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TECHNICAL NOTE NO. 1458

ANAIYTICAL AND EAPEEDIEN'I!AL INVESTIGATION
OF BOLIED JOINTS |

By Saﬂuel J Roeenfeld
- SUMMARY

Results are given of an anelytical and experimental investigation
of stresses in symmetrical butt joints. The methods of analysis, -
which are based on the preliminary ‘investigation of NACA TN No. 1051,
are presented in the first part of the paper. A recurrence formula
is developed which in conjunction with the appropriate boundary
equations can be used to obtain sgets:of simultaneous lineer équations
the solutions of which result in the bolt-load distribution for
joints of uniform dimensions with bolts in line with the load. A
procedure is also given in vhich the recurrence formule is applied
as & homogeneous finlie difference equation of the second order.

n addition, an approximate analysis based on the shear-lag solution

of a substitute single siringer sitructure is presented which may be
employed in most practical designs with some gain in time at a small

. sacrifice in accuracy. An example is solved to demonstrate the use

of the shear-lag solution and a comparlson is made with the other
methods of analysis.

..The second part of the paper describes strain-gage tests for
Joints with five and nine bolts in line. (The preliminary investi-
gation analyzed joints with only three bolte -in line.) Because of
the generally satisfactory agreement obtained in these static tests,
it appears probable that tdia analysisg may serve &s an adequ&te
basgis of design of Joints .subject to fatigue loads.

INTRODUCTION

In a preliminary investigetion of bolted Join te the inadequacy
of the elementary engineering formules for the stress analysis of
bolted Joints within the elagtic and plastic rangeu, but excluding .
failure, was clearly indicated. ' In this investigation (reference 1)
a method wag developed for calculating the losds carried by the
individuval bolts in symmetricel butt Jointe. The general bolt-load
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behavior in the elastic range for joints was given as an equation
which exprosses the relationship between the loads on any two
successive bolts in line with the load. Although this expression
ig z2ppliceble to joints of variable bolt spacings, stiffnesses, and
materials, its application ig somewhat tedious, especially in the
case of long Jjoints.

The present paper contains the development of a recurrence
formula for the bolt loads for the simplified case of a symmetrical
butt joint with bolits spaced evenly in line with the applied load.
The method presented herein ie besed on the fundamental. relationship
which was develoned in reference 1 between the loads on any two
guccessive bolts. The recurrence formula together with the
appropriate boundary equations furnishes the siress analyst a
simple method for the basic analysis of joints.

In order to reduce the amount of computation invelved in the
stress analysis of relatively long joints of unifoim dimensions,
the recurrence formula is also treated as a second crder finite
difference equation with constant coefficients. Application of the
solution of this equation results in a simple and direct determination
of the bolt loads. This solution, .of course, may also be readily
applied to short joints of constant parameters.

In addition to these methods of analysis an approximate procedure
is developed based on the shear--lag theory of reference 2. A
"substitute joint", such &s that used in reference 3 with a continuous
connection between plate and straps instead of connections at discrete
points is analyzed, ZIquations analogous to those used in shear-lag
problens are derived and a numerical comparison 1s made with the
solution of the finite-difference eguation,

The present paper also gives the results of an experimental
investigation conducted to substantiate further the adequacy of the
elagtic theory as well as to yield additional data on the critical
bolt load and the behavior of long joints in the plastic range and
at the ultimate load. The critical load ag used in the present paper
is defined as that bolt load at which either yielding of the plates
in bearing under the most heavily loaded bolts or yielding of the
bolts in shear or bending occurs. The test specimens were symmetrical
five—~ and nine-bolt Joints. A summery of the test data from the
prescnt ‘investigetion and those of reference 1 is made to hslp
formulate principles for design above the limit of elastic action,
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SYMBOLS

crogs—sectional area, square inches

bolt constant, dependent upon elastic properties, geocmetric
shape, dimensions and manner of loading of bolts, and
upon bearing properties and thickness of plates, incnes per
kip

bolt diameter, inches

Young's mecdulus, ksi

ghearing modulus of elasticity, kei

geometric moment of inertia of bolt, inchesll

plate constant for tension or compression loading, dependent
upon geometric shape, dimensions, elastic properties of
plates, and assumed stress distribution, inches per kip

length of Joint, inches

external applied load, kips

bolt load, kips

plate width, inches

shear-lag constant, dependent on pitch, Young's modulus,
bolt constant, and plate areas

pitch, inches

shear flow, kipes per inch

thickness, inches

distance measured along longitudinal axis of joint
coefficients in finite—difference equation

total longitudinal displacement between main plate and butt
strap, inches

plate deformation



c tensile strain

A = cosh"l (:% e gi)

2Kp + K, i
= .
7 shearing stress, kéi
Subscripts:
av average
b bolt
bb bending of bolt
br bearing
bs shear of bolt
e critical
il designétion for any bolt
n number of bolts in joint
D designation for wain plate
8 butﬁ strap

exp experimental
theor theoretical

ult ultimate load

METHODS COF ANALYSIS

Development of Recurrence Formula

NACA TN No. 1458

Basic agsumptions of present theory.- The digbribution of loads

in a bolted Joint is a statically indeterminate structural problem.
In order to sclve this problem certain basgic assumptions and
definitions must be made. The assumptions and definitions used
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herein are the same as those uged in reference 1 and are summarized
ag follows:

(1) The Jjoint 1s a symmetrical butt joint where the
butt straps are of the same thickness and material.

(2) The ratio of stress to gtrain is constant.

‘ (3) The stress is uniformly distributed over the crose-
sections of the main plate and butt straps.

(4) The effect of friction is negligibie.

(5) The bolts fit the holes initially, and the material
in the immediate vicinity of the holes is not damaged or
gtressed in making the holes or inserting the bolts.

(6) The relationship between bolt deflection and bolt
load is linear in the elagtic range.

General relationship betwesn the loads in successive bolts.-
On the basis of the aforementioned assumptions, reference 1 shows
that, for symmetrical butt Joints, the general relationship between
the loads on any two successive bolte in a line with the applied

load is
c, 2K (EKP : Ks) TR
: i+l N
Ri e C P + C A R
i+l isd 0

Rijr =

Ci+1

where R 1s the bolt load; P, the joint load; C; and Cy,,,
the bolt constants for the i and i+l bolts, respectively; KP
and Ky are the plate constants for the part of the mainjplate

and butt straps between these bolts, respectively; and Zmu,.R is the

0
sum of the bolt loads Ry to Ri.(See fig. 1 for bolt and space
designations.) The general expression for the bolt constant C aa
derived in reference 1 is

_ 2tg + by Btgd + 16824 + Btgt? + .3

C = +
192Eyp Ty

3Gphy
2t + b B e
tStpEb tSEsbI‘ tSprI‘

oji )

a4

(1)

(2)
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and for the plate constant is

This analysis was based upon the laws of statics and upon the
principle of elastic continuity, which requirses that after load is
applied the deflection of bolt i plus the elastic deformation in
the butt straps between the bolts must equal the deflection of
bolt i+l plus the elastic deformaiion in the main plate between
the bolts. Equation (1) may be generalized to apply to Jjeints with
tapered straps and with bolts of variable spaclng and gtiffness.

Derivatlon of recurrence formuls. for joints of constant
parameters.- A case that frequently occurs Iin design is that in
which all the bolts are of the seme material and size and are spaced
uniformly in line with the applied load. Then

Ci = C
and equation (1) becomes
2K K.+ X il
2 8 <
Ri+l—Ri- CjJP-l- BC e, R
0
Similarly for bolts 1 and i-1
2K K.+ K i1
= P D )
Ry =Ry - 2 P L T R

Subtracting equation (5) from equation (4) yields the basic
recurrence formula for the bolted-jcint problem

For Jjoints with a butt-strap thickness of one-half the main
£y
D

2 )

plate thickness és =

2K, % Kg

1458

(3)

(1)

(6)
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(3
and the recurrence formula becomes

2Ks\ _
Ry - \2+ T /By + Ry = 0 (7)

< : +
When the Joints are made of 24S-T plates with tg = 7?, fagtened by
alloy-steel bolte, the expression for the bolt constant (equa+1on 23

reduces to ( = )
v.— Q) tp 2 \ K t i
o -m;{o.u (37) f.ld+<—§)l+-l.g7\, (8)

~

Equations (7) and (8) are directly appliceble to the joints tested
in the present investigation. For other symmetrical butt-joint
arrangements, expressions for C similar to equation (8) and based
on equation (2) may be found in appendix A of reference l. A
recurrence formula similar to the one in eguation (7) can easily be
obtained for joints with varying bolt and plate constants by the use
of equation (]) directly instead of the simplified bolt-load
relationships of equations (M) and (5).

Boundary conditions.- Before the system of simultaneous equations
can be golved, the boundary conditions at the ends of the plate must
be defined. In the Jjoint shown in figure 1(a) the applied load is
distributed through a fork-like fitting which consists of a main
plate and two butt strapg. The boundary equation for the left end of
the joint is

| 2K, + K, ' oK _
ll( )! B o
i

and for the right end is

* K. +K

e K.
R = |1 +( C s) o fﬁ P (9v)

These equationg were derived in a mammer similar to the general
bolt-load relationship in appendix A of reference 1.

The joint shown in figure 1(b) is composed of two idential
plates carrying equal loads and separated by a filler or idler
plate connected to the main plate by a row of bolts. Tor this case
only one boundary equation is required owing to the double symmetry
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of the Joint and is given as

3 ot )
1+(i§l’__cfi{é) RO-R1=?%EP (10)

Solution of recurrence formulag and boundary condition equations.-
By the use of the rccurrence formula given in equation (7) and the
boundary equations (9), a system of n simultaneous linear equations
involving n unknown bolt loads is obtained. A rapid and accurate
solution of these squations may be obtained by wsing the Crout method
described in refervence 4. When the Joint parameters are variable,
however, the system of simultaneous equations resulting from the
application of equation (1) can be solved more rapidly by the use
of the method presented in reference 5. Thig method takes advantage
of the enalogy between these simultaneous equations and those
obtained for the current distribution in a direct-current network.

Solution of Problem by Means of
Finite-Difference Equation

Since the recurrence formula previously shown in equation (6)
is a hemogeneous finite-difference equation of the second order with
constant coefficients, a solution to this equation may be obtained as
described in reference €. Application of the golution results in a
very simple and direct determination of the bolt-load distribution
in joints of uniform dimensions. The gsolution of equation (€) is
shown as

Al A

R; = ae™" + Be” (11)
where the exponent A may be obtained from the relation
A= cosh-l(l + (?-E\l (12)
i
where ‘
g8 (13
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The constant coefiicients « end B of egquation (11) are
determined by the use of the bourdary equations (9), &s shown in
appendix A,

The results are

4 o b
P + E§p<%"nh - #) ~l
B (Vm. *-mxe-x it l‘)qP ,
b > (1)_,)
b e
P +‘—éy enx - l)d .
B [T SNn)

.where n denotes the number of boltg in the Jjoint., With the

congtants a, P, eand A determined, the load carried by each bolt
may be found directly by successive application of equation (3.1).
In appendix B, a numerical example using this method of andlysis

is given.

Approximate Solution by Shear-lLag Analogy

Comparison between the bolted—joint problem end the shear-lag
problem.-- The fundamental action of a bolbed Joint under load closely
parallels the action in skin and single stringer ccmbinations used
as axlally loaded pancls. (See reference 2.,) In both cases the axial
load is transferred from one component of the structure to another
through a sheax carrying mediuwn., The difference between the two
actions is that in a bolted Jjoint the loads axre transferred in finite
amounts at definite points rather than through infinitesimal elements
as in the single—stringer structure, In the bolted joint, moreover,
the deformations of the connecting agent are not solely due to shear,
but the bolts, being discrete comnectors, deform by bending and
bearing as well as shearing action. Therefore, in order to apply the
basic equations of the chear-lag analysis, a "substitute structure"
must be used.

Expressiong for bolt—lcad distribution baged on modifications
of the shear—lag theory.— An actual Joint (fig. 2(a)) may be idealized
as shown in figure 2(b). The csubstitute structure is obtained by
distributing the bolts, or shear-carrying mediuvm, over the pitch

_n

distance p as a "cementing layer" and considering the resisting
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shear flow q in this material to be

g = 5%

ep

This expression is analogous to the shear flow Tt in the shear-lag
problem. Also, in conforxmance with the basic assumptions previcusly
outlined, the elastic deformations of this fictitious continuous

cementing medium are assumed proportional. to the bolt load; that is,

5 = OB ' (i5)
2

o

where O 1is now defined ‘&s the total longitudinal displacement
between ‘the main plate and strap. Xquation (15) is analogous to the
shear—strain relationship (yb) given in reference 2.

By substituting these "equivalent" expressions into the funda—
mental equations of the shear-leg analysis, the equations used for
the solution of the bolt—load distribution in bolted joints of
constant dimensions are obtained. For the vractical case shown in
flgure 2 the following equation applies

kp Ap .
By = ——— A cosh kx + == cosh k(L -- x)| P (16)
% Ap sinn kKL 1.7 e

A
where AT = AS + EQ and, the constant X. which 1s analogoue to the

shear—lag parameter appearing in analytical solvtions for single—
stringer structures, is defined by :

N ’
ko= 211 e, (17)

When the butt-strap thickness equals one~half the main plate

' %
thickness ts P
2

i

e

S o
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and equation (16) reduces to

cosh 1:(-21-'- - })
< P 18)

By =1
ol g %

where Ik 1is now defined by
. . ; .. 2 2
=
pECAS

(19)

It is convenient to take the positive x-direction as shown in
figure 2, starting at a distance of one-half the pitch from the first
bolt. Thus, the length of the joint I may be considered simply to be
equal to the number of bolts in the joint times the pitch (L = np).

These expressions, strictly speaking, are only "exact" for Joints
fastened by bolts spaced infinitely close together. The accuracy of
this method when applied to Joints with pitches of finite length,
however, can be shown by a numerical comparison with the exact
solution of the finite-difference equation. Appendix B illustrates
the application of the method; and a comparison for a nine-bolt joint
is made of the results obtained by use of the three sclutlons presented
herein., For this case the bolt loads determined by using the shear-
lag analysis are only about 2 percent less than those computed by the
exact solution,

EXPERIMENTAL INVESTIGATION

Test Specimens and Procedures

_Specimens.-- Tests reported in reference 1 had been confined to
short Jjoints with two and three bolts with a large pitch. In order
to obtain experimental data on longer Joints with a smaller pitch and
a greater plate—thickness range, tests were performed on six
symmetrical butt—Jjoint specimens,

The specimens were constructed of 24S-T almmiﬂummalloy plates
fastened'by»%-inch aircraft bolts. All specimens were made symmetrical
about their longitudinal center lines. Only two, however, were short

enough to be tested as doubly symmetrical joints, that is, symmetrical
also ebout the transverse center line., In all joints a pitch
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il » i TR e
of 15'1nches was used. This pitch was determined by the minimum

space needed to accommodate the shraln geges. The butb-strap
thickness in all specimens wags ona-half ol the thickness of the
main plate. The six specimons were divided into two groups of
three joints each. The joints of one group, group G, had five bolts
and those of the other group, group D, haed nine bolts. (Groups A
and B were those of reference 1, which are included again in this
paper.) The specimens of group C had a width of é—inches, whereas

. — x :
those of group D had a width of 33 inches. A tabulation of the

[ =

dimensions of the specimens of groups C and D I1s shown in table
and photographs of the fractured specimens are shown as Iigures
and. L.

w

In each group of specimens there was one joint for each of the
three cages found in actual structures. Specimens C~l and D--1 were
of balanced design, specimens C~2 and D-2 were designed so that the
bolts would fail in shear, and specimensc C-3 and D-3 were designed: so
that the plate would feil in tension. A1l the desigms were based on
the usual assumption that the load is divided equally among the bolts.
The same precavtions that were taken in the investigation of refer—
ence 1 to eliminate bearing of the nlates on the bolt threads and
friction of the nuts on the plates were oboexrved. '

Testing procedure.— The test setup of a typlcal specifen is
ghown in fipure 5. The Jjoints were tested in tension by means of a
hydraulic testing machine having a 300-kip capacity and an accuracy
%o about 1/2 percent. Styains were measured on the butt straps with

g .2 ’ S
electrical resistance-type gaces of yF-inch gage length in 16 to 2

incremente until failure occurred. Two gage patterns were used as
shown in figure 6, the second patiern having been considered more
suitable Tor the Joints with the wider plates. Iach specimen was
preloaded three times to approximately 50 percent of the estimated
ultimate load.

Calculation of bolt loads from strain data.— The ioad on any
bolt was considered to be the difference between the loads in'the
butt strens at sections midway between the bolt in question and its
two adjacent bolts. In order to study the influence on the bolt loads
of the method used to obtain the butt-strap loads, two independent
methods were used to convert the straim-gage data to butt-strsp loads.

By the first method, the butt—strap load was computed gimply
a8 the gross ares of the butt strap times the average stress, The
average stress was considered to be the product of the arithmetical
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average of the five strain readings on a gage line and the modulus
of elasticity (assumed to be 10,600 ksi). By the second method the
butt-strap load was computed by multiplying the area under a curve
formed by connecting the five strain readings with straight lines
by the thickness of the strep and the modulus of elasticity. This
area was found by using the trapezoidal rule.

Since the trapezoidal method approximates an integration of
strain across the butt strap, 1t naturally is the more accurate
method. The loads computed on the basis of average strain, however,
corresponded closely to the ones computed by the trapezoidal method
except in some ingtances where the variation of strain across the
cross section of the strap was large. In all cases the strain €3

measured directly in line with bolts tended to read lower than the

~ outside strain. This tendency was accentuated at higher loads when

the bolt began to bear ageinst the plates, this effect results for

gome cages in a change of strain from tension to compression. Even
with these large variations in strains the greatest difference in loads
caloulated by the two methods was about 23 percent end this difference
occurred at a critical load. At lowsr Jjoint loads all differences
were smaller.

It is also of importance to note that strain measurements taken
at the center line of the Joint and reduced to load by the trapezoidal
rule and compared to the machine loed indicated that the internal
load in the strap was determined within about 5 percent of the
actual joint load. Curves representing thie relation between: the
epplied joint load and the measured internal load were linear up to
joint failure. This linearity proves that the presence of the lateral
bending of the butt strap due to eccentric loading that was evident
in joints tested in the preliminary investlgation was entirely absent
or negligible in the present tests. The elimination of bending in
these joints may be attributed, to a large extent, to the fact that
a greater number of bolts were used to resist load and algo that the
increased plate width of these specimens afforded greater flexural
resistance. Since no correction of the plate loads is necessary,
thege plots are not showm.

The plotted points in figures 7 to 15 are based upon the
trapezoidal rule. The analytic curves shown in conjunction with
these points, however, assume the stress to be uniformly distributed.
To modify the theory for the irregularity of stress caused by stress
concentrations, large bearing deformations and effect of small
pitches would involve a correction of the nlate congtants Kp and. Ks
which would result in nonlinear curves of Jjoint load against bolt
load for all bolte of a Joint., An approximate analysis assuming the
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ptress distribution found in specimen D-1 indicates that, In the
bolt carrying the greatest load, a 1k percent increase in K Increases
the bolt load only 5 percent. It is apparent, therefore, that the

calculations for the plate lcads are not sensitive to small changes
in the plate constants. Tor the other Jjointe, calculations made by

use of stress patternms typlcal of each specimen Ilndicate this same
tendency to an even greater extent.

Elastic Behavior

Curves showing the relationships between .the joint load P
and the bolt loads R for all test Joints are shown in figures 7T
to 12. Plotted for comparicon arve the analytical curves, which are
shown only up to the load above which they are no longer considered
applicable. The calculated bolt and plate constants and analytical
bolt loads based on measured dimensions are shown in table 2.
Figures 13 to 15 show the theoretical and expsrimental bolt—load
distribution for each Jjoint at the load at which the critical bolt

load Rcr was reached. The bolt load is exprossed as a dimensionless

ratio of the bolt load 4o the average bolt load P/n.

The agreement between the experimental points and theoretical
values. can easily be seen in figures 13 to 15. The general trend
of the experimental test points follows the theoretical curves;
however, in some of the specimens there are discrepancies in the
individual test points as high as 50 percent. In most of the cases
where these large errors appear, an adjacent bolt has an .error of
approximately the same amount but of the opposite sign.. This

.interchange of load is presumably due in large part to irregularities

of fabrication. If a bolt does not f£it tightly it will not "pick up"”
its share of load and the load that it does not pick up will be
taken by the adjacent bolts, - g

.On specimens D-1 and D2 balkelite gages were used. These gages
did not adhere well, and the recults obtailned with them are open to
considerable doubt. On specimen D-2 the gages became detached
completely during the test, and the last five bolt lcads could not

- be determined.

" Irielastic Behavior

Determination of the "critical bolt icad".— Exemination of the
data obtained from the present tests shows that, as was the case in
the previous investigation, there is scme definite load for each
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joint beyond which elastic action no longer continues. The yielding
of any component, either plate or bolt, is considered to constitute
the beginning of the inelastic action of the whole Joint. Yielding
in small regions of stress concentrations, however, is not included
as such yielding has no appreciable effect on tho over-all elastic
behavior of the joint. T

The saue method that was described in reference 1 is used
herein to obtain the limit of elastic action known as the critical
bolt load. Examination of the test data shown in figures 7 to 12
shows that the test points for all bolt-load curves tend to break
away from the lincarity of the lower part. The bolt load at the
intersection of the straight-line portion of the lower part of the
P-R curve with that of the upper part determines 'the eritical bolt
load. The curve of the bolt carrying the greatest load when yielding
occurs is always used to determine the criticel bolt load of a Jjoint.

Tn table 3 the critical loads and stresses for tests of the
present investigation are given and in table 4 2ll the critical loads
for the tests of this seriss and also for those of reference 1 are

listed with their correspcnding é%~ and B-ratios. A comparison

of the critical-bélt-load values shows that although it appears
generally true that the critical bolt load is largely dependent on the

. parameter D/tP (as was indicated by Volkerson in reference 3) it

also is influenced to some extent by the ratio of b/D.

Behavior of bolts for‘loads above Rcf and at failure.~- In the

prelimingry work on two- and three-polt joints (reference 1), it was
observed that, for loads above the critical bolt load Rgp, a process

of bolt-load equalization took place as a result of the yielding of
plates and bolts so that, at failure of the joint, the bolts carried
equal loads. This phenomenon was represented by & gtraight line
connecting the point representing Rgy with the point plotted for

the average bolt load at joint failure. Examination of the test
rosults shows that the same general tendency for the bolt-load curves
to depart from linearity at Ry that was found in reference 1 is
seen in plots of the present tests. The bolt loadg, however, do not,

: . ¥
in general, approach the average load at failvure -%%E - This ‘faillure

-

of the bolts to equalize their loads can be explained in the same
manner as was the failure of the experimental bolt loads below Rer

to agree with the theoretical values. Examination of the plots in
figures 7 to 12 shows that in most cases the bolt loads that did not
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agree with the theoretical. values in the elastic range were also in
disagreement with the average load close to the ultimate values,

Despite the fact that the loads in the individual bolts did
not approach P/n at loads Just below failure, satisfactory
agreement was found between the observed ultimate and the calculated
ultimate Joint loade based on the conventional method of design’
except for the jolnts of balanced design. In table % a comparison
between the observed and calculated ultimate loads is made for all
grovps. In the calculation for the ultimate loads an allowable
shear stress of 83 ksl was used for the bolts. This allowable
shear stress was based on the failing stresses of nine aircraft
bolts. In order to include the effects of gtress concentrations -
and filled holes, the allowable tensile stresses were deteimined
from a numbor of riveted jolnts with diffevent ratios of 1/D.

The allowable stresses uged are based on the ultimate tensile stress
of standard temsile specimens of 24S.T with solid cross sections .

(70 ksi) corvedted for these effects. For these Joints, with ratios

of b/D of 5, 7.5, and 14, the allowable stressecs were taken

as 66.7, 65.3, and 60.7 kei, respectively. In addition, a velue of
90 ksl was used for the bearing allowable stress, as stipulated in
reference 7.

CONCLUSIONS

The analysis of the data fron tests of twelve symmetrical butt

~ Joints (including six of NACA TN No, 1051) mede of 243-T aluminum-—

alloy plates Jjoined by elther two, three, five, or nine alloy—steel
bolts of* the same size with the bolts in line with the axial load,

-leads to the following conclusionss: .

. L. The analytical formulas presented werc adequate for describing
the actlon of these Jjoints in the elactic wrange because, in general,
the differences between the test results and. the calculated results
Tor the maximum bolt loads are smaller than scabter of test wvesults
caused: by uncontrollable irregularity in the behavior of the
stivctures, '

2. The ultimate strengths'of the test Jointe with thin plates

; D :

(ratio of bolt dlameter +to plate thickness a3 1,3k t0.3,12) were
predicted within about L percent by the usual agsumption that the load
1s uniformly distributed amiong the bolts, For Joinbs with thick plates




NACA TN No. 1458 &

%

about 3 percent conservative.

(:?~ = 0.33 to O.5€> the prediction based on the assumption was

3+ In the ultimate streugth calculations of the balanced~design

Joints of this investigation (:?— = 0.67 to O}8§>, however, the .

P '
prediction was about 12 percent unconservative, this result
indicatesthat the question of determimation of the failing loads is
by no means settled.

Langley Memorial Aeronsutical Leboratory
National Advisory Commitiee for Aercnautics
Langley Field, Va., July 29, 1947
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ATPPRIDIY A "

DETEIMINATION OF CORFFICLENT: BED TN
FINITE—DIFFERENCE— SGUATION SOILUNT.ON
When the generel recurrence formula (equation (4)) is considered

ag & homogeneous finite-difference equation of the second order, the
solutien is

Ry = a8"" + Pe : (A1)
where
-1 .
A = cosh <} + gﬁ
and
:P-?I:,p-i-'l\.s -
C -

For the butt joint, the expression for the left boundary condition
may be given in the form of equaetion (9a) as
2K

’ D
~(1 PRy + ﬂi+l =-«-?T~I’ (A2)

When equations (Al) and (A2) (i =0 and i = 1) are combined, the
result is

oK
(L+9—-eMa+ (L+@—er)p = 7§£ P (A3)

The equation expressing the condition +that the surmation of
the intermal bolt loads must equal the applied load iz simply

g-:;
P= g B
0
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or, in expanded form,

P = ( -_0a+ (4m ) (Ak)

F3 T

Solving equations (A3) and (A4) simultaneously gives the arbitrary
coefficients a and B Thuq,

Sl Y

B_“”S@(“’v—n
-y

and.

P
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APPENDIX B
NUMERICAL FXAMPLE OF METHODS OF ANAIYSIS

As a numerical example to illustrate the application of the
three methods of analysis developed, the analysis of test specimen
D-1 will be given. This nine~bolt Joint is made up of the following
components ;

Steel bolts:
X

= o 1
A—
F,, = 29,000 ksl

245..T plates:
by

tp o 'é:-;\ 1.~av
(7 3 in,

3 16

s & 1% in.

b = 3;—' in,

B = 10,500 k=i

Analysis by Recurrence Formula

Since the butt-strap thickness equals one--half the main plate

t
: EB in this Jjoint, the recurrence formuls

) applies:

1

thickness v
(equation (6)

?Ks
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The plate constant is

. Biine 1a8D g g
® vt,E . (3.5)(0.1875) (10500) 551k

The bolt constant may be determined from equation (8); thus

oo @l (9] 2o]

L
om0
& 0,855
and
1
il
e
RS, <
. 5 503k
E'I{S
- = 0.1571
= 1571

With these coefficients determined, .the system of equations
found according to equation (Bl) and the appropriate boundary
equation (9b) is

~ 1,1571 Ry + Ry = —0.07355 P

o= 2.15TL Ry + Ry = 0
~ 2,15TL Ry + Ry = 0

Ry = 2.157L Ry + Ry = 0

R3 - 2.1571 Rh + R5 = 0
By ~ 2,1571 Rg + Ry = 0

R6 - 2,1571 R7 + Ry =70

R7 ~ 1.1571 Ry -0,07855 P
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The solution of this system of simultaneous equations yields the
bolt loads carried by the individual bolts, Inasmuch as this set
of equations is symmetrical about the middle equation, only the
first five expressions need be used. The results are listed in
table 5. '

Comparing the bolt loads computed by this procedure with the
bolt load predicted by the conventional analysis in which each bolt

is assumed to carry the same load (g = g) showg that the two end

bolts are overloaded and that the interior bolts carry lese than
they are considered to support. Thus,

% %,

R R i
R D
e e il
R P
R. R
S _§ = 0,83
R R
R, R

\ --9=-—é=060

| R K
B,
o = 0.63.
R

Analysis by Solution of Finite--Difference Lquation

Equation (11) is the closed-form solution of the recurrence
formula applied as a finite—difference equation and is glven in the

form
Al —\i
Ry =ae + Pe i (B2)
Since for this case,
EKi X
]
5 =g = 0.07855
2K, + K G
P = ‘C - = 0,1571
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therefore, from equation (12)

A= cosh—l<l + -(E) = cosh'"l(l.O’(855) = 0,394
2 ’ :

The coefficients a and A are determined from expressions (12)
and (13), respectively. Since n =9 for this case, the rezuvlts are

cp+__1_)(nx l)

il ( . ..m) ( = l)
| 0.1571 + 0,0786 (e 3'55 - l)
= — (63,5) - =3 i )(e..-o.3915, Jj P = 0,00713 P
I (‘)+_P§*(n>u__l>

(en>\- Lo e"“l’l/‘»} (G)\. o l)

=

0.1571 + 0.0786(33«55__ iji F
; E&%»eﬁgﬁgawu_ﬂf=0d&ﬁ9

Starting with the first bolt, successive sxpressions for each unknown
bolt load arve written in the {ollowing mamner by means of equation (B2):

0.00713P + 0,1677P = 0.17LEP

U

RO=R8=0, +B

u
n

R, =R, = ae® + fo 0.01058P + 0.1131P = 0,1237P

T
n 2n —2\ 0
R, = B¢ + Pe 0.01569P + 0,0762CP = 0.0920P

1
n

S

0.0748P

R, = R_ = aed + pe3H
Moo i

0.02323P + 0,05155P

w
\J

0.03468P + 0,03L68P = 0.069LP

73]
=~
il
8
4
™
@
it
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By this analysis the individual bolt loads are determined directly
from a single expression, obviating the solution of simultaneous
equations, The results are tabulated in table 5 for comparison
with the other two methods.

Analysis by Shear-Lag Analogy

Since in this jJoint Ag = A, equation (18) may be used

in the analysis by shear-lag analogy. Thus,

cosh k(g-— x) (
Ril= KD e 2 B3)
iy 2 sinh XL

n_

According to equation (19), the modified shear—lag paremeter k
is

K = A = Rk = 0,100k
S

pECA (1.4 ) (10500} (3.5)(0.1875)

or
kK = 0,318

The positive x—direction is taken as shown in figure 2; therefore,
the length of Joint L may be considered as

L =np = (9)(1.25) = 11.25

By applying equation (B3) success:Lvely, the expressions for each

bolt are given as follows: )
cosh 0,318 619‘25-— 1‘2?)

Ry = Ry = (0.318)(1.25) (o.318)(11.2§) = 0.1748P
: 2 ginh - 5
Ry =R, = 0.0684 cosh 0.318(6.675 — 1.5 % 1.25)P = 0.1230P
R, = R6 = 0,068 cosh 0.318(6.675 — 2.5 3¢ 1.25)P = 0,0916P
By = Ry = 0,065k cosh 0.315(6.675 ~ 3.5 x 1,25)P = 0,07keP -
R), = 0,0634 cosh 0.318(6.675 — 4.5 X 1.25)P = 0,0684P




NACA TN No. 1458 25

REFERENCES

1. Tate, Manford B., and Rosenfeld, Samuel J.,: Preliminary
Investigation of the Loads Carried by Individual Bolts in
Bolted Joints., NACA TN No. 1051, 19L6.

2. Kuhn, Paul: OStress Analysis of Beams with Shear Deformation
of the Flanges. NACA Rep. No. 608, 1937.

3. Volkersen, Olaf: Die Nietkraftverteilung in zugbeanspruchten
Nietverbindungen mit konstanten Laschenqueirschnitten.
Luftfahrtforschung, Bd. 15, Lfg. 1/2, Jan. 20, 1938,

Ppe H1-4T.

L, Crout, Prescott D.: A Short Method for Tvaluating Determinants
and Solving Systems of Linear Equations with Real or Complex
Coefficients, Supp. to Elec. Fng., Trans. Sections, AIEE,
vol. 60, Dec. 1941, pp. 1235-1240. (Abridged as Marchant
Methods MM-182, Sept. 1941, Marchant Calculating Machine Caoy,
Oakland, Calif.)

5. Ross, Robert D.: An Electrical Computer for the Solution of
Shear-ILag and Bolted--Joint Problems, NACA TN No. 1281, 19L7.

6. Bleich, Fr., and Melan E.: Die gewdhnlichen und partiellen
Differenzengleichungen der Baustatik., Julius Springer (Berlin),

1927,

T+ Anon: Strength of Alrcraft Elements, ANC-5, Amy--Navy-Civil
Committee on Aircraft Design Criteria. Revised ed., Dec. 19L42;
Amendment 1, Oct. 22, 1943,




TABLE 1

ELEMENTS OF TEST JOINTS

[QMS—T plates; S.A.E. 2330 (or.equivalent) 'b'dlts:l

Number of Nominal Measured dimensions
A dimensions - :
S Remark
Pecimen bo’;:ts o _P_ 2 2 ts tp bB 'bp - AB | ' emaxrKs
ot | D | | | (1n.)| (1m.)|(1n.)|(1n.) {(sq 1n.)|(sq 1n.)
i (a) (a)
=1 7.5[0.668|1.34[0.183 0.374 |1.875|1.875] 0.344 | 0.701 | Balanced design
Cc—2 7.5 «334| 67| .380 | .749 [1.856{1.859 #1O5 1.408 | Joint designed to
' i fail in bolt shearxr
5 .
c-3 7.5(3.09 |6.25| .0392| .0803{1.874|1.875|  .075 | .1506| Joint designed to
‘ , ' fail in tension
D-1 14,0 .668|1.34| .289 | .377 [3.501(3.502] .662° 1.320 | Balanced design
D2 14.0| .334| .67 .bO1 | .751 |3.502{3.501| :1.406 |  2.630 | Joint designed to
fall in bolt shear
9
D3 14.003.09 |6.25] .0393 | .0805|3.500(3.502| .138 .282 | Joint designed to-
fail in tension ‘

8Gross area = b, -
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TABIE 2

BOLT AND PIATE CONSTANTS AND ANALYTICAL BOLT LOADS

[Based on measured dimensions}

i;Specimen D/t,| ¢ K, K, |Ry/P |Ro/P |Ry/P |R,/P |R/P | R/ Ro/P | Rg/P R9/PI
’ C-1 0.67{ 1/433 | 1/2885 1/5890 O~8HT| 01T | 0258 | 0.176 | 0.25L| =r==n'| Sesent] srewe | boren
| ¢ 3311/181 [1/5920 | 1/11696| .212| .194| .188| .19h | .212| sFeme |eccac| cocen | cmea-
C=3 3.12 | 1/151 |1/617 1/1265 270 J161 | 131 | 163 | J275|===em | mmmee | cmmee [ —eees
D-1 67| 1/433 |1/5561 | 1/11090 | .17k | .12k | .02 | .075| .070[0.075 |0.092 {0.12k |0.17h
D-2 3311/169 |1/11806 | 1/22088 | .127| .116| .108 | .103 | .101| .102 | .106 | .113 | .12k
D-3 3.12 | 1/152 |1/1156 | 1/2368 202 | .125; .08 | .060 | .053| 060 | 084 | .128 | .206

NATIONAL ADVISORY
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TABLE 3

EXPERIMENTAL IOADS AND STRESSES AT Rcr AND FAIIIRE

Stress at critical

Joint load| Critical Averege stress at
Specimen |at critical{bolt load bolt load Joint load failure of joint Type and location
bolt load (kips) (ksi) at failure (ksi) of failure
(kips) (kips) :
Bearing |Shear |Tension Bearing| Shear |Temsion
(=) (=)

c-1 21.%0 b5.00 |53.5 | 51.0]35.2 35.13 | 75.3 | 71.8| 57.8 | Tension; at bolt 10
through net section
of main plate

c-2 30.40 5.20 | 2k.9 k9.4 | 25.0 42,50 45.4 86.8| 35.3 Shear; all bolts

c-3 5.23 P11 | 69.9 | 14.3| k0.1 8.02 | 8.3 | 16.4| 62.9 | Tension; through net
section of ome dutt
strap at bolt 5, and
through other butt
strap at bolt 6

D-1 38.00 5.20 5543 53.0 | 31.0 63.50 4.9 T2.0( 51.8 Tensiom; at bolt 1,
throngh net section
of main plate

D2 42.00 5.25 | 28.0 53.6 | 17.2 75.00 Ly 8.0| 30.8 |[Shear; all bolts

D=3 8.00 1.33 66.4 13.6 | 30.6 15.05 83.0 17,1 59.0 Tension; at bolt 9,

through net section
of butt streps

8Computed using net area.
bAnmgo of maximm bolt loads in upper and lower Joint,

NATIONAL ADVISORY

COMMITTEE FOR AERONAUTICS
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TABIE L4
SWMMARY OF CALCULATED AND EXPERIMENTATL RESULTS
FOR 2, 3, 5, AND 9 BOLT JOINTS
Specimen| D/t, | b/p |Observed|Calculated| P Joint load| R

(a) (b;'l) P P I at R o

ult ult Calc. P ;. cr |(kips)

(kips) (kips) (kips)
(c)

A-1 |0.& 5 15.96 16.30 0.98 T.00 3.88
A2 .50 5 16.04 16.30 .99 8.00 4.8
A-3 |1.52 5 10.62 10.78 .99 ———— -—--
B-1 67 5 | 23.40 24.50 .96 11.40 4.16
B2 <50 5 2L .20 24,50 .99 13.56 k.8
B-3 |1.34 5 12.02 12.50 .96 8.25 3.2k
c-1 87 | 75| 35413 39.60 .89 21.ko 5.00
c-2 33 7.5| 42.50 40 .70 1.04 15.00 5420
c-3 |3.12 7.5| 8.02 8.60 .93 5410 L.b1
D-1 .67 | 14.0| 63.50 T3.40 LT 38.00 5.20
D2 33 | 1.0} T5.00 T3.40 1.02 42 .00 525
D-3 [3.12 | 1L.0| 15.05 15.95 .95 8.00 1.33

@Specimens A end B from reference 1.

bBased on measured dimensions.

Ccalculated ultimate loeds ere based on conventional design method.

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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TABIE 5

NACA TN No. 1458

COMPARISON OF BOLT ICADS IN SPECIMEN D-1

AS FRACTION OF TOTAL LOAD

Bolt, Methods of analysis
Recurrence | Finite-difference Shear-leg
formula equation enalogy
0 0.1748 0.1748 0.1748
] 1237 <1237 «1230
2 0920 0920 0916
3 0748 0748 Royr¢t=]
L L0694 L0694 0684 ‘ -
5 0748 0748 0742
6 0920 <0920 0916
T 1237 1237 1230
8 1748 .1748 1748
P =ZR 1.,0000 1..0000 0.9956

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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b 3 T il
P«-{}Eﬁ > SR e - MLV ot s B Y o e B E}}_*p
< Y I -

Bolt O 1 1 i+ n-1
Space ! | 2 1 i+l
‘ it
‘ 3 —=.pP/2
- \
P eE::\ Lf N \ - } P2
tp tts

la) Symmetrical butt joint.

His e p~
Bolt O | t i+ n-i
Space l 2 l i+
t
L S e r —P/2
2 N \ NN Gl

i Lts\ i

tp

Ib) Filler-plate joint.
NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure |, — Sljmme*h"'\cctl butt joints with bolts in line with the
axial load.
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Figure 3.-

Front view of fractured specimens.
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Test setup of a typical specimen,

Figure 5.-
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Figure 10— Observed relationships between applied joint load and bolf load for
specimen D-I and comparison with calculated values.
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Figure 12~ Observed relalionships belween applied joint load and bolt load
for specimen D-3 and comparison with calculated values.
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