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STMMARY

A limited number of lifting-surface-theory solutlons
for wings with chordwise loadings resulting from angle of
atteck, parabolic-arc cember, and flap deflectlion are
" now available. These solutions were studied wlth the
purpose of determining methods of extrapolating the
results in such & way that they could be used to deter-
mine lifting-surface-theory values of the aspect-ratio
corrections to the 1lift and hinge-moment parameters for
both angle-of-attack and: flap-deflection-type loading
that could be used to predict the characteristics of .
horizontal tail surfaces from section data with sufficient
accuracy for engineering purposes. Such a method was
devised for horizontael tail surfaces with full=-span
elevators. In splte of the fact that the theory involved
is rather complex, the method is simple to epply, and
may be epplied without any knowledge of liftlng-surface
the Oy o -

A comparison of experimental finite-span and section
values and of the estimated values of the 1lift and
hinge-moment parameters for three horizontal tall surfaces
was made to provide an experimental verification of the
method suggested.

INTRODUCTION

-

One of the problems for vwhich lifting-line theoxy
has proved inadequate (see reference 1) is that of esti-
mating the hinge-moment parameters of finite-span control
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surfaces from section data. In reference 1 for which
experimental data were available for three cases,
satisfactory additional aspect-ratio corrections to the
hinge moments of allerons caused by chordwise loading
due to angle of attack could be determined by means of
11 fting-surface theory.

Sinee the publication of reference 1, considerably
more section and finite-span (tail surfaces and ailerons)
hinge-moment data have become avallable, and in all cases
the slope of the hinge-moment curve against angle of
attack (measured at small angles of attack) could be
predicted with satisfactory accuracy from the section
date by means of the 1lifting-surface-theory aspect-ratio
corrections. Although the lifting-surface~theory aspect-
ratio corrections were determined from a linear theory
and thus apply only to the range of angles of attack near
zero, they are extremely valuable for defining the stick=-
force gradient for the important high-speed case and are
necessary for estimating the stiok-free stabllity
characteristics,

No lifting-surface-theory solutions were avallsable,
however, for wings with chordwise loading due to flep
deflection. In order to obtain at least one such solution,
an electromagnetic-analogy model (reference 2) of an
elliptic wing of aspect ratlio 3, with the chordwise
loading corresponding to that of a 0, %5-chord plain flap
in two-dimensional flow, was constructed and tested
(reference 3). In order to check the aspect-ratic correc-
tlons, determined from the results of the tests on the
electromagnetic-analogy model, & semispan wing of the
same plan form, same flap-chord ratio, and of the
NACA 0009 airfoll section was constructed and tested
in the Langley L~ by 6-foot vertical tunnel. The results
of these tests are reported in reference li,

As will be shown (see "Experimentel Verification")
the wind-tunnel tests provided a satisfactory check of
the 1lifting-surface~theory aspect-ratio corrections both
to the varlietion of hinge-moment coefficients with respect
to angle of attack and to flap deflection.

Iifting-surface theory sppeared to provide an accurate
method of predicting finlte~span characteristics from
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section data. It might, however, be many years before
sufficient 1lifting-surface-theory results willl be
avallable to determine the corrections for any plan

form or flap-chord ratio because so many varlables are
involved. The lifting-surface-theory aspect-ratio cor-
rections were determined for elliptic wings; however,
they apparently could also be applied to unswept wings

of other plan forms (see reference 1), even to the
rectangular wing as indicated by the data of reference 5.
That is, the hinge-moment slopes near zero angle of attack
and zero Fflap deflection were predicted satisfactorily
for the rectangular wing of aspect ratio 3 by use of
theoretical results for the elliptic wing of aspect

ratio 3.

The effect of the chord of the flap on the lifting-
surface-theory aspect-ratio corrections was still to be
determined; therefore, an electromagnetlc-analogy model
of an elliptic wing of aspect ratio 3 with elliptic
chordwise azs well as elliptic spanwise loading (approxi-
mately circular camber) (reference %) and an elliptic
wing of aspect ratio 6 simulating a steady roll were also
tested (reference 6), A study of lifting-surface-thsory
results available (elliptic wings of aspect ratio.3 with
angle-of-attack loading, 0O.5-chord-flap loading, and
parsbolic-arc camber and an elliptic wing of aspect
ratlio 6 with angle-of-attack loading and steady-roll
loading) was made and certain consistencies in the
results were observed. From these observations. the
methods of extending the results so that they would
provide lifting-surface-theory aspect-ratio corrections
of satisfactory accuracy for engineering purposes were
believed to be practical for horizontal taill surfaces
of any flap-chord ratio, of aspsct ratios from about 2
to Tsand with slmost any plan form provided that the .
dihedral, taper, and sweep are not excessive. Insufflcient
lifting-surface-theory data are available, however, to
predict the variation of hinge moments with elevator
deflections for part-span elevators,

‘ The actual method of determining 1ift and hinge-
moment parameters from sectlon data 1s presented herein
in a fairly simple form in "Application of Method."

‘The theoretical development of aspect-ratio corrections
to lift and hinge-moment parameters for elliptlc wings
with constant-percentage~-chord, full-span flaps and the
methods used to extend these corrections to other plan
forms are given in "Developmsnt of Method."
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A comparison of. the avallsble experimental finite-
span and sectlon values and of the estimated wvalues of -
1ift and hinge-moment parameters is made for three hori-
zontal tall surfaces and 1ls presented in the section
"Experimental Verification."

SYMBOLS
Secti 1ift
CL sectlion 1lift coefficlent . sotoon )
CL tall 1ift coefficient <f ’>
Cy secktlon hinge-moment coefficlent
Sectlon hinge moment
qe 2
i ®
Ch elevator hinge-moment coefficlent nsi ZoTmen
qceab
e
q dynamlc pressure <%pv%>
p mass density of alr, slugs per cubic foot
a angle of attack, degrees
Co angle of attack. for two-dimensional flow,
degrees
Gy effective angle of abttack, degrees
ay induced angle of attack, dégrees
B ratio of maximum ordinate ofa thin parabolic-
arc alrfoll to its semichord “max
c/
By induced parsbolic-arc camber
z ordinate of thin parsbolic-arc airfoil
o} elevator deflection, degrees
8y tab deflection, degrees
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aspect ratio (b2/8)

taper ratio Tip chord
Root chordg

span of horlzontal tail . o
span of elevator

chord of horizontal tsail

chord of horizontal tall at center section

chord of elevator

root-mean-square chord of elsvator

chordwise distance from leading edge

spanwise distance from plane of symmetry

area

center-of=pressure ccefficlent, location of center
of pressure as a function of the chord

11ft coefficlent, resulting from a unit angle-
of-attack deflection Aa over part of the
tall span .

Mach number : e
hinge-moment factor for theoretical load caused
by streamline-curvature correction (refer-
ence 6) '
internal balance factor (ratio of pressure
difference across seal to pressure differ-
ence across vents)
experimentally determined reduction factor
for F to include the effects of viscosity
(reference 6)

functions to express variation of induced _
streamline curvature with flap-chord ratio

constants

Jonss edge-velocity correction factor for 1lift
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a increment - -
4 trailing-edge angle, degrees '
w vertical component of induced velocity
L vertical component of Induced veloclty resulting

from tralling vortices } _
v free~-stream veloclity
Thex circulation around tall center section
a, section 1ift-curve slope
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< >a: ﬁsﬁt
N
b @,6,54

C —
e = (52)
0C/ 8,848,

bch>

Ch =

(6]

G, l3:
CL

b ot Q,8,0

The subscripts outside the pearenthesls indicate the
factors held constant in determining the parameter.

i

(écL/aa) a3 PBy0t
(bcL/éO’.)a’B,bt

Lifting-surface-theory paremeters determined from
lifting-surface-theory sclutions of elliptic wings with
two-dimensional chordwise loadings (these parameters
are discussed when they appear in the report):

a
c—i induced angle of attack at the 0.5-chord line
2 per unit section 1lift coefficient 5
< max x/c—O 5
ACLSC
o7 induced streamline-curvature 1ift coefficlent

per unit sectlon llft coefficlent

%J;l'“()() (03 "7‘>
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AChSC : 5
induced streamline-curvature hinge-moment
cy, coefficlent pei gngt section lift—coefflcient
Py 3 m)
(co/c)e AM o > (b/2)>
Subscripts:
LL lifting-1line theory
LS lifting=-surface theory -
av average
max maximum
£, & flap-type chordwlss ioading
b balance
a angle-of-attack-type chordwise loading
SC streamline curvature
g parabolic-arc camber chordwise loading
e elevator or effective
t tab
ell . elliptic
2 determined from two—dimensional loading
condition

A.P PLICATION OF METHOD
GENERAL METHOD -

The section 1ift parameters (cz c1gs and
consequently (a5)01) and section hlnge -moment parameters

(Cha and Ch ) are assumed available for the airfoll
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sections and flap arraengement of the horizontal tall at
the Reynolds number, Mach number, and turbulence condi-
tlons of the finite-span-horizontel tall. The method
accounts for first-order compressibility effects,
provided that the sectlion values of the 1ift and hinge-
moment parameters are determined at the proper value

of Mach number.

LIFT

The Paremeter CLa

The slope of the curve of 1lift coefficient plotted
against angle of attack at small angles of attack may
be found from figure 1. The 8lope CLa 1s glven as a

function of the aspect ratio A and the élope of the
sectlon 1ift curve cy,.

Effectlveness parameter (ab)CL

The value of the finlte-span effectiveness
parameter (95)CL ls found from the section values <96>°Z

in two steps (from figs. 2 and 3) if the horizontal tail
does not have constant-percentage-chord elevators,- The
effectiveness of elevators that have variable valus of
the section effectiveness parameter ?95)01 is found by a

Cr/Aa

'(cL/Aa' e

presented in figure 2 gs indlcated by the following
formula:

mechanical integratlon of the parameter

1.0 CL/Aa_

(ony = | oo i

0]

(1)

The wvalues of (aa)c are plotted against the wvalue
12

Cy/Aa
of L/ for all points — along the elevator
(e/00) o/ |
max

span. The area under the curve 1is equal to (GO)CLLL.
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If (05) has a constant value along the elevator
span \ "/ Cp

(aﬁ) CrLry, (%) ey

The corrected lifting-surface-theory value of_(a5)CL

1s estimated from figure 3. The procedure 1s to estimate
the average value of ce/c over the elevator span and

a
determine the value of j;ElQL from figure %3, This
(aﬁ)cl Ls
ratio is multiplied by the value of i(ag)CL determined
LL

from the curves of figure 2 or by the section value (aﬁ)cz
ir as = (ag .
( )CLLL ( )CZ,

The Parameter CL6

The slope CL6 of the curve of 1li1ft coefficient

plotted againat elevator deflection for small values of
elevator deflection is equal to the product of Cr,

and (aé)CL, which were found previously; that 1is,
HINGE MOMENTS
The Parameter Ghd

The slope Cn, of the curve of hinge-moment coeffi-

clent plotted against angle of attack at. small angles of
attack may be found with satisfactory accuracy from the
following equation:

“hg = (cha)aval i -&:\)LS * (20 g o

L]

o
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In fi%ure li are presented values of the parameter
(as /56 c
1 —_—, The values of this psarameter for ?? = 1,0
(GQ)GL

are equal to Qai/é)LS since a tail surface at an angle

of attack @ may be consldered a tail surface with a
full-chord flap having a deflection &,

Values of (ACha> s oFe equa.'é to values of (Aché) st

and 15 is equal to cLa when :? = 1.0. Thess values

may be found from figures 5, 6, and 7. In figure 5 are _
presented wvalues of the parasmeter o - -

(Ac) -&e—{f—- -M2+)+21)\/§
has

as a function of A(p l/cL;} Values of the aspect-

ratlio factor are given in
A(AV‘I - M2 + u.21) VI - M2 S
figure 6 and values of ———;TF? for elevators with plain
c./c -
e

(cp, = 0) and exposed-overhang balance cy 1in figure T(a).

If an internally balanced elevator is used figure T(b)
and the estimated balance factor B, which i1s one minus
the seal leakage ratio, should be used, The

average value of ce/c is used if this factor varies

across the elevator span. The value 11 =1 - O.OOO%ZZ.

If the values of chCI for the various sectlons

across the span do not vary from the mean vdlue more than

about 10 percent and the taper ratio of the tail surface

1s about 0.5, it will usually be satisfactory to estimate

(cha)av without making an actual spanwise Integhation.
a

If the values of Ch, Vary more than about 10 percent,
1t will be necessary to make an integration to obtain

answers which are sufficiently correct. The following
Iintegral is then used to evaluate

c
.ha avg
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b, /o .

1 e <ae D . 5 <y)
hgCe” d{—503 Ly

2 Te® .j; \Pell/Lg a-_e o/

" be
u S——
b

a
Values of < el> are glven in figure 8.
a
e
°1l/1s

The Parameter Ghﬁ

(cha.) av

The slope Ch6 of the curve of hinge-moment coeffi-

cient plotted against elevator deflectlion at small vealues
of elevator deflection may be found with satlsfactory
accuracy from the following equation:

a
%ns = (ch5> av <—5£>LS (cha) avs * (Achﬁ) 30 (

where wvalues of Ch ) may be averaged by eye 1if cp

)

Ul

varies only a small smount or by the following equation
if it varies consldersgbly

1 Do /0

__1 2 o (L 6
(ch5>av be_. o ®hg e b/2> ()
257 do

The induced-angle~of-attack parameter (gxi/ﬁ)LS may

be determined from filgure l. for the average value
off cg/Ce

The following integral i1s used for the evaluatlon

hq, avg
be/b /a ' |
S © 1 2 g/ X (7)
Chq = > hele 9 ) 7
( )av5 %?‘392 »[) Qiell Lo \b/?

of
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Values of the parameter (ai/aiell)LL may be determined

from figure 9, Values of the streamline-curvature
correction (Ach@)*c may be determined from flgures 5,
D

6, and 7 by use of an average value of ce/b over the
elevabor span,

The Parameter Ch5
t

The aspect-ratio corrections for partial-span tabs
are usually smaller than for full-span tabs. An
analytlical method of calculating the corrections is
not availlsble but, according to the data presented in
reference T, an average reduction factor of 0.90 is
satisfactory; that 1is

be

_ _0.90 o
“ne. 5, 2 |p
L2 |.2e

v/2 ° b

2 gf—L-
®hspe” U5 (8)

where the integration need be made only across the span
of the tab, -

For full-span tabs the aspect-ratio correction is
a little larger and may be computed more accurately by
uss of the following approximation. The same reduction
in the value of Chg caused by aspect ratio (last

two terms of equation (5)) may be assumed to apply to
chﬁt provided that it 1s multiplled by the ratio of

the tab-1ift effectiveness (aﬁt)c to the elevator-
1
1ift effectiveness (“?)c . Thus,
1

. 1
Chst - (Ch5t>av ) -<5> LS (Cha)ava ’ (ACh5> SC (9)

(¢,

13
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whe re

L), ey * (o)

was determined for the calculation of Ch5 and

e
Vs ——
1 b 2 gfX.
c = Chx C.< @ (10)
( hat)av be _a 2 b 5t 8 b/2
b/2 8 -;9'

DEVELOPMENT OF METHOD
AVATLABLE LIFTING-SURFACE~-THEORY RESULTS
Anglytlc Solutions

A complete analytlic solution of the elligtic wling
.has been obtained and presented in reference 8. The
mathematical methods used were, however, extremely
difficult and it does not seem to be practicable to
obtain any numerical answers from thls treatment—except
for the theoretical slope of the 1ift curve. The
numerical values of the theoretical llft-curve slope of
elliptic wings as given in reference 8 are presented in
figure 10 (a section liftecurve slope of 2% per radian
is used),

Robert T, Jones presented a theoretical correction,
in reference 9, usually called the Jones edge-velocity
correction, for the 1ift of elliptic wings at an angle
of attack. The lift~curve slope obtained by applying
the edge-veloclty correction is given in figure 10,
Jones has also obtalned (unpublished) sn edge-velocity
correction for the damping-in-raoll of elliptic wings.

Although the Jones edge-velocity correction gives
only about twoesthirds of the total theoretical correc-
tion to the slope of the 1ift curve (fig. 10) or to the
damping~in-roll (reference 6), 1t has several very
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practical uses becguse it is given by such an extremely

simple formula, First, it may be used to calculate the -
downwesh at the 0.5-chord polnts of the wing. Because

the downwash at the 0.,5-chord points gives the amount of

1ift load which has an angle-of-attack type of chordwlse

load distribution (references 6 and 10), this fact is

especially valuable in estimating finlte-span hinge-

moment characteristics from section data., Secondly,

. the same formula that 1s used to apply the edge~veloclty

correction may be used as a reasonable basls of extrapo=

lating other lifting-surface-theory results obtained for

only one or two aspect ratios by use of the concept of

an effective edge~velocity correction factor. (See
reference 6.) ' ' ;

Some studies have been made of the possibility of
using a finlte number of "horseshoe" vortices to represent
the actual continuous loading over the wing. Fallmer
has developed (reference 1ll) a procedure for laying out
the horseshoe vortices and has ‘selected what he conslders
to be the most representative points for computing the
downwash for that layout of vortlces for wings at an
angle of attack or with continuous camber,.

Studies with the electromagnetic-analogy method of
making lifting-surface-theory calculations (described
1in reference 2) have indicated that the vortices used to
represent the continuous loading must be layed out very
- carefully in order to obtain the correct downwash,
especially for arrangements with spanwlise or chordwlse
discontinuities. Also, Falkner has two layouts only A
slightly different near the tip but which give very
different values of the downwashe, Thus it is believed
that the results of any method using a finite number of
horseshoe vortlices must be examlined with care.

Falkner!s layout appears to give fairly satisfactory
accuracy for the calculation of the lift-curve slope for _
cases of rather smooth loading. This layout, however,
would probably be unsatisfactory for use for wings with,

Flaps or allerons deflected; at least this case would

requlire a different layout of the horseshoe vortices

and, therefore, different tables for use in thse calcula-

tions. Also, the calculation of hinge-moment aspsct- L

ratio corrections is considerably more critical than the -
calculation of the lift-curve slope. Falkner's results

for the lift-curve slope are also presented in figure 10,

“
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Semigraphlcal Solutions

Reference 12 presents a semigraphlical method of
determining the downwash for any continuous distribution
of vortices in a vplane such as a lifting surface. Some
of the results obtained by this method are summarized
in figure 11, '

Electromagnetic-Analogy Solutlons

The electromagnetic-analogy method of solving
lifting-surface-theory problems (refasrence 2) has been
used to solve several cases (references 2, 3, 6, and
unpublished)., A summary of some of these results 1s
gilven in figure 11, ' o

METHODS OF EXTENDING RESULTS: OF AVAILAELE
LIFTING-SURFACE-THEORY SOLUTIONS

Extending the limited number of 1lifting-surface~
theory solutions, previously described, to apply to
other aspect ratios and chord loadings required addi-
tional assumptions that would permit the evaluatlion of
the various lifting-surface-theory parameters necessary
for the evaluation of aspect-ratio corrections for
elliptic wings with constant-percentage-chord full-span
flaps., These assumptlons are believed to be satlsfactory-
according to present knowledge; however, they will
undoubtedly be modified to some extent as additional
lifting-surface-theory resulis bscome avallable.

The induced downwash at the 0,5 chord line, deter-
mined by lifting-surface-theory methods for elllptic
wings of aspect ratios 3% and 6 with angle=~-of-attack-
type chordwise loading, agrees with the downwash of
elliptic wings computed by the use of the Jones edge-
veloclity correction factor E (reference 9)., The edge-
velocity correction factor may be used to estimate the
downwash at the 0.5 chord line of elliptlic wings. The
relation for an elliptic wing of aspect ratlio A with
angle~of-attack-type chordwlse loading may be shown to
be : :
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wo \ - A, L
2r 8 L 8

max

The: first of the right-hand terms A/8 represents the
downwash induced by the bound (1ift) vorticlty and the
last two terms represent that induced by the tralling
vortices.

The center-of-pressure coefficient. Cp is assumed

to be the most important parameter with regard to the
effects of chordwise loadling. The lifting-surface-
theory solution of reference 3 for an elliptic wing with
parsbolic-arc-camber chordwise loadlng may be then
regarded as a solution for a wing with a chordwise
loading corresponding to that of a plain flap of
vanishingly small chord in two-dimensional flow since
both have the same center-of-pressure location.

Lifting-surface-theory measurements for elliptic
wings of aspect ratio 3 with various chordwise loadings
show that the downwash induced at the 0.5 chord line
by the trailing vortices is a linear function of the
center~of-pressure coefficient. - (See fig. 11(b).) For
en elliptic wing of aspect ratio A wlth a chordwise
loading having a center-of-pressure coeffilcient OC_,

the downwash st the 0.5 chord line induced by the
trailing vortices 1s therefore assumed to be glven by

Wi 1 A(E - 1)
= E + {;—- ](2 - th)

2r 8
max
w AT ) a
Since a4 = ¥ and cy = ———EEE, the parameter e
v 2Vb cy
is then '
a
—g'-=-]-'—EL+A(E-l)(1 - 2C )] (11)
¢y AT b

17
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Streamline-curvature corrections for 1ift and hinge

moment have been developed in referances 6 and 10,

The corrections are obtained by swming, across the wing,
b(Wb/zr'max)
the parameter (a2 measure of the paravolic-
d{x/c)

arc camber (reference 3)) times the chord ratio c¢/cg

for

the 1ift correction or times the chord ratlo

squared (c/cs)2 for the hinge-momsnt corrgction.

These streamline-curvature functions are assumed to

vary with aspect ratio in the followlng manner for any
chordwise loading:

1.0 "
5<Wb/2*max)_c_:_d v\ _ Ky,
0 d(x/c) cg (;/%) A+ ¥y

l'%(wb/gr'max) N2 sy Ky
0 d(x/c) (;;) d(é/?) T A+ K>

where Ki and Kﬁ are functions oﬁ the chord loading.

Then

and

By u
Ky

AG
bse . 8 K

= 2 D 12
cy, AT A + Ki' (12)
Ach 7. '
0 2 i (13)
c, (ce/c)= AT A + Kp

se of the avallable lifting-surface-theory datasa,
and K, were evaluated as 5,69 ‘and l1.21, respectively.

list J' I

|
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Values of the functlons Kj and Kﬁ are plotted in
figure 12 against elevator-chord ratio cg/c.

As in reference 6, the concept of an effective
edge-~velocity correction was used to extend the 1lifting-
surface~theory results for the slopes of the 1lift-
curves Cr, and Opg. The formula used to evaluate Eg,

which 1s used for calculating CLa in reference 6, 1s
Ee = 1Le65(E - 1) + 1

Similarly, the effective edge~veloclty correction Eef

for elliptic wings with full-span constant-percentage-
chord flaps is

Fop = K(Eg =~ 1) + 1 (1)

where K 1s a function of only the flap-chord ratio.

FORMULAS TUSED TO CALCULATE ASPECT-RATIO CORRECTIONS

Genergl Dlscussion

For ths problem of predicting the characteristics
of finlte-span control surfaces, 1t 1s preferable to
determine the lifting-surface-~theory solution in the form
of correctlons to the simpler 1lifting-line theory rather
than to make complete analytlc potentigl-flow solutions
such as were obtained in reference 8., The maln effects
of viscosity can then be included by basing the finite-
span estimatlions upon experimentally determined section
data; this method 1s especilally necessary for hinge-moment
estimations, Thus, the only lifting-surface solutions
that may be used for aspect-ratio corrections for hinge-
moment estimations are those solutions for which the
shape of the surface required to support a glven 1lift
distribution was determined., Corrections to the given
1ift distribution may then be determined by calculating
the incremental 1ift distribution given by a surface
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equal_to the difference between the assumed surface and
the calculated surface required to support the original
glven 11ift distribution. The changes in hinge-moment
resulting from this incremental 1ift distribution can
then be determined.

Formulas for determining these corrections to the
span load distributions. and rolling=- and hinge-moment
characteristics have been developed in connection with
jet=boundary-correctlon problems (reference 10).

These formulas are bssed on the assumption that the
difference bstween the two surfaces 1s sequivalent, at
each section, to an increment—of angle of attack plus an
increment of pargbolic-arc camber. The data of refer-
ences 2 and 3 show that such assumptions are Justified
since the chordwise distribution of downwash 1s approxi-
mately linear. These formulas are based on thin airfoil
theory and thus do not consider the effects of viscoslty,
wing thickness, or compressibility. -

Viscosity.~ The complete additional aspect-ratic
correction consists of two parts., The main part results
from the streamline curvature or induced paragbolic-arc
canmber and the other part results from an additional
increment of induced angle of attack (the angle at the

0.5¢c point) not determined by lifting-line theory. The
sscond part of the correction is normally small, 5 to

10 percent of the first part of the corroction. Some
expverimental data—indicate that the effects of viscosity
and wing thickness are to reduce the theoretical streamilrs-
curvature correction by about 10 percent for airfolls

with small trailing~edge angles, Thus, essentially the
same final answer. 1s obtained whether the corrections are
applied in two parts (as should be done, strictly spesking)
or whether they are applied in one part but using the

full theoretical value of the streamline-curvature correc-
tion. The added simplicity of using a single correction
rather than applylng it in two parts led to the use of

the method .of application of reference 1,

The use of the single correction worked very well
for the ailerons of reference 1, which were allerons
with small trailing-edge angles. In ths present report
1t-is desired to determine the proper aspsct-ratio cor-
rections for tall surfaces wilith beveled trailing edges.
For these cases, for which viscous effects may be much
more prongunced, the reduction in the theoretical
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streamline-curvature correction may be considerably more
than 10 percent., Also 1t may be easlily seen that when
Cha is positive, the effects of the reduction in the

streamline-curvature correction and the additional down=-
wash at the 0.5¢ point are addlitive rather than com- .
pensating. Although at present there are insufficlent
data to determine accurately the magnlitude of the reduc-
tion in the streamline-curvature correction for beveled
allerons, the simplification of applylng aspect-ratio
corrections in a single step does not appear allowable
for beveled allerons. The corrections will, therefore,
be determined in two separate parts in.order to keep
them perfectly general; one, a streamlins~curvature
correction and the'other, an angle~of-attack correction.
An examingtion of the experimental data available at
present indicates that more nearly accurate values of
the hinge moment resulting from streamline curvature are
obtained by multiplying the theoretical values by an
empirical factog 71, which is very nearly equal '
to 1 = 0,00058<, being the trailing-edge anzle in

degrees; however, this factor will doubtless be modified'

when further experimental data are availlsable.

Compressibillity.~ The effects of compressibility
upon tne additlional aspect-ratio corrections were not
considered in reference l, Flrst-order compressibility

~effects can be accounted for by application of the -
Prandtl-Glauert rule to lifting-surface-theory results
(reference 13)e Thils method consists in determining the
incompressible flow characteristics of an equivalent

wing whose chords are increased by the ratio l/' - M
where M 1s the ratio of the free-stream velocity

to the velocity of sound, Because approximate methods
of extrapolating the estimated 1ift and hinge-moment
parameters to wings of any aspect ratio will be deter-
mined, the only estimations necessary are those of the:
hinge-moment and damping parameters corresponding to an
equlvalent wing of which the aspect ratio 1s decreased

by the ratio 11 - M2. The estimated parameters for
the equlvalent wing are then increased by the ratio

1A - M2,

In most cases the changes in the aspect ratio and
in the 1ift and hinge-moment parameters obtained by
applying the ratios of vi - M2 can be shown to be

simply equivalent to the changes obtained by using a

21
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value of the section slope of the 1ift curve at the proper
Mach "nmmber. The compressibility corrections were applled
in this fashion; that 1s, by assuming that the section
slope of the 1l1ft curve was experimentally determined

at the proper value of Mach number in all cases except

the case of the aspect-ratio extrapolation factor for
streamline -curvature load. (See figs., 5 and 6.)

General Lifting-Surface-~Theory Formulas for the
Determination of Aerodynamic Characteristics
of Elliptic Wings from Sectlon Data

In the present sectlon general lifting-surface-
theory formulas for determining the asrodynamic charac-
teristics of elliptiec wings from section data are developed.
In the section entitled "Extenslon of Formulas to Other
Aspect Ratlos and Plan Forms" methods of extending these
results to apply to wings other than elliptic ahd furthor
detalls of the methods of extendling the results to other
aspect ratlos are presented,

Slope of 1ift curve CL&'- In order to support, in

three-dimensional flow, the load which would exlst on an
elliptcic wing with full-span flap of constant-percentage
chord 1f the flow were two-dimensional the wing, 1in
addltion to the flap deflection, must be gilven an
induced angle of attack a3 and an induced parabolic-arc
camber PBie. The induced angle of attack a; 1s constant

across the span, but the induced camber 1ls not, If 1t
1s assumed that a value of 3 welighted in proportion to

the chord can be used wilith the slope CLB to give the
camber 1lift,

Cin = C + Ei C + Ei C

In order to calculate the charucteristics of finlte-
span wings from sectlon data the induced angle of attack
and the induced camber per unit flap deflection for the
three~dimensional lifting-surface load must be known,

The finite=span lift-curve slope CL5 is then
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Because an averasge value of {4 1s to be used with
theoretical values of c¢3,, 1%t is convenient to write

the last term of equation (15) as (ACLé) « Egqua-
SC
tion (15) may then be written,

Gi>
Cs = ¢35 = \—=—] c1, - (ACy ) (16)
6 5 6/1s3 © oz sC

The induced loads (ai/ﬁ)LSCZa and (ACLG) are
SC

considered as positive quantities and the negatlve signs
account for the fact they actually are downward loads,

The induced angle of attack for the lifting-surface
loed is a functlon of the two-dimensional flap
load 6015, the induced (negative) angle-of-attack

load G1raCy s and the induced (negative) camber
load ﬁiLSCZB; that iS,

a = f£{6c -a c -3 c
s ( Yot g ta® Tipg Lé)

The value of (a3/6) o 1s then the derivative of the
function £ with respect to &6 and

(ai) dagpg d(aczﬁ) day, o d(-aiﬁsczgz
LS

b(aclé) a6 6(~aiLScza) s
6(11]::5 d(-QiLSC'L B)

' °(Pigtrp) W

23
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As mentloned previously,

AC
< L5> s6

the induced loads are consldersd

as positive gquantlities even though they are actually

downward loads, Thus
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< ) s %’( ) < >LS°"G<OZ> (b0 5)sc< ) (7

Similarly, the induced camber 1ift 1s obtained as

ac AC
L - a
o) SC 5] CL £ 8 .S CZ’ a

AcLéc
- 8
(ACLG)SC (18)
Solving equations (17) and (18) simultaneously for
(ai/ﬁ)LS and (ACLﬁ) - gives
) - @)
C
a GZ
(—53->= - - (19)
s AC AC
C a3
[1 SRR >
- CL
@G ) (@Dt
Z
(ACLS) a A g _Jd (20)

' AG

a L a L
L+ o AV e 1 <; G
ey o 8 °1/B\ °1l
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Substituting these values in equation (16) gives

AC - AC

Lsc 11 1 i Lsc

Clg 1+ te, \=—]-{— - 1+ — - ..._ - __

cy 4\eq A °l cy by 81 ﬁ

AC
. oy C > “1)( Lsc>
+ eq [=— —_
Za C.[' @ cl p OZ ac‘b

Slope of 1ift curve CLa.- If in equation (21) c, 1s substituted for €1 5

cL§ =

CLq for CLC)’ and G for subscripts f, the resulting expression gives the slope

of the lift against angle-of-attack curve for an elliptic wing; that is

Lg | (22)

GATT "ON N.I. VOVN

PR ¥ o ' '
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Slope of curve of hinge-moment coefficient agalnst
N flap deflection Ch5°‘ The hinge-moment parameter Ch6

of a full-span constant-percentage~chord flap on an
o3 elliptic wing may be expressed by an equation similar to
- equation (16),

- ot
Ch5 = Cpg ~ (-g)Lsc hg + (Achﬁ)SC (23)

Values of (ai/G)Ls are given by equation (19), and
(Aché) is evaluated by a relationship similar to
SC

equation (20),

o L %3 )
e ) ok

Slope of curve of hinge-moment coefficlent against
angle of attack Ch e— The equation for the estimation

of Cha from section data 1s obtained by substituting «
for & in equation (23), which gives

a

i
c = ¢ - | — + (A (2
Bg 7 Thg <<I>Lschcc ( Cha)sc 5)

By the same procedure equation (2l) becomes
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A
Chgg .
OL a Z.'CC

1175

(26}

(Acha) sc

Extension of Formulas to Other Aspect
Ratios and Plan Forms

Lift-curve slope CLa.- The formula for determining

the slope of the 11ft curve from lifting-line theory
(reference 1L) 1is

_ chaA : : Ny
cLa B 57.507’(1 (27)
A+ :

L

The values of [ presented in reference 1l for
wings of different aspect ratios and btaper ratios were
always between 1.0 and 0.98. Since.the value of ¢y

will seldom be known to within 2 percent it is probably
satisfactory to assume f = 1.0, _

The slope of the 1lift curve including the Jones
edge~-velocity correction is (reference 9), if
Ciy = 0.109 per degree (27 per radian),

_ 0.109A

C, =
La AR + 2
Ir °lq is not 0,109 the slope of the 1ift curve wilth

the Jones edge-veloclty correction may be shown to be

AC, o\ /AC
1 + "‘—ai 1 + LSC - <__.j> LSC 3
(¢}
La CL . CZ: B C?I B C-L a a
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(28)

In reference 6 the concept of an effective edge-
velocity correction Eg, was introduced, the value of Eg

being selected such that the downwash met the airfoil
boundary condition w = aV at the 0.75¢c point. Numerical
values of E, are given in reference 6. Thus, the final

formula for the slope of the 1lift curve for small angles
of attack 1s

Ac'l,a

= - : 2
CLO’. 57.301’(1 (29)
AR+

e

™

In figure 10 1s given a comparison of the values
of cLa calculated by this formula and by other

theoretical methods for a value of o3, = 0.109 per
degree or 2m .per radian, '

Effectiveness parameter (qa)c .~ According to the
L

assumptions of lifting-line theory, the parameter (a5)c
1
i1s independent of aspect~ratio effects. From lifting-

line theory, the 1lift due to the deflection of an
elévator Or, may be found, thus

Ll

CLory, = | - (%) o, (b/2> (302)
-t Co/2>

29
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1 CL
CLGLL = @5)01 d-j; (500)
-1 _

where curves of CL/Aa agalnst E%Z may be obtained

or

from the calculation of the 1ift caused by the deflec-
tion of allerons of varlous spans such as those used in
reference 15, DBecause

(GG)CLLL =

C
_ (f
CLa - ——
LL max

equation (1) is obtained

1.0 " op/ma
(GG)CLLL = j; (aﬁ>

a
cy (cl/ua)max

and

Cr/ba
(CL/Aa)max

wings of reference 15 and are presented in figure 2.
Because there is a greater lifting-surface-theory correc-
tion to Cgp than to Cg, s thera is a lifting-
arr oLL .
surface-~theory correction to- ag ¢« The corrected
CLrr,

Numerilcal values of were calculated for the
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value of (a5>CL for full-span elevators may be estimated

by computing C

Lg similarly to .C;  from equation (11);
that is, a
o = s03 (%6) o,
L5 - 570501(1
where E

of is an effective edgs-~veloclty correction
determined for flap~type chordwise 1oadings_.

Thus,
(ce) g, =
L CL
Ac, . (035 )c'l,
Dledc,

AE_  + ———2
T .

oy 1)
5?-5%(I

AE, +

and

57 .Bcz’a
B+ —
(%)GL = i = (32)
(0',6) - 570502’ . .

+ a
ef T

The values of the eff‘ectlve edge-velocity correc-
tion Eg o used in the determinatlion of CL6 and

(aa)c /(aé o were determined in thé following manner:
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Values of CL5 were computed from equation (21) for a

series of flap-chord ratios and .an aspect ratio 3.
Values of Egp Were then determined so that, for a

section slope of the 1lift curve of 2w, CL5 given by
equation (21) was equal to

ZwA(aﬁ)c

c = =
ts ABg, + 2

The values of Eef obtained in this manner for

various flape~chord ratios were then extended to other
aspect ratios by use of the relationship

%f=K@e-U + 1

as previously suggested., The values of Eef determined -

for elliptlec wings in this manner are assumed to apply
to wings of other plan forms.

Hinge~moment angle-~of=-attack slope Cp, e~ The finite=-

span Value of the slope of the éurve of ninge-moment
coefficient plotted sgalnst angle of attack as given by
lifting-line theory is

. e/ g .
Rarr, T Pe - 5 ba\"a  /° %52 (33)
B oo O

where aiLL is the lifting=~line theory value of the

_
v/2°

ence 6 shows that the complete value of the induced

induced angle of attack at each section Refer-
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angle of attack 1ls given by the lifting-surface-theory
value of the downwash angle at the 0.5c¢ points and that
this value for a wing at an angle of attack is larger
than that glven by lifting-line  theory. A further
lifting-surface-theory correctlon resulting from the
effective-camber changes must also be gpplied. In the
past the induced anglé of attack has been estimated by
use of the Jones édge-veloclty correctlon, and the
streamline~-curvature correction for hinge-moment cosffi-
cients has been used uncorrected for aerodynamic induc-
tion (references 1 and 6). The effect of aerodynamic
induction is to reduce the streamline~curvature load by
a small increment of angle-of-attack-type load. The
final value of streamline curvature is not altered but
the final value of angle of attack is, The method
developed in the secctlon "General Lifting-Surface-Theory
Formula for the Determination of Aerodynamic Characteristic
of Elliptic Wings from Sectilon Data" takes into account
the change 1n induced angle of attack caused by the
streamline curvature,

For tail surfaces of approximately elliptic plan
form, a3 may be considered constant across the span.

For either rectangular or highly tapered tall surfaces,
aiLL varles markedly across the span. Lifting-surface-

theory results for the downwash at the 0.5c¢c points are
not avallable for wings other than elliptical; however,
a satisfactory dpproximation .to the induced angle of
attack may be obtained by calculating the variation in
the induced angle along the span from lifting~line theory
for the particular plan form and estimating the addi-
tional lifting-surface-theory induced angle for an
equivalent elliptlic wing of the sameé aspect ratio. The
variation in the induced angle across the span is
calculated as the ratio of the induced angle at each
section to the induced angle for the equivalent elliptic
wing, both calculated by means of lifting-~line theory.
These calculations were made by the method presentsd in
" reference 16,  Two types of plan form were considered:
stralght taper with square tips and straight taper with
ellliptic tips covering 15 percent of the span. The
results are presented in figure 9. Thus,
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b, /b , '
O, = — d %hg (1 = C—i) . af:) ce? d<y)
@ ¢ I‘S(ell) aiel LL -b7é-
+ (Acha)sc (3L)

For tall surfaces of nearly elliptic plan form (A
between 0. and 0,6) and having elevators of nearly
constant-percentage chord so that ;cha is almost

constant, equation (3)) may be simplified to equation (3)

. as l
Ohg = (cha)ava 1 - <——le>1:;3 + (ACha)SC

When (ch cannot be averaged by eye, 1t may be
@/av

evaluated from

. : | |
be/b - \=
o1 ° C/LS\Me11/1Lil o (Y
(oha)av b °hg Y ' poe d v/2
. -2'3-32 0 . %ig11
b 1 -
: \ a' LS /

which is equivalent to equation (h).‘ The curves of
a a
- () (S

a

a ay
: LS 1
e , which is egual to 2 lLL,

a . a
®e11/15 1. < iell)
¢ /15

were




) NACA TN No. 1175. . _ L 35

. computed by usé of values of (ai/h) for elliptiec
wings from figure li and values of (L,/diell)LL from
figure 9,

Values of (Acha) may be estimated from the
SC

parameter (Achﬁ) g-f-e—/-i})—EA(A\/{ - M2 + 1{.21) VI - M2

SC Fncz,5
for ellipgic wings presented 1in figure 5. (Use curve
e
lebeled —= = 1.0 and substitute ¢y, for GLGJ

Methods for determining the factor . for

(ce/b 2
externally balanced elevators are discussed in refer-
ences 6 and 10 and values are presented in figure 7(a).
Values of the.factor were calculated for internally
balanced elevators and are given in figure T7(b). Values

of the aspect-ratio factor 1

- A(A\/i -2+ L, 21) A - ¥

are shown in figure 6, The value of 71 1is - 0,00054%.

Hinge~moment-elevator-deflectlon slope Cpg.~- From
lifting~line theory,

- As for the Ch calculation, lifting-surface-theory
~values of (“1/5)1,5 and the camber correction (Achﬁ)

must be estimated from the values computed for elllptic
wings (equations (19) and (2l.)).
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The evaluation of ay for Ch 1s similar to
LS o)

1ts evaluation for Cp,. Values of. @i/b)LS for elliptic

wings may e obtained from figure li by use of an average
valus of ¢,/c over the span of tha elevator, It 1is
then assumeg that this value may be corrected to the
proper plan form by multiplying by the ratio of the
induced angle along the span from 1l1ifting-line theory
for the particular .plan form to the ‘induced, angle for
the elliptic wing from lifting-line theory. Values of
thils ratio /%iell) are presented in figure 9

for various plan forms.

It is assumed that the streamline-curvature correc~
tion. (Acha) may be evaluated rfrom figures 5, 6,
SC

and 7 by use of an average value of  c,/c,

be/b be/b
A °ngoe” 4 b/2> <—>Lsf <iell>LL o b/z)

* (Ach‘d) sC

which is equivalent to equation (5).

Elevator-hinge-moment-tab-delflection slope Cpg o=
&

The aspect-ratioc corrections to Chéf (the slope of

the curve of slevator hinge moment plotted against tab
deflection) are from about one~half to one-fourth of
the aspect-ratio correction to Chg In fact, in

reference 7 an empirical correleation: of the parameter Ch6t

was made that was based solely on geometrlic characteristics
(strip theory). Because the correlailion was satisfactory

n
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the aspect-ratio corrections, especlally for partial-
span tabs, may be assumed small enough to allow the
varigtion of these corrections with total-surface con-
figuration to be neglected. Thus, a constant reduction
factor of about 0.9 may be used with satisfactory accuracy.
For completeness, however, the lifting-surface-theory
values of the aspect~ratlo corrections will be presented
for the case of full~span tabs along with an estimate

of the approximate magnitude of the corrections. For
partlial-span tabs the load induced by the tabs on the
part of the elevator to either side of the tab appears

to neutralize a large part of the small decrease in

load which occurs over the elevator and tab. The aspect=
ratio corrections for the full-span tab arrangement are
thus the larger.

From 1ifting-line theory, for an elliptic wing

= I
Ch5t Chﬁt (\G)LL (‘I_Gt) czcha (36)

snd from lifting-surface theory, for an elliptic wing

_ o1
g, = ns, (‘;)LS (0t)o, %0 * (*%s,) (37)

To a first approximation, (Ach/CL) may be
SC

assumed to be the same for any flap~ or tab-chord ratio,

thus,
( t)cz

(Ach5t>sc ” (Achﬁ)sc@;)c Come)ge Ty (35, (38)

Obgy, = hpy T i:;)cz < )LS( >°zcha (Achﬁ) (39)



38 " | " NACA TN No. 1175

The expression in the brackets in equation (39) 1s
equal to the reduction in Chg caused by plan form

(equation (5)). The reduction in cp is therefore
6t ( aﬁ.t) ¢y

equal to the reduction in eh6 times the ratio N
(%)
1
In order to estimate the magnigude of the aspect=ratio
(o]
t o 1
= may be used

correction oy, = ¢ and - =
Bg = "hey (aﬁ)cz 2.5

for usual tab-elevator-chord ratios of about 0.2. (See

reference 17.) Also from reference 1, Chg =¢D.5ch6;

therefore, the reduction in ch6 caused by aerodynamilc
t

induction 1s epproximately O.l of the reduction in Chy

end, further, ch5t =‘O.Bch&b for a full-span tab.

Equation (39) may usually be used to estimate Ghb
t

for full-span-tab arrangements with sufficient accursacy.
EXPERIMENTAL VERIFICATION

Results of wind=tunnel tests are avallable for
three finite-~span models of horizontal tails of
NACA 0009 section snd asspect ratlioc 3 (references l
and 5 and unpublished data). These tall surfaces have
rectangular, elliptical, and linearly tapered 2:1 plan
formas. All have full-span elevators.

In each of these reports, tables are presented giving
a comparison of the experimental values and the values
computed for cLa by use of the Jones edge-veloclity

¢correction, and for cha by use of both the Jones
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edge~velocity correction and the additiongl aspect=-ratio
correction resulting from the serodynamically induced
elliptic loading (reference 1), At the time of publica=~
tion of reference 1 no values of the correction for Ch5
were available,

For the various arrangements for which data are
avallable, values of OCr, (aﬁ)CL’ Cngs end Oy, were

computed by the method presented herein and are presented
in teble I.

The agreement between the measured and the calcu-
lated values for gll the parameters is belleved to be
satisfactory consldering the probable.accuracy of the
measured data, although the estimated values of the
parameter @5 G seem slightly greater than those

L

obtelned by lifting~line theory and the aspect-ratio
corrections to Gh5 for the elevators without overhang

balance do not seem to -be quite large enough. The three-
dimensional boundary-layer flows, especially for the
tapered wing model with a sweptforward and beveled
trailing edge, is belleved to be the main cause of the
discrepancy. The aspect-ratio corrections for the
elevators with overhang bglance, however, are slightly
too large, The lifting-surface-theory aspect-ratilo
corrections are generally much more accurate than the
lifting-line~theory corrections; however, the values

of Ch5 computed by means of 1lifting=-line theory are

in fair agreement for the elevators with moderate amounts
of overhang balancse,

CONCLUDING REMARK

The liftinge-surface-theory method presented 1is
belleved to allow a satisfactory estimation of the 1lift
and hinge-~moment parameters of horizontal-tall surfaces
with full-span elevators from the section data, The
application of the method 1s falrly simple and requires
no knowledge of lifting-surface theory, A comparison
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of experimental finite=span 1lift and hinge-moment
parameters for three horlzontal tall surfaces with the
perameters estimated by the method provided a sgtisfactory
verification of the method.

Langley Memorlal Aeronautlcal Laborastory
National Advisory Commlittee for Aeronautlcs
Langley Field, Va., April 25, 1946
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