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The following changes should be noted:

Pages 67 and 68, Form C:
which is attached.

Replace Form C with corrected Form C

Page Tl, Table CII: The value of fp,u for n=2 and p=1

should be changed to 3.696.
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Form C.- Computing form for Weissingers method.
(Underscored numbers are sample calculations.)
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Form C.- Concluded.
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NATIONAL ADVISCRY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO, 1476

A COMPARISON OF THREE THEORETICAL METHOLS OF CALCULATING
SPAN LOAD DISTRIBUTICN ON SWEPT WINGS

By Nicholag H. Ven Dorn and John DeYoung

SUMMARY

Three methods for caleulating span load distribution, those
developed by V.M, Falkner, Wm, Mutterperl, and J, Weissinger, have
been applied to five swept wings. The angles of sweep ranged from
—MBO to +h5o. These methods were examined to establish their
relative accuracy and ease of application, Experimentally determined
loadings were used as & basis for judging accuracy. For the
convenience of the readers the computing forms and all information
requisite to their application are included in appendixes.

From the analysis it was found that the Weissinger method
would be best suited to an over-—all study of the effects of plan
form on the span loading and associated characteristics of wings.
The method gave good, but not best, accuracy and involved by far
the least computing effort. The Falkner method gave the best
accuracy but at e considerable expense in computing effort and
hence appeared to be most useful for a detailed study of a specific
wing. The Mutterperl method offered no advantages in accuracy or
facility over either of the other methods.

INTRODUCTION

In an effort to reach higher flight speeds, designers are
turning to widely diversified types of plan forms the aerodynamic
characteristics of which are as yet unknown, Since the multiplicity
of such designs precludes an experimental investigation of each,
considerable attention has been directed toward means of obtaining
these characteristice theoretically, Usually the basis for such theo—
retical investigations is span loading, While the precise 'span load-—
ing itself may not be considered of major importance, it is believed
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that any method giving reasonably accurate predictions of span
loading would be amenable to simplc extensions which would give
reasonably accurate values of such characteristics as lift—curve
slope, spanwise center of pressure position, downwash at arbitrary
locations, and rolling moments due to sideslip or rolling.

A number of methods have been developed for predicting the
span loeding of swept wings of arbitrary taper and aspect ratio,
but very few attcmpts have been made to compare, for several methods,
predicted and experimentally measured loadings on identical wings.
The investigation reported herein was underteken to provide such a
comparison of predictcd and measured span loadings, The theoretical
methods have been evaluated in terms of rclative accuracy, manner

o

and consistency cf error, and tcediousness of application.

The methods developed by V.M. Falkner (reference 1), Wm, Mutterperl
(refercnce 2), and J. Weissinger (reference 3) have been applied to
Tive wings produced by sweeping the wing panels of an airplane through
a range of -45° to +45°. . The span load distributions so calculated
have been comparcd with those obtained experimentally. In addition,
the lift-—curve slopes and spanwise center—of-pressurc position
predicted Tor each wing by the scveral methods have been compared
with those valuss obtainced experimentally.

Throughout the calculations a check was made of the time
required for cach method and for the various parts of each method.
From these observations a comparison weas made of the relative
tediousness of cach method, and indications were obtained as to
vhich parts might be rendered less difficult and time consuming.

Finally, in order to enable immediate application of the
methods all nccegsary tables, computation forms, and step-by—step
computation instructions for each are included in the appendixes.
It is believed that with these aids a computing staff could under—
take the computation of gwept-wing characteristice with little
additioral supervision. In addition, for the convenience of the
reader, there are included in the appcndixes any mathematical
derivations or developments not immediately obteinable from the
references.
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wing area,-square»feet

.effectivel wing span, feet

effective aspect ratio (b2/s)

semispan (b/2), fesdt

wing chord, feet

root chord, feet

average chord (S/b), feet

taper ratio, tip chord divided by root chord (ci/co)

sweep angle of guarter-~chord line pousitive for sweepback,
degrees

geotmetric angle of attack of wing measured from angle for
zorc lift, degrees

geometric angle of attack of wing root section, degrees

local geometric angle of attack, degrees

longitudinal coordinate of downwash point positive
forward, feet

lateral coordinate of downwash point positive to
right, Teet :

dimensionless lateral coordinate of downwash
point (y/s)

1In all instsance
not parallel

s except the unswept wing, the actual tip chord was
to the wind stream. An effective tip chord that

was parallel was therefore sssumed such that the wing area
remeined constant. The effective span is the span to this
effective tip.
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longitudinal cocrdinate of vortex element positive
forward, feet

latoral coordinate of vortex element positive to
right, Teet

dimensionlees lateral coordinatu of vortex element (¥/s)
chord at spanwise staticn 7, fect

density of air, slugs per cubic'fqot

air-stream velocity, feet per second

air—gtream dynamic pressure (£pV2), pounds per square foot
1ift, pounds

1ift coefficient (L/gS)

section 1ift cosfficient

vorticity, feet per second

circulation, feet squared‘per second

spanwisc center of pressure position

differential pressure between upper and lower surfaces
of wing, pounds per square foot

static pressure, pounds per square foot
froo—stream static pressure, pounds por square foot
pressure coefficient{(p~py)/q]

induced vertical velocity or downwash, feet per second

dowmw: 351 angls, the ratio of downwash to free-gtreanm
voldcity

spanwise position in circuler coordinates (cos™ 1

or cos” 1q)
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Symboles Pertaeining to the Falkner Method
scmispan of horscshoe vortox (s/20), foct

dimensionless longitudinal coordinate (x/yv)

dimcnsionless longitudinal coordinate of conirol peint

relative to vortex
longitudinal ccordinate referyed to 0.5¢ linc, feoet
. . ) -1 ey
circular longitudinal coordinate (cos™ 2x',c¢)

dimensionless lateral coordinate (y/yv)

dimensionloss lateral coordinatc of control peoint relative

to vortaex

unknowns in distribution series

number of vortices in chordwise direct

desismatcs which of M vortices in chordwise divcction

functions used in development

circulation incroment of vortex in two—dimensicnal flow,

fect squarcd por second

dimensionless circulation factors (PV,A/A’ F,,B/BV5
Tv,c/cv)

total circulation of vortox in two—dimcnsional flcw,
feet squared par second (Fy A + Ty,3 + Fv;c)

ocrdinate of midpoint of

circulation of svocific vortex in threo-dimensionel
flow, fezt squared” per sccond
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-

swee pack,
e

p angle of leading cdgc, positive for sweep
deg

reos
Symbols Pertairing to tho Mutterperl Method

dimensionloss span along tho C.2%¢ line (b/co coe 4)

dimensionless gemispan along the 0.25¢ line (b‘/ﬁ)

dimensionless coordinate of control point along

line parallel tc 0.25¢c line (y/co cos A)
dimensionless coordinate of vortex
0.250c line (F/co coa &)

element along

Hy

berpendiculer cdigvance
divided by cg

rom 0.25c line to control point

distence along 0.25¢c line from center section to bass
of perpendicular.to contrcl point dividsd by ¢o

AR =¥’

gog™> gt/s!

F i) € o] &
[ 3o
[ st ) e ik
N/ﬁ +i‘§R \505 P 51 }
/g- r a! ‘/ nI\\‘—!’?
+| = tccs @ — = !
A/ :— BJ.: 3 :! ,_l
.‘l— B.P? + 82

2

Symbols Pertaining to the Weissinger Metho

-

lese

dimensio circulation (I'(F)/bV) a continuous
Lo

function of 7
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Gy

Cy
ary

LA( Tl:ﬁ)
Ia(v,i)

By,n;3B*y,nsB%y;

< S v
bv’p,ov’v 39%y n3

b*ysb*y igu,ns

&,/ 38y ,n By, v

t5P(E) 3K

Tn,ustn,n

By

el

e g

.denotes which of m terms in interpolation function

number of stations abv which specific circulation
is 1o be determired and at which downwash is
summed '

number of stations at which f

n:u-»and IA(V,u)
is to be determined b

denotes at which of m points specific circulation
ordinate occurs

denotes &t vhich of m points downwash is sunmed

]

denotes at which of M points T op & or
Y it n,u n,u
LA(v,u;  ordinate occurs

5 4
circular coordinate of point n (nn/m+l = cos™ 7)
circular coordinate of point v (Va 'm+l = cos™ 1)
ciréular'cpordihate of point u (un/M+l = cos™ n)

dimensionless. clrculation at spanwise .station ¢p

dimensiorless circulation at spanwise station
(':‘n - (P.v

chord at spanwise station oy

- . v . s /
specific local aspect ratio (b/c.,)

]
v

influence function

!
functicns used in matkematical development
interpolation function used in mathematical solution

|

AL / aly
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DESCRIPTION OF WINGS INVESTIGATED

The five wings to which the methods have been applied were
produced by sweeping the wing panels from an existing airplane to
five angles of sweep. Bach wing then consisted of a center section,
the two main pancle, and the two tip sections. The airfoil sections
of the root and tip were gencratel by direct extension of the surface
of the panels. The geomctric characteristics of the wings are as
follows:

2 AR
" & (cffective) *
-45,2° 10,376 2,99 35,5 ft#
~20.69 | - b5 I 282,3 £t2
9° 1 5he I 201.8 ft2
31.0° | 442 4,66 288 .4 r£t2
- L6.40 | 418 3.45 309.5 ft2

In all applications presented herein 1t was apeguncd that all
gection lift—curve slopes werc 0,103 per degree, the average value
of this peramctcr for the sections at the ends of the unswept wing
panel. Actually, the local scction slope vericd from root to tip;
however, becausc of the nature of tho scctions generated by
extending the wing pancls, cxact values of this function could not
be determined., Correcctions to the theorectical methods to account
for such a variation were omitted from the computations, although
the effects of such an omission are discussed later.

The loading on a wing can be separated into the basic loading
(that existing at zero over-all 1ift) which is a function of twist,
camber, flap deflection, and plan form; and additional loading,
which is & function of plan form and angle of attack. For purposes
of analysis in this report, attcntion has been dirccted solely
toward the additional loading, The wings experimentally investigated

270 agree with the definition of sweep used in the theoretical
methods of span loading prediction, sweep has been referred to
the sweep of the line joining the guarter—chord points at root
and tip.
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worc essentially devoid of any cambeor or, twist. Any evidence of
basic loading shown by experiment wae removed from the lozding
curves used as a basis of comparison. Thus, for purposcs of analy
tho wing was replecod by a flat plate end local angleés of attack
become synonymous with over-all cngles of atteck. Tho chavactor—

istics of wings having camber or twist the veriation of v

free from discontinuities, however, could be determined e

hich 'is
gually

well by any of the methods simply by using the true local angle
of attack (as moasurcd from the angle of zero 1ift) at each point
considered. Further discuesicn of this problem is given in ths

appondixes,

PROCEDURES

A1]l methods described herein zre oxtensions of simplified

wing theory and sco arc subject to the same assumptions.
l. The fluid is incompressiblc.

2. The flow is potential.

5. All vertical displacc“entw can be
for instance, thot (a) when

mored.

“C}'"

« The circulation is such thot, after Kutta-Joukowski, the
stagnation point occurs et the trailing edge of the airfoil

is introduced, LVH chordwise

angular variation is considercd but not the chordwise vorticsl
displaccment; (b) when angle of etc ¢k 1s considered nc vertical
chordwise displacenents arc ccnsidered; erd (c) the treiling vorts
shect lies "lw y8 in the same horizontel plane as tho wing. This
assumption strictly limits tho analysls 1o uncanbored wings ot
ZeY0 angle-of attack; such limitetions, howsver, can bec mcderately
excecded.

In roplacing the wing by o vortex sheect, the strongth of the
vorticity 7 at any point is rolcoted tc the differcntial pressure

t

.
3 oy
e ]
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The problem of obtaining the loading, or distribution of Ap,
over the w1ng is thus rosolved into that of obhtaining the strength
of vorticity ¥ within the plan form. The control condi
is enforced to cbtain the distribution of "y ds ghat n
occur through the vorticity sheet, or in.other words,
dowvmwash produced by the vortlcltv is proportional te the slope of
the sheet at any point within its limits. The determination of ¥
would be exact if its distribution were considered continucus and
if the foregoing condition werc enforced at an infinite number of
points. Such an exact determination is impractical; consoguently,
simplifying approximations must be introduced. The simplifications
generally used arc thoso cf (1) cons ontrrting cr restricting the
continuous vorticity chordwisc and/or spanwise in order to make
the determination of its distribution menablo to mathomatical
treatmonty and (2) representing the distribution of vorticity or
of circulation by a mathematical expression, usually a series,
ontaining & finite numbor of unknown coefficicnts where an infimite
numbe: are genﬁ“a_*y ‘reguired for cxactncss; and (3) limiting Hc
number of contrel pOtha at wn;c“ the condition of nc flow. throughk
the sheect is satigficd The differences in the various methods
developed for predicting the distri'"t*on of vorticity arisec,
therefore, from (1) the menner of concentrating or ) il
vorticity; (2) the diffcrences in the form of the mathema
oexpressions used to describe the vorticity distriputions; and
(3} the choico in number and location of the. control points znd the
procise mathomatical procedure used to obtain e solutlion.

The Falknor Method .

The wing is first ccnsidered as a continucus sheel of
"orticitv wh 8o strength distribution is oxprossed by the doublc
scries:

b I N
g 2 = —
Y = 8'2"“['—L~~ 1-m2 i co% ‘2- ('Jr_w’o p N8o,1 4+ e uo)eo..)
+ 8in 6 (a1,0 + To1,1 + ®a1,2...)
. e e 2l )
N sin 20(82}9 + 711,12’1 el ﬂ' L‘.r272..-/
= . B
+ ees B P sinm 6 L
. 5 S T i T ®
im which N .= % and 6 = cos ;75
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Evalvation of the unknowns' am,n 1is porformed in the follow—
ing manncr by

1. Concontrating the voriticity both chordwiss and s

Spanwisc
into a system of 84 finite horseshoc vortices (fig. 1{a))

2. Exprossing the circulation of these vortices in torms
of the unknowns in oguation (1) (appendix A)

3. Summing at a number of contrel points on the wing the
downwash produccd by all the vortices of the subject
sysvem and computed by means of the Biot-Savart law

. Equat-n@ the downwash engle thus determined to the slope
of the plate at tha e pointu thereby forming oquations
involving the unknown cocfficionts

5. Solving these equations simultaneously to evaluate the
coefficionts apm.n

Substitution of these values in equation (1) givos the deosired

80
expression for the load distribution.

The Mutterperl Msthod

Mutterperl considsred only spanwise distribution of vorticlty.
In such an espproach the chordwise distribution of vorticity is
concentirrated into the cix
The digtribution of this circulation along the line is then repre—
sented by the Fourier series, :

= hnVe, sin « Y azp+1 ein (2n+l) ® ' (2)

L

=0

The unknowns to be evaluated to obtain the distribution of T

are the coefficisnts azp+i. The downwesh produced at points on

the wing by the lifting line and its trailing vortez system can be

expressed in terms of these unknowns by application of the Biot-Savart

law to this equation. (See appendix B.) Equating the expression

for downwash angle to the slopes of the meen camber lines at these
points produces a set of equations which contain the unknowns agn+1;
simultaneous solution of these esquations evaluates the coefficients.

rculation of a lifting line. (See fig. 1(b).)
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The Weilssinger Method

From extensions of the Multhop procedures, Welssinger developed

two methods of obtaining span loading, one based on lifting surface

concepuq the other on lifting line. The lifting surface method, however,

amounted tc little more than a substitution of the theoretical
additional chordwise lcading, represented by ¥ = coanstant X V cot
for the concentrated lcad of the lifting—line methcd. According
to Weigsinger the surface method proved tc be ccnsiderably longer,
and gave results with an accuracy only slightly superior to thuss of
the line methcd. For this reason, only the latter is describad
herein, '

Ag in the Mutterperl msthod, the continuous chordwise distri-
bution of vorticity is concentrsted into the circulation of a
1ifting line. (See figure 1{c).) Tho distribution cf this circula-
tion ig then specified by

n pul

o | e
G(o) = ~E- Gn )  sin yi@n sin w19 ()
m+1 Z_ i

n=1 Hi=1

The circulaticon T'(¥) 1is represented nondimensionelly as G(®)
in this expression and the unknowms to be evaluated are G, the
circulations at specified locaticms along the line. The dovnwesn
produced at noints within the plan form by the lifting line and
its trailing vortex systom can be expresscd in terms cf these

unknowns through application of the Bict—-Savart law ©o0 eguation (3).

(See appendix C.) Icueting the expressions for downwash angle sO
obtained to the slopes of the mean camber lines al these points
results in a set of equations with unknowns Gp. Simulitanecus

solution of these ecquations evaluates the unknowns.

EXPERTMENTAL DATA

Pregsure data were taken at & tunnel speed of 90 miles per
hour which corresponds to a Reynoclds number of approximately
9,000,000. Data were taken over an angle--of—attack range -3° o

' 9O Plcts of the chordwise distribution of pressure cosfficient

—(B"U )/q at several spanwise stations wers drawn and integreaied
to obtain the local lift at these stations. These values of local
lift were then plctted against angle of attack, and the resulting

local lift~curve slopes were used to obtain the curves of the spanwise

oo
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distribution of additionzl load and of additional 1ift coefficient
shown herein, . The maximum orror in any local lift—curve slope as
the result of scatter, etc., is estimated to be 0,002 per degree.
Such an error would produce & varietion of the distribution curves
of about ons-half to one—third the magnitude of the discrepancy
between the theoretically computed end the experimentally obtained
curves.

RESULTS AND DISCUSSION

Comparable spanwise distributions of the loading coefficient
czcn/CLcav as calculated by the three methods and 2s determined
from the experimental surveys are presented in figure 2. Similar
pregentations of local lift coefficient cz/CL are vresented in
figure 3. The theoretically predicted velues of lift—curve slope
dGL/&m and spanwise center of pressure position for the different
wings are pregented in table I.

From figures 2 and 3 it is apparent that all the theorctical
methods tend to predict higher loadings at the center and lower
loadings at the tip than were meoasured. In general, the Falkner
method errs less in this respect than do the others. Mutterperl
distribution represenitations for the swept-back and unswept wings
are only slightly less accurate then those of Felkner. On the
other hand, Tor the swept-forward wings tho Mutterperl distribu—
tions departed from the experimental distributions to the extent
that they must be considered unusable, Weissinger distribution
representations were equally accurate for swepi-back and swept—
forward wings. The average accuracy for this method was only
slightly less than that of the Falkner method.

L

&

In regard to the center of pressure position and lift-curve

slopo, the closest predictions in all instanceos were those made by

the Falkner method. The Mutterperl method, in the range in which
its applications may be considored usable, was also quite accurate.
The Welssinger method gave good center—of—pressure positions in all
instances and accurate values of lift--curve slopes in all instances
except for the +45° swept wing.

The time studies of the calculations indicate tha*t the Falkmer
method takes from 24 to 32 hours. The greater part of this time,
16 to 20 hours, is congumed in detcrmining the values of the down—
wash factor F for the different vortices. The major part of the
remaeindcr is needed for the solution of the simultancous equations,
which often prove to be ill conditioned. Tho Mutterporl method
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takes from 20 to 28 hours, the greater part of the time bheing

cons Lmad in the Simpscn “ula integration of the factors E"A to FB'.
The Welssinger method vsing m =M = 7, takes only 23 to ? hours,
in which there is nc phase that (shsumes an outstanding amcunt of
time.

It has been stated previcusly that the section lift-curve
slope Clg ©Of all sectlions on all five wings was assumed to be
0.1030 per degree. The thiclmess variatiomns from root to tip,
however, indicete tkat variations in ¢y probably exist for each
wing. Unfortunately, the distortions of the sections resulting
from the manner in which the wings were constructed preclude an
exactdetermination of what the ““‘ataoﬂ might bs for all but the

unswept wing. For this reason, the veadily apnlicable correction
to theory (see appendixes) for a va¢lat_on in ©l, Wwas not
included in the computations. While this correction would
account at least in part for the aforsmsntioned discrepancies

between theoretical and experimental loading distributions, it
should not alter the relative evaluation of the three methods,

i ee metheds it should be noted that two
of them, those of Weis v and Mutterperl, have identical sero—
dynamic approaches and diifer only in the mathematical procedure.

It would be expected, therefore, if no compromise were made in the

mathematical accuracy (i.e., if a large number of terms were used

in the series), idsntical results would be obtained. Further, if
similar limitetions were Impressed upon the two methods it might

well be assumed that® results of couparsblo accuracy would be

obtained. The failure of the Mutterperl method to predict

acuentable loadings con t“e swept~forward wings is inexplicable on
these grounds and, as a result, must be attributed to an inconsist—
ency intrcduced in the mathematicgl development, An additional
advantage of the Weissinger method is that it lends itself to the
pretabulation of a number of constants which aire applicable to the
golution for any plan form, It is because of this that the Weissinger

method proved less time consuming than that of Mutterperl which

cannot be handled in this manner, In general, then, it is apparent
hat the Weissinger method offers several advantages over the
Mutterperl method, which, however, stem entirvely from the mathematical
ohagse of the Duluuﬂon. Insofar as the .acrodynamic concepts are
concernsd neither method should be expectsd to be supcrior.

In considering thse tha:

")
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The Falkncr method offers a definite aerodjnamic advantage in
that the wing is revnregented by e lifting surface rather than a
lifting line, From a considoretion of only the spanwige distribu—
tion of loading, the time required tc use the F 1kner metiod appears
excesgive when the very minor improvement in accuracy is recogr
However, if surface loading or chordwise loadin g were desired, ths
method would undoubtedly show marked superiorit; The relatively
long period of time required to obtain a solutlon by this mothod
8 in great meagure & result of the large number of purely mcchonieal
nctions thurcnt in the mothod. It can be expected that such
rocesses are emenable to handling by mechanical mecans If sufficient
se is to be made of the mothod to warrent their construction., One
such aid of relatively simple form has becn applied in othci sprn-—
loading computations using the Falkner mothod and resulted in cuttin
the computing time by 30 percent with nc scricus loss in accuracy.
Iv consisted of comstructing o large—scualc contour chart of the down—
wagh field around a horseshoe vortcx and uging this in conjunction
with an appropriately scaled drawing of the wing to rsad directly
the downwagh at the verious control points,

(el <] f—b e

@]

over the lifting-line

A further advantage of the Falknor method
gl itﬁ resulting from the

methods can be scen in the increased flexib
gystem of finitc vorticcs which permit upzl cation of this method to
a variety of plan forms beyond the scopec cof the tqor ncthodg the
lifting line vattocrn and contrcl-point positions of wiich ere
Tairly rigidily cpccifi;d. In this regard, Falkner has successfully
applicd thc mothod to a pterodectyl wing ]

o}
ak

erd to e wing with a
parabolic 0.25¢c line. Tt :h'ﬁld be rememtercd, however, Tthat
should the plan form be of such & nature zs to require & modi

ticn of the vortex lattice, the work involved will be considerably

-

increcascd.,

OIICLUSIONS

From the results of the subject investizetion the following
conclusions have becn drawn:

1. Where an over—oll study of the cffcets of sweep and plan
form on span loading, lift-curve slope, ctc., is desircd and
where good accuracy is desircd for minimum effort, the Weissinger
method is most useful.
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2. Where a detziled study of a specific wing is desired and
utmost accuracy is important cven at the expense of congidereble
computing cffort, the Falkmer method shculd be used.

3. The Mutterperl mothod offered no advantages over the othor
mothods either in terms of accuracy or facility.

Ames Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Moffett Field, Calif. -
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APPENDIX A.- PERTINENT INFORMATION AND COMPUTING PROCEDURES
FOR USE WITH THE FALKINER METHOD

Selecticn of the Vortex Pattern

The relative strength of the circulation of the vortices in a
netwerk, as expressed In terms of the unknowns in the series
equation (1), depends uponn the vortex pattern and the terms in the
geries only, not upon wing shape. Tables of such circulaticas
can be set up for use with any specified pattern. Falkner, on the
basis of his applicetions, selected the pattern of &4 vortices
shown in figure 1(a) as suiteble for most wings. While it is
recognized that other patiterns might produce more accurate results
in particular instances, the adventages of this regulsr pattern

in reducing the computaticnal work are great and hence it was
used for all applications included herein.

Limitations of the Ssries

The number of terms in equation (1) required to obtaein a
approximation of the load distribution depends cn the rapidity with
which the series convergee for each application, For the calculation
of symmetrical lcading, Falkner concluded that a minimum of three
chordwise and three spanwise terms (nine unknowns) should be used
for all swep®t wings, while a minimum of two sparwise and three chord—
wise terms (six unknowns) should be used for straight wings.

It should be recognized that, as it is given, this series
will not converge when attempting to approximate a surface lcading
where discontinuities exist such as those resulting from partial
span flaps. A slight modification to the series, however, will
enable it to approximate the loading where such a discontinuity
occurs,., Falkner has determined the necessary modification in his
investigation of wings with flaps and ailerons deflected.

Determination of Circulation of Network Vortices

Cnce the vortex pattern and number of teirms in the basic
series have been established, the circulation of the vortices as
expressed in terms of the unknowrs in equation (1) can be determined
by replacing the continuous vorticity chordwise and spanwise of
equation (1) with the concentrated stepped lcading of the lattice.
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The chordwise concentration of the loed is determined by the
condition that, at points located midway betwecn the loads (at
one-quarter, one-half, ard three—quarter chord), the downwash
produced by the four chordwise loads Iy be the same as would be
produced by the continuous chordwise loading in two--dimemnsicnal

.flow, and the limite“ion. that the sum of the icolated lnads be

equal to the integral of the contiruous load.

When only the first term in the chordwise seriss of equation
(1) is considered,

oo}
[ to ..—'7- N —
y =SV tan & /182 ) FF ag,n eot g (A1)
(¢ /_ o 2
n=0
or, since only chordwise loading is being considered, all fectors
which are no: a function of the clhiordwise verilable 6 can be put
into a constant A where
-
st
A = 8s tan a & 172 T 20,n (A2)
n=0
then
y =& ot & (A3)
c /e

Then it car be shown that if the flow is considered two dimensionzal
the . downwash angle at any point along the chord is

¥.LlA
v 2 ©
and .
= ofd o _, ‘
ydc = f—*)—fj cot § sin 6 0 = zAV (Ak)
{4 e
Jep {2 <!
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Tho following four cguations-may therefore be obtained:

™ D 5 p
%ij,n + 80, p ~ 8l p -8y =nT e
!
8 & A J
1,4t wp,4 * Qra,h TR L TR va (a)
where equation (a) equates the integral of the continuous loading
to the sum of ths circulaticns of the separate loads, and ecuations
(p), (c), and (d) couote tho downwask at the throe pivotal points

a8 prcduced by ilhe continuous 1

locds of T'y. A 8 mulm m7h;5
increments of circulatio
equivalent to the continuoue l

equetion (1).

gives tho civculation—incroment dlstribution which

0ﬁ01ng tc that produced by the four

cion of
I

these eqguations gives the

foar cherdwise veortices which are
dﬂna represented by toxrm 1 of

to the continuous lozding oxpressed by the

of equation (1), and sc forth.

Q1sn (:;7)

is oquivalent
gecond chordwisc term
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: Sl Hha |
The circulation of a specific vortex may then be expressed by

Py =Ty, +Tyz+Tyg ... (48)

orr if

L
%
|

= AViCy 5, Ty = BUAGy 5, Iy o = OVAG,, g

Ty = AViGy ; + BVnGy 5 + CVnGy o ... (A9)

The substitution inte this equation of the values of A, B, etc.,

introduces the spanwise variable 7.

Fv,p = 8naV tan o Jf1-7° [6v,a (80,0 + T ac,1 + 7% ac,z...)
+ Gv,p (8‘1’.,“ + T 81,1 +7‘}_~2a1,2 # oein)
+Gy,c (az,0 + T ag,1 + A2 az,2 + ...)
£ i ] (£10)

Since the circulation of specific horseshoe vortices 1s now
being considered, the circulation no longer varies continuously
slong the span but remaing constent throughout the length of the
bounded lines. This is equivelent to the assumption that the
continuous loading is stepped at intervals ecual to the length
of the bounded lines of the network vortices. The continuous
variable 7 of equation (1) or eguation (A1C) is therefore replaced
in a new equation by specific values u of 7 which indicate the
nmidpoints of these lines. This new equation which expresses the
circulation of any network vortex is then

sThe valuen of Gy,p Gy,p and Gy,C pregented by Falkner in
reference 1 were fourd to be in error. Under the direction
of Mr. Arthur Jones these values were recomputed at Ames,
and the values =0 obtained are presented in table Al,
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; = 18 i 2 : 2 ° e
s 8nsV tan o/ l-u [GV,A (za.o‘,Q N0 o 0 T s T )
. 2
+ GV:B (a.l’.o tuay, tHFa Y
+ Gy c (ae,o thay K a, i)
v ] Bah (412)
or for a symmetrically loasded wing
Fv;“ = 8rsV tan o 1-p2 [Gv,A (80,0 +' 12 85,5 + u* 80,4 ¥ oo
2 4
+ Gy 3 (al,o R D MU PO |
2 _ <A
-+ G"v,c <a2’o L H “"'?,2 + }—l Q2’4 -+ oc-)
+ oeeed C(aasy

Examination of this equation will show thet, as hes Lvev i0usly bsen
indicated, the lmown parts of the equation y, Gv,a, Gv,B, etc.,

are independent of w1.1t shape. The products of these factors

pnufl—uE Gv,A, Wy A2 Gv,B, . etc., have been tabulated for wse jn

any applﬂcau101 in which thﬂ Sh-—vortex pattern is used. (See table AII.)

)

Selection of Control Points

Since one equation is forme
should be the sams numbsr of agu
total number of points selsct

e
ong as there ar J.Il}"’-OWZ’lS t‘qe
i R C)
vnknowns retained in thb s="ieu 2

i

rmined by th= total nwsbar of
ion. Further, ths spanwiss e&nd
ints must cyrwe pend to the
number of qnunw se and choruwwue terms retained the series. The
locations of the »noints chordwise and s penwise are limited to posi-
tions midway bstwsen or on the center line f the vorticss. Asgide
from these limitations, the exact choice of location remains a matter
of experience. Falkner found that for a calculation of symmetrical
loading the arrangement presented in figure 1(e) resulted in good
eccuracy for wings with sweep. This arrangement has been used in
all the calculations presented hsrein.

])
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Determination of the Downwasih

The downwash produced by a simple horseshoe vortex of circula—
tion I' is expressed by (reference 1)

w B G i
= & F Al )
V o bryy V (A23)
|
\
where
e S (¥)2 3% 2 e %) 2 CAERAN
p oo X/ (x¥)2 + (¥ +1)2 | rheg/laelE & (35-1) (A1)
xF ( :,"*'i'l) X3 ( Br%':.,_l)

The downwash produccd by a network vortex is then from equations (£11),
(A13), and (AlL),

40 tan a./1-42 [Gv,a (20,0 + M 80,1 |

<=
i

.{_

Gv,B (8i,0 + M 81,1 + ...)

-+

GV,C (8.2’0 Hlas a + ...)

T Ty ) (A15)
or for a symetrical wing

¥ - 4O tan an/I42| Gv,A (ap,0 + H2 80,2 + )

+ Gv,B (a1,0 + B2 21,2 + ...)

]

Gy 0 (az,0 + 12 ag,2 + e
Wnen e B (£15)

The coordinates x*, y*, and consequently the factor F can be
determined readily from wing geometry. In this regard, plots of the

function F versus x* from O to 20 have been prepared at valucs
of y*=0, 2, %, 6 ... 40; however because of their size these
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charts as such have not been included in the report, but the tabular
dete neceseary for their construction are .given in table AIII. In
addition, examinaticn of (All) will revezl that if y* is constant

F (—x*) =Fy + F2 — F (x¥) (A17)

whexre Fi + Fzo is a function of y* only

o

2 2
Fi1 + Fz = =gl e (A18)

n

For this reason table AIIT contains oniy positive values of  x¥*,
and the function #; + F2 1is presented in table AILV.

Sumation of the downwash at any control point now resulis in
an expression containing tho unknowns ay , and their mmerigal
coefficients which ars products of the tabuleted values pngyl~u2,
Gv.p, Gy By Gy g, and F. In this regerd it should be noted that in
thé eummé%ions’for e symmetrical (about root chord) wing, the down-
wash factors F for symmetrically located vorticss may be added
together prior to the multiplication of these factors by the circula-
tions of the vortices, sincs in this instance the circulation of sush

a pair of vortices will be identical.

Solution for Additional Loading

To cbtein the additional loeding, the wing is considered 2 flat
plate the slope at which any point is’ tan a = ¥, Substitution of
this value into the downwnash expressions, as evaluated at the
several conbrol points, results in a set of equations with unkoowns
am,ne Simultaneous solution of these equations evaluates the
unicmovns which can them be introduced into asquation (1) te produce
the desirsd expressicn for additional loading.

The following expreesions can now bs derived readily from
equation (1):

dCr, - AR 2 . , e
-&f = «—ig-(16&0,o+831’o+4ﬂo,2+57:’2+230,4+21:4) (819)
cy _ (1+M) 16 172 2a9;0+aljo+ﬁ2(23042+Q1,2)+ﬁ4(gaqi4+a14;21 (820)

Cr, x [1-(1-A)7 ] (16a0,0+83150+ha0,2+221,2+2ao,4+a1,4)
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oF Ep-t © 32.«/1 [270,0t21,0+] (r—m 2+~J.2 (“a% a3 4)]

= 421 )
C1, Cav ﬂ(l63’ o+6a 7 0+)+8 Xy 2"’501 2—:—280 4+a1 4) ( /
25(2a0 1h(2 2 ;
Top = §_.[ /(:6;JO +é ‘:;i( 80,2421 2) +3(229 4+51_4)l (522)
] 105x(1 20,0 31,o+'aﬁ,2+ 2&1’2~2u0,4+ 1’4)

~

into which the coefficients Sm,ns must be substituted to obtain
the quantities indicuted.

Solutior for Basic Loading

The determination of the basic loading on o wing with cambor

and twist can be accomplished in geveral ways. The simplest of these
is to calculate the total loading, basic plus additicnal, at some
finite lift coefficient and then to subtract from this the additional

oading as calculated for that 1lift coefficient. A solution for the
total locding on o cambered eand twisted wing is identical with thatv
of a flat—platc wing up to the formation of the simultansous equations.
For the flat-plate wing all local geomvtr ic angles of ettack were
identical to the wing goomotric angle of attack; in this instance
local goomoctricael anglos of attack are in addition a Ffunction of
the camber and twist.

If the midwing section of the wing is chosen as a refercnce and
set arbitrarily at some ongle ag, then the local geometrical
angles of attack at the various control points are known exac lv;
kowever, the angle o of the refcrence from the zero 1Lift angle of
} the wing is not known. To obtain 2 solution undcr these L*vumst'ncos
the velucs tan @lapal and tan ag aro substituted for w/V ond

tan «, respectively, in the downwash exprossions, and a solution for
the cocFll lente ap,; 1s obtained in which, however, these coefii~
cients will bo in error by the factor tan a/tan ag. If these coeffi-

| cients and the foctor +tan a &are thon intr OdlCoQ into the expression
FornildEticosfificiont.

-
HEAK -5 42 - o n O Y
CL - —i_’;_ Tan (x( 68‘(: C/LE)L 1 U'L C:‘ 1,2‘"2@.0’44",'..1,‘1-) (1&23)

the 1ift coefficient for the angle of attack o will be obtaincd,
gince the crror introduccd by using ag will bo negatod by the crror
in the cocfficicnts om,n. In other words, the rosult is thc samo

as if tho corroct values of am,p and tan @ had beern inscried into
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equation (A23). Similarly introduction of tan ag and the incorrect
vaelues of 8m,n into the following:

CyCq = bns tan a o/ 12 [2a0’0+al’o4ﬁ2(2a0,2+a1,2)#ﬁ4(2ao’4+a1,4)]
: (A24)
will result in the valuss of the ordinates e¢f the total leading
curve for tan a Now if a solution is effected for .the additional
loading, as previously describsd, and the value of the lift—curve slope
dCy,/de.  thus obtained from squation (Al9) is divided into the valde-
of Oy, ovbtainsd from equation (A23), the correct value of the wing
angle of attack tan o will result. If this value and the cosffi-
cients am,ri of the additional loading are then substituted into
expression (A24), the ordinates of the additional loading curve will
be obtained. Subtraction of these from the ordinates of the total
loading curve will result in the ordinates of the desired basic
loading curve.

Correction for Section Lift—Curve Slore

.+ Through the general dsvelopment of the msthod all section lift-
curve slopes were agsumed to be the theoretical 2n per radians
(0.1096 per-deg). As this assumption is not valid for all sections
the final expression for vorticity will be in error unless a correc—
tion is applied. If the section lift-curve glope is the sams at all
sections of the wing, the error may be corrected by simply multiply—
ing each coefficient aj , by the ratio of actual section lift—
curve slope to thsoreticdl section lift—curve slope. A varying
section lift-curve slope can be accommodated almost as easily;
however, in this instance the correction must be introduced into
equation (1) as a function of the spanwise variable Ti.

Computing Instructions

The following instructions apply to unyawed straight tapered
swept wings without camber or twist.

The coordinates x*! and y*' ‘relating all vortices and
control points to the center section leading edge of the wing are
calculated on form A()) using the relations
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1

20 p

b
3
]

20 | an J\-—I S0v E —-. - A25
fu! ten i M 6 E R R T 4 (425)

for the vortices, and

g*! = 20 7
" e B80v
x#*!' = 20 ! ' TEE AN e et l-_)\, w A26

’

for the control rownts. Sinsce the wing is symmstrical x*' will be
the same for similarly locsted vortices on sach wing half, and the
values of y*' for the left wing will be the sem» as those for the
right wing, although of opposite sign. For this rsason these values
only need be computed for positive values of 7 or u.

D e

The values of x* and ¥* relating 2 control point to sach of
the vortices ars obtained by subtracting the values of x*' and
y*! of the vortices from those of the control point, column 9 or 3,
form A(l) from a valus in column 18 or 12, form A(l), respectively;
x* and y* are then tabulated on a form A(2), using a separate
form for each control point. It should be noted thet since the
coordinates of the vortices at p = 0.9625 are based uporn a unit

ength y, one-quarter normal size, Xx¥ and y* for these
vortices are four times the normelly calculated valueg. Lestly, by
virtue of symmetry of plan form, the coordinaztes can be tabulated
so that two values yp* and jyr* exist for every value of xi,

These coordinates are now used to enter charts of the downwesh
function F ras orsparsd from the valucs in table AITI. The values
obtained for the vortices at p = 0.9625 should be multiplied by
four. Beczuse of symmstry of loading, Fp and FL cen be and are
added together.

The simultencous equations set up in tabular form in form A(3)
ere now ovtained as Iol;ow": Considering the first equation or
colum 1, the second numbsr, the numerical coefiicient of ao,o0,
is obtained by multiplying thv vzlues of Fp + Fp, in coLumnd,
form A(2) as determinsd for control point 1 by the values listed
under 20,0 in table AIT and swming the products. Similarly,
ths third number in column 1, the numerical coefficisnt of 21,09
is obtained by multiplying th3 values in column 7 by the values

\.
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listed under a3,0 in teble AII and summing the product, The process
is repeated using the values listed under ap,o0, 80,2 ete,, until
the entire cquation is obtained.,

The second equation, column 2, form A(3), is set up in the same
manner except that the values in form A(2) as determined for a
second control point are used, The procedure is then repeated
until the nine requircd equations are formed.

The constant numbers, row 1 of form A(3), arc obtained as
follows: The downwash at control point 1 is

% = 40 tan o X colum 1, form A(3)

()]

t:an (HJ:'> = columm 1, form A(3)

O

i

Equating % to the slope of the plate, tan w«,

L = 0,0250 = column 1, form A(3)

In like manner the constants for the other equations are also
0,0250,

The equations are set up in this manner to facilitate their
golution by the method outlined in reference 4, Of the various
methods for solving a large number of simultancous equations
which were tried, the method of reference 4 was found to be most
rapid and straightforward wherc only standard computing machines
were available,
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TABLE AI.~ CHORDWISE FACTORS &G FOR VORTEX
PATTERN UTILIZING FOUR CHCRDWISE VORTICES

v Gy, Gv,p Gy, G
0.125 027337 C. 04902 0,07282
375 .11680 . 07598 03823
625 .N694T . 07598 -.03823
.875 . 040386 . 04502 -.07282

NATIONAT, ADVISCRY
COMMITTEE FOR AERONAUTICS .
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TABLE AII.- PRODUCT OF CHORDWISE AND SPANWISE FACTORS FOR apm,n TO BE
USED WITH THE 84-VORTEX PATTERN SYMMETRICAL LOADING

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

B |XGy,c |X GY;A XGv,g | X Gy,C

XGy,B [XGyc X0, ,
v H for for _ for for for for fo for for
80,0 e 1) 82,0 8,2 S, 82,2 80,4 a1 4 82,4 |
0,125 0 0.27337 |0,04902 | 0.07282 0 0 0 0 0 ]
ol 027200 204877 207248 | -00271 200049 200072 +00003 0 200001

o2 226785 204803 -07136°| .01072 200192 +00285 200044 « 00008 200012
o3 «26077 004676 «06947 | ,02348 | .00421 200826 200210 200038 « 00056
o4 225054 « 04493 «08674 | .04008 «00719 +01068 + 006842 «00118 | 00171
oB 023674 204245 »06308 | .05918 201061 201677 .01479 «00258 | .003%4
o6 221870 203922 005826 | .07873 «01412 202097 202835 +00508 «00765
o7 219521 » 03501 «05200 | .09566 201715 202548 204688 200841 201249
-8 216402 202941 «04369 | .10497 201882 02796 206719 201208 201790
o9 011916 202137 «03174 | .09653 #0731 | .02571 207818 »01402 202083
«9625 207417 201330 «01976 | .06870 01232 »01830 206364 201141 201695

2376 0 +11680 207598 203823 0 0 0 0 0 0
ol «11622 «07560 +03804 | -00116 200075 200038 200001 200001 0
02 011444 007445 003748 | o004568 200298 200150 »00019 200012 «00006

3 011142 207248 203647 | .01003 200653 200328 200090 00059 200029
o4 210705 206964 <03604 | 01712 001114 200560 200274 200179 +00090
5 210115 206680 «03311 | .02529 «01645 +00828 »00832 .00411 200207
o6 09344 «06078 +03058 | .03364 »02188 «01101 «01211 200788 «00396
o7 .08341 +06426 02730 | .04087 02669 201338 « 02003 201303 + 00656
o8 +07008 «045569 -02294 | 004485 «02918 201468 202871 201868 200940
«9 205091 .03312 201668 | .04124 «02683 +01350 «03340 002173 .01093
« 9625 »03169 «02061 201037 | .02934 201909 200961 «02709 201769 +00890
0625 0 206947 207698 | -.03823 0 0 0 0 0 0
o1 206912 207560 | ~.03804 | »00069 200076 | =.00038 200001 « 00001 0
02 206807 007445 | -.03746 | .00272 200298 } =200160 «0001I 200012 | =.00008
o3 206627 «07248 | =.03647 | -00697 200663 | -.00328 +00063 200069 | -.00029
o4 « 06367 006964 | -.03504 | .01018 001114 1} -,005680 .00163 200179 | =,00090
o5 206016 206680 | =-,03311 | .01504 201645 }§ -,00828 200376 200411 | =.00207
o6 206658 206078 | =.03068 | .02001 .02188 | =,01101 200720 200788 | =.00396
o7 004961 006426 | =.02730 | 02431 202659 | -,01338 .01191 201308 | =.00668

o8 004168 004559 | -.02294 | .02668 202918 | -,01468 »01708 201868 | =.00940
o8 203028 003312 | =,01666 | 02453 202683 | =,01350 201987 202173 | =.01093
«9625 201885 202061 | =,01037 § .01746 201909 § =,00961 «01617 201769 | ~.00890
«875 0 204036 004902 { =,07282 0 0 0 0 0 0
ol 204016 « 04877 | =.07246 | .00040 200044 | -.00072 0 0 =200001

02 203954 004808 { =,07136 | 00158 «00192 | -,00285 200008 200008 | =-,00012
03 203850 004676 | =.06947 | 00347 000421 | =.00626 .00031 200038 | =.00056

o4 203699 004493 § -,06674 { 00592 «00719 | =,01068 00096 200116 | =,00171
o5 203495 004245 | =.06306 | .00874 001061 } =,01677 200218 200265 | =.00394
o6 203229 003922 | =.05826 { .01162 001412 | =,02097 «00419 +00608 | -.00756
97 002882 003501 -»05200 001412 001715 -002548 000692 000841 "001249
o8 002422 002941 | -.04369 { o01550 201882 § =.02796 200992 +01206 | =-.01790
«9 201769 «02137 | =.03174 001425 001731 § =o02571 .01154 201402 | -.02083

29625 «01095 201330 | =,01976 | ,01014 201232 | -,01830 +00940 00114} | -.01695







TABLE

AITII.— DOWNWASH FACTOR F IN THE FIELD OF A HORSESHCE VORTEX

[At positive values of x* only]

o F + (2/x) F
y¥ =0 yr =2 y*=U4 6 8 10 12 | ik | 16 18 20

0{2.00000 |—.6666T}—-.13333 | —.05714 |--.03175 | —.02020 —.01399|—.01025 —.00785 |—.00619 |-—-.00502
.111.90020 |-—.62234 —.12976 | —.05616 {—,03135 | —.01999 |-.01387 | —.01018 |—.00780 |—-.00616 |--.00499
.2}1.80200 |-.57875| —.12625 | —.05519 |—.03093 | —.01980 |-.01375 | —.01011 |—.00774 {—.00612 |—.00497
3170647 | ~.53652 —.12271 | —,05421 | ~.03053 | ~.01959 !|—.01364 | ~,01003 |-—.00770 {-.,00609 |—.00493
1,618 |- 496211 ~,11920 | ~.05326 |~-,03011 | —.01938 |--.01352 | —.00996 |—.00765 |-.00605 00491
.511.52788 |-.45819 «.11573}-.05226 —.02973 | =.01919 |-.01340 | —,00983 | ~.00760 |-.00602 |—.00k89
60140603 | —-.42269) ~.11228 | —,05130 |-,02934 | —.01897 [—-.01329 | ~.00981 |—.00755 |~.00599 |—.00486
.7{1.36954 |—-.38981} ~.10889 | —,05034 |—.02893 | —.01878 |~,01317 | —.00974 {—.00750 |~.00595 |--.0048k
811,298 | —.35957| —.10555 | —.04938 | —,0285k | —,01857 |-.01305 i—.oo%’r -, 00745 —,00592 [--.00481
.911.23254 }—,33186] —.10227 | ~.04843 | —-,02814 | —.01838 {-.01293 | —.00959 | ~.00740 {-.00589 |—,00478
1.0{1.17158 |—.30655 —.09904 | —, 04750 |—,0277h | —.01817 |-.01282 | —.00952 | —.00736 |=.00584 |—.00476
1.5 .92963 |—.21017 -.08400 | —.04292 | ~.02581 |--.01718 |--.01224 | —,00915 | ~.00711 |—.00568 |—.00Lk6k
2.0 .76393 {—.14956f-,07093 | —~,03863 |—.02394 | —~,01620 |~.C1167 | —.00380 |-—-.00686 |-.00551 |--,00451
2.5{ 64594 }-.11032-,05986 | —.03468 |—-,0221% | —.01526 |-.01112 | --.0084k | —.00663 |—-.00534 |[~.00439
3.0f .5584k9 |-.08398|--.05066 | ~.03107 |--.02045 | —, 01435 |~,01057 | —.00810 !—.00639 —.00517 {--.00427
Li 43845 [-.05255|-.03683 | —-.02492 | ~,01739 | —.0126k | ~.00953 | --.00743 |~.00593 |--.00485 {--.00403
6 .3057hF |-—-.02555(—-.02100 | --.01632 [—.01255 | —.00974 | —.00770 | ~.0062C {~—.00508 i--,C0423 |-.00357
8! .234hh  1—,01489! ~,01318 | —.01112 | -,00918 | —.00752 |—.00620 | —.C0515 ‘-.001433 -.00367 |-.0031L
10] .19012 |-—-,00969; —.00893 | —.00791 |—.00685 | —.00587 |~.00500 | —.00428 !—.0036'( j—.00318 --.00277
15 .12889 [-.00438!-.00422 | —.00397 |--.00368 | —.00335 |—.00305 | —.0027h |-.00247 '—,00223 {-.00200
201 .09750 ;—.ooeu8i-.ooeu3 —.00234 }-.00223 | —,00211 }|-,00199 |~—.00185 |—.00171 |—.00157 |-.00148
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TABLE AIII.- Cencluded.
| W | .
X* ! ] g ; H g 5 : H _ i ' ' K '
Loy 22 24 | 26 T 28 30 *32 R R e e
1 . 3 . { R ) f 4
01! =e00413 | -.00348| -.00296 | =+ 00256 | ~+00222 | =. 00196 | =, 00173 | =. 00154 | =4 00139 [ -. 00125
o1 | =.00412 | -. 00346 ~.00295 | 25002565 =.0022) | =. 00295 | =, 00172 | -.001543 -. 00139 |, =+ 00125
o2 | ~e00410 | -.00345} =.00294 .| =o00254 | =.00220| -.C0L95 | =.COL72 | =, 00154 | -.00138 |} =. 00124
¢3 | =e00409 | -.00343| -,00293 | -+.00263]| =.00219 | -o 00104 | = COL71 | ~,00153| -.COL38 {.-,00124
4 | —a00407 | =e00342| =o00291 { =200252 | =o00218 | =aCOLE3 | =4 00171 | =, 00153 | -o00137 | =.CCL23
o5 | =«00405 | =4 00340| -.00290| =+00251 | -.00218| -, 00192 | =, 00170} -.00152 | -.00137 | '~.00123
+6 | -+00403 | -.00338| -.00289 | <.00250| =.00217 | -.00192 | -,00170 ! -,C0152} -.00137 | =.00123
o7 | =+ 00401 | =4 00337 -.00288 | -y00249} «.C0217 | «. 00191 | =.00170{ -.00151} -.00136 | =.00122
¢8| =e00400 | =.00336| =.00287 | =.00248} =os00218 | =e00LC0| =oO01B9 | =4 00151 | =, 00136 | = (0L22
«9 | —e00398 | =.00334| =,00286| -.00247| -.C0215! ~.0019C| ~. 00168 | -.00150! -,00136| ~%0C122
1,0 | =« 00396 | =4 00333 | =400285 | =+00246| =oCU21E | =aCOLE0 | =o0CL68 | =4 00150| =4 C0L3E | =4 CCL22 .
1.5| =«00387 | -.00325| =.00279| -200242 | =¢00211 | =,00186| =« 00166 | =-,00148}| -.00134 | =« 00120
2.0| ~e00377 | =+ 00318} =.00273 | -«00237} =e00208| ~s00183 | ««00L63 | =+ 00146 -o00132 | «.00L18"
2¢5 | 200368 [ =o00311| =.00268 | =200233 |- =« 00204 { =+ C0LE0| =4 00L6L | =, 0GL44 | =.00L3G | = COLLT
340 | =+00358 | =4 00304| =+00263 | -.00228| =.00208 | -+ 00L7%7 | = 00158 | =+ 00142 | =+00128 | =.00115
4| =e00339 | =.00291| =.00251 | =,00219| =.00193| -.C0172 | -40C01E63 | -,00137| -,00124 | ~.00113
6| =+00305 | =+ 00263 | =+00230| =2+00201} =a00L79 | =4 00160 | =e00143 | =.00129| =4 C0LL7 | =4 00106 - |
8, ~.00273 | =,00237| =400209| =+00186| ~+0C165| =+00148 | =, 00133 | =,00121 | =.00110| =.00L0L ;.
10| =e00242 | ~e00214| =e001G0| =o00L70| =+00152 | ~o00137 | =¢e00124 | =4 00113} ~.00103 | ~¢0C095
15| =.00180 | -.00164| =.00148| =+00184| -.00123 | =. 00113 | =4 00103 | -=.00095| -,00088 | —.00081
20 | -=+00135 | -.00125| -.00116| =.00106| -.00099 | =.00092 | =.0C086 | —.00079 -+ 00074 | =. 00069
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TABLE AIV.- AUXILIARY FUNCTION F, 4 Fp
DOWNWASH FUWCTION F AT NEGATIVE VALUES OF x*
[F(sx® = F, + F, = F(+x*)]

NACA TN Ne, 1476

FCR DETERMINING

r* P+ 0 . Foe M

0 14,0000 24 | ~0.0070

2 -1.3333 ' % -+ 0059

4 -.2667 28 -+ 005

g -.1143 30 -4 G044

8 -, 0635 32 -+ C039
10 -, 0404 . 34 T -.0035

12 0280 13 . -4 02381
14 -. 0205 37 .. 00292
16 - 0157 61 -+ 00108
18 -.0124 93 | -w00048 :
20 ~.0100 117 | ~.ooc29
22 -.0083 141 | ~s00c20 % :

NATTONAL ADVISORY
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APPENDIX B.-- PERTINENT INFORMATION AND COMPUTING
PROCEDURES FCR USk WITH THE MUTTERPERL METHOD

A 1ifting line used to represcnt a wing is placed in a.p
tion coxrbspond"ng to the quartor-—chord line of the wing. Ths
distribution of circulation glong the lifting line is expressed by
squation (2).

No generalization can bs made as to the number of terms which
must be retained in the series to ensure acceptable accurecy.
Mutterperl implies that four are sufficient and utilizes this number
in all applications. It should be noted that all loadings predicted
by the series as it stands will be symmstrical. In addition,
equetion (2) cannot satiafactorily approximate a curve containing
discontinuities such as would be produced by flﬁps or ailerons.
Mutterperl made no commsnt as to additions or alterations to the
series which would ensble circumvention of these l; mitations. As
a result, while it is bel*chd that such modifications could be
included, it is not known to what extent thsy would incroase the
complexity of the mathematiczl evaluation.

(‘D

Since it can be shown that in g theoretical approach using a
lifting line at the quarter—chord llnu, the downwash angle at the
thrse—quarter—chord line most closely approximetes the true angle
of attack of the wing, the control points were placed along this
line. The number of pointse required is dictatsd by the number of
unknown coefficicénts retained in equation (3). The location of
these points spanwise is apparently arbitrary; howsver, since
Mutterperl placcd them on ths rA&nl wing half at 7 = 0.174, 0.500,

0.766, 0.940 (¥ = 80°, 60°, 4o° 200), this arrangement has becn
followed in -all “pplicat;ono D uuptod berein.

O

Dotermination of Downwash

The expression for downwash at a control point, as dsterminsd
through the Biot—Savart relation, is
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3
w/v X ) TN AR AL i
tllbion. x: > (2n+l)asn+1 =
sin a L | 2n+l h@NA2qu By, JEELFBL/
n=
& B sin (2n+l)w s! fm/)ros (2ﬂ+l)® cos @D
s! cos A sin ¥ B‘R
7L A
e (iR N T cos (2ntl)de T Ag-y! 1
- + tan - 4+ === 1+ — fan A )
BR \BR A,)Jé 7 10\ R By
g iyt
{ ./ \ am%cos (9n+l,p cos Q- ;?6 pReloRy
S -_ } £ i
| Bemtl T \pp Jé F(C+F) £
-\Tt/'2 N =
x 4/ “cog © cos (2nt1)odp j;,._L SRR "T/% ooz (2n+l)odo
+ + tan A}/
B2y, & B\ B Jo g
s (AL~J') tan A\ /““/ cos (°n+;)¢¢0~ (B1)
< \ By, /uO cos ¢ + ~L G

Equation (Bl) may be reduced to a simple expression, centain-
ing only the unknowns azn+i and their numerical coefficients
simply by the introducticn of wing geometry and the geometry of a
control point. Such a redanction should therefore be carried out
at each of the points.

Solution for Additionsl Loading

Since for euch a solution the wing 1s considerad a flat plate,

21l geometric amngles cf attack become sin o eand the constant
factors in equation (Bl) become one. Simultaneous solution of

hese equations then evaluates the unknowne asn+1, Which are
subgsquently introduced into equation (2) to produce the desired
expression for additional losding.. The unknowns can also be intro—
duced into the following expressions derived from equation (?,, to
obtain the values indicated.
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dCy,  2n2uC, hrZa,
=~ a3 = B2
o 3 RN e
cl C(l+u) ( 3
= = a; sin @ + a3 sin 3p+as sin Sp+ar sin TO)
Cr, wai[1~(1-\) cos @] 4 Sl
(33)
L M (3, sin @+ay; sin 3p+ag sin 5¢+e, sin TP) (Bh4)
C1, cavy a3
L // 3aq, & a >
Tep = —— | 1 + =8 . S 4 =T 5
s S8y - Ta1 - 1981 (85)

Sclution for Basic Loading

Ag iIn Falkner, the basic lcading on a twisted and/0“ cambered
airfoil cen best be calculated by determining the total end addi-
tioral loading at gsoms finite lift coefficient and subtracting the
latter from the former. The procedures involved are parallel to
those of the Falkner metnod as well. An arbitrary angle cf attack
&g can be selected for the root section of the wing, from waich
all local angles of atvack can be measured. Substitution of
gin ajocal for w/V and sin ag for sin a in the ezprsssicn (B1)

will result in a set of equations which may be solved simultaneouely
for the values of tka coefficlents agp+a. If aj and 8in ms are
are then introduced into the following, the covrsct value of the

1ift coefficient for the wing at the described attitude o will
result

01, m hn?:; gin o (B5)
A

In edditicn, if the values of agzn+1 and sin ag are substituted
into the following, an eguation for the ordinates of the curve of
total loading on the wing at a results.

4scr,

(ay sin @+ag sin 3p+as sin S50+ar sin 70) (B7)
naib

CZCn
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ol

Tf the values of ccefficients obtained for a soclution for the addi-
tional loading are then substituted into this expression, the addi-
tional loading at this coefficient will result. Subtracti
ordinates of this lagt from those of the total loading curve will
give those of the desired besic loading curve.

Correction for o1,

As in the method of Felkner, the error introduced into the
solution by the assumption that all section lift-curve slopes G,
were 2 can be readily eliminated. If the actual c3 Q088
not vary across the wing, the coefficients agzpua should be multi-—
plied by the ratio of actual cj, to 2. If the actual value does
vary along the span, this ratio should be included in equation (3)
ag a Tunction of the spanwise variable .

Computing Instructions

If the local angle of attack sin @ is introduced into
expression (Bl) in place of the downwash ratio w/V, this expres-—
sion can be writton

2
== ; (2n+l)azn+ (F]_ +F, +FgFg ' ~F, Fy ' +FsF5 ' +Fa¥s " +F, Ty ' +FgFg ) (B8)
el
n=0
where
i, - Gt b e g
2n+l \ Bp VAZRBPR  BL ¢§%2L+BZL/
Te = it sin (2n+l) ¥ (B9)
“ gt cosrd gin
2y
Fp = 52

e
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Computing form B(l) is uesed to calculate all factors which remain
constant throughout the summations for any one control point: AR,

BRs AL, Br, s', C, Fa, F,, Fg, Fg, ¥,, Fg. The computation form

for those factors, which vary with n only throughout the summations
for any one control point, is presented in form B(2). Computing form
B(3) 1s used to apply Simpson's rule to the integration of Fa', F.!,
Fg', Fg', Fp' and Fg'!. The factor XKon+1, which is independent of.
wing shape and so can be applied to all wings, was calculated from the
relation

Kopsy =/ " —c08(2n+l). do (B10)

o V
Jo ©o% @ —cos ¥

and is preéented in the following table:

Control !
point |

1?mp nt | |
ST 2.54928
8.26392 |

8.87752

6.10976

2.47976 |

4.58640 |

-1.909kk |
L 63656
£2.33120 |

0.47920

~3.47696
3.39776 |

2.00112 |

n

Ken+1

3

N

=1,92340 |
1.38065 |
-0.53112

WPNHOWLWPLHOWNRFOWNDHEO

B e i s o i s i

The results of the integration are presented in form B(3).
Form B(4) is the form in which the components F are multiplied
together and the results are summed producing four equations,
one for each control point. Lastly, the form for the simultaneous
solution of these equations (reference 9) and the resulting values
of the unknowns are presented in form B(5).
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N=-94812 tanA = -L2°7° sin A= -70957 cosA= . 20963 sinz2/\= - 21728 cosg N =-.00638
A= 3% (1-A)= .62 AR= 299 s'= %L—Eﬁ = 196039
b 2d-3.0 4 B 6.l 7.1.8. Sd10 L | 1S (ol sl Gl e
Control n i :
. ' |_"(_5_) 7) (4) ” 3
i W E5v B)xS () Z (e)simAl b (3)+(7) «’)“omxsan/\.(ld%l) xc(ol_/s)g/\(ﬁ)‘("') (o (,7)2 nS)‘(lb)‘ﬁ;)
| ‘ ' § |&5| As|Br| | Bu Al ‘
5 / 20°| . 940137279 .5865¢| . 2069276 6 8|~ 100wl 22609 145 €€l]. 3727 YT 22. 708|700 958 SI/2|. 02432 -02/52] ot 274 20674
| 2_|40°| .7¢¢ ‘ e
f SN gos| 500
g 4 | 80°| ./7¢
| :
|
| 19]20{21]22|23|24|25|26[27|28|29(30|31|32|33|34|35[36
8| s | @ |@|e At | @ | !* JGD| s | | 6y|en| 6| "
o) | (2)%| (o) [+tenp| 0O k%] (3)(? ~(25) k_l_z_‘)g_'lﬁ(”)’j Ga) (2% | G2) |-tann 62)2 _;ls)w (,3_{’)
C F3 Fa | fs Fs |. Fe Sy 0 fa |
1.41933 (68.83/¢e) 8.9/ 748| 74104 850.8 751 3/00.52108 137277 [ /444 g \2.01406l2.07259). 97/ 76 |. 94949 | JI173 |. 89527 72960 1. 225 €A2.01404 /3792

(1)

Form B+~ COMPUTING FORM

(2)

1 {2 | 3| 46 T 18] S 11O | 128 e
Control @ |y@ @l | GUgy| (6) | 2(2) ("')n G)«(2 ()1
Peoint g (9)81 *(’5)5' ( 75:7 @ - + 1 W(IO)K(S)() glj—"'%gzm

! O | /5033052452 1234 7/\¢.5/737| 09049 |e.90704 [ \foosco|é.90764 20 | L |305277

]
Z
3
z o
1

/\)

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

(Undersco‘rcd numbers are sample calculations )

FOR MUTTERPERL'S METHOD
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" Control Point— |

l
AR: 1.22609 BR:.I‘4566 AL: 13710 BL:—,_er)og "rl: .9 40 J/.i,:—./ooyt C= 1.47933
g

2 1314151617 181910111213 14 55116319 LS

os | (3) ! ® X /
n| ¢ | L:(,)@_ p 3 A VT S0 % -, , |+ ("—)“—"3 f"& 61;2 LG 2 (% G| )
L

2| 5| PR 2% 5’

(] O (100000 /.00000|. 1604 |1.c0857|/ 89407|. 52794 |. 52794 |. 2608%|3.3/344 04/57109988Y- 30/ 8¢\ e 9se ol -Logr ). L09/4 1.9400|.3/499
5

45.0
675

| o
15
45

&0
15]
z2 (o}
9
72
36

45

63
7e
8!

. 3 o
‘ 6.43
19.29

‘ 25.71

3214

5143

4500
57.86

70.771

7714

83.51

: (3
— i, NATIONAL ADVISORY
. Form B: CONTINUED COMMITTEE FOR AERONAUTICS



(4)

Form Bi—

121345678 9lio]ili2]13]14]15]16[17[18[19[20[21
Control : j ' 3&*8@5;5
] ' ] ! ] 1 ] ’ +I 2]
i N A R AR WA A R A (A A At GG A A R A e
KJM? ‘;,'(20)
/ 0 lcgo7s¢s.0m9g ikt chﬁpﬂz 97176 |.9989 |729¢a (137972 ggggpo_@g 2.54921] z.gnnk—zmg 4052 is0r 89| Zo780 794 T sy S5 0¥50
/
2
S
2 lo
/.
2
z
3 o i \L
7 [ S =
2 o=

Equatien] | |2 | 3

aznﬂ

constant

o 15.04507]
Oz 3.52087]
Qs |m8608
az 7222302

(5)

CONCLUDED

L0127
" doe 554
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APPENDIX C .~ DEVELOPMENT AND COMPUTING PROCEDURES
FOR USE WITH THE WEISSINGER METHOD

In the German reports available, which described this method
the mathematical development was not complete. It was thought
advisable therefore to include the development in the present paper.

rom lifting-line theory the equation of downwash at the one~
quarter.chord line of a straigat wing is given by

2 re/2 p(z)
B2 \/%/2 ¥~y o (53

This integrel equation is solved by Multhopp by an integration
formula (reference 5.

The equation of downwash at any point xy of a straight wing
ig given by

1 +@} r(5) a5 (c2)

Weissenger divides this integral into two integrals, one of which
is the same as equation (C1l) which he solves by Multhopp's method;
and the other wh*cn he solves by a method analagous to that of
Multhopp.

The mathematical development is as follows:
With G =T oV, q = 2y/b, T = 2F/b, ar = b/ey
and setting x equal to the distance to the three~quarter chord

line x = Cﬂ/?’ the equation (C2) beccmes

i
1+/1 + (ar)® (nnﬁ)g_iG'(ﬁ) an

|
(=
——

. 5
V—2TIJ -1
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oy
" Nl ol (F)aF ‘ﬁl
% = ‘é—ﬁjl._l o +%%‘/_1 IA [ar(n-7)] G'R 47 (¢3)
where
it o TE\E
Ips0 [ex(n-7)] = «/“(i‘iz,f%“‘ r (c4)
or

= 3
»v"’l+a.rv((cos Py — cos o) -1
ary(cos @, — cos @)

]

La=0 (v,n) = L{ar(cos y — cos @y)] =

The first intogral of equation (C3) can be written os g function
OEMN O '

R ~ NI '@9—('59‘1 d(P
— /' G L a7 = L/ g% (c5)
2n .1 %o COs @ ~ co8 Qy
where
s @ - 08 y_L. = g:l =
cos @, B8 Su Z 1
An integration formuls gives
.'\l ! ‘m
/T P(F)AT] = ~&~ \ £(Tn) sin 9p (c6)
.//-—l m-+ / 4
n=1

wherc @n = DL £(F,) is the value of £{%) ok T
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b5

Equation (C6) holds exactly i1f f£(§) can be represented by

o1 om
e e TR
£(7f) = J1-72 Z_ Ay = ; ay sin Vo
v=0 V=l
or, in addition,
& A
I s 2 -l g ot ad C
£le). = 2 )_y £(7,) Z sin w1Qp sin K@ (¢T)
n=1 pi=l
Letting G(9) = f(o)
then
m m ;
2 ‘ g .
G(o) = e ZE:Gn 21)51n RiGn sin w0
n=il Hl=l
g2 &
g . 2.\ ¢ 11 8in Ri®pX COS |
gl L, n Z i 8in W30y i@

R=l L=l

and the integral in equation (C5) beccmes

sin P1Qp cOS HaQ ap

~ Vy N T %1‘
- G / L
m+l /[ nJ% A
n=1 Ml=l
Now
I cos8 n® dp = 7 sin nQo
Jg COS @ w COS @, sin @,
or

m
AT 1 e .
J)[ y (41 sin “lq)ﬂ) K cos P10 >d® o
T cosg @ — cos Qy.
pa=1

Ja

e e
L

"l
fl
-

cog © - cos Qy

(c8)

By sin Pi@Qpn sin Uiy
8in Qy
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Cé;\ 4%5_\ Sﬂ & > pa sin paPn sin paQy
27/ \m+ / VAR ey sin Py
m=1 py=1
il m
Al 21}} zg Ly sin wi1@Pn sin pigy (c9)
m+l o A, sin Qy
n=1 M=l

The w3 serles is independent of wing geometry and may be put into
a coefficient usable for all wings.

rom equation (C9), for n=v, let

m
. v= 3 l_ T ulsing ul«',pv (ClO)
2 (u+l) sin oy i
Hi=l
and for n #V, let
1
=L s 1 in Lo (c11)
= Hy8Sin M gin !
% ,n (m+1) sin oy L. % ik ik
M=l
Then equation (C5) becomes
m
- o )
oy,WGv — ) bygn Gn (c12)
L“.
n=1

(Note: The summation prime indicates that the term of n =v
should not be included.)

Expression (C12) gives the induced angle of attack on the one—
quater—chord line, at the span station Vv, in terms of the summation
of n spanwise values of the dimensionless circulation.
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Y7

Equations (C10) and (Cll) may bYe simplified: with the aid of

the summation formula

m ‘y/éi %)
U1 €08 W1X = real part of{ ).ye ™M1¥
. A i
Ma=1 1=l
= QQC‘TV}.Ll !x L ‘m!]).: _L.
2(cos x-1)
or
D = M-+
VsV T 4 sin Qv
by, n = sin Gn i Bl ]
"7 (cos Pp = cos gy)Z L 2(m+l)

The second integral of the integral equation (C3) or

)
El Y IA(v,u)c! (F)aT
fdag

is solved in an analogous fashion.

The integration formula gives

AT - - M
[ flo)dp = - ( £(Po) <7 (PM1) 2 £ )
Jo S M+l | 0 (o
p=L
whasrs
Qu = BT

1
J
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Dimensionless circulation is given by

m m
2 .
Glop) = = G sin P10, 8in K10
(o) m+1z nE Ha0n g
n=1l p3=1
or
&
G "—-2——‘ 3 3 1d ~nAa
G'{p) = kg lkéGn> ZJ Hi8in H31 @ co3 M@
Tel" UisE
Letting
{1
o 2 7 ) o3
I = 1181 cos K3 A
ol®) ity ZJ Hisin HaPp i (c17)
b=l
then

e 1 en
m
= NI i nl
= > - [LA(V;P)Gn fnle) | do
ek L 0 .J
y E} )

n=1

b
Then applying equation (C16), g; k/' La(v,u) G¥(%)dR
1

M
n
= & e N
) 1 M43 ) (£ s i {
= - -r-);l- 2 i—ir_r anilc[‘mv’o) ](L"-'O/ [LQL(V’I{H.'—) ](LY‘)}TQJ_) =+ /}) LA(V;H)fn,HJr
2 &= I+ =l X
m - . K )
o [ [1a(v,0) 1(on o)+ (EACv, M) WEn en) e;]'_,/\*(v,u)f,l e
N L 2 7
é':l 2(M+1) : g=l -
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For simplicity let £ = f,(q,) vhere fn(@u) is from

Bk

equation (Cl7) for ¢ = @, wrt /M+1
Then if
L ‘r[LA(Vjo)] fn.0)+[LA(V,M+1) ] (fn M1 ) &
= - - - = + LA(V s
&V n (L) | 2 & A0V En,
p=1
(c18)
expression (Cl5) becomes
m.
> Gngv’n (019)
Lo
n=_.

The solution of equation (C3) is two times equation (C12) plus
ary  times equation (Cc13) or

(,/ v rl{g 1 \ _I‘_'l
¥=-2( b -} Gn j+ ) ary gun G
—3 oAb i . LY  and g e &
(e e ) BSE R T
=1 T1=l
m ¢ m ¢
e : 0
= 2 Dby y Gy + axry Y,V Gy + J aﬂ,évn(%l"z Zfbwn%l
/) -~
n=1 =1
gsc that
) o \ - 4 X
% = (2by,v + ary gv,v) Gv — ) (va,q" ary &V,n) Gn
A,
n=1
or
g |
% = 'b%\-;v G.V o /) bwv’n G.n (CQO)

ﬁ;l
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where

b¥y = 2by v + ary gy v
2 (c21).
b-':v’n = 2b\én"" aI'V g‘\)’v_l

The prime on the sumpation.indicates thet the .term OL n=y
should not be added into it: :

Fouating the downwash to the local angle of attack of the plate,
m
oy = b¥y Gy — / b*y n Gn (c22)
Tl
Por a swept Wlng he pqlﬁtion of downwash at any chordwise
oint for y>0 is given by

Wiy = -L /"b/zi(_;i ir iz i + L -~ ly! tgg\ A sl _} d.y
MR WEYAR I J (2= [F| tan A7+ (57)= 4

q n C

e 7 e L — aF
b /e g [(x ~ 15| tan AP+ (y—7)2]372

b/z

1 azh X ey am /) o

+ o= T) , b = ay (c23)
4n fo [(x - jy| tan A)S (yF)=1°/%

The first integral is the downwash due to the trailing vortex
sheet end the last two integrals vepresent the velocity induced
by the lifting line. By integrating ths last two integrals by
parts and rearranging into dimensionless quantities, the proceding
integrals may be put in e form similar to eguation (C3).

Nl Nl
Pl A = ., ar |/ L= et (e - .
= X ZL p_n d » gﬂ:jml La(n,7®) G'(R) a 7 (cak)

(Note that in tho fullowing oquation (C25) the squares under the sccond
radicel of (n,7) for <0 are summcd. In rofcrence 3 these
were errcnboufﬁJ showm as a difference.)




Lal(n,%) = 1 Wit ar tag A (p-[qD)12(ar) A(pq) 2 1 o 2 tanA/[1+q(ar) tan A1® & (or)2g2
A ar(n=7) L 1+ 2 (ar) tan A j L+ 29 (ar) tan A
and for W >0
._. A - _{\\ e o
La(n,7) _ A1+ ar tan A (n ‘n}ﬂ\+ (o) (=) "
ar (’l}-—;;)
Lguation (C2k) with Ia(n,7) as given by equation (C25) is for y>0 and will give
velues for only the positive spen stations. For values with S G, expressions Sllﬂ_.lr_lf to
equations (C23) and (C25) must be derived. Values of Lp(n,7) “are needed for y<G. if an
unsymmetrical wing 18 to enalyzed.
Equation (C25) with 1 = cos ¢y and T = cos @, end ar at span station v as ary
for cos @y >0 becomes, for cos ¢, <0,
2 S/ Tirary tan p (cos @y — fcos @u )12+ (arv)(cos gv — cos @u)-

LA(V:P-) ! D W C2 ' -

ary (cos @y — cos Qu) | 1-2 ary cos @y tan A

, 2 tan A [l+a:r',, ten A cos @yl2 + (ary)” < ®,

1+2 (ary) cos Oy 'tan A

and for cos M 20

Tl v [l+ary tan  (cos @y — |oos qu )1 + (ary)=(cos oy — cos Qu)°
ary («Jn" ®y — COS’ CP’M)

3

=
&
o~
=
=
ok =
y(ca5) ©
=
b5
O\
Y
!
J
>(026)
o

TS
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Equations for determining Gy at spanwise polnts of

= gos g%i for any wing may therefore be determined from

uation (C20),

a o

Summarizing the computations, the relation equating downwash
to the local slope of the plate at m points along the span giving
m equations with m unknowns, Gﬂ is

!
oy = b¥y Gy ~ Z b""\'v’n Gy vV = L8250 vis W

R
vhere
ay = angle of attack at span station V

- = cog <&

0

b/2 m+1
b*y = 2by,y +ary gy,v
b"“v,n = gbv,n - alﬂv 8'\/’1.1
7 By ot v

; vAL - v

b -.= Sin ':pr '—l -~y -‘
Von 2(m+l) _l

(cos @p-cos @v)7|

L[ Ia(v,0) (o) + Tlv L) .
e )

&v,n = T S0 2 £

1
1
o
>
N
=
&
5
b

ar S b wing -span
v u - i
¢y . chord at span station v

La{v,u), for a straight wing, see equation (Ch).

La(v,n), for a swept wing, see equation (C26).
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2
e
fou = oy > My 8in M1 Op cos Py @p
H1~l

where again

On = -DL

m+1

VIt

m+1

1}

v

nr
% = T

The computations required in the preceding group of eguations
may be simplified if esuch velues es bv v by,n for various m's,
and fp,u for various m' s and M's are tabulated. Then a solution
for any wing consists of g subutluut on of wing geometry into the
La(v,n) function, equation (Ck) or equation (C26), end a combination
of the tabulated coefficients tc obtain m simultaneous ecuations
with m unimowns Gp

The computations for a symmetrically loaded wing mey be still
further reduced by an alteration to the precsding equations and
coefficients. For a symmetrical wing with or without cember end
twist, the distribution of local angle of attack is symmetrical
about the center of the wing or

W * Gpia—y

2 b i
then
Ay = m+1—v
Gy = Gpyr—v :
and
v goes from 1 to B

n goes from 1 tom

=
ct
(@]
'\

P goeg from
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The summation terms cen be writien such that n from 1 tom
becomes n + m+l-n from 1 to 3313 and i from:l to M be;omes
M=l (Por the cases n = mtl  ,pg p o= B

2 2 2
the coefficients are expressed as their former values as will be
seen directly.)

oo+ M+l—u from 1 to

Now if equation (C20) is expressed as

mtl
C.
‘ 1.3 \ N % . A
ay = (b%y , + Doy yacn) Gy~ Y (b p + By mian) Gn
L_‘,
Tl
where
n+l
nk B
Ma-1
U' LT,
# 2
R mtl
Ll o D
Then
mtl -
.\_2
e nQ
a, = B¥ Gy — 3 By j Gy (c28)
et -
n=1
where
: 3 _ nn+l M+l
B¥y = b*y y + DY ppayp V=12 .. 055 # s
(c29)
3 Ty ) m+l n+l
B¥y n = b¥y n + blypuan ¥V = 1,2 . . A n # 5
These coefficlents may also be expressed as
B¥Y = 2by,y +exy  gy,v <
- (c30) -




. Ey m+l m4l
where Bv,n is limited in that By,n = bv, +

To find g

consider the expression for &,
b ,

- M
1 [LA(V,O)J(fn,O) + {L,\(V;M+1)](fn,M+l)
T —— + Z LA(v,M+l) bcs
’ 2(M+1) > ’

\ =il
; 1

The summation term of g, can be written for n # —=
i s -
M-l

M s
‘ E LA(V’“)fn,u = Z[LA(V,u)fn,u+LA(v,M+l—u)fn’M+l__“+LA(v,u)fm,rl__n')u»klh(v ’M+l'“)fm+1—n,M+1—u]

=it p=1

M+1 M+1
+ {LA(V"T)fn,M_ﬂ-. + Ii/\(v_g”)fm+l—n,Mgl]
2 B :
fer 0 = m—;J—‘
- M-l
M 2 Mal
+
Z Ly (vsk) £y 0 Z@A(V’“)fn,u + Ly (volade) £y ] + [LA(V,—e—) fn,b%] (c31)

H—1 p=l

n * b pyn for n # = Byn 3 b, n for n-= -

9LYT ‘ON NI VOVN

e
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where a3 before

m
o NG % ;
fnu =gir ) Pasinp D cos ny By (c32)
u;‘l
examination of equation (C32) will indicate that for n = @fi
1= 74 D\
| / \ 4.
| Ip v,k%i/; fing '1:?-1] - 0
for n ¢ Wkl
2
ot B 7ML
LAKV’_Z,j fn,Mgl * LA\ "Efﬂ} fm+1-—-n,“'£l

have valuwes only-for.even ui, but for even W3, Tn,u = - fp+i-n,u
so that these terms equal zero. '

Then equation (C31) becomes, for n £ §%£,
M-—1
M : 2
L X, i -
L) LA(v,g,L) fn,}.ﬂ = > [ Tnu t 1I:1+l-—n;u') IA(V,u)
n=1 }L'_-:l

+ (fn’M.g-]_..u SF fm-{-1—n,IVI+1—ji) L/\_(V:M"’l"'u)]

and for n = mgl’
! M=1
M 2

) - Lp(v,u) fp,p = } [(£n,1) LA(Vse) + (Fn,Mea—) Dp(V,M+1-4)] (C33)
e ‘4 =

Further examination of equation (c32) will show that for only the
0dd M

fn,u = = fn,mia-u




However, the second summation in equation (C33) has n = @%l in which instance the even uy

terms in equation (C32) vanish, thus the second summation becomes

=

-1

Tae1 |, [TACYH) - Ta(v,Me1on)]

2' -

i

b e
i
i

The first summation in equation (C33) has terms of fn,p e T u and fn,M+l-u = - fm+1-n,M+1-p
L s i

for even M, or the coefficients of La(v, ) and LA(V,M+l-u) vanish for even D
In addition fn,H+Fm+l-n i = - fn,M+l-u+fm+l-n M+1-p for odd H or the summation is

-

=
]

(fn,wme1-n,u) [Ta(v,n) - Ta(v,Mel-u)]

o

o
|
et

where fn,u+FM+l-n,u is obtained from (C32) for the odd terms of -
Lastly,

(fn,o)LA(V,0)+ (fn,M+2)LA(V,M+1)  (fn_o+fmsl-n,o)LA(V,0)+(fn Ma +Fmeg -n,Me1 )LA(Y,M41) #gﬂ
2 . 2

' .
(fn,o+fm+1-n,o) [;f‘vyo)'LA(V,M+llj -
3 2 for 1 = T

where fn o*fm+1-n o 1s taken for only odd u;. And, for even u; T So that

n,o = ‘m+i-n o°
a factor’ f midy be expressed as ’ 2

- m+l
fn,u = fn,u for n = . and odd u,

o m+1
fa,u = fn,utlp ey 0 u for n # - and odd u,

9l4T *ON NI VOVN

LS




T = En&t?gu}:mp_ for & 4 Eﬂ%‘%, Tan aut ik 1y
fﬁ,u = f—g:;—o- for n = I—%];, p=0 and cdd piy
and. : , M
g
& = b Yf o [Ialv,p) = Ia(v,M+1l-p o3
SR ol TR Gl -] (c3k)
p=0

Exemining equation (C32).

~gin py ~BE
m+l

. +1--n ) 1t : L3I0 i 1, 3 N30 s Wni
fm+1-—-n 1o~ Sin H1 ilf"}’__l:))__ = gin ( Pax — L;LP;.) = sln pi® cos L_lp_._ - a8in -_.J..r.l... COS X
2 m+l m+l m+1 .

or when §M; 1s o0dd,

fmern,p ~ 8in BL0T
Thus
rp = fm+1~-n,u
Then, as before M:l “
£
80,1 = 5501 g (V) = 2AC K1)

1l

=0

QLMT "OoN NI VOV
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3
o

where finally

E:n,p. = fp,u for n = I—Q-ai and cdd p,

m+1
{3

> and odd 3

e S

fn,p. = 2fn’“ fior 0 #

m+1l 0,

fa,u = fn,u for n £ =, b= and cdd Wi

Tn,u = -I:g-*‘-l- form =2t =0, and 0dd 4,

2 i 2 <
and
{A_
2 -
T S 11 8in ok, cog o L
Lab. Bl f L) e T+L H1 M+l
l:

A further simplification to gy,n can also be effected. TFrom
the binomial theorem:

Ry P G W L)
Ja e+28 B a +IE.:3 125 b
= : P A : 7
ST o LN R s O R TR
G Femelpl g N L) St
for a>t (c36)
and
i Ay, A 182 1 9% 1 ab
P S A B o) = b+ -g b— - 'g 53 + 17) .E—E;'
=a b+l‘//“‘l—'>“%?i/—-l--‘\8+—l—(/1\——5:/l>7+
2 \b/a 8 \b/a/ 16 \b/a/ 128 \ \b/e
for a<b (c37)
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then for

8 5)

7(t)

Tgua

wnere

This can

so that T

ALA( V,H )

t =2

‘. oot L

—l—l‘-g't 8‘
&

= b+ ==} =
2<t/
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v Ilg PP - 7 £ ior e

3 o
T e 0 0 I Tl o i
5y R AR R

tion (C34) may be written
M=1
2
e ol N o= - e
ng!"' 8 M+i:) > n,H A A(V:u) ('Jf;j)
=0
ALp(v,p) = Talv,u) — Talv,Mel-) (chke)
also he written
Ap(v,0) = Ta(n,T) - Ia(n,-7) (ch1)
rom equation (C25)
s «’/[l+a.r-\_(-n:-~ﬁz__tavz AT [a.rv(:]-—ﬁ)]_a_
a?«."\;(?]—-?f) .
o J [ltary,(n-7) tan AJE+ [ar.\_.(q+?~,)32
T L+Raryn tan A ary, (n+7)
L 2 tan A ; ; -
1+2aryn tan A ,\/ [l+aryn tenA] + [arvy ]
ks, 2n (ch2)

L\
v}

Ty (2 - 72)

—
5]
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Then
i :
ALA(V,LL) = T(tl)— mi T(tg) + T(tr__\) tan A:]
: T / e \
- T(ty) tan A~ —L- | el |
37 ary \*}2—"“: //
whnere
|
tl = —l-'——:~ + tan Ai
ary (1) |
b o]
to = 4 =t ftan A
Y2 = e (nen) e ’
S
e, ary n

i+ary 1 tan A

and T(t;) tekes the sign of (n-7)

T(ts) takes the sigh of 13

61

Several of the functionas cf equation (C42) are independent cf wing

paremeters and may be tabulated for varicus 7 and 7.

T T R o =1

Let By = vy’ Ky = n_-ﬁ-: Ko ™ 2 Ka n’
X & 2B g el
A T TS e NG =
nc-A2 n+7

where, as before,

7 = €08 b

m+1

3.8

N = cog
: M+1
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Then
ALp(v,u) = T(ta) -~ m [ ™(tz) + T(ts) tan A]
_ Pv s
~ T(ty) tan A= By K, (cLk)

where -

ty = |By K1 + tan Al

te = |By Ko + Zg ten Al

e Mk 3 tan A
and

T(ty) takes the sign of X3

In summary, for the symmetrically loaded wing,

-

m+i
&
N\ - B
oy = B¥y Gy — /‘ B"“\J,n Oms MV =ala2h m—-ié-*-
US|
m=1
B¥y = %by,v + ary 8y,v
Pia - e - =
= Vyns "Bv,n aly €y,n
b o (sl
(Pv,n + Py,mia-n for n # Bx=
Byun
3 P iy _ m+l
lbv’n ful T = -—-—é’-
b = n+1
Yt L sin @y

sin On

b ‘ - ||
v,n L (cos @ — cos @)% |1 2m+l

i
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_is taken from equation (€39); A&La(v,u) is taken from (Chk)
é In u is from equation (C35).

Limitation of the Series

The number of coefficients Gp required for accuracy depends
upon how rapidly the series equation () converges. Welssinger
used m equal to T, 15, and 31 in his investigation and concluded
that the results obtained with m equal to T were nearly as
accurate as those with m egqual to 15 or 31. For this reason m
equal to 7, or four coefficients have been used in all of the applica~
tions of thils method presented herein. The number of terms required
in the interpolation function fn, must also be established. Again
Welssinger used M equal to 7, 15, and 31 and found that results
with M equal to 7 proved as satisfactory as those with M equal
to 15 or 31. Iastly, it should be noted that equation (3) cennoct
satisfactorily approximate a curve containing discontinuities;
however, a modification which will enable it to do so has been
developed by Multhopp (reference 5),

Solution for Additjional Loading
Since in a sclution for additional loading the wing is

congidered a flat plate and all angles of attack av are equal
to a, equat'on (€28) may ve modified to

m+l

e
1 = B¥y % - Z B¥*y n %ﬂ (ck5)
. ' n:l

Evaluation of this equation at the several stations V produces a
gset of equations containing the unknown clirculations Gn which can
then be solved simultancously to obtain the velues of these
circulations,

Substitution of the values so obtained into the following
expressions, results in the valuees indicated:

m
: X
9L - Z8R ') - o ain iy (cus)
da m+l [, «

=]
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or for a symmetric wing,

-1
Gty :
daCy, _ mAR / s - L \
do.  mtl \ k. Pk v (CL7)
n=1
Blovrorsmmy |20 whiihe. (oL8
o 7 e deida (ehe)
clcy A Gy il 3
i = P2AR — : (ck9)

Y35 P
Clcav o . ¢CL/da
and from reference 6 for m =7

_0.3524Gy + 0.503Gz + 0.3Lk4Gs + 0.0407G4
°? " 0.3827G, + 0.7071Gz + 0.923%G5 + 0.300Gs

(c0)

Solution for Basic Loading

The basic loading on a wing with camber and/or twist can be
determined in a manner exactly parallel to those of Fallmer and
Mutterperl. An arbitrary angle ag 1s selected for the root
section and the values dalocal, measured from it. If these values
are then substituted in equation (C28), and if the resulting
equations are solved simultaneously, values of Gp will be
obtained, which when inserted into the following expression will
give the correct 1lift coeflicient for the wing at this attitude.

-1
e
e : \
. AR Pmbl - S: sz e
C].: e L \\ o i /. G’Il sin !)]’1/, (C/_L)
n=1

If these values of Gn &are also substituted into the following
equation, an expression for the total loading curve will result.

cy ey = 2b Gy (C:::Q)
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Of tho values of Gp cbtained from colculations for the addi-
tional loading arc then substituted into equation (C52), ordinates
of the additionel loading curve will be obtecined, which whon
subtracted from thoge of the total loading curve will give those
of the desired basic loading curve.

Correction of Cza

Ag in the othor methods, the error intrsduced by the assumption
that the section lift~curve slope is in 21l instances 2n can be
recadily correctod. The correction is accomplighed by modifying the

actual ¢y
ey where

21
gpecific values of this function'at span station n must be
determined if this function varios along the span.

specific circulation ordinates Gn by the ratio

Computing Instiuctions

The ALA(V,u) functions are determinod or form C(1) fox.a
swept wing and form C(2) for o sitraight wing (Ag.ose = 0). In
both cases the coefficients K, Ko, K3, Xz, and Ks are obtained
from teble CI. In tho values of T(t1), T(tz), T(t3) arc obtainod
by entoring chart CI with tho values of 1y, Tz, tz frem columns®
{10}, (11), and 12) form “(l;. Form ©(3) c“nt°Lru these computo—

tions which result in the m:' oxprossions containing tho WL :
: 5 - S
unkhowns Gp. The values E@;. in-colurm 9 of form C(3) are obtained

as fiollows: Consider the values in column 4 of this
groups of four menbors with the groups identificd as

form as four

o3 A vhen n =1

v
ot
oy
O
=
]
=
i
n

1]
=

D vwhen n

Similarly, thc valucag in colum 5 of this form can be considercd
groupod as
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1 whenv =1

P

when v 5_ 2
3 whenv = 3
L whenv = b

then

82,2=ZBX2,GtCo

The corputing form for the simultaneous solution (reference k)
af the equation (C4%) is given in form C(k). The equations are set
up as follows: The first equation consists of the first four numbers
in column 15 form C(3), the second equation the second four, and se
forth; the first number in each. group being the coefficlent of
Gy/c, the second being the coefficient of Go/o and so forth.
Simyltaneous solution gives the G/a's with the corresponding spaa
statien. ' . -
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67
N = —45°r ZanJ/\ . 007
Ay = 006 1— N = EE8
R = 29 K RULN = 2,057
¥ A S af
1 1213141567812 [10]11]12]13]14[I5]16]17 |18 (19720
/- | A Bk e , )
o Ks* || &) ey 1L T Te) 05)"12 )+ | ¢7)% =(/;3‘7
V| A %:% @K | | @K @)&@AM +(9)'(th T Te st P25 ) | aa :%}
. —(/
| | O | 4235|2057 1070 |2229 \28128|.0377 [57/26 |./1969 |/.2753\38% | LA/ éé[é_/_ﬁéﬁ"ﬂz.@ﬂﬂﬂ
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FORM FOR WEISSINGER'S METHOD

(Underscored numbers are sample calculations.)
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TABLE CI.— CONSTANT FACTOR REQUIRED FOR THE

CAICUIATION CF ALp(v,u) FORm =M= 7
; 3 : K1 K> Kg | Ky Ks

T e e R & o g BT R

1o 3/neR | L/n | 2§/nERE L 0
1 |0f 13,1406 0.5198 | 1.082k | -13.6610 | ~0.0396 |

% ®. | .5412]| 1,082k | o 0
2|  4.6125| .6131) 1.082h: 3.9992 1329
37 184771 .7653| 1.082hk; 1.0823 Jake
|3

2 o] -3.h1b1| .5858| L.hak2 | —4.0000 | —.1716 |
| 1| -4.6125| .6131) L.hake| —5.225h ) —.1329 |
2 o [~ tomal A.bakEy © 4 @ g

3] 3.0826 L JOL76] 1.Mak2 i 2.1650) .2977
o | 1 } |

3 10f -1.6200| .7232 | 2.6130 % —2,3432 | —.Lu6k
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TABLE I.- COMPARISON OF THEORETICAL AND EXPERIMENTAL VALUES
OF LIFT-CURVE SLOPE AND SPANWISE CENTER OF PRESSURE

Wing parsmeters Lift~curve slope der/de (deg ™)

1

A | AR H. ’ Falkneri Mutterperl éWeissinger; Experiment | |
| ! -1
5.2 |2, 9910 ~76 0.0419 0.04C05 | 0.0450 ? V.ouze ;
—29.6 {b.45| .bo5! 0573 | .06 | L0585 ;  .0580
.9 |bb7: k2| .0633 | .0632 .06k .vo60 [
31.0 |h.66 k2 0638 0615 |- JO63L % 0668 |
k6.h |3.450 M1B| .050 ohg5 i .oko | ,0538 J
L " H .
5 Wing parameters Spanwise center of pressure, fep k:
A ; AR 3 A J. Fallmer| Mutterper E‘,-Teissinger' Ixperiment J'
! l
~1L5,2 2, 99: 0. 176 0.398 0.385 | 0.399 0,401
y -29.6 jh.hBZ 405|408 362 | .ho3 L20 ‘
9 b7 .549' 229 A26 | L25 433
| 31.0 14,66 b2, h39 A3k RIFTY RV
4 P b6k §3.h5{ .hlul RIS 438 RV 1450
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FIGURE I.- THE MANNER OF CONCENTRATING THE
VORTICITY FOR THE METHODS OF FALKNER,
MUTTERPERL AND WEISSINGER.
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