an aspect ratio of 6. The
center of gravity was assumed to have a horizontal location Q.351
behind the hydrodynamic center of the front hydrofoil. The rate
of change of downwash at the rear hydrofoil was assumed to be zero.
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The mass of the hydrofoll system was the same as that assumed for
the Investigation of longitudinsl stabllity. The study was confined
to what was considered the idealized case, where the supporting
struts have no inflvence on the characteristics of the hydrofoil
gsystem, The method of treatment for the lateral motions was similar
to that used for the longitudinal motions and is described in detail
in the appendix. :

The effects of changes in the vertical location of the center
of gravity and changes in the longitudinal spacing of the hydrofoils
on the lateral stability roots are indicated by the data of the
following table:

Z 1 ’

(chirds) oz 008 Lateral stability roots
2.5 10 -0.540% * 1.1224 | -0.472 + 0.20L41
5,0 10 -1.715 * 0.5231 | -0.242 + 0.,1011
5.0 20 -2.27h £ 11,9581 | -0.221 |-0.292

The zero root that is listed for each set of values of 21
and 1 in the table results because the system is insensitive to
heading; that is, the performance does not depend on the initial
directlon of travel. The remaining roots listed are either negative
or have negative real parts in the case of complex roots, which
indicates that all the systems investigated wers laterally stable.
Ingtability was expected in the two cases with the higher center-
of-gravity location, but apparently the stabilizing effect of the
rolling moment that 1s developed when the system 1s banked (defined
by the value of the derivative dCy/df) outweighs the effect of the
higher center-of-gravity location. Check calculations made with
3, /3¢ reduced to nearly zero but with other conditions the same

-as for the second case in the table showed pronounced lateral

instability. From the foregoing results the value of dC;/d¢

appears to have an important influence on lateral stability. The
value of this derivative 1s likely to depend on the depth of immersion
of the hydrofoils; therefore it may impose a coupling between the
longitudinal and the lateral motions and thus prevent reliable
predictions of the lateral behavior when the longitudinal motion

1s ignored. TIn contrast, none of the longitudinal derivatives

appears to be appreciably affected by lateral motions.
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The data given in the table indicate that raising the center
of gravity and increasing the longitudinal spacing of the hydrofoils
both increase the total damping in the hydrofoill system, but the
practical value of the increase in damping camnot be determined
except from a study of the response factors involved. Such a study
does not seem feagible until experimental checks are made on the
validity of certain of the assumptions made in developing the theory
for lateral motions.

SUGGESTIONS FOR FUTURE RESEARCH

The present study is based on the assumption of small
displacements. Because of the nonlinearity of many of the derivatives
involved, any appreciable departures from the assumed speed, depth of
immersion, and other factors may cause marked changes ‘in the dynamic
‘characteristics of the system. Studies of meneuvers, such as take-
offs, of hydrofoil systems may consequently require step-by-step
treatment. The development of methods of studying the combined
motions and determination of the effects of changes in forward speed,
hydrofoil loading, and moments of inertia on the motlonc also appears
desirable. For seaplenes the interaction of hydrofolls, hull, and
aerodynamic surfaces must be considered. Other factors that qhould
receive attention are the influence of the hydrofoil supports
(particularly on lateral motion), the effects of: power, and the
nature of the downwash near a free surface,

CONCLUDING REMARKS

A theoretical investigation was made of tandem hydrofoll
arrangements, based on the lifting-line theory. The conclusions
which follow apply to only the longitudinal behavior, inasmuch as
the computations made were insufficient to justify definite conclusions
regarding the lateral motions.

1. The longitudinal hydrofoil gpacing should he as large as i1s
feasible,

S P The rate of change in lift with change in depth of immersion
of the hydrofoils should be large. Dihedral appears to be
advantageous, if the hydrofoil is partly immersed, because with
dihedral there is a larger rate of change of 1ift with change in
immersion, The rate of change of 1ift with immersion will be
insufficient for hydrofolls with no dihedral wnless the area 1s
composed of several panels in a multiplane arrangement.
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3. The rear hydrofoil area should be as large as, or larger
than, the Tront hydrofoil arvea if large variations in centor-of-
gravity location are to be accommodated when the longitudimal
hydrofoil spacing is small (of the order of 10 chords). With
apprecliably larger spacings, the arrangement with the main surface
forward appears to be sufficiently stable and should be more
efficient than the other arrangements.

L. The choice of horizontal center-of-gravity locatioa should
be based on considerations of the resultant characteristice of the
longitudinal motione and the hydrofoil leading. The location should
not be ahead of the hydrodynemic center of the front hydrofoil, in
order to avoid undesirable loading. The location should be as far
ahead of the rear boundary of the stable reglon as 1s feasible
wvithout iIncurring objectionable oscilletions. The best compromise
from this latter standpoint appears to be a locetion near the center
of the stable region. For two equal hydrofoils in tandem the best
location appears to be back cbout 35 percent of the distance between
the hydrofoils,

5. If the effects of power are neglected, the vertical centor-
of-gravity location appears to be of little importance, low.locations
being somewhat advantageous.

6. A reduction in tho pitching radiue of gyration will cause
an appreciable increase in the range of horizontal center-pf-gravity
location that will be stable.

Langley Memorial Aeronautical Laboratory
Netional Advisory Committee for Aeronautics
Langley Field, Va., May 9, 1947
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APPINDIX
METHODS OF THEORETTCAT, TREATMENT
SYMBOLS

hydrodynamic center
center of gravity of hydrofoil system

rectilinear reference axeg fixed in hydrofoil
system, with origin located at center of
gravity (The X-axis is alined in the direction
of the initially undisturbed motion. The Initial
position of the Y-axis is directed horizontally
to the right. The Z-axis is directed dovmward.)

forces along X—, Y-, and Z-axes, respectively

moments about X—, Y-, and Z-axes, respectively

axis, directed vertically downward with respect
to the earth from origin located at center of
gravity of hydrofoil gystem

displacement along Z'-axis

angular digplacments of reference axes from
initial positions, radians (see fig. 25)

angles, in radiansg, giving instantaneous orientation
of reference axes with respect to path of motion
(see fig. 25)3 thus a is angle of attack
and B angle of sideslip at center of gravity

linear velocity of center of gravity

angular velocity of hydrofoil system about center
of gravity, radians per second

components of V along X~, Y-, and Z—axes,
respectively

components of Q about X-, Y-, and Z-axes,
respectively
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welght of hydrofoil system
magg of hydrofoil system

radii of gyration of hydrofoil system about
respective reference axes

density of water

subscript used to designate front hydrofoil in a
system of two hydrofoils in tandem

subscript used to designate rear hydrofoil in a
system of two hydrofoils in tandem

total projected area of immersed part of hydrofoil
system under conditions of steady undisturbed
motion

total projected area of nth hydrofoil

chord of nth hydrofoil

span of nth hydrofoil

acspect ratio of nth hydrofoil

dihedral angle of nth hydrofoil, in radians unless
gpecified otherwise

dihedral angle when angle ig same for all hydrofoils
in system

angle of attack at hydrodynamic center of nth
hydrofoil, radians

induced angle of attack at hydrodvnamic center
of front hydrcfoil, radians

downwash angle at hydrodynamic center of rear
hydrofoil, radians

rate of change of ¢ with «
rate of change of ¢ with qcl/V

angle of sideslip at hydrodynamic center of nth
hydrofoil, radians
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nondimensional rolling velocity at hydrodynsmic
center of nth hydrofoil, based on local rolling
velocity in radians per second, b,, and ¥V

nondimengional yawing velocity, with definttion

similar to that for jolo)
v/,
1ift on hydrofoil system, meagured at center of

gravity in direction perpendicular to V and
converted to coefficient form by dividing

w0l - ndl
by —e-pwV S

1ift on nth hydrofoil, measured at hydrodynanic
center of hydrofoil under consideration in
a direction parallel to CI and converted to

coefficient form by dividing by %QWVES

1ift on nth hydrofoil, measured at hydrodynamic
centor of hydrofoil under consideration in
direction perpendicular to local relative motion
and converted to coefficient form by dividing

N

bz epwV Sn

drag on nth hydrofoil, measured at hydrodynamic
center of hydrofoil under consideration in
direction parallel to local relative motion
and converted to coefficient form by dividing

1. v2a
by é—p wV bn

weight of hydrofoil system converted to coefficient
form by dividing by Lp V2s
oW

slde force on hydrofoll system, measured at
center of gravity in direction of Y-axis and
converted to coefficient form by dividing

1 2
side force on nth hydrofoil, measured at hydro—

dynsndic center of hydrofoil under consideration
in direction parallel to Y-axis and converted

to coefficient form by dividing by %pwVQSn
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%2

coefficient of Z—force, with definition similar
to that for CY

rolling moment about X-axis, converted to cosfficient
form by dividing by %QWVESbl

rolling moment at hydrodynamic center of nth hydrofoil
about axis parallel to X-axis, converted to
coefficient form by dividing by lpwvesnbn
2

pitching mement about Y—axis, converted to coefficient

form by dividing by %pWScl

coefficients of yawing moment, with definitions
similar to those for Cj; and (CZ) s respectively
n

the derivative ECLn//aggl

X-component of distance from center of gravity to
hydrodyramic center of front hydrofoil, cy—units

X—corpenent of distance from hydrodynamic center of
rear hydrofoil to center of gravity, cl—units

distance between hydrodynamic centers of the two
hydrofoils measured parallel to X-axis, cl~units

Z~component of distance from center of gravity to

hydrodyneric center of nth hvdrofoil c,—units
J 04 2 l

operating depth; distance from water surface to
hydrodynamic center of nth hydrofoil during
steady uadisturbed motion, Cph—units

operating depth when depth is same for all hydrofoils '
in gysten

parameter of nth hyvdrofoil used to determine value
of d(cy) /3 -’29)
( Y)n/ <V4.n
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Y-component of distence from hydrodynamic center
to centroid of 1ift on one panel of nth hydrofoil,
bp-units

vertical displacement of center of gravity during
disturbed motions, c¢q-units

vertical displacement of hydrodynamic center of nth
hydrofoil during disturbed motions, c,-units

masgs of hydrofoil system, %prcl-units
mass of hydrofoil system, %prbl-units
radius of gyration about Y-axis, cy-units

radii of gyration about X- and Z-axes, respectively,
bl-units

time, seconds

time, c¢q/V units (To convert nondimeneional
time into second units use t = s;cy/V. The s

time scale mey alternatively be converted into
distanc§ traversed if values of s, are multiplied
by Cl °

time, by /V units

stability root, with various numerical subscripts
used to distinguish the different roots

disturbance function; a Z-force of variable magnitude,
time history of which is indicated by form of
function (The complete description of any arbitrary
disturbance acting on the hydrofoil system may be
expressed by use of this and the additional
disturbence functions M(t), Y(t), L(t), and
N(t), with definitions similar to that for 2Z(t).)

nondimensional disturbance function, similar
to Z(t) Dbut with force expressed in coefficient
form and with time in nondimensional units
(Similar definitions apply to Cp(s,), Cy(sp),

Cl(Sb), and Cn(sb)')
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8, indiclal responses giving motions in «, z?,
and 6, respectively, caused by sudden
application of unit Cy—disturbance to
hydrofoil system

z'z,

%ps 2Ty Op indicial responses giving motions in o, 2!, and 6,
respectively, caueed by sudden application of
unit Cm—disturbanoe to hydrofoil system

kl empirical constant used to determine value
of B(CL)n/Bz7n

empirical constants used to determine value

of d(Cy), [ou,

kh’ k5 empirical constants vsed to determine value

of 3(Cp), /oy

Longitudinal Equations of Motion

The longitudinal motions of the hydrofoil gystem are referred
to the system of axes described in the list of symbols. The choice
of axes that correspond to those customarily employed in studies of
airplane stability should facilitate extension of the present hydro—
foil theory to include the effects of aerodynamic surfaces. The
equations of motion are based on the assumption that the hydrofoil
system can be replaced by a particle at its center of gravity having
a mass m and radii of gyration ky, ky, kZ about the respective

reference axes equal to those of the hydrofoil system. The analysis
is also based on the assumption that the velocities V in the
direction of motion and uv along the X-axis are constant and that
departures from the initial conditions of motion are small. The
further assumption is made that the longitudinal displacements 2!,
0, and along the Z-axis, in the plane of symmetry of the hydrofoil
system, are independent of the lateral motions involving the
displacements f, ¥, and along the Y-exis. This assumpticn yields
patisfactory theoretical predictiong of the motions of airplanes in
normal flight and appears warranted, baged on the nature of the
deviations involved, in the treatment of the longitudinal motion

 of hydrofoils. Its application to the lateral motions of hydrofoils

is made with reservations, as mentioned in the main test.
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By the use of D'Alemberts principle, the following equations
of equilibrium at the center of gravity are writbten for the forces
and moments involved in the longitudinal motions:

o %
L0 g ., SR oL . oZ 4 7(t)
ate %ﬁv oz co oa
(1)
2429 oM oM M M .
e el = + Z'CGR 4 B2 4 & - M(T
Y e oA YA % qu (t)

where 2Z(t) :and M(t) are arbitrary disturbance functions. The
cquations have the same form as the familiar equations of longitudinal
motion for an airplane, except for the addition of derivatives with
respect to Z' and 6. The equation of equilibrium involving the
X-forces is omitted because u ie assumed constant. Equations (1)

can be simplified by using w = @Z, a = %L and q = E% to give
(¢ L

S Lo M @8 M
2070 M M gag 4 e
My = - -+ Z' e 9-—- 4 e e— M £+
T 5B e " Y T a4t og (%)

If equations (2) are rewritten in a nondimensional form, the solutions
obtained will be general in character. The method used to make the
various terms of the equations nondimensionzl involves expressing all
angles in radians, all forces and momente in the standard NACA
coefficient forms

Z

Oy =
1, v2
FPVS

(3)
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C. = -—-—-———M (h')

1 2
Ep#V Scl

all lengths in terms of the chord cq of the front hydrofoil, all
times in terms of the time cl/V required for the system to traverse

the distance ¢y along the path of motion, and the mass in terms
of %prcl units. The nondimensional quantities of mass TP

time s8,, verticel displacement 2z?, and radius of gyration Ky
about the Y-axis thus bear the following relations to the
corresponding dimensionael quantities:

“’C PO . W, (5)
Lo,501
2
" ‘
8, = 6
71
zt = 2= (7)
o |
k
B & =L
- Sk (8)
- In equations (3) to (8), P, 1s the density of water and S5 1is

the total projected hydrofoil area in the hydrofoil system.

The nondimensicnal form of equaticas (2) becomes

~“~
Ay e, o,
Me SE; «.) - mégg + 2t—2 4 92 4 98 g + Cy(85)

dsg  dsg o dzt 9 45 a3l

2 oC 0 : ‘ ) f ¥

C.
bo Y2d9 = Q2 4+ 200 9 +£‘:.9.._i9m_+ Cm(sc)
ds.? da dzt 00  dsc .4°
; s ¥




2h NACA TN No. 1285

Also, from geometric considerstions,

(10)

In equations (9), Cz(sc) end Cm(sc) are functions of nondimanéional

time that describe the application of disturbing force and moment
coefficients to the hydrofoil system. The methods used to make the
terms of equations (9) nondimensionel have the advantage that the .
nondimensional egquations obtained retain the same form as the original
force equations; consequentlyr the physical significance of the non—
dimensional equationes should be more readily evident. Solutions of
motion obtained from equations (9) are likewiss nondimensional end
may be considered as proportions, applicable to all similar hydrofoil
systems, and capable of conversion to customary engineering units in
any given cage by use of the characteristic dimensions cq and V
pertinent to the specific design.

Stable regions and stability roots for the longitudinal motions
can be obtained from equations (9) in conjunction with equation (10)

by methods discussed in reference 4. The gtability equation for the
longitudinal motions has the form

aD* + bD3 + cD2 + dD + & = O (11)
Boundaries for the stable regions were obtained from the conditions
(bc — ad)d — b% = 0 (12)

for the oscillatory boundary and
e=0 (13)

for the divergence boundary. The quantities involved in equations (12)
end (13) are the coefficients of equation {11), which in turn are

functions of the factors of equations (9) and (10). Thus,

3, /0, g (éc - 3¢,
_ 90 (Xg , Xm) _ Ln g
R <$a oy il ahl i
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Equation (12) is the famillar Routh®s discriminent, but its expression
in terms of the factors in equations (9) and (10) is considered too
lengthy to be presented here.

Longitudinal Derivatives

Values must be assigned to the various partial derivatives
appearing in equations (9) before the equations can be solved. No
experimental values for the derivatives were available; hence computed
values were used. The computed derivatives were evaluated on the
basis of experimental hydrofoil data obtained from results of tests
made in the Lengley tark no. 1 at various immersions and speeds.
A discussion of the methode used to corpute the various derivatives
follows. Data pregented in conmection with the discussion are for
hydrofoils of rectangnlar plan form and tips, with en agpect
ratio of 6, and operating at a velocity of 20 feet per second.
Experimental results indicate that, for a given angle of attack,
marked changes in the 1ift and drag coefficients of hydrofoils
occur with changes in speed. The values of the derivatives would
undoubtedly be equally affected by eny pronounced change in spesd
from that assumed in the investigation.

Change in Z-force with vertical displacement of the center of
gravity“‘acz/éz‘.~ If the center of gravity moves downward, the

hydrofoils are immersed deeper in the water. Ixperimental results
indicate that an increase in the depth of immersion of a hydrofoil
is accompanied by en increase in the megnitude of the 1lift obtained.
The increase in 1lif't is proportional to, and of the same sign as,
the initial 1i1ft. Thus,

B =y (CL) (15)

Values of k; are given in figure 26 for a dihedral angle of 0°

and in figure 27 for dihedral angles of 20° end 30°., The value
of kl depends on the normal operating depth Z°n of the hydrofoil.

The discontinuities in the curves of figure 27 coincide with the
point where the tips of the hydrofoil break the surfacs. In fig-
ure 26 end subsequent figures (QL)n is based on the total area

of the hydrofoil instead of the immersed area, and Zon is

measured in chord lengths of the particular hydrofoil under
congideration.
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The value of BCZ/B;* for & complete hydrofoil system is the
negative sum of the values of BCLn/bz' for the individual hydrofoils.

The values of OC, /[dz' for the various hydrofoils are derived from
the Bgﬁ). az'n values ohtained from figures 26 or 27 by making
n

proper allowence for the different areas and chords that are used
to meke the various terms nondimensional. '

Change in Z-force with angle of attack BCZ/aa.w The value of
the derivative BCZ/Ba is the negative sum of the values
of C /Ea (that is, the slopes of the 1ift curves) for the

In
individvwal hydrofoils. As in the case of oCz/dzt, differences

in the areas used in forming the coefficients must be taken into
account when the addition i1s made. The slope of the lift curve
depends on the depth of immersion of the hydrofoil. Typical
variastions of the slope ars given in figure 28 for 0° dihedral

angle and in figure 29 for various dihedral angles. When figures 28
and 29 are used to determine the slope of the 1ift curve for the
rear hydrofoil, the valuc obtained is with respect to the local
angle of attack ap at the rear hydrofoil., In general the value

of a, 1s less then that of a (measured at the center of gravity)

by the amount of the downwash angle ¢ at the rear hydrofoil. The
glope of the lift curve for the rear hydrofoil must be corrected
for downwash to give the required slope with respect to . The
correction is applied by multiplying the slcpe obtained from
figure 28 or 29 by the factor 1 — &y, where €, has some value

in the range

<226
Al dy

F7AN

(16)

o2

In equation (16), A, is the aspect ratio of the front hydrofoil
end a(gL)l/aal ig the lift-curve slops obtained from figure 28

or 29 for the front hydrofoil.

Change in Z~force with pitch attitude BCZ/BQ.~ A change in

the pitch attitude of the hydrofoil system will’cause a differential
change in the depth of immersion of the hydrofoils. The effect on
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the Z~force may be estimated from the geometry of the system and
the data of figures 26 and 27; thus, for two tandem hydrofoils

of &gt SR L dzt, ’

Change in Z-force with pitching velocity BCZ/Bg%l.— The chief

effect of a pitching velocity about the center of gravity of the
hydrofoil system is to cause a change in local angle of attack at
each hydrofoil. The change in effective camber for the pitching
hydrofoil introduces a small additional component of vertical force.
(See reference 5.) The total effect for two hydrofoils in tandem
may be assumed to be

oc
o=, -0Cf (18)
% aQ a4y
v
where
s a(C
Cy, L -;-L)l (-x; + 0.5) (19)
i
3 ()
Gr =,S§9._:g£ia(y,2~eq+ o.5§2> (20)
q2 0112 \ 2 ;

In equations (18) and (19), G(CL) /ba2 is the lift—curve slope for
2
the rear hydrofoil, based on the local angle of attack i Xy and
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Xy are the X—components of the locations of the front and rear
hydrofoil hydrodynemlc centers from the center of gravity expressed
in terms of c¢;; end ¢ indicates the rate of change of downwagh

engle at the rear hydrofoil with change in nondimensional pitching

velocity gqcp/V. The value of €g Vill be in the range

20L
q

e - P 3 (21)
4 nAl

Change in pitching moment with vertical displacement of the

center of gravity 50m75E’.— The changés in 1ift, mentioned in the

discussion of the change in Z-force with vertical displacement of
he center of gravity, produce moment changes about the center of
gravity, the megnitude of which depend on the X--compenents of the
distances of the hydrofoil hydrodynamic centers from the center of
gravity. The drag also increases with deeper immersion of the
hydrofoils. Analysis of the data obtained in Iangley tank no. 1
indicates that the change in drag can be expressed as

B(CD)

= e (9L)n2 + kg (22)
n

Values of ké and k3 are glven in figure 30 for 0° daihedral

angle and in figure 31 for 30° dihedral angle. The drag changes
multiplied by the Z—components of the distances from the center
of gravity to the hydrofoil hydrodynamic centers give the drag
contributions to the change in pitching moment. For two hydro-—
foils in tandem

~ N } o \
E i O(CL)I x - o @L>2 sl ‘(CD)l . Se ¢ a(CD/g
Ss iR = B i s Mt g
oz S 52'1 D) Bz?g S 0z 1 ap 2 52’2
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Change in pitching moment with angle of attack J0m/d0.--
Physical congiderations lead to the expression, for two hydrofoils,

Xy 5, ) 5 (1) s 3(Cy,
P Al B L0 AP B ol O ) — st
da, S 8@1 1 S A-ca) 2 S (L)l o E
- :
W (L-¢,) |(c 15 a(CD>2 - EB(CL)Q z (24)
s ol 1L/ 20, O

where (CD)l i1s the drag coefficient of the front hydrofoil based
on the area of the front hydrofoil; (CD) is the drag coefficient
2

of the rear hydrofoil based on the area of the rear hydrofoilj
end z; and Zzy are the Z-components of the locations of the front-

and rear-hydrofoil hydrodynamic centers from the center of gravity,
expressed in terms of cq-

The slope of the drag curve for each hydrofoil must be known to
determine acm/éa from equation (24). The empirical relation

d (cD‘)_Q
dan

=k (cL)n - kg (25)

was obtalned from an analysis of the experimental data. Values
of k), and k5 varied with the depth of immersion of the

hydrofoils in the manner shown in figure 32 for 0° dihedral angle
and in figure 33 for 30° dihedral angle.

Change in pitching moment with pitch attitude BCm/be.- The

differential change in the depth of immersion of the hydrofoils
introduced by a change in the pitch attitude of the hydrofoil
gystem leads to variations in the 1ift and drag for each hydrofoil.
These variations can be translated into a variation in pitching
moment about the center of gravity by use of the geometry of the
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hydrofoil system and equations (15) and (22). For two tandem

hydrofoils

ac

I2 e e—

= it 2
BG S oz'l S C2 azfg S azfl

b Sli(ir:};xe_?gf;?ﬁlaxe;i?ﬁ%“

(26)

c
Change in pitching moment with pitching velocity BCm/%ggi.--The

only important contribution to the pltching moment produced by a
pitching velocity about the center of gravity ls that associated
with the change in 1ift on each hydrofolil as a result of the change

in local angle of attack. Thus,

Cy =_:;_a_(fle 2__9’_@@_6)5%)9](2
80y ¢ § 80 Tay g dagp
v

Iateral Equations of Motion

(27)

Equations expreseing the equilibriwms of the forces and moments
involved in the lateral motions are written on the same assumptlons

as thosge used to obtain the longitudinal equatione.
of lateral motion are

The equations




NACA TN No. 1285 31

"
P . _ :
P 5X+¢<B—-Y+w>+p-a-¥+r-a—Y-+Y(t)
at2 ov 3¢ op or
2 L A T T S
nkc, 2 8¢ - v, goL — + r=+ L(t 28
X a2 o ¢'aE pap dr (+) (28)

=v~_+¢—+p§i\r+r—+1\7(t)

vhere Y(t), L{t), and N(t) ere arbitrary disturbance functions.

Equations (28) can be simplified by using v = Ed%, B = %’r-, D= %%,
%
and r = -@- to give
dt

iy
B, gl Y, g oy WX, v
det+det_BaB+¢(a¢+w>+dtap+dtar+Y(t)
28 oL, gL, P A L. >
niky pocs Ba£3+¢§§ﬂdtap+dtar+mb) (29)
23% _ N, QN af 3 _ ay N .
mk,~ —= = Bs= + — + — 4+ == — + N(t)
Z at? OB ¢a¢ at op 4t or (

Equations (29) will next be written in a nondimensionel form similar
to thet used for the longitudinal equations. Thus, all angles will




32 NACA TN No. 1285

be expressed in radians and all forces and moments in the standard
NACA coefficient forms

N

ik 2
EQWV

Cy = —t— (31)
%QWVLS

Cp = (32)
-5 2 a3
—pwV'Sbl

Cp = i——-g—— (33)
epwV Sby

Because of the different basis for forming the moment coefficients
(cf. equation (4)) in the nondimensional lateral equations of
motion, all lengths will be expressed in terms of the span of the
front hydrofoil by, all values of time in terms of the time by/V

required for the gvstem to traverse the distance by along the
path of motion, and the mass in terms of %pWSbl units., The

nondimensional mess uy,, time s, and radii of gyration Ky

and K, +thus bear the following relations to the corresponding
dimensional quantities:

i (34)

T
e
i
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8p = =—
by /V
k
b
1
by

The nondimensional form of equations (29) becomes

d Oy ag O 9
s A C R R
% Oyl - -0 Prged - T3k
V
2 3, % |

ot S S K o

dey OB 3  ds, EDE} dsp v,

a2y Gy 1 30 o Vg 7 agre
ufy” S = pg + B 4 b 7oy * Cnleb)

dey2 og d apl, d.sba__vl

v

33

(35)
(36)

(37)

e

"; Cy(sb)

where Cy(sp), Cy(sp), end Cp(ep) are functions of nondimensional
time that can be used to define the application of any lateral

digturbance to the hydrofoil system.
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Tateral Derivatives

In order to obtein a solution from equations (38), the various
partial derivatives involved must be given numerical values. No
experimentally determined values were available for any of the
derivatives, and computed values were therefore used. ZIExperience
has shown that theoretical methods are unreliable for obtaining many
of the lateral stability derivatives of airplanes. This fact,
coupled with the additional complication of the presence of a free
surface, suggests that theoretical computations of the derivatives
for hydrofoils will be even less satisfactory. Elaborate theoretical
analyses to obtain the values of the lateral stability derivatives
of hydrofoils, therefore, appear to be unjustified until experimental
data are available for use in checking the accuracy of computed values.

For most of the lateral derivatives, the values of the
derivatives were first computed with respect to the hydrodynamic
center of the hydrofoil for motions at the hydrodynamic center; from
the geometry of the hydrofoil system tlie derivatives at the center of
gravity of the hydrofoil system for motions at the center of gravity
were obtalined. The following discussion will be mainly confined to
methods of computing the lateral derivatives at the hydrodynamic center
of the hydrofoil. Such derivatives can be readily converted to
derivatives at the center of gravity of the hydrofoil system by the
use of elementary mechanics when the geometry of the system is known.
Numerical data presented in comnection with the discussion of the
lateral derivatives were obtained from the same sources and the same
operating conditions as those used in obtaining the longitudinal
derivatives, The expressions derived are for the lateral derivatives
of an "ideal" hydrofoil system without supporting struts. The presence
of the supporting struts usuvally required will undoubtedly have a.
large influence on the values of certain of the lateral derivatives.

Change in Y-force with sideslip JCy/OB.— During sideslip the

effective angle of attack is differentially altered on each side of
the hydrofeil, which changes the 1ift on each half in such a way that
a component of gide force ig introduced. This effect is a function
of the dihedral of the hydrofoil. In addition, the direction of the
drag force is rotated to one side during sideslipping. The sum of
these effects is

S B >
o o

r,- (CD)n (39)
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where (CY) is the coefficient, based on Sp» of the Y—component
n

of force at the hydrodynamic center of the nth hydrofoil and By

is the sideslip angle at the same point., The dihedral angle of
the nth hydrofoil in radians is indicated by Fn. The value of

2L required in equation (39) can be obtained from figures 28

Oy
or 29, and the value of (pD)n is given in figure 34 for 0° dihedral

angle and in figure 35 for 30° dihedral angle.

Change in Y-force with angle of bank JdCy/0ff.~ The value of the
derivative aCY/B¢ was estimated by treating each panel separately

as a hydrofoil of which the dihedral angle, angle of attack, centroid
of 1ift, lift-curve slope, and immersed area vary with angle of bank.
The change in effective aspect ratio, which should be small for small
changes In bank angle, was neglected. The variation in dihedral angle
and immersed area with angle of bank was obtained, by graphical
methods, for banking about the center of gravity of the hydrofoil
system. The changes in lift—curve slopec and centroid of lift with
dihedral angle were obtained from figure 36. The value of a(cI) daty,

in this figure is for a lift coefficient based on the projected area
of the hydrofoil while banked, rather than on the initial proJjected
area, and with the 1ift meesured vertically regardless of the bank
attitude. The lateral displacement of the centroid of 1lift from the
Juncture of the hydrcfoil panels is given by the value of ycn in

figure 36. In order to make ycn nondimensional it lg expressed in

terme of twice the projected span of the banked panel. The new angle
of attack of the panel after a change in bank is

@ = ag cos 'y sec I (L0)

where the subscript O refers to the initial values for the hydrofoil
panel, and ' and o are the values of the dihedral angle and angle
of attack of the panel after a change in bank. (Note that I' =Ty % ¢,
where the sign depends on whether the left or right panel is involved.)
Equation (40) and the values of b(CL) D/Bcn and. Yo obtained from

figure 36 can be used to determine the magnitude and point of
application of C;, for each banked panel. The value of CY for

the banked hydrofoil 1s then determined by rules of simple mechanilcs.
The value of éCI/B¢ is obtalned graphically by plotting the values
of Cy determined for several velues of ¢ and measuring the slope
of the resulting curve.
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b
Change in Y—force with rolling velocity ch/ééil.~ An estimation

o
of the value of the derivative acy/aﬁvl. was ohtained on the

assumption that the side force would be zero for rolling of the
hydrofoil about its effective center of curvature in front elevation.
The derivative for rolling about the center section of the hydrofoil
can then be obtained by an expression of the form

20r), _, 3,

HeT TR
(L) by
n

(41)

The parameter r, is given in figure 37 for various dihedral angles.

rb
Change in Y—force with yawing velocity BCY/val.— The derivative

rb
BCY/afgl was assumed to be zero for yawing about the hydrodynamic
center of the hydrofoil.

Change in rolling moment with sideslip JC;/0B.— The differential

change in 1lift, produced on each panel ¢f a hydrofoil during sideslip,
introduces a component of rolling moment about the center section.

An additional component of rolling moment arises because.the pdéint of
application of the side force produced by sideslip lies above the
center section. The sum of these effects is

3(c d(c I
_&l_).n=y0n - I‘n+-—--n(CY) ten T (u2)

Pn oan aBn

vhere yo = is obtained from figure 36 and B(QL) /aah from figure 29.
n

Change in rolling moment with angle of bank 801/8¢.— Increments
of Cp and Cy, caused by a change in engle of bank, can be computed
by methods outlined in the discussion of JCy/df. These increments,
when multiplied by appropriate moment arms (expressed in span

lengths), are uged to obtain a plot of C; against ¢, from which
the value of 3C;/0¢ is measured.
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pb
Change in rolling moment with rolling velocity acz/afvl.-

Reference 6 gives -0.2 as an average value of the derivative

acl/aggl for a conventional airplane wing. The value for a hyvdro-

foil will probably be somewhat smaller, but in the absence of
experimental data the average value mentioned wag used for rolling
of the hydrofoil about its center section.

" \rb
Chenge in rolling moment with yawing velocity acz/o—i%.- The

average valus

200, _ ol il

a(\%‘z)n 8

wag used for the derivative aCZA}-*% Reference 6 indicates that

thig value is sultable for wings with moderate taper, and the loss
of 1ift on parts of a hydrofcil that approach the surface would
result in a similar 1ift distribution if the hydrofoil had dihedral.

Chenge in yawing moment with sideslip JC,/0B.— During sideslip

the 1ift vector for each panel of a hydrofoil remains perpendicular
to both the hydrofoil leading edge and the direction of motion.
Hence, the projection of the lift vector on the horizontal plane ~ °
rotates forward for the leading panel and rearward for the trailing
panel., he resulting couple about the hydrodynamic center of the
hydrofoil is

o (Cn)n

aBn

=-G&)n Yoq ten I (4%)

Change In yawing moment with engle of bank dC,/df.— If, during

banked motion of a hydrofoil, the centroid of drag for each panel is
assumed to have the same location as the centroid of 1ift and if the
additional assumption is made that the variation of drag with 1ift is
the same in the banked attitude as for zero bank, aCn/6¢ can be

computed by methods similar to those used for dCy/df and 3C,/d¢.
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b
Change in yawing moment with rolling velocity oC, /6%-/;1.— The

average value given in reference 6 for an elliptical distribution

b
of 1ift was used for the derivative Cp /63-—1-. Thus
v

(]

3(n)_
B(Cn)n iy (\CL)n " o e

a@%)n 16

The elliptical loading was assumed to approximate the loss in 1ift
over the tip parts of a hydrofoil with dihedral and with the tips
at the water surface.

fbl
Change in yawing moment with yawing velocity BCn /B——f‘—.- The

value

2(), (@), (16)

5@:" 8

appears to be a sultable approximation to the expression given by
Glavert for ellipticel wings (see reference 6) and hence was used in
the calculations. The selection of elliptical loading was based on

the same congiderations as for the derivative JCp, 89%1-
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Figure 21— Iporeral responses rfor unit Cn, disturbornce.,
80G, /d2" double thot for I7=303 5,=5; e=0; 1=/0.0c; Ky =0.67¢;
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Figure 22.— Indicia/ responses for wnit CZ ornd wnit Cp, disturbances.
/=30 S,=5,; €=0; 2=200¢,; z,=179¢c,; K, =667c,; z,=900¢,
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Froure 23.— Indrcial responses for urit C, ond wuri?t Cp, disturbornces.

/= 30%
x, = 35.00c,.

S €=0; 2=/000¢c,; z,=174¢c,; Ky=06067c,; 2,=500¢;




Fig. 24 NACA TN No. 1285

—"‘/Oc,.‘*

L ZOCIAJ

b
-

T

100 c/

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS -

Figure 24.- Significance of /ony/fudma/ hyc/rofo)/
spacing on a fyplca/ Flying boagt.




NACA TN No. 1285 Fig. 25

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

F/gw-e 25 -Fositive senses of axes and molions.




NACA TN No. 1285

NATIONAL ADVISORY

COMMITTEE FOR AERONAUTICS.

N
N

N
N
itesat;

G-sect oy

Yeer p&/j Secpridy




NACA TN No. 1285 Fig. 27

10 ;
I8 >
L) -
A 3k i N}
~ s HH
= i N N
(.* - i
4 i) L
l\ // n 2t 2‘,0
\N X '
5t : :
; \ A f
N A=E30" S
Y‘\K ; 1 | NATIONAL ADVISORY | |
= S e B R “COMMITTEE FOR AERONAUTICS 11—
a0 8

Aflgure A7 Karig 110/

3

i

~

/S ECr a7

[ | 200 307} ¢ 33 indhas;| VAl Tee

—




Fig. 28 » NACA TN No. 1285

— 5 ",‘z:tr, ":f" e =
Er EEneenaE *

L 79 o v
as O o 7 e
551 o BRI SRS st 2 S R e s :
: \: e
O | :
i ; | NATIONAL ADVISORY

| COMMITTEE

FOR AERONAUTICS|




Fig. 29

NACA TN No. 1285

_ _vg
& A el R s B %
4 N r/ B M.w N
! N
\WJO oo 2 e Sy fmw LN
1% 3 N Pa= Sy 7)) le f/ ffl ny. 0
il - DN
} |m m s - sé,;nn ‘ﬂU -
) m = UI.WV q ,,JﬂvuLf.
_ S & | N ,,hu/!,,w Wi
(= g
PN = e 8
- R BRSNS
. TN TN T
o m TN (J
»W 3 N h : 1
>3 m nwa fO;. /wﬂ
L O o H B
oE S = =
Q // O nﬁﬂ
- -
TSR
N A i
o ) &
1o SRty % Bt~
SN
N D B
NN .
q T KRNI
N S R
NN a uv my n
S 34
- SR
ot . IO N S 5!
™
@ a
s
N
11




NACA TN No. 1285

Fig. 30

N
ihE s i N :
ul ; RS ,nu, o W,.
,4 m) m m ! 7,_r /nm -.4 ».M |
o3 Py
v s o Ry
> & H
Qa N &4 e =2
S8 N 39 &0
3 Ll 6 - N ]
= H k ¢ N N
Z S aer )
Wli p_ A Fb—
% R WY [W =
H i M yw NI S
AN N R m B
/ He W7 S s
g4 Tg g g |
\\W\ S N } W S !
et - N xnu, e
\\\V‘\\\ AWU j:w N el i
] [N M | N S QR L] |
NEE & g9 Bt "
T ) S
t ¥ R U 1”‘ e
® D Y 4] o &R IS |
D |
e O T T T TR bR A
. . : ) Q LRI E
A e o § T
q ) S ¥ MM:.( D I O S I T . ,
D D, ® D, ) D ) ! _x :
lv\.l’w~r S Ml‘.lv , !




Fig. 31

NACA TN No. 1285

o i b HRY i
2. R %
gl
< SpaE EagE IT, MMJ ~
ma HOH R ol
- BId A RN
= dha it SN
m,, \.T W h A.N_-) =}
S ® '.321 ;. i
£, RIS S Q-+
L ¢ ER ST
,_,.kf ﬁu w o} L] _n
siia: % sas e
i SRH i N T
A g Ty ,w .,:
i i & .Wicn s
r /nV L a,w.’
Q h O
Q N DM
e i ths ~ h -t
e i O IR i M
SRR
S Q Y [ ealo
| ] .r n l” =
. il e T NN
o ®. D D D & 813
} ! : r o s
/A~ (62 2 ! A_” D e"_ N =
. i D . D o o) 0 T
1% 1 ~ﬂ I




NACA TN No. 1285

=5
It
i
y ',‘ 7
4 5 ALAD L o O VoW oY
TIGOIT7 1705 A0-0; /.Vfl'Lﬁ‘ 60,020
| a i  aats | | s
i Cr I 1Mches; V:i0 reel per
e
ey
, &
{ i { g f\ {




NACA TN No. 1285

Fig. 33

0
8
A2
y - o
AN
04
n
f» } N2
5745 Ry
S S
A : NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
O {4} Ee 1]
ﬂ> . ~# ‘-
| perating apt z
T pw 4 s UL
Llgure 33.= Voripton of (A, obd A, with z. ' for
2 AN e sl FAraicies At sl e /r'nl
rl, 7T y &1 .8 T2 "‘y 7 77 rr |~ g Ty 7 'I!
y 4m boa Vi v ,' - L ALn 1;' -t :
7 r. oot fao anNgYII V715 !77‘,;.-'6!-///1 AN762309
secion; /3=30 ; - $€GoNd.,

| A el
cheSinches ; V=20 reet pej
| i
1

' &
+
+

i
? L
|

1
7
|
T
|




NACA TN No. 1285

Fig. 34




Fig. 35

: j@_.”_.ﬂ_,_f
Frres SJ1LNYNOYIV
FEas SEEE e . AYOSIAQY TVNOILYN

404

il <o s o L o

b\

ol |
AN

NACA TN No. 1285

ELEED

TS Y ckfs
Loy

—D

S

LS

)

N

Uy

{

g

AN
= N

i
LIS




NACA TN No. 1285

Fig. 36

Q

5

v
K s r) gl
x5
o =t Q
m m )
2% 0 ;
a8 , i
5: ¥ ik
[*%)
m m reeh G e deuas
a3 4
Zx aman
o
O i i




1
!

Pig. 37

NACA TN No. 1285

!

NATIONAL ADVISORY

}

v

COMMITTEE FOR AERONAUTICS

/

7

/2

(i rials

4

Frgure




