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EFFECT OF FINITE SPAN ON THE AIRLOAD DISTRIBUTIONS FOR OSCILIATING WINGS
IT - METHODS OF CALCULATION AND EXAMPLES OF APPLICATION

By Eric Reissner and John E. Stevens
SUMMARY

Lift and moment distributions are calculated for oscillating wings
of finite span on the basis of the three—dimensional theory of part I of
this report. The results obtgined are compared with the corresponding
results of the twc—dimensional theory,

Rectangular and elliptical wings of aspect ratios 3 and 6 are con--
gidered and the range of valuee of the reduced frequency k extends
from O +to about 1.5. The calculations are made for various bending,
torsion, and aileron deflection funciions and the results are given in
tabular and in graphical form. It is found that for a given wing and
given reduced—freguency value the effect of finite span depends appre—
ciably on the shape of the wing deflection functions. It is also found
that for a given wing and given deflection function the fipite—span
effect decreases as the reduced frequency increasee. For wings of
aspect ratio 3 an appreciable three-dimensional effect occurs f{or valuves
of k up to about 1.0 and for wings of aspect ratio 6, for values of
k up to about 0.5,

A practical scheme of calculations is described and auxillary ta-
bles are given for the numerical analysis of additional examples,
Formulas are included which allow direct incorporation of the three—
dimeneiemal results in flutter determinants of the kind described in
AAF Technical Report No, 4798, Examples of flutter calculations on the
basis of these formulas are given in an appendix to this report. Change
of the two—-dimensional into the three~dimensional air forces appears to
be responsible for {lutter—speed changes of from 10 to 20 percent for
wings, with the possibility of larger corrections in tail flutter.

While in the examples analyzed so far the aerodynamic—span effect
increases the theoretical flutter speed, the possibility of the effect
being in the opposite directlion in other examples has to be considered.
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INTRODUCTION

The magnitude of the asrodynamic-—span effect in wing theory is one
of the problems for which no complete answer has yet been found. With
attention restricted to wings of aspect ratio that is not too small (say,
AR 2 3) it may be said that, for wings in uniform motion, lifting-line
theory represents a satisfactory solutlon of the problem, For wings in
nonuniform motion the problem is considerably more difficult and most
attempts to analyze the aerodynamic—span effect appear to be either in-
complete or in their epplicability restricted to special cases of the
problem,

In part I of the present report an aerodynamic theory of the oscil—
lating wing of finite span has been given which ie considered to be as
inclusive as lifting—line theory is for the wing in uniform motion, The
final results of this theory were formulas for the spanwise distribution
of air forcee and momente for the four basic types of motion of flexible
wings, namely bending, torsion, alleron, and tab deflection. In thece
formulas the effect of three—dimencionality appears as a correction term
¢ to the basic function C(k) of the two—dimensional theory. The cal-—
culation of o necessitates the solution of an integral equation which
is similar to, but less simple than, the integral equation of lifting—
line theory for the 1ift (and circulation) distribution on wings in
uniform motion,

With a method thus estaeblished for the systematic calculations of
finite—span corrections for the customary two—dimensional theory it
becomes possible to arrive at statements with regard to the quantitative
importence of the aerodynamic—span effect, It hag in the past been
held by & number of investigators that this effect, while significant
for wings in uniform motion, is no longer so for oscillating wings. Phys—
ical consideration of the wake pattern indicates that for a given wing
the actual three—dimensional flow approaches more and more nearly the
two—dimensional pattern as the frequency of oscillation increases, It is
thus permissible to sey that for sufficiently high frequencies the
aerodynamic—span effect is of an insignificant magnitude. This, however,
leaves the question as to what constitutes a sufficiently high frequency
and what is the magnitude of the effect if the frequency ig not suffi-—
ciently high. It was therefore considered desirable to establish, at
leagst roughly, the range of frequencies for which there is an appreciable
aerodynamic—span effect and to indicate the nature of the effect in this
range. The variables which are mainly involved are aspect ratlo,
wing deflection form, and reduced frequency k = wb/U, where o is the
circular frequency of oscillation, Db the gemichord of the wing, and U
the velocity of flight.

The calculetions in this report are in part designed to permit a
rapid estimation of the megnitude of the gerviynasic-span eifect by
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providing for consideration the results of an appreciable number of sam—
ple cases for wings of aspect ratios 3 and 6 and rectangular or elliptic
plan form and for a range of values of the reduced frequency K.

It is felt that a point of further interest of this work should be
the presentation of a scheme for incorporating the three—dimensional air
forces in flutter calculations, for those cases in which such an incor—
poration is deemed worth while, Although the authors agree that such a
refinement will be unnecessary in a good many cases for which great
accuracy is not required, they also feel that if it is desired to obtain
theoretical flutter speeds which are within, say, 10 percent of the
actual flutter speeds, then in most cases it will be found necessary to
incorporate the aerodynsmic~span effect in the analysis. Appreciably
larger corrections will often be obtained, particularly in problems of
tail flutter, 7

Thie investigation, conducted at the Massachusetts Institute of

Technology, was sponsored by, and conducted with financial assistance
from, the National Advisory Committee for Aeronautics.

SYMBOLS

U velocity of flight

Ze 'Y Cartesian coordinates in plane of projection of wing surface
o] density

.xz(y) coordinate of wing leading edge

x.(y) coordinate of wing trailing edge

b semichord

bo semichord at midspan

8 ratio of span to chord at mlidspan
w circular frequency

3 empiitude of three—dimensional circulation function defined by
equations (8) and (13)

y%, n* dimensionless spanwise coordinates; y* = y/by, 0% = 1/b,

dimensionless coordinate of midchord line; 2z, = (xq + xt)/Ebo
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reduced frequency; k = wb/U
reduced frequency at midépan

ko

function @efined by equation (10)

amplitude of two—dimensional circulation function given by equa~

tion (T)
variable of integration

function defined by equation (16)

function defined by Theodorsen

correction function defined by equation (6)

location of elastic axis in units of the semichord D

location of aileron leading edge in units of b
location of aileron hinge line in units of b

location of tab leading edge in units of b

location of tab hinge line in units of D

aileron and tab overhang in units of b; 1 =e —c,

- iwt
bending deflection of wings; h = h(y)e -5

angle of attack of wings; o = E(y)elwt

aileron and tab deflection angles; B =P g%

1PL por walt of spangd il ol %

moment about elastic axis per unit of span
aileron and tab hinge moments per unit of span

function defined by egquation (9)

Bessel functions in customary notation

me=>,~-4
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H Hankel functions in customary notation

Cr, 1ift coefficient defined by equation (12a)

Eﬁ rolling-mement coefficient defined by equation (12b)
5, Q functions defined by equations (32) and (33)

¢J(y) phase angle functions (J = h, a, B, 7)

LIFT AND MOMENT FUNCTIONS OF THE THREE~-DIMENSIONAL THEORY

According to part I of the present report the following formulas
hold for the distribution of 1lift L, moment M,, alleron hinge moment
MB: and tab hinge moment M7 due to a bending deflectlon h a tor-
sional angular deflection @, an aileron angular deflection B, and a
tab angular deflection 7:

e 5 >
L = ( + ik[C(k) + ch] 1 2
20U%b,, - f b

n ‘?'{'

At _ : i | 41l=D
+n(; [ik + k%a] + [l+ik (E—a>,' [C(k)+.9a3}“5—

W&

n ik 1
+ ‘r'é' [ikCBZ' oo kaCBl] + [El + ‘é— Eg ’[C(k) ‘+ OB J

-+

{ g[ikc72 - kgcyl] + LEl(d) + -—-Eﬁ\d) ’[C(k) + o, ]-I gg (1)

2 J
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X ‘(%[ﬂd\‘a@ - szal].—' (% + a >[l + ik <_Jé-___ i > "[C(k) b }a

vl B
+'<§;> (-E—[Aa + 1ihg, - ¥ag ] !

i o e O A

x(-’z£ [A),s + ikA, - szyl] - /% '+ a> [El(d) + i;gﬂEg(;a) 1,[0(1:)

T 07] } y 3 (2)

M 2 j box 2
__..ES._.._ - :9._ ‘r - &_ Bh]_ <3 .1_‘ Eslk[C(k> + 0 h]}.h.. 3 p__ >
?pUzbg B - 2 2

: > : i 1
x{g [1kBa2 ~ k?Bdl] + =8, | 1+ 1k ( ) ! [ C(k) + ca] a

i —/

PJI)—-'

1 [ 1k

2%

b arﬂ A 2 o
+ ( S; > \‘E'EBﬁa + ikBg - k"Bg |+

i

x [C(k) + 07]

S~
|
—
w
~

5| 4 Eg] re(x) + og] VB




NACA TN No, 1195 5

H Hankel functions in customary notation
EL Lift coefficient defined by equation (12a)
Ek rolling-mement coefficient defined by equation (12b)

P,Q functions defined by equations (32) and (33)

¢J(y) phace angle functions (3 =h, a, B )

LIFT AND MOMENT FUNCTIONS OF THE THREE~DIMENSIONAL THEORY

According to part I of the present report the following formulas
hold for the distribution of lift I, moment M,, alleron hinge moment
Mp, and tab hinge moment M7 due to a bending deflectlon h _a tor-
sional angular deflection a, an aileron angular deflection B, and a
tab angular deflection 7:

T 2
L = ( + 1k[C(k) + oy ] 1k
20U%b,, J g

n 'W

+n{—;: [ik + k%a] + [l—»ik(é—a)] [C(k)+oa]}E%;-

]
1

B b
b

mila

[1k0p - ¥°Ca. ] + PRA-2 7[c(}:)+o ]
Bz B1 I T r p

\
J

o 2rne, -0, )4 [m@ s Er@ 10w 451} @)

<
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> " b 2
RPN, ik[C(k)MpJWfP- sl o
quzbg B o B \2 # bg bo
1 . T ETEN | Troc s
X | 3HA, ~ Ay, ] = (3 e ) 1e i (F-a) |00 v o] |3

|
|
i 2
v N [ e
‘ +.<bo> AE‘Q[ABB+1kAB_2I KAg, ]
|

G [ B ea)ie ()

><(-2’E [A“/:s e jkA72 . kaAYl] % /_]2; " a> [El(d).# -?——- Eo(d) 1[0(1;)

+ 0y } 7 (2)

2 1 X
+(b—-> {g[B33+iK_BB - ¥°Bg, 1+ =B {Fl'F"“Eg}fC(k +oB]}B
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M g . ® 2
I T (R 1 h b
{ Dy, + 5 Bg(QMK[O(K) + ch]}b (2 )

S,
(&3
n
o
bV}
2
o}

£ 2 Wi o ' i i 1z
T - k2D =B, (d =—a )
X 2 [ kDae k aij # > 3(d) LJ + 1k < A a ) 4][C(k) + 04 Jf a
4 e r-’E[D +'1ch - 1D ]+»-E(d)' K g, |ro(x) 1
Ko/ 13 10%s Bo Ba ol Wt "BJJ
xE+<P— \,; '(E[D + 16D~ ¥®p bj.+!‘-E(d\ E,(d)
B, /12 Vs T2 i iy B
T g7 0
+ = Bz(d) f-[C(k) +a,] o7 (L)

Equations (1) to (4) employ the notation of reference 1 and the
terms A, B, C, and D are defined there. The values of the terms E
are :

Ey = Tio ~— 1Tp; Ei(d) = Tyo(d) - mToy(d) X
Ez = T3; — 21Ts0 Ex(d) = Ty3(d) — 2mTyo(d) P (5)
E, = T12 — 21T Ez(d) = Typ(d) — 2mTpo(d)

and the terms T are also defined in reference 1.

The dimensions a, ¢, 4, ¢, £, 1, and m (all as defined in ref-
erence 1 and in fig. 1) are in units of the local semichord b (b = by

at midspan) and k = wb/U stands for the local reduced frequency,
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The terms OJ(J =h, a, B, 7) which alone represent the effect of
Tinite span are given by

g 1, (k) Q3
g, = | ctr) + e l) (6)
J L J, (k) — 1J1(k) J ( Q(JZ
The two~dimensional circulation functions fiJ(P) in equation (6)
are defined by
~(z) Me(k) Mg o (y) )
Q h:. = _____..'.:,__.._.. j k ._.:l.-)_.-.-

KH, (k) i

L ki) LiC(k iky 1 o el Lol
(g = *“(-:;\*—-)-" e Ll + ik L= &) i ¢ o(y)

kH; (k) il Sy
(7
» . 1k .

G, - Ao [Fl + ik Eo]}’;— B(y)

(k) 3 ¥
—(2)  mic@x) ¥ i e 5

- 1(0) + 45 my(a) | & 5

74 ga)(k) [ 1l + - 2 —:! bo YT J

In order to take into account the possibility of phase variation in
span direction the function h(y), a(y), B(y), and 7¥(y) in equations

-if (y) g (y)
(1) to (4) and (7) must be muitiplied by terms e i , e i A
~ifa(y) -, (y)
o P ,and e 7', respectively. In equatisns (7) the quantity

k = k(xt + xz)/?_b represents the effect of sweep of the midchord line

m
of the wing.

(o)

The three—-dimensional circulation functions ﬁ 3 are solutions of
the following integral equation:
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[ d-— |
T

(8)

- ik
o

In equation (8) y* indicates the location of points along the span in
units of the semichord at midspsn b,.

The function F in the second integral is defined as

The function u is defined in terms of Bessel functions as

. ' Io(k) = 1d3(k) ; (10)

nk{ | 3501 = Ya(x) g 'FJl(k) + TRV

L iJ

Numerical values of the functions C(k), u(k),

1J4 (k) iC(k) ’

Cc(k) +

and F(x), which are of importance for the evaluation of the generel
formulas,are given in vables I to V.
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Lift and moments at points of no wing deflection,— At points of no
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wing deflection equatione (1) to (4) cannot be used directly because one

or more of the o4 terms becomes infinite, while the corresponding de-—

flection is zero.” In view of cquatiens (63 and (7) there may be written
becomes zero,

for a point where a deflection function J(b, o, B, 7)

.'}.Jl(k)

c(k) +

i! . J (k) o E.Jl(k) "
e 3 -~ 1K1n QJ
szzbo h -—:}-‘ 5%"—)-.._ (53
KH; "’ (k)
,,‘( ) iJl(k)
M C(k) + - - -
_Mﬁ’_J__ = E_. [ ke (__L~ 2 a> ‘i! SRR ‘,(-kf e 'LJ]'(K_.) i
i aa
mf 2P
C(k) + H3()
o T A n Jo(k) —~ 139 (k) =
200> 2 by o LC5s) TR, 3
/ \ -
K12’ (k)
10, (k)
M ¢ C(k) + -
ok A Ey(1) Jo(k) ~ 1y (k) 5
2@U2bg 2 by i _Ec(k) aikm J

km{?) (x)

Q4

> (11)

Expressions for 1lift and rolling~moment coefficients,—~ The coeffi-

cient of wing 1lift may be defined as

by _
J Ldy Bl % e
i —-Sbo LS"b() /e 7 / v
CL = l = c‘ /r’ ‘_‘--—:;‘-. d \ .BCT—‘!
2a Oy 2pU"b \80g
E U’ Sy ../O o

(12a)
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For a rectangular wing

€sb
= 2
Sw.
For an elliptical wing
2
Gsb0—§
Sy n

gb
O -
' L ydy 2 1 =
ml —gh Lgds o L ¥
CR = 0 = - & / - ( y \ d ( -—> (12b)
_J; DUQ(ESbQ)Sw | 20U%bg Sbo v Bb0 A
o 0

Corresponding formules may be written down for a vitching-moment coeffl~

cient and for control—surface hinge-mement coefficiente._ In the preeent

paper, however, use is made only of the definitions of CL and CR'

SOLUTION OF THE INTEGRAL EQUATION FOR THE CIRCULATION FUNCTION

For the solution of equation (8) a procedure ie chosen which is
analogous to one of the known methods for the solution of the lifting-
line equation for uniform motion.

Define new variables @ and ¢ by the relations,
vy =8cos @, n* =8 cos €

and write

O T T I
8,0 = ) Ky =L (13)
n
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In terms of the new variables equation (8) becomes .

+-—u(k)i— %.ﬂ EKnJ'Cosne 5

> KnJ

s(cos @ — cos ©)
o

- 6 o Y
A iko/ cos P — cos «F(ROB{COB $ - cos ¢| ) > Ki'lj cos npds

lcos @ — cos 6

3 ﬁff)(s . (14)

Introduce thée known formmla,.

x
7/' cos nddd L 8inn g

- cos f — cos € sin §

and write equation (1) in the form,

(e} &

E fsinn¢+b" e Tomin ow @
—— ——p J T
«I%JI n W, ug | sin §

ot
ez 57

B
ik s . - 6
1 / cos % cos F(,kOSICOS ¢... cos 6|)cos nodd

B |cos $ — cos 6|
o

. ﬁjg)(s coe @) % s ‘ (15)
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Now, define a set of functions S, by the rélation,

sin n
Sp(ky8,9) = e
sin ¢
k g ;
s 3 Die, Bk
% i—i— /' cos § — cos 6 F(kys|cos § — cos 6|)cos n 046 (16)

|cos @ — cos 6]

Equation (15) may then be written

Diacong)  (an)

i X, {_B_i_n_n 6. £ 2 (s (i 5,) }= &

Equation (17) is solved approximately by satisfyihg it at as many suita—-
bly choeen points ¢m as there are coefficients Kh. Write

. 8in n T b :
A s t2nf, x e WS ke, ) (18)
and
= (2) = (2)
oy s cos = Q (19)
3 ( g, ) i
Then the system of egquations to be solved is
| o+ k)
Ften = B0 (20)
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Note, that if the wing deflection is symmetrical about midspan, only odd
values of n occur, while for entisymmetrical deflectlions only even
valueg of n occur, If this is teken into account, all points ¢m may

be chosen within a semispan, If the number of points ¢m vhich are

selected is N, then equation (20) is a system of N simultaneous com—
plex linear equations to be solved for the N complex guantities Knj'

Note further that the left-hand side of equation (20) depends only on
wing plan form end on reduced frequency, but not on the form of the
deflection function which determines the right-hand side.

The functions Sn(kos,ﬂm) which occur in equation (18) have been
calculated for a number of values of n, kos, and ¢m and the results
avre contained in table VI, The functions sin n¢m/n are also calculated
for the same values of n and ¢m and the results are given in table
VII. Figure 2 contains a series of plots of S, against kg8, &0 that
also for intermediats valuss of kos the values of Sn are available.

Calculation of the functions Sn according to equation (16) in-—

volves the evaluation of an integral containing the function F . defined
by equation (9). With tabular values of F available, the integration
can be carried out graphically or by approximating F in the range of
interest of the variable x by a function which permits explicit inte—
gration., Both these procedures have been used. (See appendix A,) Use
has also been made of calculations carried éut in England (reference 2)
in comnection with & theory of the aerodynamic—span effect which differs
from the one evagluated here.

SUMMARY OF PROCEDURE FOR CALCUIATING THREE-DIMENSIONAL EFFECTS

(1) Choose spanwise stations at which integral equation (8) is to
be satisfied. (Present renge of calculations of auxiliary
functions restricts cholce tb the six stations,

cos § = 0, 0.2, 0.4, 0,6, 0,8, and 1.0
m /) s ’ s

in units of the semispan.)
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(2) Tabulate the values of W0 2y e 18, BNE AT Deeded . of
¢, d, ¢,f, 1 and m at these stations. Take from table IV

(2)

the values of the function u4iC/LH, at these stations,
- (2

Calculate, according to equatione (7) the values {2( ) at

these stations., J,m

(3) Calculate by means of tables II, VI, VII the values of A of
of equation (18). .

(4) Solve the system of equation (20) for the coefficients KnJJ

preferably by the Crout method for the solution of systems
of simultaneous equations with complex coefficients,

(5) Calculate the vaiuwes of (), at the seclected stations

J
by means of equaticn (13). Make use of table VII for factors
ein nf /n.
(6) Calculate the vaiues of /"( ) at the selected stations,

(7) Caleulate terms o, from equation (6) meking use of t¥ble III,

J

(8) substitute terms cJ

‘moments,

in eguations (1) to (4) for lift and

It is this procedure that has been used to obtain the resulis which are
discussed in the following section of this report.

COMPARISON OF TWO~DIMENSIONAL AND THREE-DIMENSIONAL LIFT DISTRIBUTIONS

In order to judge the effect of the three-~dimensional correction
terme in the expressions for lift and moments, a number of cases have
"~ been analyzed numerically and the results are shown in table VIII, and
by means of figures 3 to 21 which ~ontain the two—dimensional as well as
the three—dimensional distributions.

Calculations have been made for wings of ellipticel plan form and
for wings of rectangular plan form. In both cases the aspect ratios
chosen are 3 and 6, and a range of values of the reduced frequency k
is covered. As wing deflections the following were chosen:

(1) Translation of rigid wing ('h = l)

(2) Pitching of rigld wing about midchord (a =1, a=0)
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(3) Rolling of rigid wing('%- - y/sboj- WORDORTY  gpepest

(4) Linear antisymmetrical torsion (o = y/sb 2 = 0)

O)

H I

(5) Linear symme trical torsicn (da ‘1jl/sbo, a = 0)

Al /v, )

(7) Parabolic symmetrical bending (%%-: (y/sb0)2>
A ,

(6) Linear symmstrical bending (%m
o

(8) Deflection of‘full-span\éileron (8= 1)

(9) Deflection of partial-span aileron _
(|y/<raby : B = 0; [y{>hsbg 2 B =1)

Figures 3 to 21 contain the results of these calculations. (Some of
the results were first obtained in. reference 3.) The points et which the
integral equation for the circulation has teen satiefied are indicated in
the figures; the number of theso points determines the number of simulte—
neous equations to be solved. The following conclusions may be stated:

The aerodynamic—span e¢ffect for a given aspect ratio and given wing
deflection decreases noticeably as the valuss of the reduced frequency

K, increase. There is substantial asgreement between the results of the

three—dimensional theory and the resulte of the two—-dimensional theory
when the value of ko is sufficiently large. The rate at which this
approach between the roesults of the two theories takes place depends on
aspect ratic and wing deflection function. The lower the aspect ratio,
the slower the approach. The finite-span effect persiste to values of
kQ which are higher for linear spanwize variation of deflection than

they are for no spanwise variation of deflection, and higher for para-~
bolic variation than for linear variation. While these facts are what
would be expected, the presenu calculations should furnish the quantita—
tivs inforretion which is needed in order +o know when to neglect the
aeroiynamic--snan effect and when not to neglect 1t. Reuglily, it may be
stated then that when AR = 6, there is no need to consiuer the
asrndynamic--span effect when Ko >1: and when AR = 3, there is no need
tm coneider the effect when k, > 2. For sualler values of k, the
the effect should be given greater consideration. Important corrections
certainly do occur when ko < 0.5 and AR = ¢ and when kg < 1 and

AR = 3. Corresponding conclusions will hold Ter values of aspect ratio
between 3 and 6 and for values beyond these limits, 41together the
numerical results obtained may also serve as an indication of the magni-—
tude of the effect to be expected in cases which are somewhat different

from those analyzed.
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It appears from the present calculations that the aerodynamic--span
effect is appreciably less for hinge-moment distributions, It is thought
that this fact was not known previously,

In connection with present results for partial-span control sur-
faces, it should be said that greater accuracy than has been obtained is
desirable. The discontinuous spanwisge variation of deflection should be
taken into account either by—ysing more terms in the series for § or by
using a special function 23180 which accommopdates the discontinuities

in a manner analogous to that in uniform-motion wing theory.

It is noted that for the rectangular wings the 1lift distribution is
not zero at the tip as would be expected. This may be explained as fol—
lows: While in an exact lifting--surface theory the chordwise pressure
distribution at the tip would vanish, this condition cannot be satisfied
in the present approximate theory. In the approximete theory only an
average condition can be prescribed and the natural choice of this average
condition is to meke the circulation vanish at the tip. For not toe
large values of k +this circulation condition is effectively equivalent
to the condition of vanishing tip-lift intengity. With increasing value
of k these two conditions become less and less similar. The same ob-—
servation can be made regarding the moment intensities at the tip for
rectangular wings. In an exact theory the moment functions wonld vanish
at the tip while the present theory is unable to ensure this.

It must be said that to the extent that the tip conditions are not
completely taken care of, the present theory does not fully account for
the effect of finite span. Hewever, even when this difficulty occurs,
corrections are obtained which are in the right direction and which
therefore may be applied. It should be emphasized that no such 4iffi-
culties occur for wings with zero tip chord because for such wings 1ift
and moment intensities approach zero near the tip in the two—dimensional
theory.

In addition to the diagrams showlng spanwise lift distributions
there are given in figures 1%, 16, and 17 curves showing the variation
of wing lift coefficlent for rigid translation and pitching, and of wing
rolling-moment coefficients for rigid rolling and linear antisymmetrical
torsion. These figures show again how with the increasing ko the re—

sults of the two—dimensional and of the three—dimensional theory approach
each other.

AERODYNAMIC—SPAN CORRECTIONS IN FLUTTER CALCULATIONS

The use of the finite—span corrections of this report in flutter
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calculations may be explained by use of the procedure described in refer—
ence U,

In the case of combined torsion and bending aileron flutter with
geared tab, flutter speed and frequency are determined from a determi-
nantal equation of the form '

£ B8
- S =0 (21)
G H it
- e =

The terms of this determinant involve structural components and also
asrodynamic components which are designated in the following calcula—
tions by the subscript A. The aerodynamic components only are con—
sidered here. According to and using the notation of reference !, with
a dimensionless spanwise coordinate 2z, defined by

w o AE
bos
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Introducing for the I, M, T, P, and @ functions their equivalent
values in the notation of the present report, the aerodynamic determinant
| terms become: : 48
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According to equations (1) to (U4) the finite—span corrections appear
as corrections to the Theodorsen function C(k) in such a menner that
C(k) bocomes C(k) + oy By substituting C(k) + cr'j for C(k) in the

determinant terms, the determinant +terms developed using two-dimensional
acrodynamic considerations become three--dimensional terms. With the
three—dimeneional asrodynamic series indicated by a superscript 3 there
may be written: : E
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By rewriting the finite- span correction terms and indicating
them by a A prefix, the finite-span corrections for the bending—
torsion-aileron flutver deverminant of reference 4 are then as
follows:
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These integrals for the finite--span corrections for the terms of
the flutter determinant cannot in general be integrated explicitly. It
is necessary in all but very special cases to integrate these correc—
tions graphisally or by numerical means.

Bending and torsion of rectangular wing.— This case may be consid—
ered individually as an examplie in which explicit integgation is
possible. By teking the valuee of oy and o, from equation (6),
there may first be written

-
& —
i 4.7 7 Q 3
pA=-2 o4 —2— <__h-—l> l'fh(z) % az
i k L Jdo = idy | Q(?) { i
_.o ‘n =
- 4 ]
AE"L;E*‘F\E“a)!
[ O R (g‘cc Y
X 1C«+ - -1} Blz)e le)dz
el e | o R
g \\ha
0
| oy -
1 i 1Jy o Zoh \ 5 (26)
ap o (5 23 "c i s | el 34Y
- \\2+a> k +Jo"iJ1 ‘ / \ = (2) /
0y
o.
X fh(z)fm(z)dz
{ i . ﬂ’
AE (3‘-4-&\) lg—+-2—}-(}--—a\, ‘
= 2 Hulsgl(, lin B / |
3 -
)
; N R <ch. 1
% {1 0% —l>‘f(Z)'dz
L T = | ~ (2) -
g 5 5

In view of the constancy of k for rectangular wings and the fact
that the circulation functions coccur as quotients only, it is permis-—
sible to normalize the two—dimensional circulations in such a way that

o R e (27)
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e |

and to indicate a corresponding change in the three—dimensional circu—

lation functions by writing

=L ¢ S plin n@
T Si s T e

e

Introduction of equations (27) and (28) into equation (26) gives

A}=\.=-3-"‘~[C+——1Jl | /51 [(T%E’}Pfﬁ}fh(z)
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Jg — 173 |
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By assuming linear torsion and parabolic bending, that is,

(28)

> (29)
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£, (2) = z, f,(z) = z? (30)

the remaining integrations in equations (29) may be carried out and
the result is

b 1 i
1 1
oA —?—jiiPC+ it 35<th+-%1<3}1>—1
e Jo — 1d1 5
3 J -
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x3~< ih * 5 %h = 35 Kh + 355 o )
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AE = 2 + a\\ l £, + & ( &L a} ] C + ot ]
2 /L_kz k 2 /_ JO_lJl__.
b oy i '
Bl + S Blg = oKy ¢ e Ko~ >-—1
x( la 5 o 35 Kém 105 7 QL
3
o

Equations (31) will be applied in apperdix B of this report for
the flutter analysis of a rectangular uniform wing. Equations (25)
will be applied for the analysis of a tail-flutter problem.

THE RESULTS OF BIOT AND BOEHNLEIN

In reference 5 theoretical expressions were giVen for lift and -
moment at midspan of a rigid elliptical wing with motion consisting
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3Y]
O

of translation and pitching about the midchord line. The results of
reference 5 may be compered with corresponding results obtained on the
basis of the formulas of the present report.

The relevant expressions of reference 5 may be written in the forw

" - K2 =
42@U2bo o 2 =) bo
{‘ J.ko £ iko Myt -
+ 0 — 4 [14 | Pag (Xo) p O
i iy 5 ) B o)f (32
M (o) - ik, \ &
W — g (x, ) gk
'QQU“ = 2 A bRy
v, 0 2 ) - iy 2 P89S ey
v TR . 0@:/ 21 Q/kAROf i

It may be seen that the effect of three—dimensionality in these formulas
ip responsible for the change of the function C(kp) of the two= .
dimensional theory into the functions PAR and Qpr which are tabu-
lated in reference 5 for a range of aspect ratio and of values of ko.

‘Comparison with equations (1) and (2) of the present report shows
the following relations between the results of reference 5 and the
present results:

Fypll,) <> olx,) + op(x,) )

Puplky) <—> Clkg) + og(k,)

g & > (34)
Gup(ky) <> Clkg) + oy (k)
Yglky) <> (k) + 0, (k)
=

Calculations show, that for the unlform deflection functions which
are considered here,
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oy (k) = o4(k,) (approx.) (35)

As a formal difference between the two sets of results there re—
mains the fact that in the present work the corrcction terms for 1ift
and moment are the same, while in the work of reference 5 this is not
so. The authors of the present paper are not able tc decide which one
of the two sets of results is nearer to the actual facts in this
respect, It may, however, be noted that the differences between the

P- and Q—functions are quite small. The order of magnitude

of the differences between the two appears to be no greater than the
order of magnitude of the deviations of the approximate results from
the results of an as yet not existing exact solution of' the problem.

A numerical comparison between the P— end §¥functions and the
function C + ¢ has been made for the four values of aspect ratio,
6, 3, 2, and 1.5. Figure 22 reproduces the real and imaginary perts
of the various functions, together with the function C of the two—
dimensional theory. It is seen that agreement between the two kinds
of three—dimensional corrections is quite close. A theoretically

important difference is the fact that for increasing kg the results

of the present work converge toward the result of the two—dimensional
theory while, for aspect ratios 3, 2, and 1.5, the results of
reference 5 do not converge toward the result of the two-dimensional
theory. As k, approaches zero the results of the present work ap—
proach the results of lifting—line theory. It is noted that the same
is very nearly true for the function 5; while the function P is
consistently somewhat smaller than would follow from lifting~line
theory.

Determination of terms o.— It was found that,for the two forms

of motion considered previously, sufficiently accurate results were
obtained from a one—term approximation for the circulation function

9. By taking
G =K, sin ¢ (36)

and determining the coefficient X; by satisfying the integral equa-—
7

tion (8) at midspan <j¢l oy ) there follows from equation (17):

_f" \ —(2)
Kl ’l - 355 H(ko)sl(\kos,'g ) ‘ = Q (O)
i « ‘

NG
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and hence

T : (37)

Sler - ’
G (o) 1+ . u(ky)Sy . k,8; >

A

Then, according to eguation (6) there follows for the correction terms

— iJl(ko) ”"
k — k = IC k l
Uh( O) Oa( O) l_ ( 0) *+ Jo(ko) =l iJl(kO) '_,i
i« y o ; . ¢
. #y (39)
i T\ !
oot . w(k, )8, (\KOS, o)

Equation (38) is evaluated by means of tables II, III, and IV. Nunmer-—
ical values of. the funciions o so obtained are listed in table IX. It
may be noted that equation (38), in addition to giving the correcticn
term for translation and pitching, also gives the proper correction for
the deflection of a full-span aileron on an elliptical wing as long as
the dimensionless aileron-hinge—line coordinate e and leading-edge
coordinate ¢ arc constant along the span.

As a conclusion to thig discussion it may be stated that from a
practical point of view there seems to be little to choose vetween the
results of veference 5 and the present results in those cases where the
results of reference 5 apply. A practical disadvantage of the results
of reference 5 appears to be that no provision is made to obtain corre-
sponding results when other than uniform deflection functions are to be
taken into consideration.

The present avthors would have liked to include aleo a comparison
of their results with the results of W. P. Jones in reference 2; how—
ever, notational difficulties could not be overcome in time.

Messachusetts Institute of Technology,
Cambridge, Mass., January L, 19L5.
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APPENDIX A

NOTES ON THE EVALUATION OF THE FUNCTION Sy
According to equation (16)
T

sinn ¢  1Eo8 ; cos § — cos @

S (k i) =
nlkos, #) sin ¢ z ./ lcos § - cos 6|
0

X F(kos!cos¢-— coe 6] )cos ndde

and according to equation (9)

1 e
Flx) = / e A {-l.+ L _ JZ;E~_i_l_ idh = R(x) - 1I(x)
’/ s A XA ¢

The function F is given numerically in table V. It can be shown that

it possesses the follewing limiting behavior:

=
x>

—

X ->» o W) ®

Sl g

,
v
(@]
=
EZ
)

- Inx ~-0.39 In 2 -

ol

It can further be shown (reference €) that the following representation
holds: &b

" Plx) e L. | du (a)

where G(u) satisfies the differential equation,

2 ;
A A (b)
u

du@ u du

with the initial conditions,
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i

a(0) = 1, G (0) = =1 (c)

Equations (a) to (c¢) are lisved-here for future reference. So far, it
has not been found possible to derive computational advantages from
them.

Graphical integrétion.— The integral,

7
cos § - cos 8

i |cos § — cos 6

L& .

I(k,s|cos @ — cos 0|)cos neds

may readily be evaluated by graphical or numerical (Simpson's rule)
méans as the integrand remains finite throughout.

The integral,

n

4
/ P § = gos 9‘ R(kos|cos § — cos 8| )cos n?dd
;/ icos § — cos 6|

(o]

is subject to the difficulty that the function R 1is logarithmically
infinite when cos §§ = cos 6. There may be written, for ¢ < f £ m ¢

x g-e @+ it

/ = .‘//'. » /. " //a

and the first and third integrals evaluated graphically. When ¢ = 0,

write instead
. /’ v { o
// = / + /
¢ .
' 0

(¢}

The second integral may, for sufficiently small ¢ , be estimated

analytically as follows:

R(k s|cos § —cos 6]) = 1n [ 291 2% 8| cos § — cos 8|]
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6 = ¢ + 7 do = dn

cos f —cos 6 = n sin § > (a)

" cos n8 = cos nf = nn sin nj ‘g

Hence

/ = / - 1n (27 *%k.s sin fin}) ( coe nf
. : | nf
J—e - L€
~nnsinnf)dg = —2nsinng [/ g ln(2°'3vkosn gin §)dn
: : :

= —¢? (n sin ng) ; in ¢ + In(2° *%k 8 sin §) -~

0

This approximation is satisfactory when sin ff kjs: < 0.05.

In this menner the functicns Sp have been calculated Ffor
kos = 0.5 and various check calculations have been carried out for the

values of Sn obtained from reference 2.

Approximate analytical integretion.— Write Sn in the form

b4

C =~

8 i i 5 1
Sp = e ({ . 2 w(ix|) | cos neds (e)
& | {
n ./ X x|
o
where
x = k,s(cos & — cos @)

The range of integration in x is i(' < 2k s, In this rangs there
may be written approximately: :
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\ Anxn
n=0 - Rk \ (f)

o
&
N
=
i

~1ln x +

[~1=

il

M
W n
Ia(x) = 3 By x

n=o A J

For a given kgs an arbitrarily close approximation for &, may be
be obtained by making the number of texrms, N and M, large enough.

For kos < 2, (x < 4), the following approximations have been

used:
5
R,(x) = =ln x — 0.270 + 0.764x - 0.120x® + 0,011x®
Y
I_(x) = 1.319 - 0.75Tx + 0.202x% — 0.020x"
s

The coefficients of these expressions were obtained by meking R, and
I, agree with R and I, respectively, in four points of the interval

Bse “x b

By introducing equaticns (g) into equation (e) the following inte-

grals occur:
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B
/‘ .COS e — cos .f cos nody = o Sinn
/ lcos 8 —cos ¢ n
{ i
(x
')K jol n=1
/ { A j e
/ (cos 6 — cos Plcos nBAB = ¢
/ LO, P=t L
r
Iy 3 /@ sin 2f\
— gin + 2 .cos - -0 + ¥
3 P 7 \ 2 ¢ ol
n=1
b /P =w N sinkf 2 sin 2 sin®@
/'(COS. o ol ST Gl A L 3 ’
./ lcos & = cos ¢! o
5 . n= 2
(sin(n -2} 2 sin o
‘n(n - 1)(n ~-2) n(n® -1)
sin{n +2)§ ,
+ ‘\jn = 3 4 & e
L n{n + 1)(n + 2)j F o

é—g (1 + & 0082¢),
b1 3
A - i- % cos §,
j (cos 6 — cos #)° cos noes = ¢
“o x
'8'J n=3
L0, ooeh, 5. . .

A somewhat less simple calculation leads to a recursion formula for the

o ey
integral,
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b
cos 8 —cos ¢ |

‘f')
fiis , g
T / lcos 6 — cos @] .
o

In |cos € - cos ¢|} cos nbde

The recursion formula is

e £ 3¢
l——->¢n_1——,2 cos @ £ + <1 *R) o

“ein (n - 1)P _ sin (n+ 1)¢ ]
% n -1 n+ 1 :

-l

With the initial conditions,

f1=281n¢j21n|sin¢! +ln2—l]—2003¢<¢-—§—>

! (2]
fa=g8in2f 21n|ein Pl + In2 -1 ] - 512 ~- — cos 2¢(:¢ —-g\
! A 7

On the basis of these formulas a number of values of the functions
Sn have been calculated and the results compared with the results of
the graphical solution. It was found that there was very good agresment
for the imeginary parts of ©Sp, differences between the two values ob—
tained by the two methods occurring only in the third or fourth decimal,
Somewhat less satisfactory agreement was found for the real parts of
Sn, with deviations of from 1 to 3 percent. While for practical pur—
poses an uncertainty of this magnitude with regard to the values of Sp
ig of no importance, it is believed that the results of the graphical
analysis are the more reliable., It still appears to be desirable to
set up an analytical scheme by means of which the values of S, may be

calculated accurate to, say, three or four decimals,

A transformation of 8;(k,s, n/2).— It may be shown that this func—

tion can be written as a single integral when use is made of complete
elliptical integrals. From equation (16)
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(69)

n/2
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there follows then

(e e} f o
2ik s {3t a1
(1 .,.t. \ 8 g o / lx&os)\»’ E 3‘__ i
\ﬁos,e/,-l ” / e \\2+)\‘ &
~0
=1

—,\/l+;:5E/:.__l ‘ \
/

A |

i’_J R
vhere E designates the compliete elliptical integral of the gecond kind.
It appears that this representation might serve as the starting point

of further analytical work. It is probable that corresponding, less
simple expressions may be obtained for Splkes, #) also when n £1
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APPENDIX B

APPLICATION OF THE THEORY TO WING FLUTTER PROBLEMS
DISCUSSION OF THE TEEORY
It was shown in reference L4 that the equations of motion of a wing

in bending and torsion aileron flutter with a gsared tab can be written
in the form of a determinant as

A B¢
D EF =0 (B1)
¢ 2 I

In the present report the elements of the flutter determinant of refer—
ence L4 are revresented as the sum of a structural term, a
two—dimensional aerodynamic term, and a threse-dimensional corrsction
term as follows:

{
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1=
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(B2
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e owg o u=

w (7} G} [v:]

+ + + +

gy 'E? éﬁ =
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o o ntd
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it
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+
s
4
i

In these terms the subscript s vrefers to the structural terms;
the subscript A refers to the aerodynamic terms calculated by conven—
tiocnal two—dimensional methods integrated along the span: and the prefix

A refers to the finite—span correction to the aerodynamic parts of the
elements of the determinant.
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The aercdynamic parts of equation {(B2) are given by equatione (23)
and (25) of this report. The structural terms are listed below in the
notation of reference 4.

g7
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In addition te the general structural terms of equation (B3), the
structural terms for the special case of the uniform rectangular wing
in bending and torsion flutter with a parabolic bending znd a linear
torsion mode are licted separately as follows. The corresponding aero-~
dynamic terms are given in equations (23) and (31).

: T om \2 {'Dh.\‘a " 1 W
TR T R R o) <l+igh) f
= onpb, WL N W/ AN
Sq
B_ =
=8 :
hnpoos
> (3b)
S |
Dy = = 3
Lrpb
T r Wy \ 8 1 ‘
Boe 2 1= () (e te) l
8 3mw,” Lo e -
where
M mass of the wing ver unit span
Sy static moment of wing per unit span about the elastic axis
I, moment of inertia of the wing per unit span about the elastic axis

In order to apply finite-span corrections to flutter analysis a
procedure should be outlined. A possible method is to analyze first
the problem in cuestion by using the conventional two-dimensional asro—
dynamic terms integrated along the span. If the resulting speed occurs
in a range deemed critical, the finite—span corrections may be intro-
duced.

Since the analysis using the two—dimensional values of the aerody—
namic parts of the terms of the flutter dsterminant gives the spproxi-
mate range of frecuency paramcters in which flutter may be expected, the

range of frequency parameters which must be investigated for an analysis

using finite—span corrections is minimized., In general, the number of

Trequency parameters investigated by using three—dimensicnal aerodynamic
‘considerations may be limited ta three values when this method is used.
In the analysis conducted it has been found that the caliculated fiubtter
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speed eccurs at a somewhat lows val ve of the frequsncy parameter when
the finite-span coryrections are appl¢ed This should e kept in mind
when conducting flutter analysis which takes into account the effect of
a finite span.

The procedure outlined will be used in the two examples presented
in this appendix.

EXAMPIE T

This example is presented primarily to illustrate the method of
applying finite—gpan correciions to a simpie wing in hending and torsion
flutter. The wing sé¢lected for the analysis was ch N+~75 wing of refer—
ence 7. In order to supply more accurate data on the characteristics of

the wing, it was again tested in the M.I.T. flutber : a“ova*orj with
equiprent which was not available when the original tosts wers con—
ducted.

The N-75 wing is a rectangular wing of aspesct ratic © with the fol~-
lowing characteristics:

2sby = €0 in,
2b, = 10 in.
a = -0.30
M = 0.0C% siuvg/ft

S = 0.00068 slug-ft/Tt

I, = 0.00059 slug—£t% /£t

we(measursd uncoupled ground
frequency in torsion) = $.9 cps

wy, (measured unccupled ground
frequency in bending) = 3.9 cps

Ca
i

o
e
L

4]
2
]
o
Q
-~
(e}
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Since .all exper mental tests were. cenducted at. approximately stand-
ar sea~level conditions, the andlysis will be conductod usang the
cd:ancla.rcl sea-level value for the density,

p, = 0.002378 slug/ft>

No data on the true flutter mode shapes wers provided: so the anal-
ysis will be carried out with & linear torsion and a parabolic bending
mode acsumed. The terms of the f;utuer determinant for this special *
cage huV@ been integrated explicitly &nd are proviéed in equations (23),
(31), and (B4). The analysis will be performed and these integrated
flutter terms ueed. ]

Flutter Analysis with "wo~Pizensional Values

for the Aerodynamic Parts of the Deteymingnt

When the supplied data is incorporated in the structural parts of
the determinant terms from equation (BL), thess terms becoms,

5 r § \2 Iz (0% \\2 3 5 §.
(B )
. 'iﬂpbo" pe \ (Da o k.
2 ’(”Dotf “I
e ,.3..11-. ___0'020[/.'__. et g !
il T \ ( gh)J
S
Bs = ot ___CL_:; =2 8 3350
Lstob
i 8 O\ 2 -
Es" 6431_;_2\‘ (l+iGa,)’
= 3xpb & i
o]
- O \g E
=0.8789; 1 -(2) (1+igy)|
N\ / J

The cerresponding aerodynemic parts of the determinant terms A,

@A: gm, and EA from equations (23) from two-dimensional considerations




bl NACA TN No. 1199
may be calculated dl*ertly for several values of the frequency parameter
bv the use of {able :

Trs two-dimensional aerodynamic terms for the rectangular wing with
a linesr torsion mode and a parabolic bending mode are:

10 2ic(x) |
éA-,?;l“T"}

o N R

='#_,.— (i + a,> - ¢ k)f—g— 4+ = <A-'7= —-a 11

PR ol T 7

dod a8 43 i iy
Dk i s gals 48 Y00k
=h k! KNP 7 (k) j

g e e Y Sl ;
E=i\r—i(i-~a,+(i+9‘\+{/a+}-‘||2——+g}*(;-——a\\‘f
* Be.l | =kaNg / \ & & N gF Lks 08 NB L

X C(k)}

Since the serodynamic terms of the flutter ipLe“minant for this
spacial case may be calculated by simple formu¢a substitution of tbe
values of C(k), a, and k, and since C(k) is tabulated as a function
of k in table I, the actual calculation of the aerodynamic terms is
not performsd here. The deverminant ‘srms however, are tabulated in
tebls X as a function of the frequency parameter k.

The flutter determinant thus evalvated and tabulated in table X
will be golved by the method outlined in reference 4. This method will
not be illustrated, but the two solutions to each of the resultant con—
plex quadratic equations are tabulated as a funct‘on of uhe frequency
parameter ko in the folliowing table:
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ROOTS OF THRE FLUTTER EQUATION

L”FJ'.JEE;solution Second—;;lution
k v Vo

tgi) B | (aph) s
0.4 17. 4 ~0.639 ' 29.0 0.081
5 331 - 439 25,1 | - .030
.6 v 5 - .330 22,3 - ,081

45

The flutter speed by this methcd is determined graphically in figure 23,
and is equal to 28.6 mph,

Flutter Analyeis with Finite--Span Corrections

Since the primsry purpose of the report is to illustrate a means of
incorporating finite-spen corrections in flutter analysis, the means of
calculating the correction functions aj(h, o, 8, ”) will be illustrated
and these functions applied in this simple flutler problem.

It has been shown in eguation (31) for this special case that the
finite—span corrections may be cxpressed in the following form:
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Since the algebraic terms developed for this special example cannot

be developed easily for the general case, the correction terms will

usually have to be determined by graphical or numerical integration. For

this example, then, the correciions will be determined by graphical inte—
gration and by formula substitution In the relations listed previously.

It can be shown from equation (27) that the correction function 0y
may be written for the rectangular wing as,
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where fj(y) is the deflection at the station under consideration and

w 1is a function which 1s proportional to the circulation and may be
expressed as,

A > K gin nf
ng n

The K;J terms of this Fourier series may be found from the set of

ecuations,

The relationm,

) b i E

holds only to the special case of the rectangular wing, but the gencral
method of finding w is the same as that for finding QJ.

In order to illustrate the method the correction terms will be cal-—
culated for k, = 0.4, Since the method is similar for any value of k,,
the procedure will not be repeated for the other values of the frequency
parameter investigated. The results, however, will be tabulated for

other values of ko.

The parameters and tabulated functions necessary for the determi-
nation of cx‘j for the selected value of the frequency parameter,

k, = 0.4, are
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w(k) = plk )
id

C + -

JO XN J.Jl

)
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26hh -- 0,0954i

5350 + 0.03091

The Sn(¢, k,s) functions listed in the following table are ob—
tained from the plots of S_(f, k.s)

egainst kg8 in figurs 2:

i 1 ¢ ‘ i
| o3 | sin np | &

e e - 8 ka3
i o ! H
s = 1
’ i1 1 0.230 — 0.2951]
% , a3 ~@,3833. 7 | umidi93e40 43544
| 5 .2000 .630 — .337q
| 7T | =-.1429 | =-.T15 + 310§
i . i !
i P 1
! 1 0.9165 0.280 — 0.300%,
é 13 —.1099 gt + - X5
10 e fy 45 ~.0936 | -.326+ .17k
| 7 380 TToed L3153

- = i
E f 1 0.600 | 0.588 ~ 0.2801
becrdl 2 Lo R s
0.8 Y15 ~.0151 =130 % 137
‘4 ¥ ~.1393 ~1,330 + .360i
S

[ 1 0 1.665 + 1.3301
3 0 35 ¢ T2
10 4|5 0 5.050 + .485i
7 0 7.025 & 344t
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When these functions have been tabulated, the integral equation
must be solved to fix the circulation distribution along the span. It
is thought that the circulation can be approximated satisfactorily for
a rectangular wing by the use of a four—teyrm Fourier series approxima-—
tion. For this example the integral ecuation will be satisfied at
y/sbo =0, 0.4, 0,8, and 1.0,

The integral equation,

,\‘ Kn,jAmn e f.j (.‘/)m

then becomes a set of four simultaneocus linear equations to be solved
for the KnJ coefiicients. Since the modes assumed are symmetrical,

only edd valuea of n will occur.

The A, functions are equal to

A = Sii 2, :z ()8, (F, ks)
(¢}

and when these terms are evaluated for n = 1, 3y 9y e
y/sb, =0, 0.4, 0.8, 1.0, the Ay, functions become, for y/sb, = ©

2

- x{0.264L ~ 0.09641)

Ay = 3

(0.230 — 0.2951)

1+ (0.1364 — 0.05051)(0.230 —~ 0.295i)

1.0169 — 0,05241

il

Ag; = —0.3333 +.(0.1384 - 0.05051)(~0.493 + 0.3541)

= —0.3837 + 0.073%1

0.2000 + (0.1384 — 0,05051)(0.630 ~ 0.337i)

n

A5y

Lt}

0.2702 - 0.07851
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Ay = -0.1429 + (0.1384 — 0.05051)(-0.715 + 0.3101). "

= <0.2262 + 0.07901

for y/éby = 0.4,

Ay = 0.9165 + (0.138h —0.05051)(0.280 — 0.3001).

= 0.9401 -~ 0.0557i

Ags = —0.1099 + (0.1384 — 0.05051)(-0.20k + 0.115i)

= —0.1323 + 0.02621

52

A = -0.0936 + (0.1384 — 0.05051)(—0.326 + 0.17ki)

~0.1299 + 0.04051

A, = 0.1380 + (0.138k ~ 0.05051)(0.772 ~ 0.3151)

72

= 0.208¢ — 0.08261

for y/sb, = 0.8,

> z
513 = 0.000 +

= 0.6672 -

(0.1384 — 0.05051)(0.588 — 0.2801)

0.06811

A ='0.3120 4+ (0,138% — 0,05051){0.985 ~ 0.535i)

338

A, = -0.0151
= —0.023L
A, = —-0.1398

1}
b
o
o
)
=3

0.4213 - 0.12381

+ (6.138u - 0.05051)(~0.110 + 0.1371)

+ 0.02h51

4 (0,138L — 0.05051)(~1.330 + 0.3603)

+ 0.11701
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and for y/sb, = 1.0,

Aya = (0.138% - 0.05051)(1.665 + 1,3101)

= 0.2956 + 0.0972i

(0.136k - 0.05051)(3.115 + 0.7721)

=
i

0.4702 — 0.0%0%1

A_, = (0.1384% < 0.0%051)(5.050 + 0.485i)

0.7234 - 0.18793

i

%
1
il

(0.1384 — ©.05031)(7.025 + O.34ki)

1

0.9806 — ©.30721

With the valiues of Aqm determined. and since the modes in gues—

ALl

tion are known, the set of simultaneous equations,

¥ B, AL 7 ke)
/., 1) mm g

may be solved. This solution is carried out in table XI by the use of
the Crout method of reference 8.

Lo X 3 & 5 = . B
When the K terms have been calculated, the function w which

J

is proportional to the circulation is established and the correction

functions o4(3 = @, h) may be calculated. The values cf w at vari-
- () 3

ous stations along the span are calcuiated in table XII and the
OJ(j = @, h) functions are calculated in table XIII.

By using the correction function, the corrections to the determi-
nant terms may de evaluated graphically. In table XIV the integrands
of the following pertinent integrale are tabulated for this graphical
integration:
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A e : 1
/ iy %2 / o z°a o oo %4 7 " 23
pZ 4z , / o2 42 5. W? 4z , / o z%dz
Yo 'JO % i '.1'0 1 . Y u,

These integrals ars evaluated graphically in figure 24, (a), (b), (c),
and (4).

For this special case it is possible to compare ths values of the

graphical integration with those obtained by subsgtituting values in the
algebraic equations of equation (31) ae is done in the following table:

For ks = 0.4

|
Term By graphical integration | By direct integration

Xa s " .

I o' ~0.040 + 0.0104 -0.039 + 0.0111
C
YO

I a,2%: —.0k2 + 0141 ~.0k2 + .01k
D
10

fo o2z —.0k3 + - .0121 -,043 + 0131
ahoie !

[, o 2%z % -.043 + 017 ~.047 + .0181
3 | 5 |

The asrodynamic correct.ons themselves are tabulatsd for a range
of Xk, in table XV along with tke calculated dsterminant teyms cor—

rected for finite—span effects.

The flutter determinants corrected for finite-span effects, the
terms of which are listed in table XV, can be expanded and solved. This
was done, and'thé resuliing compiex cuadratic equation was solved by
use of the method of reference 4. These results are tabulated as a

k, in the following table:
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ROOTS OF THE FLUTTER EQUATION

First solution Second solution
ko Vi Vo :
(mph) - (mph) %
0.333 20.8 ~0.565 33.3 0.035
.ho '17.2 -. 428 29.7 ~-.058
.50 135 -.316 25.B - 120

The actual determination of the calculated flutter speed is carried out
graphically in figure 23 and the flutter speed is equal to 3L4.2 mph.

Discussion of the results of example I.— When the N-75 wing of ref-—

erence 7 with a 10—inch chord was tested for flutter, the wing was
observed to flutter at about 34 mph for low angles of attack, The same
wing was again tested by the staff of the M.I.T. flutter laboratory,
when this wing wes selected for analysis in the present report, to pro-
vide the measured uncoupled ground frequencies in bending and torsion
and to determine the decay curves of the uncoupled bending and torsion
modes =S¢ the damping coefficients could be calculated. In addition,
the wing was again tested in flutter and was observed to flutter at
34,2 mph. :

Since the calculated value of the flutter speed with finite-—span
corrections was found to be 34,2 mph for a value of the frequency
parameter k, of about 0.3, the check between the theoretical and

measured values is remarkable, It should be noted, however, that this
close check was entirely unexpected since the flutter modes used in
the analysis were not found by conducting a ground-vibration-mode
analysis, nor were they observed in actual flutter tests. It is be— -.
lieved, however, that the modes used were reasconable.

As an afterthought, the M.I.T. flutter laboratory installed end
plates in the wind tunnel as near the tips of the wing model as was
practicable (the gap was about 1/16 in.) in order to approximate two—
dimensional flow conditions as nearly as possible. When this was done,
the measured flutter speed was 30.7 mph. The calculated two—dimensional
value was 28.6 mph for a value of k, of about O0.41. This too is a

remarkable check, considering that a truly two~dimensional flow was not
possible under the test conditions because a slight gap was left be—
tween the wing tips and the end plates. From this analysis it seems
that the extra work of a three—dimensional analysis is Justified.
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In this example the tail-flutter problem of Example No. T of ref-
erence 4 will be analyzed with the benefit of finite—span corrections.
The tail in question flutters in fuselage torsion and fuselage bending.
For the sake of the analysis the surfaces themselves are assumed to be
rladd,

When this example was analyzed in reference 4, a method of equiva-—
lent aercdynamic chords was used to calculate the aerodynamic
coefficients. This method is unsuitable for more exact analyses and is
replaced in this problem by a two—dimensional method of calculating the
aerodynamic coefficients which depends on the plan form of the surfaces
to be analyzed and in which the two—dimensional aerodynamic coefficients
are integrated along the syan. In this problem the struciural parts of
the determinant terms used will be those of Example No, 7 (reference 4).

The vertical and horizontal tail surfaces used in this problem are
shown in figuves 25 and 25. Various other physical characteristics of
the surfaces are listed in tables XVI and XVII. The values of the un—
coupled frecuencies to be used in the analysis are

wy(assumed uncoupled fuselage side~bending freguency) = 46.1 radians/sec.

mh(assumed uncoupled fuselage torsion frequency) = 65.0 radians/sec
wB(free—rudder frequency) = O radian/sec

8 = 8y = Gg = 0.038
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From Example No, 7 of reference Y4, the structural terms used are

i W N2 B
Ay = 67.27 1= (m-«/‘ 1.988(1 + igy) | £t

B_ = 100.1 ft

23.916 ft

i

= 5.992 ft

The fuselage torsion and side-bending modes assumed in this example
give the tail surfaces the following modes: The horizontal tail will
flutter with a rigid rolling mode. The vertical tail will have a rigid
rolling mode and a uniform pitching mode about the fuselage bending
axis. The rudder will have a uniform deflection mode and since a geared
tab is provided on the rudder, the tab will also have a uniform deflec—
tion mode. It is for these modes that the asrodynamic parts of the
flutter determinant must be calculated. Because of the difference in
the root chords, the value of k, for the vertical tail will be 1.16

times the ko of the horizontal tail.
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U

Flutter Anzalysis with Two--Dimensional Values
for the Aerodynamic Parts of the Determinant

By rearranging the relations for the two--dimensional aerodynamic
terms in equation (23) to fit the special conditions of this example
(where the H subscript indicates values pertaining to the horizontal
tail and the V subscripts, to the vertical tail), the terms become

1 { 2E,(d) " iBp(d) |
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. i \*f_[?izs.fB’e-B,l]

.33 / Lk Ky

Es r 2B, (d) 1Eo(d) | ” \‘..
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These integrals may be evaluated graphically for a given value of
the frequency parameter. By noting that the frequency parameters are
different for the vertical and horizontal tail surfaces, the function
C(k) can be found from the tables. The functions A, B, and C can
be found in reference 1. The function E is defined in eguatiocn (5).
There 1s, then, no obstacle to this graphical integration.

The results of evaluating these integrals for a range of k, are

tabulated in table XVIII along with the elements of the determinant.
The determinants themselves are solved by the method of reference 4 and
are tabulated in the following table:

ROOTS OF FLUTTER DETERMINANT FOR VARIOUS k

(8]
i v v |
k k . 1 g o :
oH oV (mph) 23, (mph) i 82
0.686 0.795 172 0.004 268 | —0.176 |
.600 .696 19k 011 31k 1 248
436 .506 257 .052 431 § -a303
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The calculated flutter speed is determined graphically in figure 27.

The true airspeed calculated by this method is 243 mph,

Flutter Analysis with Aercdynamic Terms Corrected
for Finite—Span Effects

The relations for the finite-span corrections from equation (25)
modified for this example become

o0 V& Dy 3 4 a1 -]
A é = <Sb0) / ( L "’ i -——1' O’h:‘r l zcdz
Vo 3.33.7 & kv -

e e e 5
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PLEL sy F ) T T2Ei(d)  1Bo(d) )
S n(Sbo) ,_l s LI e 3 ‘ .\.( ) P c.( l " L dz
Vg e/ . nﬂz (& k2 Ky i 7'\7 }

When these terms are investigated, it is obssrved that five types
of 0; appear in the different relations, This means that five sets

of simultaneous equations must te solved to detcrmine the circulation
distributions over these surfaces and thus thke correction functions Gj

for each valus of /U selected,

For the surfaces provided in this problem, it is felt that a three-—
term Fourier series approximetion for the circulation will be satisfac-
tory. This means that five sets of three simultaneous ecuations must be
solved.
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In this problem there are three basic types of soluticn in each of
which the A, terms are the same: the rolling of the horizontal tail

surfaces, the rolling of the vertical tail surfaces, and the pitching

of the vertical tail surfaces, rudder deflection, and tab deflection.

Of the five solutions to be conducted, only the solution for the tab de—
flection is problematical, because of the discontinuous angles of attack
at the tab extremities which make it impossible to cbtain a satisfactory
circulatvion distribution with & finite number of terms in the Fourier
series apprcximation. The stand is taken that soms correction is better
than none though: so the three—term approximation for the circuliation is
used for this mode %oo.

For the two rolling modes the integral eguation will be satisfied
at y/sbO = 0.4, 0.6, and 0.3, and for the three symmetrical modes

y/sb, = 0, 0.4, and 0.8, For the rolling modes, n =2, 4 6, and for

the symmetrical modes n = 1; 3, 5.

In the analysis the vertical tail is handled as if it were half of
a wing with a full-span elleron. This is essumed to be satisfactory
since the horizontal tail acts as an end plate at the root chord.

In order to illustrate the procedure a value of w/U will be se—
lected which will give for the vertical tail a value of ko = 0.506 and

for the Lorizontal tail a value of ko = 0.436.

For the rolling of the horizontal tail the correction functions

0, may be calculated as follows:

h

The necessary parameters and functions for the solutions are first
listed in the following tables:

(ko = 0.436)

Al 5 \ . 1dy (k)
-2—-; k E— _iEéEL‘. C(1)+~——-i-——»—— u(x)
Sb0 i bo k5§c)(k) (y)—*Jl(k)‘
| |
0.k io.375 0.860 | 0.91256 ~ 0.1L961|0.5988 + 0.0154i |0.2463 — 0.08731
.6 [ 3361 770 | .9451 ~— .1747i| .6205 — .0088i | .2834 — .10384
.Bi 286 | .655| .9953 - .205M| 6523 ~ .039M4 1. ,3007 ~ ,10894]
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k8 = 1.101, y/sbo = 0.4
i
i 8in nf
n | ”—;——g Sn(¢, kos)
4
2 | 0.3667 | 0.4k - 0.2781
L -.2493 -.850 + .293i
|6 ! gz 1 oETh . 1801
/sbo = 0,6
2 0.4800 ! 0.780 ~ 0.390i
L ~. 13k 0~ 547 4+ 1804
[ 6 -,1068 f -. 710 + .178i
1
? y/sb, = 0.8
i
2 0. 4800 0.7688 -~ 0.4331
by L13kh .525 -~ .1701 |
6 —,1008 -.710 '+ .203i !
¢ i)

Vhen this is done, the A, coefficients of the integral ecuationm,

T

\ —(2
éJKﬁJ App = Qj

s

)
m

may be evaluated.

By taking the necessary values from the tables and noting that

B EEQ_EQ — 1l k)S (9, k 8)
n sbO

the A, coefficients become,



|
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|

|

for y/so, = 0.h,

7(0.860)

A21 = 0.3667 + 5.505

(0.2453 — 0.08731) (0.49k — 0.2781)

= 0.3667 + (0.2635 — 0.0934i) (0.Lkok — 0.2781)

|
|
|
|
= 0.4709 - 0.119ki
|
Agy = -0.2493 + (0.2635 — 0.0934i) (~0.850 + 0.2931)
\
|

= -0.Ll55 + 0.156651

|
A, =0.1132 + (0.2635 - 0.09341) (0.575 — 0.150i)
|

= 0.2507 ~ 0.09321

\
4800 + XO-TTC) (5 2834 — 0.10381) (0.790 — 0.3901)

2.525 i

|

e

N

N
i
O

= 0.4800 + (0.2715 — 0.09942) (0.790 — 0.3901)

= 0.6559 — 0.18hki

A,, = ~0:}3hk +(0.2715 ~ 0.099k1) (-0.547 + 0.1601)
= ~0.,2670 + 0.09781

Ay, = —0.1098 + (0.2715 — 0.09941) (-0.710 + 0.1781)
= =0,28k0 + 0.1111i
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for y/sby = 0.8,

0.1800 + HO:093) (1 3007 — 0.10891)(0.786 — 0.4331)

_ 2.525

o>
{1

0.4800 + (0.2450 — 0.08871)(0.738 — 0.4331)

il

= 0.6347 ~ 0,176

AL, = 0.134h + (0.2450 — 0.08871)(0.525 ~ 0.170%)

0.03821

1]
o
n
=
-3
O

{

-0.1098 + (0.2450 — 0.08871i)(~0.710 + 0.2031)

o
It

a3
-0.2657 + 0.11271

Vhen the A coefficients have been calculated, the two—

dimensional. circulation functions §S§> must be evaluated. For the
rolling mode,

b8) | 1c(x) 1km
Q = L e ik fh(y)
3 B
(kB (k)
where in this case,
fid e
fh(d) = sh

Y

In this example the sweepback function elan appears as there is
gome sweep in the surfaces. The trailing and leading—edge coordinates
of the surfaces can be found in figures 25 and 25. By using the pre—
viously tabulated paremeters and functions and introducing the sweep

-

functions, the values of ﬁid) may be determined as follows:
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for y/sb, = 0.k,

Zn

il

il

X3 + Xg - =0.733 + 0.988 'y

0.128

2b (&2

(o}

kozm = 0. 05?8

(0.9985 + 0.05581)

4(0.9126 — 0.14961)(0.6985 + 0.05581)(0.37501) (0. 4)

0.0591 + 0.5518i

-0.600 + 0.920

2

= 0,165

0.0035

(0.9965 + 0.8341)

4(0.9451 — 0.17471)(0.9965 + 0.08341) (i 0.236)(0.6)

0.0768 + 0.77091

~0. 475 + 0.855
2

= 0,190

0.0951
(0:9954 + 0.09501)

4(0.9953 — 0.20541)(0.9954 + 0.09601)(0.2861)(0.8)
0.0996 + 0.92451
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The set of equations,

.;EjK: i oogla)
nj nm ~ hm

may now be solved. This is done in table XIX by the Crout method,

When the values of Knh have been determined, the values of

o \ i 8in nf
By ) ) B e

can be found and this is done in table XX.

1195

The values of the correction functions can now be caléulated with

it noted that

]

OJ = LC(k) +

id, (k)
Jo(k) - iJ, (k) -

dret
A
N s
i
’_l
N

This is done as follows,

for y/sbo = 0.,

{ -0,0594 + 0,L43k42i
L 0.0%1 + 0.55161 J

oy = (0.5988 + 0,01541)

~0.1427 + 0,1101

for y/sb, = 0.6

. —0.0895 + 0.580h1
opg = (0.6205 ~ 0.00881) | S - 1]

0.0768 + 0,77091i . J
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for y/ sb, = 0.8

=

[ =0,1057 + 0.66861
= (0.6523 — 0.0394 it
o = ’ 941) L 0.0996 + 0.92451 J

An exactly similar_procedﬁre must be followed to find the correc—'
tions, oOuy, Ogy, Oas and Oyr for a given value of Kk y. It should

be remembered though that the value of ko ig different for the ver—

tieal tail.

When all the correction functions have bsen evalvated, the values
of the finite—span corrections can be found by a graphical or numerical
integration of the integrals listed in the beginning of this section of
Example II. This integration was carried out, and the values of the
finite—span corrections found are listed in table XXI. The flutter de—
terminant terms calculated with use of two-dimensional aerodynamic
considerations and those corrected for finite—span effects are also
listed in this table.

The determinants can now be solved. For this problem the solutions
are found by the method of reference U4 and the results are tabulated in
the following table:

First solution ! Second solution
k k
oH oV v, Vs
(mph) = (mph) o
0.436 0.506 267 0.030 423 ~-0.212
.600 L6656 196 SOLD 308 -,151
.686 .795 173 .006 233 -.071

The actual flutter speed ie determined grephically in figure 27. The
calculated value of the true airspeed at which flutter occurs when the

finite—span corrections are used is 299 mph.

Discussion of Example II.— Example No. 7 of reference 4 indicates
that the obeerved flutter epeed for the tail analyzed in this problem
fluttered experimentally at about 262 mph true airspeed. The fact that
the theoretical analysis, however, does not check the observed flutter
speed is not considered significant because the observed flutter speed
wag reported by a pilot some time ago and may not be accurate and the
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_analysis is approximate in that no attempt was made to take into account

the effective inertia due to wing motion or the elastic restraint and
damping in the rudder control system,

It is considered significant that the three theoretical analyses
give such widely varying values for the calculated flutter speed. These
values of the true airspeed are 220 mph for flutter speed calculated by
the method of equivalent chords of reference L; 242 mph for a value of
k, for the flutter speed, of about 0.55, when the two-dimensional aero—
dynamic terms are integreted along the span: and 299 mph for a value of
Ko of about 0.45, when the aerodynamic terms are corrected for the ef--

fects of a finite span.
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TABLE I TABLE II
VALUES OF FUNCTION C = F + iG  VALUES OF FUNCTION (k)
k c b Jepgh A0l prpe g
0.00 1.0000 - 0,0000% 0,00 . . 0.5000 ~ 0,00001
0.0Y 0.982l - 0.0,4821 @2y At 3810--'0 o 224
0.025 0.9545 .- 0.08721 (65l 0.4607 - 0,06651
0,04 0.9267 - 0.11601 0.0 04110 - 0.08291
0.05 0.9090 - o 13051 0.08 0.4226 - 0.09L21)
0.067 0.8920 - g261 e 4oy *0sh051 - @,10181
guagT- 0.860L - ohi| '] 0.125 - 0.3857 - 0.10821
0.10 0.8320 - o 172%1 goas '0.3690 - 0.11201
0. 12 0.8063 - 0.18011 0.175 0.3522 - 0.113%0%
0.16° 0.7628 -0.18761 020" 0.%339% - 0.11391
0.20 0.7276 = 0.18861| |0.225 0.3268 - 0.113%21
Q.24 0.6989 -"0.18621 | {0.25" “0.315)4 - 0,1116%
1050 0.6650 - 0.17931 0.275 0.30L49 - 0.10991
0. 30— 0.6469 - 0.17381| 10.30 +0.2955 - 0.10761
0.1,0- 0.6250" = 0.16501| | 0.35 0.2787 - 0.102
0.4Y 0.6130 -'o 15921 |0.40 0.26Ll - 0.096ii
0.50- 0.5979 - 2 g 0.45 0.2519 - p. 8051
0.56, 0y 5835 - 28if 10.50 ¢ - 0,208 - 0.08421
1. 60+ 0.57 *--o 5 3781 | [0.55 0.2289 - 0.07751
0.65 0.5713 - O. 15141 0.60 0, A220 - 0.0722%
0.66 ' 5639 -~ 0.13081 0.65 0.2139 - 0.06651
0.70 0.5647 - 0126511 10.70 0.2062 - 0.0610i
O 75. e R B U R RO 0,1991 - 0.05571
0.80— . 0.5541 = 0.I1651if-] 0.80 0.192l, - 0.05071
0.85 '0.5507 ‘= 011201 | 0.90 0.1801 - 0.0[131
0.90 0.5[60. - 0,10781 1.00 0.1688 - 0.03291
0.95 o.sueﬁyf,o 1ohort'1'1.29 0.1436 - ©;01591
1.00 0.539[ -.0.100%1! [1.50 0.1218 - 0.00L21
ks '0.5300 2°0,0877il"|1:75 0.1027 + 0.00301
150 0.5210 - 0.07361 2.00 0.086l + 0.00661
2.00~ 0.5129 -~ 0.05771 200 0.0807 + 0.00704
.00 0.5063 = o 0L,001 2.15 0.0780 + 0.00721
B.oo/' 0.50%37 ~ 0.0305i 2.20 0.0754 + 0.0072%
6.00 0.5017 - o 02061 225 0.0730 + 0.0072%
0.00 0.5006 - 0.01241 2.30 0.0706 + 0.00701
oo 0.5000 -~ 0.00001 2.?5 o.uéau + 9.00691
a.ﬁg 0.0663 + 0.0066
2. 0.0632 + O. CoL.
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TABLE III TABLE IV
VALUES OF FUNCTION VALUES OF FUNCTION
iJ, (k) iC(k)
c(k) + SNSRI EY T_kﬂl =
. c + id Kk 1€,
3;‘533: ‘;};{57

0.00 1.0000 - 0.00001i 0.00 1.5708 - 0.0000%
0.01 0.9824 - 0.04321 0.01 1.Bu20 - 0.07601
0.025 | 0.9543 - o.o7§71 0.04 1.4515 - 0.18001
0.040 | 0.9263 - .0.09601 0.05 1.4218 - 0.20121
0.0 0.9083 - 0.10551 0.06 1.39%2 - 0.21881
0.0 0.8911 - 0.11261 0.08 1.%339% - 0.24291%
0.08 0.8588 - 0.12041 0.10 1.2901 - 0.25674
0.10 0.8295 - 0.12241 g.12 1.2L451 - 0.26441
8.12 0.8027 - 0.12021 0.16 1.1671 - 0.26311
0.16 0.756% - 0.10791 0.20 1.1020 - 0.25074
0.20 0.7176 - 0.08911 0.2 1.047% - 0.23191
0.2l 0.6845 - 0.06711 0.30 0.9795 - 0.1973i]
0.30 0.6425 - 0.03101 0.34 0.9413% - 0.17224
0.34 0.6180 - 0.00631 0.40 0.8921 - 0.133L1
0.40 0.5850 + 0.0310i 0.4 0.863%2 - 0.10751
0.4l 0.56L6 + 0.05541 0.50 0.82L41 - 0.06911
0.50 0.535 + 0.09131 0.56 0.7889 - 0.03191
0.56 0.5073 + 0.12591 0.60 0.7671 - 0.00774
0.60 0.28 9 + 0.14831 0.65 0.7411 + 0.02151
0.65 0.4658 + 0.17531 0.66 0.7362 + 0.02731
0.70 o.4y2l +.0.20121 0.70 0.716L + 0.04991
0.75 0.4187 + 0.22621 0.75 0.6921 + 0.07721
0.80 0.3945 + 0.24981 0.80 0.6691 + o.1ogu1
0.85 0.3706 + 0.27231 0.85 0.6471 + 0.12891%
0.90 0.3443 + 0.29351 0.90 0.6238 + 0.,15281
0.95 0.%179 + 0.3133%% 0.95 0.6013 + 0.17581
1.00 0.2909 + 0.3%194 1.00 0.5791 + 0.1978%
1.20 0.1747 + 0.3%9091 1.20 0.44901 + 0.27551%
1.50 +$-0.0220 + O.ﬁZhSi 1,50 0.35Ll, + 0.3%6061
2.00 +-0.3550 + 0.27971 2.00 0.1281 + 0.[2091
3,00 {-0.1233 - 0.52291 32,00 |- 0.2279 + 0.27991

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS.
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TABLE V
o0
VALUES OF FUNCTION F(x) = / e-1>‘<% + L -M>d>\
. 0 PN X A
b 4 F b4 F
0.00 oo - 1.E7li 2.2 0.113 - 0.4251
.05 2.750 - 1.[681 2.% 0.097 - 0.3951
10 2.109 - 1.3751 2. 0.08% - 0.3691
+20 1.490 - 1.24381 2.8 0.072 - 0.3451
.30 1.155 - 1.1461 3.g 0.06% - 0.32L1
Lo 0.935 - 1.0601 B 0,055 - 0.3051
.50 0.273 - 0.9871 3.% o.ozg - 0,2891
.60 0.658 - 0.3221 3. 0.043 - 0.2741
<70 o.Eéu - 0.8651 3.8 0.039 - 0.2601
.80 0.,89 - 0.8131 .0 0.035 - 0.2,481
.90 0.427 - 0.7681 L2 0.031 - 0.2371
1.00 0.376 - 0.7261 h-% 0.028 - 0.2261
1.10 0.33% - 0.6891 L. 0.026 - 0.2174
1,20 0.297 - 0.6541 L.8 0.024 - 0.2081
1.3%0 0.265 - 0.62L1 5.0 0.022 - 0.2001
1.40 0.238 - 0.5931 5.2 0.020 - 0.1921
1.20 0.2l - 0.5671 5.% 0.018 - 0.1851
1.60 0.194 - 0.5401 5. 0.017 - 0.1791
1570 0.176 - O.El 1 5.8 0.016 - 0.1721
1.80 0.160 - 0.[961 6.0 0.015 - 0.1671
1.90 0.146 - 0.4751 1/2x= 1/x
2.00 0.13l - 0.4581
NATIONAL ADVISORY
TR COMMITTEE FOR AERONAUTICS
VALUES OF FUNCTIONS SR B8 soarwsr cos 4 = L
n 8
L =cosf| O 0.2 | ol | o5 | 0.6 | 0.8 | 0.9 |1.00
5%24 1 | 0.9798 | 0.9165 | 0.8660 | 0.800 |0.600 [0.4355| o
il%éﬁé 0 | 0.1959 | 0.3667 | 0.4330 | 0.4800 | 0.4800 |0.3921 | O
31% -0.3333 | -0.274) [-0.1099 0 {0.1173 { 0.3120 |0.3255 0
sin 0 |-0.1803 }-0.21493 |-0.2165 [-0.134L | 0.134L {0.2433 | o©
gin 0.2000| 0.1070 }|-0.0936 -0.1732 |-0,199L {-0.0151 |0.1550 0
El%gﬂé g = §0.3556 | 0.1132 0 }-0.1098 [-0.1098 {0.0707 | O
EQE%UQ -0.1429| -0.0472 | 0.1380 | 0.1238 | 0.0295 |-0.1398 |-0.0022 | ©
e o [-0.1249 | 0.0188 | 0.1083% | 0.113L |-0.113L [-0.0558 0
Ei%fbé 0.1111-0.0246 {-0.09L40 0o | 0.0980 |-0.0525 |-0.0882| 0
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TABLE VI

VALUES OF FUNCTION
A

_sinng Kos cos g - cos@
Sn(ﬂf, op) = S=e e & == /lcos;é- coselF cos n6 de
0

FOR VARIOUS VALUES OF n, kos, and y#/s = cos g

ks =0

neoss | g - 0.4 0.6 0.8 10
1 1 1 1 1 1 1
2 0.8001 | 1.2000 | 1.6000f 2
% -1 lo.8401 [-0.3593 | 0.4399 | 1.5601| 3
I 0 -1.0879 |-0.6722 | 0.896%| L
5 1 |o.sh61 [-0.5105 |-1.2446L [|-0.1259( 5
6 0 0.6792 |-0.8234 |-1.3723| 6
T «1 b0.%337% | 1.0642 | 0.2578 |-1.6%071 T
8 0 0.1644 | 1.13%35 |-1.5113| 8
9 1 }o.2257 {-0.9232 | 1.1020 |[-0.7876 9

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS.

kos £20:5
n cosg 0 ' 0.k 0.8
1 0.662 0.701 0.828
-0.3141 -0.293i -0,1811
2 -0.851 -0.311 1.420
+0.2157 0.06%1 -0.2541
5 0.908 -0.L65 -0.114
-0.1611 0.0791 +0.0301
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kos=l

n\Sosg 0 0.2 0.4 0.6 0.8 1.0
iy 0.468 0.479 0.516 0.589 0.729 1.250
~0.3561 | -0.3521 |-0.340i [-0.%091 |-0.2231 |0.7271

2 0.000 0.516 0.823 1.2204 |2.068
0.0001 -0.2741 }-0.3821 |-0.4191 |0.L761

2 -0.725 | -0.615 |-0.27L 0.331 1.280 2,021
0.%301i| 0.2491 | 0.094i [-0.1L01 |-0.3841 |0.3311
N 0.000 -0.869 |-0.556 0.7610 |[L4.009
0.000i 0.2821 | 0.1531 [-0.1621 |0.249i
5 0.820 0.451 |-0.42L4 [-1.063 |[-0.116 5.003
-0.24l4i | -0.1%3014 | 0.123% 0.2701 | 0.0631 |0.2011
6 0.000 0.584 |-0,720 |-1.269 6.00%
0,0001 -0.141% | 0.1674 | 0.1891 |[O0.1661
o/ -0.868 | -0.316 0.925 0.231 -1.498 7.002
0.205 0.0321 {-0.2061 |-0.042i | 0.2261 |0.1431
8 0.000 0.146 1.026 |-1.ho2 8.001
0.0001 -0.0%24. |-0.1871 | 0.1751 | 0.125%
9 0.895 | -0.201 |-0.834 1.008 |-0.736 9.001
co. 7yl 0.0661 | 0.15L1 |-0.1711 {1 0.0671. |0,1111
kos=2

NSRS 0 0.2 0.4 0.6 0.8 1.0
it 0253 | 0.28l 0.327 0.4h21 0.622 1.551
-0.7181 [-0.3201 | -0.3211 | -0.3181 [~0.2691 |1.1731

2 0.000 0.351 0.595 0.97 2.210
0.0001 -0.2961 | -0.4291 | -0.5041 0.8771

2 -0.545 {-0.468 |-0.221 0.2l45 1.062 3.083
0.3551| 0.2941 | 0.1131 | -0.175%1 |-0.5051 | 0.647i

n 0.000 -0.704 | -0.472 0.651 L.038
0.000 0.3%3611 0.2001 | -0.20%31 | 0.4961

5 0.679 | 0.376 |-0.352 |-0.912 |-0,112 5.01L
-0.3211 |-0.1721 | 0.1661i | 0.370i | 0.1151 | 0.4031

6 0.000 0.505 | -0.630 |}-1.179 6.012
0.0001 -0,1951 | 0.2%38i | 0.2821 | 0.3321

] -0.7 -0.2 0.814 0.208 |-1.377 .006
0.2831 0.0zzi -0.2941 | -0.0581 o.ggli 3.2851

8 0.000 0.130 0.931 |-1.301 8.00L
0.0001 -0.0471 | -0.2751 | 0.252i | 0.2501

9 0.803 |-0.178 |-0.755 0.923 | ~0.687 9.003
{-0.2591] 0.1081 | 0.2271 | -0.2581 | 0.0881 | 0.2221
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TABLE VI (concluded)

NACA TN No. 1135
ks = I
.. cosg
0 0.2 0.4 0.6 0.8 1.0
: 0.1%2 0.140 0.16 0.48lL 24

-0.2341 | -0.2%61| -0.2,481 | -0. 2321 -0,3151 1.73

2 0.000 0.193 0.390 0.689 2.540
0.0001 -0.2541 { -0.3901 | -0,5251 | 1.4991

% -0.341 }-0.300 | -0.160 0.13%9 0.766 Bl
0.3371 | 0.2841| 0.1201| -0.1701 | -0.5721 | 1.20Li
I 0.000 -0.488 | -0.359 0.468 L.143
0.0001 0.3841| 0.2%21 -0.18u1 0.9631
5 0.,86 0.27% -0.280 -0.688 | -0.11L 5.06
-0.%3521 |-0,1911| 0.1841i| O0.435i| 0.2221 0.8021
6 0.000 0.38 -0.48 -1.037 6.046
0.0001 -0.2521 o) 2921 0.9881 0.6581
7 -0.584 | -0.27 0.6L0 a.176 -1.172 7.023
0.3511 0.0521 -0.267i| -0.0711| 0.4311 | 0.5651
8 0.000 0.101 0.772 | -1.120 8.01L4
0.0001 -0.0631 | -0.3%661 0.3141i | 0.4971
9 0.651 | -0.140 | -0.623 0.774 | -0.596 9 008
~0L.3371 1 0.1731] 0.3021] -0,3531 0.0881 0.41121
e 6.0
nNgosp 0 0.2 0.4 0.6 0.8 1.0

1 0.082 0.086 0.109 0.179 0.387 2474
-0.1891 | -0.1871 | -0.1781| -0.2401 | -0.33L41 | 2.2371

2 -0.000 0.126 0.2,;2 0. 2.862
0.0001 -0.2171| -0.3%3331 | - 3971 1.9891

2 -0.240 | -0.215 | -0 123 0.089 0.579 3,502
0.3001 | 0.2561 | 0.1181| -0.1461 | -0.5691 | 1.6721

L 0.000 -0.36lL | -0.28L 0,341 L.293
0.000 0.3%601 0.2601 |-0.0801 | 1.3861

5 0.371 0.210 | -0.188 | -0, Z -0.119 5.148
. -0.3321 | -0.1851 | 0.1691 351 | 0.%391 | 1.1901

6 0.000 0.308 | -0./383 | -0.928 6.099
0.0001 -0.2361| 0.%061 | o.4481 | 0.9751

% -0.463 -0.252 0.511 0.154 | -1.003 7.046
0.3591 | 0.0561 | -0.3841| -0.0751 | O.4621 0.8391

8 0.000 0.077 0.6l -0.95 8.02l
0.000 -0.0681] -o.40Li | oO. 312; 0.74L01

9 0.5%31 | -0.109 | -0.517 0.6L49 | -0.512 9.022
-0.3671| 0.2251| 0.3%31| -0.400i | 0.0571 | 0.6591
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TABLE VIII

n8 NACA TN No. 1195
UNIFORM TRANSLATION OF RECTANGULAR WING OF AR = 3
y =) T
| bes ° n 2507k /g 2o0%hoh Jog
0.167 | 0 ]0.757-0.1881 [-0.105+0.1291 | 0.055+0,3971 | -0.013+0.3421
0.167 o.% 0.757-0.1881 |-0.137+0.1251 { 0.055+0.3971| -0.011+0.3251
0.167 | 0.8 |0.757-0.1881 |-0.285+0.1151 | 0.055+0.3971i| -0.006+0.271
0.167 | 1.0 |0.757-0.1881 |-0.750+0.1051 | 0.055+0.2%971| -0.0002+0.00L1
0.333 | 0 }0.650-0.1751 |-0.043+0.0781 | 0.008+0.6811| -0.073+0.6361
0.3%3 o.% 0.650-0.1751 |-0.069+0.0831 | 0.008+0.6811| -0.079+0.6081
0.333 1 0.8 [0.650-0.1751 [-0.196+0.0831 | 0.008+0.6811 | -0.079+0.4751
0.333 11.0 {0.650-0.1751 |-0.622+0.010i | 0.008+0.6811| -0.003+0.0291
0.667 | 0 0.569-0.1301 |-0,018+0.0%301 |-0.426+1.1911 | -0.489+1.1551
0.667 o.é 0.569-0.1%01 [-0,036+0.0%3%1 |-0.426+1.1911 | -0.495+1.1161
0.667 0.8 }0.569-0,1%301 |-0.127+0,0091 |-0.426+1.1911 | -0.4L4L+0.9271
0.667 |1.0 [0.569-0.1%01 |-0.459-0.183%1 |-0.426+1.1911 | -0,0L2+0.2301
UNIFORM TRANSLATION OF RECTANGULAR WING OF AR = 6
0.167 | 0 ]0.757-0.1881 |-0.020+0.0591 | 0.05%+0.%3971| 0.024+0.3841
0.167 o.% 0.757-0.1881 -o.o%o+o.o701 0.055+0.3971 | 0.018+0.3751
0.167 0.8 10.757-0.1881 |-0.169+0.,1041 | 0.055+0.3%971 0.003+o.3121
0.167 |1.0 ]0.757-0.1881 }-0.750+0.1051 | 0.055+0.,%971 [ -0.0002+0,00L1
i 0.33%3 | 0 |0.650-0.1751 | 0.001+0.0271 | 0.008+0.6811 | -0.020+0.6811
0.3%3 o.g 0.650-0.1751 |-0.01%+0.039i | 0.008+0.6811 | -0.0%2+0.6671
0.3%3 10.8 |0.650-0.1751 |-0.100+0.0651 | 0.008+0.6811 | -0.060+0.5761
0.333 1.0 |0.650-0.175i |-0.622+0.0101 | 0.008+0.681i | -0.002+0.0291
0.66 0 ]0.569-0.1%301 | 0.000+0.0071 |-0.426+1.1911 | -0.4L41+2.1931
o.66$ 0‘% 0.268-0.1301 -0.006+0.0141 {-0.426+1.1911 | -0.455+1.1801
0.667 0.8 [0.569-0.1301 |-0.058+0.0171 |-0.426+1.1911 | -0.461+1.0711
0.667 |1.0 {0.569-0.1%201 |{-0.459-0.1831 |-0.426+1.1911 | -0.042+0.2301
UNIFORM PITCHING OF RECTANGULAR WING OF AR = 3 (a=0)
N _,Y_ . . I(Z) i
be = 2pU2b°'a_, EpUzboc_r.
| 0 1 -0.313% 3,142 2.158
| 8 0. 1 -0.3,8 e 2.009
0 o.% 1 -0.505 3.142 1.554
0 10 1 -1 3.142 0
: 0. -0.1881 |-0.105+0.1291 |2.427-0.1301 [2.063+0,2481
8.%2% o? o.;g$-0.1881 -0.13%+o.1251 2.427-0.1301 [1.963+0.2271
0.167 0.% 0.757-0.1881 |[-0.285+0.1151 |2.427-0,1301 [1.501+0.1571
0.167| 1.0 | 0.757-0.1881 |-0.750+0.1051 |2.427-0.1301 |0.0L4L4+0.0031
. o |0.650-0.1751 |-0.043+0,0781 |2.133%+0.3151 |1.957+0.5361
8.2%2 (o 8 0.620-0 1%21 -o.o%9+o.o %21 {2.1%3+40.3%151 1.875+o.3311
0.33%3% 0.% 0.650-0.1751 |-0.196+0.0831 |2.133+0.3151 |[1.473+0.4741
0.33%| 1.0 | 0.650-0.1751 [-0.622+0.0101 |2,133+0.3151 |0.173+0.0221
| : o |0.569-0.1301 |-0.018+0.0301 }1.924+1.2341 {1.837+1.3101
| 8.22; 0. 0.263-0 1201 -0.0%36+0.0331 |1.924+1.2341 |1.783+1.3011
0,667 o.% 0.569-0.1301 |-0.127+0.0091 |1.92L4+1.23L1 1'517+1'1281
| 0.667| 1.0 | 0.569-0.1301 [-0.459-0.1831 [1.924+1.2341 [0.673+0.1781
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NASA TN No. 1195

TABLE VIII (continued) 77
UNIFORM PITCHING OF RECTANGULAR WING OF AR = 6 (a = 0)

0 0 1 -0.1743 Liage 2.5971
0 o.% 1 -0.2037 2.142 2.502
0 D 1 -0.3467 3,12 2.052
0 1.0 1 -1 3.142 0
0.16 0 | 0.757-0.1881 |-0.025+0.0591 | 2.427-0.1301 [2.534+0.0051
0.16$ 0.4 0.%2%-0.1881 -o.ou§+o.o701 2.427-0.1301 {2.279+0.0781
0.167| 0.8] 0.757-0.1681 [-0.158+0.0991 2.427-0.1%01 [ 1.90540.1391
0.167] 1.0 0.757-0.1881 |-0.750+0.1051 2.427-0.1301 | 0.045+0.0031
: o | 0.650-0.1751 | 0.001+0,0271 | 2.133+0.3151 |2.121+0.4011
8.%2% 0. 0.620-0.1;21 -0.013+0.0391 | 2.133+0.3151 | 2.073+0.4301
0.3%3 o.% 0.650-0.1751 | -0.100+0.0651 | 2.135+0,3151 | 1.7 5+0.01681
0.3%3| 1.0 0.650-0.1751 -0.622+0.10041 | 2.13%+0.3151 | 0.173+0.0221
: o | 0.569-0.1301 | 0.000+0.0071 | 1.924+1.2341 | 1, 18+1.2581
8.22; 0.4 0.263-0.1201 -0.006+0.0141 | 1.924+1.2341 1.391+1.¢721
0.667| 0.8 0.569-0.1301 [ -0.058+0.0171 1.924+1.2341 | 1.725+1.2261
0.667| 1.0 0.569-0.1%01 | -0.459-0.18%1 1.92+1,2341 | 0.673+0.17741
LINEAR SYMMETRICAL TORSION OF RECTANGULAR WING OF AR = 3 (a = 0)
y g2 L
k — C (o] = —
bos i 20U%boa 2pU%boa
0 0 1 (%) 0 O.)g'ji
0 o.% 1 -0.352 1.257 0.81
0 0. i -0.596 2.51% 1.016
0 1.0 al -1 3.142 0
0.167 | 0 |0.757-0.1881 © -ooi 0 0.1,06-0.0201
0.167 0'% 0.757-0.1881 | -0.144+0.1201 [0.971-0.0521 |0.777+0.0831
0,167 (0.8 |0.757-0.1881 | -0.363+0.1411 |1. L,2-0.1041 |1.001+0.1741
0.167 |1.0 |0.757-0.1881 | -0,750+0.1051 |2.427-0.1301 [0.0LL+0.0031
B8 0 |0.650-0.1751 0 - ool 0 0.3L,0+0,0051
o.?%% o.% o.620-o.1$21 -0.07653.0821 0.%5%3+0.1261 |0.741+0.2131
0.33% |0.8 | 0.650-0.1751 | -0.262+0,0981 |1.707+0.2521 1.007+0.3881
0.33% [1.0 |0.650-0.1751 | -0.622+0.0101 |2.133+0,3151 |0.173+0.0221
0.667 | 0 |0.569-0.1301 00 - o0l 0 0.235+0.0861
0.667 0.% 0.569-0.130i | -0.044+0,0361 o.77o+o.ugu1 o.699+o.3211
0.667 |0. 0.569-0.1%0i | -0.173+0.0121 |1.5%9+0.9871 |1.095+0.0741
0.667 |1.0 |0.569-0.1%01 | -0.459-0.1831 [1.924+1.2341 0.673+0.1781
LINEAR SYMMETRICAL TORSION OF RECTANGULAR WING OF AR = 6 (a = 0)
0 0 ! o 0 O.MZﬁ
0 o.% i -0.2087 1.257 0.99
0 Q. 1 -0.4290 2.51% 1.435
0 3.0 1 -1 3,112
0.16 0 |0.757-0.1881 c0-00 1 0 0.292-0.1021
o.16$ 0. o.zg;-o.1881 -0.049+0.0691 |0.971-0,0521 [0.902+0.0501
16T o.% 0.757-0.1881 |-0.215+0.1281 |1. [2-0.1041 [1.375+0.1731
0.167 {1.0 |0.757-0.1881 | -0.750+0.1051 |2.427-0.1301 0.045+0.00%1
. 0 |0.650-0.1751 co-c0i 0 0.2%0-0,0821
8.%%2 0.4 o.6%0-o.1$%1 -0.0%3+0.0401 |[0.853+0.1261 [0.304+0.1691
0.333 0.8 | 0.650-0.1751 | -0.137+0.0931 |1.707+0.2521 1.325+0.4291
0.33% [1.0 |0.650-0.1751 [-0.622+0.0101 |2.133+0.315] 0.173%0.0221
0.667 | 0 |0.569-0.1%01 00 +00 1 0 gl 8-0.0051
0.667 (0.4 |0.569-0.1%301 |-0.012+0.0154 0-770+0-hgui 0.841+0.5181
0.667 |0.8 ] 0.569-0.1%301 [-0.079+0.0311 |1.5%9+0.9071 1.301+0.9831
0.667 |1.0 | 0.569-0.1301 |-0.459-0.1821 [1.92l}+1.2341 0.673+0.1774
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TABLE VIII (continued) NACA TN No. 1195
LINEAR SYMMETRICAL BENDING FOR RECTANGULAR WING OF AK = 3
5 7.(2) I
bos : on 2pU%boh /b, 2pU2boh /b
0 {0.757-0.1881 00 — ol 0 0.009+0.0671
0.4 |0.757-0.1881 -0.1%u+o.1201 0.022+0.1591 |-0,003+0,1281
0.8 10.757-0.1881 |-0.363+0.1411i| 0,0L4L4+0.3171 -0.015+o.1%21
1,0 |0.757-0.1881 |-0.750+0.1051 | 0.055+0,3971 |-0.0002+0 .01
0 |0.650-0.1751 o0 - 001 0 0.017+0.1106]
O'% 0.650-0.1751 |-0.076+0.0821 | 0.00%+0.2721 |-0.031+0.2381
0.8 {0.650-0.1751 |-0.262+0.098i| 0.00 +o.5%u1 -0.075+0.%251
1.0 | 0.650-0.1751 |-0.622+0.0101| 0.008+016811 |-0.003+0.029%
0 ]0.569-0.1301 oq -o01 0 -0.005+0.1581
0.4 ]0.569-0.1301 |[-0.04L4+0.0361 .170+0.4771 -o.2o&+o.%501
0.8 {0.569-0.1301 [-0.173+0.0121 {-0.341+0.9541 [ -0.361+0.66L1
1.0 |0.569-0,1%01 |-0.459-0.1831 —CLE26+1.1921 -0.031+0.23%01
LINEAR SYMMETRICAL BENDING FOR RECTANGULAR WING OF AR = 6
0.1 0o |0.757-0.1881 o0 - @1 0 0.021+o.ou£1
0.16 o.% 0.757-0.1881 -o.ou9+o.oégi .02240.1591 | 0.007+0.1481
0.167 | 0.8 10.757-0.1881 {-0.215+0.1281 0L +0.3171 | -0.010+0.2271
0.1 1.0 {0,757-0.1881 {-0.750+0.1051 .055+0.3971 {-0.0002+0, 0041
0.33 0 {0.650-0.1751 o0 -o%o0i 0 0.0%9+0.0701
0.33 o.% 0.650-0.1751 |-0.0%33+0.0401| 0.00%3+0.2721|-0.01%3+0.2591
0.333 | 0. 0.650-0.1751 |-0.137+0.093%1| 0.00 +0.5%hi -0.071+0.4301
0.333% {1.0 | 0.650-0.1751 [-0.622+0.0101| 0.008+0.6811i|-0.002+0.0291
0.66 0 ]10.569-0.1%01 o - ool 0 0.0%2+0.0821
0.667 | 0.l [0.569-0.1301 {-0.012+0.0151 .170+0.4771 | -0.183+0. 14671
0.667 | 0.8 | 0.569-0.1301i |-0.079+0.0311 .341+0.9541 | -0.393+0.8221
0.667 11.0]0.569-0.1301 |-0.459-0.1831 .ﬁ26+1.1921 -0.0L2+0.2301
PARABOLIC SYMMETRICAL BENDING FOR RECTANGULAR WING OF AR = 3
s . ] L) L
b8 i 26U%b b /b, 26U h/b,
0.167| 0 | 0.757-0.1881 =0 _ 01 0 , 0,006+0.0%61
0.167 o.% 0.757-0.1881 | 0.0%5+0.1061 | 0.009+0.0631i | 0.,000+0.0661
0.167] 0.8] 0.757-0.1881 | -0.392+0.1431 0.035+o.25i1 -0.013+0.1231
0.167!1.0| 0.757-0.1881 | -0.750+0.1051 | 0.055+0.3971 | -0.0002+0,00
0.33%3] 0 | 0.650-0.1751 o0 - i 0 0.012+0.0591
0.3%3 o.% 0.650-0.1751 | 0.079+0.0721 | 0.001+0.109i | -0.011+0,1221
0.33%3 | 0.8 0.650-0.1751 | -0.287+0.0971 | 0.00 +o.%361 -0.060+0.2,31
0.3%33| 1.0 0,.650-0.1751 |-0.622+0.0101 | 0.008+0.6811 | -0.003+0.0291
0.667| 0 | 0.569-0.1301 0P -osgl 0 0.005+0.0811
0.667 o.g 0.569-0,1301 | 0.069+0,050i .068+0.1911 | ~0.085+0.2141
0.667] 0.8] 0.569-0.1301 | -0,188+0.0061 .272+0.76%1 | -0.28040.5111
0.66711.0{ 0.569-0.1301 |-0.,459-0.1831 J26+1.,1921 | -0.031+0.2301
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NACA TN No. 1195 TABLE VIII (continued) 79
PARABOLIC SYMMETRICAL BENDING FOR RECTANGULAR WING OF AR = 6
0.167| 0 | 0.757-0.1881 oo ~%1 0 0.019+0.0231
0.167 | 0.4 | 0.757-0.1881 | 0.105+0.020i | 0.009+0.0631i | 0.007+0.0721
0.167] 0.8] 0.757-0.1881 |-0.239+0.1331 | 0.035+0.2541 | -0.010+0,1741
0.167} 1.0} 0.757-0.1881 | -0.750+0.1051 0,055+0.3971 | -0.0002+0,00L41
0.333| 0 | 0.650-0.1751 | * og ~ocoi 0 0.023+0.0%31
0.333 o.% 0.650-0,1751 | 0.091-0,0051 | 0.001+0.1091 o.ooz+o.12£1
0.333 | 0.8 0.650-0.1751 |-0.153+0.0951 | 0.005+0.4361 | -0.059+0.3%31
0.333 | 1,0} 0.650-0.1751 {-0.622+0.0101 | 0.003+0.631i |-0,0002+0.0291
0.667| 0 | 0.569-0.1301 0o +901. 0 0.020+0.0%61
0,667 0.% 0.569-0.1%301 | 0.057+0.0011 |-0.068+0.1911 | -0,068+0.2101
0.667 1 0.8]0.569-0.1301 {-0.086+0.0271 |-0.272+0.7631 { -0.309+0.6L81
0.66741.0}0.569-0.13%301 |-0.459-0.1831 |-0.426+1.1921 | -0.042+0.2301
INEAR ANTISYMMETRICAL TORSION OF RECTANGULAR WING AR = 3
—(2) &
k l— c UJ L= - b —
bs 2pU%byJ 20U%b ]
0 0. 1 -0.490 1.257 0.641
0 o.% 1 -o.%28 1.885 0.830
0 0.8 1 -0.584 2.513 1.947
0 1.0 1 -1 3.142 0
0.167} 0.4 10.757-0.1881 | -0.253%+0.1651} 0.971-0.0521 0.6%6+0.1291
0.16; o.% 0.%2%-0.1881 0.2 3+o.1621 1.456-0.0781 0.887+0.1821
0.167| 0.8 {0.757-0.1881 | -0.342+0.1591 1.3 2-0.1041 1.oﬁﬁ+o.22ui
0.167]| 1.0 |0.757-0.1881 | -0.750+0,1051| 2.427-0.1301 0.04/;+0.0031
0. 0.L |0.650-0.1751 | -0.149+0.1301| 0.853+0.1261 0.639+0,2591
o.?g% o.% 0.620-0.1321 -0.18%+0.1281 1.2go+o.1891 o.895+0.37 1
0.323| 0.8 |0.650-0.1751 | -0.23%+0.1221| 1.707+0.2521 1.069+0.04611
0.%33| 1.0 |0.650-0.,1751 | -0.622+0.,0101| 2.133+0.3151 0.173+0.0221
0.667 o.% 0.569-0.1301 | -0.072+0.0611| 0.770+0.4941 0.6L5+0.5371
0.667]| 0.6 |0.569-0.1301 | ~0.,108+0,0541 1.155+o.7§11 0.917+0.7741
0.667| 0.8 |0.569-0.1301 -o.1u6+o.o%01 1.539+0.9871 1.138+0.9661
0.667] 1.0 |0.569-0.1301 | -0.459-0.1831] 1.92L+1.2301 0.673+0.1781
RIGID ROLLING OF RECTANGULAR WING OF AR = 3
0.167 o.% 0.757-0.1881 | -0.25%+0.1651] 0.022+0.1591 |-0,013+0.1061
0.167| 0.6 |0.757-0.1881 | -0.289+0.1621] 0.03%3+0.2381 | -0.018+0.1471
0,167| 0.8 |0.757-0.1881 | -0.342+0.1591] O ou3+o.5171 -0.023+0.1741
0.167] 1.0 |0.757-0.1881 | -0.750+0.1051] 0.055+0.3971 | -0.0002+0 ,0041
0.3%3 o.% 0.650-0,1751 -0.1%9+o.1301 0.00%3+40.2721 | -0,051+0,2101
0.333| 0.6 | 0.650-0.1751 | -0.183+40.1281] 0.005+0.4081 | -0.076+0.2931
0.333| 0.8 [0.650-0.1751 | -0.23%+0,122i] 0.00 +o.5gu1 -0.094+0.3511
0.333| 1.0 | 0.650-0.1751 | -0.622+0.0101] 0.008+0.6811 | -0.003+0.0291
0.667 0.2 0.569-0.1%01 | -0.078+0.0611 -0.170+0.4771 | -0.222+0,4111
0.667| 0.6 | 0.569-0.1304 { -0,108+0.054i| -0.255+0.7151 | -0.323+0.5791
0.667| 0.8 10.569-0.13%01 ~o.1u6+0.0501 -0.341+0. 521 -0.0,08+0.7081
0.667| 1.0 ]0.569-0.1%01 | -0.459-0.,1831] -0.426+1.1921 | -0.042+0.2501
1.3%3 o.% 0.526-0,0811 | -0.,034-0.0011f -0.981+0.8811 | -0.979+0.82L1
1.333| 0.6 | 0.526-0.0811 | -0.042-0.0154] -1.471+1.3221 -1.§3Z+1.2151
1.333| 0.8 |0.526-0.0811 | -0,05%-0,0321| -1.961+1.7631 | -1.853+1.5861
1.3%3]| 1,0 0.526-0.0811 | -0.090+0.4141] -2.452+2.2031 | -0.716+1.8251
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TABLE VIII (continued)

NACA TN No.

1195

LINEAR SYMMETRICAL TORSION OF ELLIPTICAL WING OF AR = 3 (a = 0)

. Z2) :
k — ¢ O oy =
by 2pU%b o 20U%boa
0 0 1 e 0 0.391
0 o.% 1 -0.419 1152 0.669
0 06 1 -0.53%5 1.508 0.702
Oioh2 1o -p.719-0,1881 00 ool 0 0.349-0.0121
0.194 o.% o.;32-0.1891 -o.181+8?11u1 0.865-0.0231 o.6gZ+o.0881
0.127 0.8 0.799-0.181% -0.347+0.1411 |1.222-0.1024 0.685+0.0781
0.2 0 |0.618-0.1621 oo - ool 0 0.294+0.0371
o.38g o.% 0.629-0.1671 | 0.029+0.0541 0.762+0.1721 0.6 o+o.2501
0.254 |O. 0.691-0.1851 | -0.27 +0.1201 |1.077+0.0461 |0.6L2+0.1831
0.8 0 [0.551-0.1131 0o -oc0l 0 0.175+0.1141
0.7%2 o.% 0.226-0.1131 -Q.060-0.0111 |0.694+0.5991 0.630+0.5201
0.508 0.8 [0.596-0.1501 -0.177+0.0661 | 0.956+0.5861 0.66L+0.4181
LINEAR SYMMETRICAL TORSION OF ELLIPTICAL WING OF AR = 6 (a = 0)
0 0 1 + o0 0 0.%88
0 o.% 1 =0 .26 1,152 0.849
0 U 1 -0.37 1.508 0.941
81 |0 ~]0.719-0.188 oo - ool 0 0.294-0.0711
0.194 o.% o.;52-0.1891 -0.080+0.0761 | 0.865-0.023%1 o.g6u+o.0561
327 |0, 0.799-0.1811 -0.209+0.1241 | 1.222-0.1021 |O. 9%+0.0651
0.42 o |o0.618-0.1621 oo - ool 0 0.212-0.0L4L1
0.38 o.% 0.629-0.1671 -0.046+0.0431 | 0.762+0.1721 |0O 00+0.2131
0.254 |0.8 ]0.691-0.185 -0.145+0.1121 { 1.077+0.0L61 |O 37+0.1871
0.8 D - 10.,551-0.11351 oo - ool 0 0.10040.02%1
0.7%2 o.% 0.226-0.1131 -o.ozéfg.oqui 0.694+0.5591 | 0.680+0. L1
0.508 |0.8 ]0.596-0.1501 -0.088+0.06L1 | 0.956+0.33%61 | 0.800+0.4411
LINEAR SYMMETRICAL BENDING OF ELLIPTICAL WING AR =
¥ 5(3) i
k T C o _— _—
bos a 2607, /b, 26U7boh /oo
D1zl 0 |ok719-0.1884 - 1 0 0.006+0.0741
0.194 o.% 0.7%%-0.1891 | -0.180+0.1194 | 0.022+0.1791 | -0.007+0.1551
0.127| 0.8 10.799-0.1811 | -0.3L7+0.1391 | 0.038+0.2551 -0.007+o.1ﬁ31
o.he% 0 |0.613-0.1621 - 1 0 0.016+0.0701
0.38 o.% 0.629-0.1671 | -0.115+0.0751 | -0.013+0.5071 -0.050+0.2511
0.254 | O 0.691-0.1851 | -0.277+0.1161 | 0.037+0.4421 -0.037+0.2641
0.847| 0 {0.551-0.11351 - i 0 -0.039+0.1651
0.776| 0.4 {0.556-0.1191 | -0.057+0.0011 -0.263%+0.5431 | -0,279+0.4971
0.508] 0.8 ]0.596-0.1501 ~0.177+0.0631 | -0.13[+0.7621 | -0.214+0.5361
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NACA TN No. 1195 TABLE VIII (continued) 81
LINEAR SYMMETRICAL BENDING OF ELLIPTICAL WING OF AR = 6
0.212| 0 ]0.719-0.1881 - ‘4 0 0.021+0.0611
0.194 o.% 0.7%33%-0,1891 | -0.078+0.0801 | 0.022+0.1791 0.003+0.1601
02271 6. 0.799-0,1811 | -0.211+0,1231 | 0.038+0.2551 ~0.002+0.1881
o.hz% 0 |0.618-0.1621 - 1 0 0.034+0.0851
0.3%8 o.g 0.629-0.1671 | -0,042+0.0411 | -0.013+0.3071 | -0.034+0.2871
0.254| 0.8 |0.691-0.1851 | -0.146+0.1101 | 0.037+0.041421 | -0.034+0.3491
0.847} 0 ]0.551-0.113% - 1 0 0.011+0.0964
0.776 o.% 0.556-0.1191 | -0.021+0.0024 | -0.263+0,5431 | -0.266+0.5241
0.508] 0.8 |0.596-0,1501 | -0.087+0.0631 | -0.134+0.7621 ~0.216+0,6521
PARABOLIC SYMMETRICAL BENDING OF ELLIPTICAL WING OF AR = 3
y L(2) L
k m——— C g —_— —_—

bos 2pU?boh/bg 2pU%boh b g
g2 1.0 10.718-0.1881 o0 =-obi 0 0.005+0.0391
0.194 o.% 0.733-0.1891 |-0.030+0.105% [ 0.009+0.0711i |-0.001+0.0691
0.127 (0.8 }0.799-0.1811 | -0.372+0.1441 0.0%0+0,2041 |-0.007+0.1091
o.uz% 0 }0.618-0.1621 - 01 0 o.ooa+o.0631
0.38 o.% 0.629-0.1671 | 0.029+0.0541 |-0.005+0.1231 |-0.016+0.12051
0.254 0.8 10.691-0.1851 |-0.2704+0.1241 | 0.029+0.3531 -0.03L4+0.2131
0.847 { 0 |0.551-0.113% 00 - ool 0 -0.010+40.0851
0.776 o.% 0.556-0.1191 | 0.039+0,012i | -0.105+0.2171 -o.116+o.2531
0.508 {0.8 {0.596-0.1501 -0.187+0.0611 | -0.107+0,6101 -0.169+0.4181

PARABOLIC SYMMETRICAL BENDING OF ELLIPTICAL WING OF AR = 6
0.212{ 0 ]0.719-0.1881 00 -oco i 0 0.012+0.0301
0.194 o.% 0.73%-0.1891 o.oug+o.0381 0.009+0,0721 | 0.005+0.0761
0.127 | 0.8 | 0.799-0.1811 | -0.228+0.1281 0.030+0,2041i | -0.003+0.1461
o.uz% 0 |0.618-0.1621 | 0 -0t 0 0.021+0,0391
0.38 o.% 0.629-0.1671 | 0.049+0.00%1 | -0.005+0.1231 | -0.006+0.1531
0.254 | 0.8 | 0.691-0.1851 | -0.,157+0.1131 | 0.029+0.3531 -0.028+0.27%1
0.847| 0 }]0.551-0.11%1 o0 - 001 0 0.012+0.0421
0.776 O’% 0.556-0.1191 | 0.038-0.0131 | -0.105+0.2171 |-0.101+0.2521
0.508 | 0.8 ] 0.596-0.1501 | -0.087+0.0591 -0.107+0,6101 | -0.145+0.5211
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LINEAR ANTISYMMETRICAL TORSION OF ELLIPTICAL WING OF AR = 3

y L(®) i
k —_— c - e
b8 % QpUzboJ 20U2'b°,j
I =0
0 o.% 1 ~0.571 1.152 0. Ru
0 0. i -0.571 1.508 0.647
0 0.8 1 -0.571 1.508 0.6L7
k, = 0.212
0.19L o.% 0.733-0.1891 | -0.289+0.1521 | 0.865-0.0231 | 0,515+0.1191
0.170 {0.6 | O 753-0.1881 -0.30L+0.1551 | 1.162-0,0591 0.683+0,1361
0.127 0.8 1 0.799-0.1811 -0.305+0.1621 | 1.222-0.101%1 0.747+0.114L1
k, = 0.42k
0.%88 o.% 0.629-0,1671 | -0.183+0.0961 | 0.762+0.1721 0.530+0.2421
0.3%9 | 0. o.6u7-0.15u1 -0.197+0.1141 1.021+o.1291 0.625+o.2801
0.25 0.8 | 0.691-0.1851 | -0.200+0.1501 1.,077+0.0461 | 0.747+0.233%1
k, = 0.847
0.77g o.% 0.562-0.12l41 | -0,099+0.0041 | 0.70 +0.5561 0.5Bg+o.5171
0.678 {0.6 | 0.569-0.1301 | -0.114+0,0%01 | 0.92 +0.6071 | 0.73 +o.2951
0.509 {0.8 | 0.569-0.1501 | -0,121+0.0931 0.957+0.3861 | 0.738+0.4801

RIGID ROLLING OF ELLIPTICAL WING OF AR = 3

k, = 0.212

0% 0.4 | 0.733-0.1891 | -0.289+0.1561 | 0.022+0,1791 -0,016+0.1084

0.13% o.% 0.72 -0.18%1 -0.30 +o.1281 0.03%+0.2411 |-0.018+0.1L41

0.127 | 0.8 | 0.799-0.1811 | -0.30L+0.1621 0.038+0.2551 |-0.014+0.1581%
o= 0.42l

0.388 o.% 0.629-0.1671 -o.182+o.1o%1 -0,013+0.3071 |-0.064+0.2184

0.33%9 | 0. o.6u7-o.1gui -0.196+0.1181 | 0.00%+0.41L1 |-0.073+0.2881

0.253 0.8 |0.691-0.1851 | -0.200+0.1481 | 0.037+0.4411 -0.058+0.3134
k, = 0.8L7

o.77g o.% 0.562-0.12441 | -0.098+0.0161 -0.258+0.5491 -0-27h+0-hghi

0.678 | 0.6 | 0.569-0.1301 | -0.115+0.0571 -0.268+0.7271 -0.318+o.5 21

0.507 | 0.8 { 0.596-0,1501 ~0.120+0,0891 |-0.13L+0.7621 |-0.218+0.6081
k o= 1.695

1 0.L | 0.520-0.0721 | -0.005-0.0374 |-1.376+1.0151 |-1. ol+1.0061

1.%22 o.% 0.225-0.0 oi | -0.030-0.0351 |-1.527+1.3L531 -1.358+1.2651

1.017 0.8 | 0.539-0.0991 -0.056+0.0261 |-1.046+1.3771 [-1.113+1.233]
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NACA TN No. 11385 TABLE VIII (continued)

UNIFORM PITCHING OF ELLIPTICAL WING OF AR = 3

=(2) -
Xk » - " L L
Po® : 2pU2boJ 2°U2b05

0 0 1 -0.400 3,142 1.885

0 o.% 1 -0.400 2.878 1,78

0 0 1 -0.400 72T 1.03%
0.2122 | 0 |0.719-0.1881 |-0.148+0.1181 2.%22+0.0061 1.816+0.52g1
0.194 o.% 0.73%-0.1891 |-0.162+0.1221 |2.161-0,0591 1.6gz+o.2u 3
OER27 10 0.799-0.1811 [-0.227+0.1311 1.527-0.1261 1.08L+0.0931
o.uzg 0 |0.618-0.1621 |-0.078+0.0631 |2.04 +o.z691 1.760+0.7161
0.%88 (0.4 [0.629-0.1671 {-0.0 3+40.0811 |1.904+0.4301 1.620+0,6181
0.254 (0.8 [0.691-0.1851 -0.151+0.1181 |1.347+0.0571 1.034+0.20L1
0.847 | 0o [0.551-0.1131 |[-0.037+0.0011 1.880+1,7101 | 1.761+1.6631
0.776 p.% 0.552-0.1191 -0.009+0.0131 |1.735+1.3971 | 1.5 9+1.3801
0.508 0.8 [0.596-0.1501 {-0.101+0.0791 1.195+o.ﬁ 21 | 0.967+0.5831
1.695 | 0 |0.518-0.0671 0.005-0.0181 |1.861+%.8291 1.925+%.7871
1.553 o.% 0.520-0.0721 [-0.006-0.0221 1.657+%.1891 | .1.687+3.1131
1.017 (0.8 [0.5%39-0.0991 [-0.081+0.0201 1.110+1.2881 | 0.939+1.2471

UNIFORM TRANSLATION OF ELLIPTICAL WING AR = 3
0.212 | 0 (0.719-0.1881 -0.1%8+o.1211 0.055+0.4781 |-0.026+0.3801
0.194 o.% 0.7%3-0.1891 [-0.162+0.1241 | 0.0 6+0.4471 |-0.020+0.3481
0.127 | 0.8 [0.799-0.1811 -0.228+0.1251 | 0.0[7+0.3191 | -0.003+0.2281
o.hz% o l0.618-0.1621 |-0.076+0.0701 |-0.067+0.8231 | -0,160+0.7211
0.388 [ 0.4 [0.629-0.1671 |-0.0 2+0.03%61 -0.033+o.7671 -0.138+0.6671
0.254 | 0.8 ]0.691-0.1851 -0.154+0.1071 | 0.046+0.5521 | -0.0 0+0.4291
0.8 o l0.551-0.1131 |-0.0%6+0.0081 _0.828+1.4661 | -0.849+1.3691
0.7%2 0.4 0.227-0.1191 -o.oa7+o.0171 -0.657+1.3561 -o.69g+1 2Li31
0.508 | 0.8 [0.596-0.1501 -0.103+0.0651 |-0.167+0.9521 | -0.271+0.7871
1.6 o |0.518-0.0671 | 0.003-0.0121 |-L.154+2.7571 -1;,.08B+2.7731
1.522 o.% 0.220-0.0721 -0.006-0.0161 |- 2.L36+2.5371 | -3.357+2.5061
IO 1TA10 0.539-0.0991 -0.075+0.0081 [-1.308+1.7211 | -1.335+1. 811
LINEAR ANTISYMMETRICAL TORSION OF AN ELLIPTICAL WING OF AR = 3
FOR HIGHER VALUES OF ko
k= 1.695
1 0. 0.520-0.0721 |-0.001-0.0491 | 0.663+1%2771 | O. 06+1.2201
1.2%2 o.é 0.225-0.0 01 | -0.030-0.0L451 | 0.87 +1.u551 o.g76+1.5u01
1.017{ 0.8 |0.539-0.0991 -0.075+0.0161 | 0.888+1.0301 0.763+0.9981
k.= 2.5042

2230 0.1 |0.511-0.0521 |0.039-0.0001 | 0.6 8+1.9671 | 0.693+2,0201
z.ggu o.% 0.215-0.0271 0.021-0.0311 0 8%1+2.25u1 o.95£+2.25u1
1.525| 0.8 |0.521-0.0731 }-0.037-0.0301 0.869+1,63%91 | 0.847+1.5521
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TABLE VIII (comtinued) NACA TN No. 1195

UNIFORM SPANWISE AILERON DEFLECTION OF A FULL-SPAN ATLERON
OF ELLIPTICAL WING OF AR = 3 (e =0, 1 = 0.2 b/bp)

A 5
X e c ¢ » -
boe B 20U%b B 20U%b B

0 0 1 -0.400 2.589 1.652

0 o.% i) -0.400 2.37% 1.51h

0 (0 3 -0.400 1.553% 0.991
oy2h | o ]0.618-0.1624 [-0.080+0.0621 | 1.664+0.3791 1.411+40.4811
0.38 o.% 0.629-0.1671 |-0.090+0.0741 | 1.554+0.2821 1.2ﬁ%+0.u001
0.254 | 0. 0.691-0.1851 |-0.150+0.1211 | 1.111+0.0201 | 0.8 +0,1671
0 o lo.s51-0.1131 |-0.041+0.0011 | 1.369+1.2001 | 1.264+1.1411
o.?%g 0.4 0.226-0.1131 -o.o%o+o.0091 1.317+0.9741 | 1.18 +o.3521
0.508 | 0.3 [0.596-0.1501 |-0.098+0.0831 | 0.958+0.3291 0.761+0.0L061

UNIFORM SPANWISE AILERON DEFLECTION OF A FULL-SPAN AILERON
OF ELLIPTICAL WING OF AR = 3 (e =0, 1 = 0.2b/b)
i Mp(2) (o) Mg (e)

k o Cc UB —_—

boS 20U%p 2B 20U%b 2B

0 0 ' 1 -0.400 0.187 0.124

0 o.% 3 -0.400 a.157 0.19&

0 B 1 -0.400 0.067 0.045
o.42 | o |o0.618-0.1621 | -0.080+0.0621 |0.097+0.1911 0.081+0.1971
0.389 { 0. 0.629-0.1671 | -0.090+0.0741 | 0.087+0.1551 0.07%3+0.1611
0.253 o.% 0.691-0.1851 | -0.150+0.1211 | 0.047+0.0371 0.037+0.0421
0.847| o |o0.551-0.1131 | -0.041+0.0011 |-0.023+0.4081 -0.,029+0.L061
0.776 o.% 0.556-0.1191 | -0.050+0,0091 | 0.003+0,%121 |-0.005+0.5101
0.508 | 0.8 | 0.596-0.1501 | -0.098+0.0831 0.023+0.0841 | 0.021+0.0871

UNIFORM AILERON HINGE DEFLECTION OF A HALF—SPAN ATLERON OF AN ELLIPTICAL WING

s B NATIONAL ADVISORY
OF AR = 6 (e = 3z 1=0a1 .;;) COMMITTEE FOR AERONAUTICS

y £(® T
k — (o o —
bos B 20U%boB 20U°b B
0 0 1 e 0 0.080
0 o.% il o2 0 0.255
0 0. 1 -0.49L 1.554 0.786
0 0.8 1 -0.360 1.12? 0.738
0 0.9 1 -0.239 0.7041 0.566
0.212f 0 | 0.719-0.1881 oo ~ol 0 0.036-0.0561
0.194 o.% 0.73%-0.1891 oo - ool 0 0.175-0.1211
QL0 0. 0.753-0.1881 -0.273+0.1261 | 1.187-0.182i | 0.752-0.0101
0.127] 0.8 o.g 9-0.1811 | -0.188+0.1%01 | 0.930-0.1481 | 0.707-0.0071
0.092| 0.9 0.843-0.1681 | -0.116+0.0911 | 0.629-0.1021 | 0.541-0.03061-
o.424| o | 0.618-0.1621 o - ool 0 0.006-0.0571
0.389 o.% 0.623-0.1671 so - ool 0 0.108-0.0261
0.339]| 0.6 0.64 -o.1gu1 -0.187+0.0871| 1.032-0.0701 | 0.726+0.0311
0.2 a 0.8] 0.691-0.1 31 -o.1o7+o.1agi 0.81%-0.1001 | 0.677+0.0361
0.185{ 0.9 0.741-0.1881 | -0.0L4L4+0.1481| 0.557-0.0991 | 0.519+0.0101
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NACA TN No. 1195 TABLE VIII (continued) 85

UNIFORM ATLERON HINGE DELFECTION OF A HALF-SPAN AILERON OF AN ELLIPTICAL WING

1 b
OF AR =6 = = 1= 0,1 —
(° 2 bo
K J c o M2 o) Mg (e)
b8 B 2aU2b02§ 20U2bo B
Bu®, O
0 0.6 1 -0.494 0.030 0.023
0 0.8 1 -0.%60 0.015 0.013%
0 0.9 1 ~-0.23%9 0.00% 0.003%
k =0.212
0.170} 0.6 | 0.754-0.1881 | -0.273+0.1261 | 0.026+0.005i | 0.022+0.0071
0.127} 0.8 0.739-0.1811 -0.188+0,1301 | 0.014+0.0021 | 0.012+0,0031
0.092} 0.9 | 0.843-0.1681| -0.116+0.0911i | 0.003+0.0001 | 0.003+0.0011
ko= 0.424
0.333 0.6 o.6u8-o.1gu1 -0.187+0.0871 | 0.02,4+0.0131 | 0,021+0.01Li
0.28 0.8]10,691-0,1851 -o.1o7+o.1ag1 0.01%3+0.0051 | 0.012+0.0061%
0,185} 0.9 | 0.741-0.1881 | -0.044+0.1481} 0.003+0.0011 | 0.003+0.0011
FOR A RECTANGULAR WING OF AR = 3

ROLLING-MOMENT COEFFICIENTS Eﬁ

» Due to rigid rolling Due to linear antisymmetrical
torsion

ko Cr/m cx*) /5 Cr/a cx(®) /a

0 0 8] 0.372 1.047
0.167 |~0.008+0.0621 | 0.018+0.1321 o.agg+o.o781 0.809-0.04L1
0.33% |-0.03%+0.1261 | 0.003+0.2271 0.388+0.1611 | 0.711+0.1051
0.667 |-0.1[,2+0.2621 |-0.142+0.3974 o.%§9+0.5u51 0.6L1+0.4111
1.33%3 |[-0.676+0.6561 |-0,817+0.73L1 0.620+0.8351 | 0.608+0.9801

ROLLING-MOMENT COEFFICIENTS Cg FOR AN ELLIPTICAL WING OF AR = 3
Due to rigid rolling Due to linear antisymmetrical
torsion

ko ﬂaﬁ/hﬁ ﬂak(z)/hﬁ ﬂaﬁ/&a ﬂaﬁ(z)/h;

0 0 0 0.250 0.502
0.212 |-0.006+0.0581 | 0.013%3+0,0951 0.276+0.0491 o.h58-o.0ﬁ81
0.42ly |-0.026+0.1161 | 0.006+0.16l1 0.279+0.1091 | 0,40L4+0.0LL1
0.847 [-0.111+0.2321 |-0,082+0.2871 0.288+0.2111 | 0.36%+0.1991
1.695 {-0,511+0.4861 |-0.513+0.5241 0.319+0.4691 | 0.3,0+0.4911
2.542 [-1.231+0.7531 |-1.256+0.76L1 0.341+0,7561 | 0.33%+0.7681
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86 TABLE VIII (concluded) NACA TN No. 1195
LIFT COEFFICIENTS C; FOR AN ELLIPTICAL WING OF AR = 3
iy Due to uniform translation Due to uniform pitching
~ 2 -~ ~ 2
Ko L/ g ncr,( )/ - /g e ( )/8&
0 0 1.480 2.467
o 212 |-0.001+0.29 1 (514 ou8+0 32891 1 .420+0. 2121 1.867-0.0691
2& -0.10%+0. 56 -o 01E+o 6721 1.356+0. ug 1.665+0.2971
-0.550+1.0561 +1.1721 1.3%7+1.0 1,95+ .070E
1 695 -2.657+2.o 01 .665+2,1631 1.385+2. h211 1.431+2.4681
RECTANGULAR WING OF AR = 13.5 WITH INDICATED MODES (k, = 0.097)
Mode Torsion First Second
y/bos bending bending
0 0 0
o.% 0.586 0.230 0.68%
0. 0.809 0.461 0.589
0.8 0.951 0.725 -0.068
3.0 1.0 10,0 -1.0
- Torsion mode
s =
k y/bos © 0 L(*) L
20U%bg ] 20U%bod
0.097 | 0 |[0.837-0.1704 R - 01 0 0.302-0,1401
0,097 o.% 0.837-0.1701 |-0.045+0.0481 | 1.563-0.1511 1,072~ 0.0701
0.097 |O. 0.8%7-0.1701 [-0.069+0.0711 | 2 153-0.2091 1.968-0. gi
0.097 |0.8 0.8%37-0.170i [-0.109+0.0891 | 2-5% -o.2ugi 2.190-0.,0081
0.057 |1.0 |0.8%7-0.1701 |-0.835+0.1221 2.669-0.25 0.013-0.1021
FIRST BENDING
o097 1 0 10.637-0.1701 oQ - ~0i 0 0.009+0.013%1%
0.097 0.% 0.837-0.1701 | 0.056+0.0011 +0.009+0.0581 | 0.008+0.0621
0.097 (0.6 [0.837-0.1701 |-0.0L6+0. 0641 |+0.017+0.1171 0.008+0.1111
0.097 |0.8 [0.837-0.1701 {-0.1244+0.0961 0.027+0.1841 0.006+0.1571
0.097 |1.0 [0.837-0.1701 |-0.835+0.1221 0.037+0.25,4i |+0.000+0.0011
SECOND BENDING
0.097 | 0 {0.837-0.1701 1 0 .0,011+0.0261
0.097 o.% 0.837-0.1701 |-0. 155+o 1011 | 0.025+0.1731 | 0.004+0.1421
0.097 | 0.6 |0.837-0.1701 [-0.176+0. 1051 0.022+0.1501 | 0.003+0.1181
0.097 |0.8 [0.837-0.1701 |-O. 619+0.3091 |-0.00%-0.01741 | 0.004L-0.0051
0,097 |1.0 {0.837-0.1701 -o.855+o.1221 -0.037-0.254i | 0.000-0.0011
NATIONAL ADVISORY
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TABLE IX.— SPAN CORRECTIONS AT MIDSPAN FOR RIGID ELLIPTICAL WING
IN TRANSLATION AND PITCHING. (ONE-POINT APPROXIMATION)

*ON NI VOVYN

GBTT

ko kos C Oh =0g =0 C+o AR

0 0 1 +:-01 ~-0.571 0.429
0.424 | 0.5 0.618 - 0.162i ~0,196 + 0.0921] 0,422 w~-0.0701
0.847 1.0 0.551 - 0.113}i] ~0.114 + 0.008i] 0.437 - 0.1051 1.5
1,695 | 2,0 0.518 - 0,0661| -0,018 -~ 0,044} 0,500 -~ 0,1101 -
3,390 | 4.0 0.505 - 0,036i| +0,005 + 0,007i| 0,511 - 0,0291

0 0 _ 1+ 01 -0,500 0.500
0.318 0e5 0.657 - 0,177i| -0.176 + 0.116%| 0,481 - 0,0611
0.637 | 1.0 0.573 = 041341} -0.103 + 0.0481i| 0,470 -~ 0.0861 2
1,273 2.0 0.528 -~ 0,0841| ~0,042 ~ 00,0181} 0,486 -~ 0.1021
2.546 | 4.0 0.509 - 0,048i| +0,004 + 0.,017i} 0.513% - 0,0311

0 0 S -0,400 0,600
0.212 0.5 0.719 - 0.1881i| ~0.154 + 0.125i| 0.565 ~ 0.0631
0.847 2.0 0.551 = 0,1131| -0.043 + 0.018i| 0,507 - 0.0951 3
1.695 4.0 0,618 - 0,067i|~0.,010 -~ 0,0131} 0.508 - 0,0801
2.542 | 6.0 0.509 - 0,0471| +0,007 - 0,0051| 0,516 - 0,0521

0 0 1 - 01 ~-0.250 0.750
0.106 | 0.5 0.824 - 0,1751|-0.,108 + 0,0961|0.716 - 0,0781
0.212 | 1.0 .|0.719 - 0.1891|-0,052 + 0.0771|0.669 - 0,1111 6
0.424 | 2.0 0.618 -~ 0,162i|~0,021 + 0,0371{ 0.597 - 0.1241
0.847 4.0 0.551 - 0,1131{-0,013 + 0.0091|0.538 ~ 0,103%
1.273 6.0 0.528 -~ 0,0841i|~-0,008 - 0,0001} 0,520 - 0,0841

NATIONAL ADVISORY

COMMITTEE FOR AERONAUTICS.
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TABLE X.— DETERMINANT TERMS AS A

NACA TN No.

FUNCTION OF k FOR EXAMPIE I

Determinant terms

(two—dim.)
Ae f te: <8 .
ro, part o rm

Term Structural part of term % -y 25

W, 2

(%Y (1410 =0)

w

k = 0.333

A 1.3331 [ 1- 0.1920(2‘—‘ )2 1+ 1g) ]

B 0.3154

D 0.3154

E 0.8789[1—(25>2 (1+iga)—]

—0.0096 — 0.77991

-3.0592 — 0.T43TL

0.127k + 0,19501

0.9075 — 0.80171

1.3235 — 0.7799i — 0.256(

—2,7438 — 0.7437*

0.4428 + 0.19501

1.7864 — 0.8017 — 0.878:

k = 0.4

2
A 1.3331 [1—0.1920(‘-”—) (s 1%)1
= O)a'
B 0.3154
D 0.3154

E 0.8789[1—(:-:'-'>2(1+130_)-|

0.0350 — 0.62501

—2.,0431 — 0.73h4i

0.1163 + 0.15631

0.6365 — 0.63751

1.3681 — 0.62501 — 0.256@

=1,7277 — 0.734k41

0.4317 + 0.15631

1.5154 — 0.63751 — 0.878¢

k = 0.5
ma. 2
A 1.3331 l— 1 - 0.1920 ( = ) 1+ 1%)1 0.079% — 0.47831 1.4125 — 0.47831 — 0.256(
B 0.3154 —1.241k - 0.67691 —0.9260 — 0.67691
D 0.3154 0.1051 + 0.11961 0.4205 + 0.11961
, 2
E 0.8789 |— 1- ( = > (1 + 1ga)] 0.4227 — 0.k8621 1.3016 — 0.48621 — 0.878%
k = 0.6
£, \F
A 1.3331 [ 1- 0.1920( w—> 1+ igh)-] 0.1081 — 0.38591 1.4412 — 0.38591 — 0,256
B 0.3154 —-0.8208 - 0.61121 —0,5054 — 0.61121
D 0.3154 0.0980 + 0.09651 0.413% + 0.0961
ma 2
E 0.8789 [ 1- ( Ef) (1 + ga)] 0.3535 — 0.49274 1.2513 — 0.4927 — 0.878%

NATIONAL

ADVISORY COMMITTEE FOR AERONAUTICS
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NACA TN No. 1195 89

TABLE XI

SOLUTION OF SIMULTANEOUS EQUATIONS BY USE OF THE CROUT METHOD OF REFERENCE 8 (EXAMPLE I)

Linear torsion Parabolic bending
Foly) Check Fp(y) Check
Given Matrix
1.0169 -0,3837 0.2702  —0.2262 [0} 0.6772 0 0.6772
—0.052l1 0.07391 —0.07851 0.07901 0.02201
.9ko1 -.1323 —.1299 .2289 0.4 1.3068 0.16 1.0668
—.055T4 .02621 .04051 —.08261 —.07161 —.05071
L6672 L4213 —.023L —-.3057 .8 1.5594 .64 1.3994
—.06841 —.12381 .02U51 .11701 —.050T1 —.050T4
.2966 k701 723k .9896 1.0 3.5797 1.0 3.479T4
.09721 —.05051 —.18791 —.30721 —. 4184 LLh8Li
Supplementary Matrix
0.9808 -0.3837 0.2702 —0.,2262 0 0.6772 0 0.6772
05051 .07391 —.07851 .07901 .02201 .02201
k4. 3261 -.3793 4375 0.4 .6803 0.16 . 4903
87461 .11501 -.15731 —.08711 —.08711
.9353 —1.1&6713‘ I —. ko6l —-.9840 .1kok -.37182
.304701 L6330 .08561 .37011 .03431 .31871
.3681 7055 3.1925 .3483 2.8352
.11181 —.1898% —.945411 —.15701 —.91221
Auxiliary Matrix
1.0169 —-0.3801 0.2690 ~0.2258 0 0.6631 0 0.6631
=,052l4 .05311 —.06331 .06611 .05581 05581
.9401 2221 -1.7415 2.0302 1.7304 3.0192 0.6922 1.9810
-.05571 —.0k44o1 .16581 —.29791 .34981 .21821 .13991 .00031
L6672 L6713 .9398  ~1.5922 —.4285 | -1.0207 .1278 —. 4643
—.06841 —.18521 —.34871 .08331 —.06791 .01511 .08391 .16681
.2966 .5880 1.6566 2.4870 .2809 1.2808 .1458 1.1456
.09721 —.02931 —.34881 —. 75561 .00901 .00901 —.01801 —.01881
e 0.5264 1.5264 1y ™ 0.3377 1.3378
04851 048 .03201 .03191
= 1.1786 al = 1.0 2.0330
3a T 2.1785 3n 329 38
27791 27791 234901 23471
™ 0.0195 1.0193 o = 0.3584 1.3582
—.07701 —.07731 o171 .Ok1hi
NATIONAL ADVISORY
= 0,2809 1.2808 = 0.1458 1.1456
COMMITTEE FOR AERONAUTICS. Ta T
.00901 .00901 —.01801 —.01881
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TABLE XII,— VALUES OF

NACA TN No. 1195

w AT VARIOUS STATIONS ALONG THE SPAN

(EXAMPLE I)
y sin ng sin ng sin ng
t-)_o-;. r n Knh n - n

1| o0.9165 |0.3095 + 0.0293i | 0.4824 + 0.0445i

3] -0.1099 }0.1135 - 0.02581 | -0.1295 - 0.0305i

% 5| -0.0936 }0.0335 - 0,00%9i | -0.0018 + 0.0072i
7| 0.1380 |0.0201 - 0.00261 | 0.0388 + 0.0012i
w; |0.1826 - 0.00301 0.3899 + 0.02241'

1| o0.800 |o0.2702 +0.0256i | 0.4211 + 0.0388i

3] 0.1173 |0.1212 + 0.0276i | 0.1382 + 0.0%26i

e 5/ -0.1994 }0.0715 - 0,0083i | -0.0039 + 0.0154i
7| 0.0295 |0.0043 - 0.00061 | 0.0083 + 0.0005i

w; |0.3242 + 0.0443i 0.5637 + 0.0871i

1| 0.600 |0.2026 +0.,0192i | 0.3158 + 0.0291i

5| 0.3120 |0.322% +0.07331 | 0.3677 + 0.0867i

jod 5| -0.0151 |0.0054 - 0.0006i | -0.000% + 0,0012i
7| -0.1398 }0.0204 +0.0026i | -0.0393 - 0.0013i

w; |0.4991 +0.0945i | 0.6439 + 0.1157i

1| 0.4359 |0.1472 +0.01%9i | 0.2295 + 0.0211i

3| 0.3255 |0.3362 +0.07651 | 0.3836 + 0.0905i

s 5| 0.1550 [0.0556 +0.0065i | 0.0030 - 0.0119i
7| -0.0022 }0.0005 +0.0000i | ~0.0006 - 0.0000i

w; |0.5387 +0.0969i | 0.6155 + 0.0997i

NATIONAL ADVISCRY

COMMITTEE FOR AERONAUTICS.




FACA TN No. 1195

TABLE XIII.— CALCULATION OF o034 (3 = a, h) FUNCTIONS

(EXAMPLE I)

PARABOLIC BENDING

91

v ﬁJ iJ
g;; Wy fJ(Y) fJ(y) = C + T3 oy
0 0 el 0.5850 + 0.0309i o —wi
0.4 0.1326 - 0,0030i | 0.16| 0.1413 - 0.0188i 0.5850 + 0.0309i| 0.0832 - 0.0066i
0.6 ] 0.3242 4+ 0.0445i | 0.36| -0.0994 + 0.1231i 0.5850 + 0.0309i| -0.0620 + 0.06891i
0.8 | 0.4991 4+ 0.09451 0.64] -0.2202 + 0.14771 0.5850 + 0,0309i | -0.1334 + 0.07961
0.9 ] 0.5387 + 0.09691 0.81| -0.3349 + 0.1196i 0.5850 + 0.0309i | -0.1996 + 0.0596i
1.0 0 1.0 -1 0.5850 + 0.0309i | -0.5850 - 0.03093)
LINEAR TORSION

0 0 o —eoi 0.5850 + 0.03091 o —ooi
0.4 | 0.3899 ¢ 0.0224i | 0.4 | -0.0252 4+ 0.05601 0.5850 + 0.0309i | ~-0.0165 + 0.03203
0.6 | 0.5637 + 0.0871i | 0.6 | -0.0605 + 0.1452i 0.5850 + 0,0309i | -0.0399 + 0.0831i
0.8 | 0.6439 + 0.1157i | 0.8 | -0.1951 + 0.14461 0.5850 + 0.03091| -0.1186 + 0.0786i
0.9 ] 0.6155 + 0,0997i| 0.9 | -0.3161 + 0.11081 0.5850 + 0,0309i| -0.1883 + 0.05511
1.0 0 1.0 -1 0.5850 + 0.0309i| -0.5850 - 0.0309i

TABLE XIV.— VALUES OF INTEGRANDS FOR USE IN GRAPHICAL INTEGRATION

(EXAMPLE I)

b |

4
O'hZ

O'hZ S

0.0832 - 0.006641
-0.0620 + 0.0689i
-0.1334 * 0.07961
-0.1996 + 0.0596i

-0.5850 - 0.03091

0.0021 - 0.0002i
-0.0080 + 0.0103i
-0.0546 + 0.0326i
-0,1310 + 0.0391i

-0.5850 - 0.0309i

0.00583 - 0.00041
-0.0134 + 0,01491
-0.0683 + 0.04081
-0.1455 - 0.03091

-0.5850 + 0.0309i

a
a

3
g z
a

a
g 2
a

z 2.8 z4
0.4 0.064| 0.0256
0261 0.2161 0.1296
0.8 0.512] 0.4096
ON9) D729 0.656L
150 1.0 3 50!

z z? z®
0.4 0.16 0.064
0.6] 0.36 0.216
0.8 0.64 0.512
039 0.81 0.729
disfia v, O 1.0

-0,0165 + 0.03201
-0.0399 + 0.08311
-0.0016 + 0.07861
-0.1883 + 6.05511

-0.5850 -~ 0.0309i

-0.0011 + 0.0020i
-0.0088 + 0.0179i
-0,0607 + 0.0402i
-0,1373 + 0.04021

-0.5850 - 0.03091

-0.0026 + 0.0051i
-0.0144 + 0,02991
-0.0759 + 0.05031
-0.1525 + 0.04461

-0.5850 - 0.0309i

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS




92 NACA TN No. 1195
TABLE XV
AERODYNAMIC CORRECTIONS AND CALCULATED DETERMINANT TERMS CORRECTED FOR FINITE-SPAN EFFECTS (EXAMPLE I)
[oa(2) |
& u| o= (1+1g) vhere g =g =g,
Aerodynamic part Determinant term corrected
Finite—span
Term Structural part of term of term for the
corrections
(two—dim.) effect of a finite span
k = 0.333
ot
A 1.3331[1 - 0.1920 ( u—}‘) (1 + 1gh}l —0.0096 — 0.77991 0.0876 + 0.26281 1.4111 — 0.51711 — 0.2560 Q
B 0.3154 —3.0592 — 0.74371 0.9096 — 0.10981 -1.8180 — 0.85351
D 0.315k 0.1274 + 0.19501 —0.0210 — 0.05711 0.4218 + 0.1379i
o 2
E 0.8789(1 -( m—\) a+ mﬂ) 0.9075 — 0.80174 -0,2127 0.03431 1.5737 — 0.7674 — 0.8789 @
k = 0.%0
o 2
A 1.3331pp - 0.1920< —w> (14 1gh) 0.0350 — 0.62501 0.0530 + 0.19651 1.4211 — 0.4285i — 0.2560 0
B 0.3154 —2,0431 — 0.73441 0.5752 — 0.01031 —1.1525 — 0, 7h4T71
D 0.3154 0.1163 + 0.15631 —0.0129 — 0.04271 0.4188 + 0.11361
- 2
E 0.8789|1 —( :‘3 ) (1 +1g) 0.6365 — 0.63751 —-0.1324 + 0.00811 1.3830 — 0.62941 — 0.87890
k = 0.50
o A B
A 13332 B - 0.1920( f) (1 + 1g,) 0.079% — 0.47831 0.0208 + 0.13121 1.4333 — 0.42851 — 0.2560Q
B 0.3154 -1.241k — 0.67691 0.301k4 + 0.04451 -0.6246 — 0,632k
D 0.3154 0.1051 + 0.11961 —0.0054 — 0.02821 0.4151 + 0.091Li
[ ’
E 0.8789[—( w—"\) (1 + 13@] 0.4227 — 0.48621 —0.0692 — 0.00651 1.232k — 0.49271 — 0.87890

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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CHARACTERISTICS ALONG

TABLE XVI

SPAN OF TAIL

SURFACES USED IN EXAMPLE II

93

. Horizggtal % Vertical tail
- brt | b/og : bt | b/o, | & ! c T e

| | | e
0 i b6h |1 | —1.009 | —0.032 | 0.246 | 1
3 e 3.95 | .85 | -2.l43 l .828
L 3.4 | 0.850 ‘ 3.69 | 797 | -2.63h ! ~-230 | .098 | .835
513 | 3ed3 718 | —2.970 | T
.6 3.08 770 { 3.00 648 | --3,300 I —.3k0 ; 060 | 1
8 a2 | 6551218 | am| o8y i ~hoh | 037 | 1
1.0 0 0 0 0 Lol et G | 1

TABLE XVII

GENERAL CHARACTERISTICS OF TAIL SURFACES USED IN EXAMPIE II

Horizontal tail

Vertical tail

1
o
\n

s
(SV)

= N
y
,+

(WY
Hy
ct

1

1.800

L.64 £t

3.33 £t
~10.08 ft

-, 40(lag)




94 NACA TN No. 1195
TABLE XVIII.— EVALUATION OF INTEGRALS FOR EXAMPIE II
lrn=(m—°’>2 (1 + 1g) vhere g =g =gh-|
w o )
terminent Structural part m@‘;ﬁ :{%Eﬁig
(ft) (ft) (£t)
+ (kg = 0.686 k= 0.795)
A 67.27 [1 - 1.988 Q) 2,1208 — 1466481 69.393 ~ 1466481 — 133.73 0
e 100.1 —9.0606 — 24.93341 91,039 — 24.93341
c il —11.2670 ~ 3.69931 ~9.5360 — 3.69931
D 100.1 L 452k — 17.83191 10k.552 — 17.83191
E 1891 (1 -] —27.7895 — 167.0931 1863.2 — 167.0931 — 1891 Q
F 23.862 -67.1873 — 38.63701 ~93.3253 — 38.63701
G 1.737 0.3202 — 0.17281 2.0572 — 0.17281
2 23.96 0.2137 — L. 7161 24,1297 — 4.7161
IL 5.992 -0.1613 — 3.25101 5.8307 — 3.25101
(ko = 0.600  kgy = 0.696)
A 67.27 [1 - 1.988 @] 1.5917 — 17.39401 68.862 — 17.39401 — 133.73 @
B 100.1 -13.9834 — 28.86861 86.117 — 28.86861
c 14735 -14.8607 — 3.57031 -13.1297 — 3.57031
D ’ 100.1 | 3.7185 — 20.12901 103.8185 — 20.1290i
E 1891 [1 - a1l —54 9543 — 18%,6361 1836 — 18%.631 — 1891 &
F 23.862 88,638k — 39.56k51 64,76l — 39.56451
G 1731 0.3108 — 0.20Lk1 2.0478 — 0.20kk4i
H 23.916 2.0841 - 5.31281 26.0000 — 5.31281
I 5.992 -0.4069 — 3.50801 5.5851 - 3.50801
(k°H = 0.436 k= 0.506)
A 67.27 [1 - 1.983 0] —0.6677 — 25.85681 66.6023 — 25.8568 — 133.73 a
B 100.1 —34.9401 — 39.193ki 65.1599 — 39.19341 '
c I/t —30.2362 — 2.94831 -28.5052 — 2.94831
D " 100.1 0.7482 — 29,57011 100.8L482 — 29.57011
E 1801 [1 -] -166.9957 — 255.16971 172% — 255.16974 — 1891 @
. 23.862 —177.2376 — 43.31121 -153.3756 — 43.31121
e} 1naT 0.2795 — 0.28971 2.0165 — 0.28971
B 23.916 0.7526 — T.2h111 24,6686 — Ti2ulli
I 5.992 ~1.1038 - 4.7278t 4.8882 — L.,72781

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS.




NACA TN No. 1185

TABLE XIX.— SOLUTION OF SET QF EQUATIONS Z K,y Apy =

THE CROUT METHOD (EXAMPLE II)

Given Matrix

0.470 -0.41459
-0,11941 0.15661
+0.2670
-0, 13231 0.09781
0.6347 0.2479
-0.17601 —0.0%521
Supplementary Matrix
1.9955 -0.1459
0.50591 0.15661
2.,445991
0.96231
0.967
0. 5&121
Auxiliary Mastrix
0.470 -0.9689
-0.11941  0,08691
0.3525
-0. 18221 -0.13791
0.6347  0.8476
-0.1760 -0.3139i

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS.

0.2507
-0.09%21

-0.2849
01134

-0.2657
P.41271

0.2507
-0.09%21

-0.6330
0.25081

0.5474
-0.05911

—1.7983
0.00781

0.9192
-0.52361

95

G,y
(2)

Qn Check
0.0591 o.z3u8
0.55181 | 0.49581
0.0768 0.1808
0.77091 | 072501
0.0996 0.7165
0.92L}51 | 0.77301
0.0591 O.EBAB
0.55181 | 0.49581

-0.0260 | -0.306
000001 Ol3alt
0.06L9 0.98L43
0.18091 | -0.14391

-0.1612 Ol
1.1509% 1“1 561
-0.0634 | -0.86211
-0.02651 | -0.01851
0.0010 1.0013
0.19721 | -0,19701
-0.2031 0.7
1.34621 | 1. BéOi
-0.0601 0.9L03
0.%2821 0.32801
0.0010 1.0013%
0.19721 | £ 0:19701
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TABLE XX.— VALUES OF Q .

NACA TN No. 1195
FOR EXAMPLE IT

—

A sin ng sin ng
bos oy n Knh n
2 0.3667 -0.0745+0.49371
0.4 4 -0.2493 0.0150-0.08181
6

+0.1132 +0,0001+0.02231

Q

=i
]
o

.0594+0.43, 21

0.4800 20.0975+0.6l 621
-0.134); 0.0081-0.045111
-0.1098 -0.0001-0,02171

Qg -0.0895+0.58041

2 0.4800 -0.0975+0. 6621

0.8 L 0.134L -0.0081+0.04511
6 -0.1098 -0.0001-0,02174

Q5 | -0.1057+0.66861

TABLE XXI.— AERODYNAMIC CORRECTIONS AND CALCULATED DETERMINANT TERMS
CORRECTED FOR FINITE-SPAN EFFECTS (EXAMPLE II)

Term

kog = 0.436

kov - 0.506

Det. term with two—
dim. aero. part.

Finite—span
corrections

finite—span effects

Det. term corrected for

= 1o 1o v >

= @ |1

|

66.602%-25,85681
-133.7% Q

65.1599-39.19341
-28.5052-2.9,4831
100.8482-29.57011

172h-2g59169?i
-1891 Q

-153.3756-43.31121
2.0165-0.28971
2),.6686-7.2L4111
l,.8882-1.72781

5.0885+6.98841

11.5520+2.86801
6.5593-%,23601
6.3861+9.04921
65.4194+16.16561

3], .6350-17.11131

0.0572+0.09L61

-lp.7027+1.75461
0.3885-0.20121

71.6908-18.86841
-133.7%3 Q

76.7119-36.32541
-21.9459-6.18L431
107.2343-20.52091
1789.h-€%gé80hé

2.0737-0.19514
19.9659-5.48651
5.2767-4.92901

-118.7415-60.42251
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TABLE XXI.— Concluded

ko = 0.600 Koy = 0.696

A 68.8617-17.39401 |2.8478+3.98221 | 71.7095-1%.41181

=155.(7 Q@ =155 0
B 86.117-28.86861 |5.8026+2.498%1 | 91.9196-26,37031
c | -13.1297-3.57031 [2.8707-1.10771 -10.2590-L .67801
D 103.819-20.12901 |3%.0639+5.6L231 106.8829-1L .,8671
E 1836-18L.6311 29.592%+15.01881] 1865.6-169.6171
el -1891 Q -1891 @
F -6l . 776L-39.56451 | 1L.5931-5.28151 -50.183%-L);.8l4601
G 2.0478-0.20L4L1 0.026L4+0.05611 { 2.0742-0.14831
H 26.0001-5.31281 | -1.923%+0.32501 2L,.0768-1.98781
i 5.5851-3,50801 0,1624-0.04181 | 5.7475-3.5L981

k o = 0.686 kg = 0.7%
A ] 69.3928-1L.66L81 | 1.9813+3.06731 | 71.3741-11.59751
#155.75 @ 15519 0

B | 91.0%394-24.93341 | 4.0837+2.19551 | 95.1231-22.75791
C | -9.5360-3.699%1 |1.9336-0.59261 | -7.602l4-4.29191
D | 10L.5524-17.85191 | 2.2890+.26181 | 106.8414-13.57011
E | 1863.2-167.0931 |20.5217+1%.12001 | 1883.7-153.9731

-1891 q -1891
F | -43.3253-38.63701| 9.8602-2.50801 33 1;651-41.14501
& M 2. 0572-0.17281 0.0182+0,04161 | 2.075L4-0.1%3121
H | 26.053-L.7161 -1.289%+0.09351 | 2L.7637-L.62251
I | 5.8%307-3.25101 0.1060-0.01721 | 5.93%67-3.26821
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Figure 1.- éa), Plan form of wing, showing location of elastic axis and midchord line.
b), Wing section with aileron and tab, showing main parameters in units of

local semichord.
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Fig. 2a NACA TN No. 1195
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(a,) Cos¢=l;n=1, 2’ 3’ 4, 5, 6, 7, 8, 9.

Figure 2 (a to h).- Function Sp(®, kos) against kos for various
} values of n and of cos §. (Dash lines are for
imaginary parts; solid lines, for real parts.)
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Figure 2.- Continued.
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Figure 3.- Lift distributions for uniform translation of rectangular

wings of aspect ratios 3 and 6 for kg =

0.167, 0.333, 0.667%
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Figure 4.- Lift distributions for uniform pitching of rec-

tangular wings of aspect ratios 3 and 6 for kg

0, 0.167, 0.333, 0.667.
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Fig. 5 NACA TN No. 1195
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Figure 5.- Lift distributions for linear symmetrical torsion
of rectangular wings of aspect ratios J and 6 for
K= =10, "0167,0,3833, 0.867.
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Figure 6.- Lift distributions for linear symmetrical bending
of rectangular wings of aspect ratios 5 and 6 fort
ko, = 0.167, 0.333, 0.667.
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Figure 7.- Lift distributions for parabolic symmetrical bend-
ing of rectangular wings of aspect ratios 3 and 6
for kg = 0,167, 0.333, 0.667.
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Figure 8.- Lift distributions for linear antisymmetrical torsion of a

rectangular wing of aspect ratio 3 with k, = 0, 0.167, 0.333,
0.667 (left column), and for rigid rolling (right column) of a rectangular
wing of aspect ratio 3 with k, = 0.167, 0.333, 0,667, 1.3355."
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Figure 9.- Lift distributions for linear symmetrical torsion
of elliptical wings of aspect ratios 3 and 6 with
kg = 0, 0.212,° 0.4234, 0.847.
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Figure 10.- Lift distributions for linear symmetrical bending
of elliptical wings of aspect ratios 3 and & with

k, = 0.212, 0.434, 0.847.
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Figure 11.- Lift distributions for parabolic symmetrical bend-
ing of elliptical wings of aspect ratios 3 and &
with kg = 0.212, 0.424, 0.847.
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Figure 12.- Lift distributions for linear antisymmetrical torsion
of an elliptical wing of aspect ratio 3 with ko = O,
0.212, 0.424, 0.847 (left column) and for rigid rolling of an
elliptical wing of aspect ratio 3 with ko = 0.212, 0.424, 0.847,
1.695 (right column).
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Figure 13.- Lift distributions and hinge-moment distributions

for full-span aileron with uniform spanwise de-
flection for an elliptical wing of aspect ratio & (e=0C, 1=
0.2b/og) for ko = 0, 0.424, 0.847.
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Figure 14.- Lift and hinge-moment distributions for an ellipti-

cal wing of aspect ratio €6 with half-span ailerons
of approximately one-quarter the wing chord and with ko, = O,
0.424, 0.847 (L = 0.1b/vg).
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Pigure 16.- Rolling-moment coefficients for an elliptical wing of aspect

ratio 3 in rigid rolling and for an elliptical wing of aspect
retio 3 in linear antisymmetrical torsion plotted as vector diagrams and
as functions of kgp.
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Figure 17.- Lift coefficients for an elliptical wing of aspect ratio 3
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Figure 22.- Concluded.




Fig. 23 NACA TN No. 1195

0.3
0.2
28.6 mph
z r—--34.2 wphl
tlky, = 0.4
o.l ‘!7/ ‘/,’ Q
Measured damping
| R /
Using two-dimensional--+, L'ko = 0,333
aero terms i
G4 0 / l
é ko = 015‘~,L /
o (kg = 0.4
3 E / (o)
=3 kO - 0.67) /
G4
64 =C,3
g Flutt ae 1] ¥ e, = 0.5
o i o /t\Using three-dimensional aero
5 terms
o
5-0.2
a
' NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS.
0.3 \
\ tky = 0.5
ko = O.Suq
' \‘Using two-dimensional aero terms
i \ Flutter mode 2
204 \ :
\ \k - 0.4
Eoar 0.5---9 I
\ \(—Using three-dimensional aero terms
T ol R T e

0 10 20 30 40 50 60
True airspeed in mph

Figure 23.- Damping coefficient against true airspeed for a
rectangular wing of aspect ratio 6. by = 10
inches; & = 0.070. (Analysis by method of reference 4.)
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Figure 25.- Horizontal tail used in example II.

Figure 26.- Fin-rudder combination used in example II.
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Figure 27.- Damping coefficient g against true airspeed for

the tail-flutter problem of example II; g = 0.038.

Notes Flutter determinants solved by method of reference 4.




