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SUMMARY

An investigationoftheproblemofthebuclddngof-01 simply
supportedt&si& andccmpres=ionmemberscmnected-byequallystiff&d
equallyspacedelasticreflectionalspringsismadeas anapproximation
to thePoblemoftheeffectoffinitestiffnessofribsand.tension
surfaceonthebnclilingloadofthecompressions’mfaceofa wing. Charts
relatingcompressl.~bucklingload,reflectionalspringstiffness,audthe
ratiooftheflee stiffnessofthemetiers– forthecaseofequal
tensionandccfmpressionloads– aregivenfortensionandcompression
membershavingtwo,three,four,andan Infinitenmiberof spans.

INTRODUCTION

Znthedesignofaircraftstructures,thecalculationofthe
compressivebucklingloadofthesurfaceofa stressed-skinwingis
important● Forstiplicity,thetensionsurfaceofthewingcanbe assumed
to be equivalentto a rigidfoundationandtheshearwebsandribsc= be
assumedtobe equivalenttorigid supportsthatdividethecompressionsurface
intosmallpanelssothatthecaq?ressivebucklingloadofthewing
surfaceisthebucklingloadoftheti XWELS. Actually,however,
theshearwebsandribsandthe.tensionsurfacehavefinitestiffness;
tkrefore,thebucklingloadofthecompressionsurfaceisreduced
becauseofthe~flectionofthesupports.

TheeffectoffiniteribstiffnessonthecompressivebucKLing:Oad
ofa wingsurfacehasbeeninvestigatedina rnmberof~pers. (See
references1 to 6. ) h thepresentpa~r anapproximateiontotheproblem
ofconsideringtheeffectofthefinitestiffnessofboththeribsandthe
tensionsurfaceonthebucklingloadofthecompressionsurfaceofa wing
Ismadeby investigatingthebuclilingofparallelsimplysupported
tensionandcompressionmetiersconmctedby equallystiffandequally
spacedelasticreflectionalsprings.(Seefig.1.) An ex2actRayleigh–
RitzanalysisofthisproblemisgivenIntheappmdix.
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SYMBOLS

distanceparalleltomenibers

deflectionofcompressionmeniber

deflectionoftensionmetier

nuniberof8=

lengthletweensprings

flexuralstiffnessofcompressiunmeniber

flexuralstiffnessoftensionnuuiber
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r _ (EI)ry
(J@

‘c criticalcompressiveload

‘T loadappliedtotensionnmber

Jc=v(EI)c

‘c

Wc

c

s

nobnsional.

nondimensional

lmcldin@oadparameter

tensio*loadpxrameter

o“)F@

(m~

(I7+(EI)T

deflectionspringconstant,forceperunitdeflection

nonU339nsionaldef10ctiona143prMiffness

()CL3~ter (EI) ,
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integers

integerdefininglocationofa spring

numlerofbuckles

RESULTSANDDISCUSSION

ITondimensionalchartsarepresentedasfigures2 to 5 forthe
bucldlngloadofparallelsimplysuppofiedte~fonandcompression
membersconnectedby elasticdeflectionalsprings,formemberswithtwo,
three,four,andan infinitenumberof 8- andforequaltensionand
compressionloads.Thebuclilingloadcanbe obtainedfromthesefigures
whentheflexuralstiffnessofthetensionandcompressionmembsrsami
thereflectionalspringstiffnessarehow-n.Thecurveswereobtafned
fromtheexactstabilityequationsderivedbytheRayleigh4/itz ener~
methodintheappendixforthemoregeneralcaseofunequaltensionand
compressj.onloads.

Thefi-s showthattheeffectoffiniteflexmralstiffnessofthe
tensionmemberisto increasea~eciablythereflectionalspringstiffness
necessaryto attaina givenbucldingloadabovethestiffnessrequiredwhen
thetensionmeniberisinfinitelystiff.Themadmm loadattainableis
theloadforEulerbuclilingofthecompressionmmiberwithnodesatthe
deflectional-springsupports.

Thediscontinuitiesof slopeofthecurvesoffigures2 to 4 correspoml
to suddenchangesinthebucklingmode. Tensionandcompressionmetiers
havingtwospans,forinstsmce,buclilefirstwithonebucldeuntila
limitingvalueof springstiffnessisreachedthenbuckleintwohalf+aves
witha nodeatthespringsupport.Thecurvesformembershavingan
infinitenuniberof sws (fig.5) aresmoothbecausethebucklingmode
changescentinuously.Curvesforthecaseofa tensionmetierwithinfinite
flexuralstiffnessareidenticalwiththecurvesofreference7 forcoluums
onreflectionalspringsalone.

IneachofthefiguresthehorizontallineisthecurveforNer
bucklingofthecompressionmembertithnodesatthespringsuppotis.
Becausethesupportsdonotdeflect,theloadisinde~ndentoftheir
springstiffness. Thevalueofthespringstiffnessattheintersection
of thehorizontellineandthecurvesforbucldingofthememberswith
deflectionofthespringsuppotisisthereforethemaximumvaluethatis
neededinanydesignbecauselargervaluesof springstiffnessdonot
increasethebucklingload.
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IILus~ ImAMPLE

Twosimplysupportedmetiersareconnected
intermediateelasticspringsandarerestrained

lMCATNNo.1823
.

bythreeequallyspaced
againstdeflectingout

oftheplaneofthesprings.Eachmemberconsistsofa ~-inchby 5-inch

%y &-inchsteelanglehavinga momentofinertiaof10 inches4an~a

len&hletweenspringsupportsof120inches.Theconstantofthe
intermediatespringsis8000pounds~r inch.Onemetieristo carry
a compressiveloadandtheotheristo carrya tensileloadofequal
magnitude. In orderto determinetheloadsca~bleofbeingcarriedby
theexistingstructure,thefollowingprocedureisused:

By useofthecurveoffigure4 for
(EI)~
—.1 andavalueofthe
(m)~

deflectional+--stiffness parameter

*= &)oox 1203
(EI)~ 30x 106x 10

the

The

buclding-load

equal
structure

tension

= 46.1

Parameterisfoundtobe

PCL2
— .8.9
(E1)C

andcompressionloadsthatcambe carriedby the
arethereforeequalto

PC = 8.930 x 106x 10
1202

.

Ifthetensionmmiberwereinfinitelystiff,the
thecaqressionmeniberwouldbe increasedto theload
ofthecolumubetweenspringsuppotis

buclilingloadof
forNer buclding

..-.. :—.--, —e- --- - .—z
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fi2
‘c‘Kg185’M0

= 205,600WI@

andwouldremainatthatvalueifthespringconstantwerereducedto a
valueas lowas

c 33*7~
= 46.1

= 5850poundsperinch

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

LangleyAirForoeBase,Va.,January4, 1949
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APPENmX
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DEKCWWIONOFTHESTABIHTYCRITERIONS

A column,mib~ectedto a compressiveload I’c,is stabilizedby
equaUystiffand.equallyspacedelasticreflectionalspringsthatrest
ona membersubjettedto a tensionload PT. (Seefig.1.) Whenthe
columnbucklesthestructuredeflectsasa unitbecausethebuclilingof
thecompressionmetier,ingeneral,causesthesupportingspringseither
to compressorelqte; thusloadsaretransmittedto thetensionmertiber,
anditi6alsocausedto deflect.Thecolummbudlingloadisfoundby
choos~ Fourierseriesto representthecleflectioncurvesofthetension
andcompressionmembers,expressingtheener~ ofthestructureinterms
oftheunlmownFouriercoefficients,andminimizingtheenergywithreswct
to thesecoefficients.An imf~te setofequationsisobtainedandis
solvedby themethodusedinreference7 in whichthebucldingloadof
columnsonequallyspacedd.eflectionaland-rotationalspringswasobtained.

EnergyI&pressions

I& thedeflectioncurve
Fourierseries

Yc

ofthebucldedcolum

11=1

andthedeflectioncurveofthetensionmetier

Then,theenergyofthesystemconsistsofthe
ben&g energy-&toredin&e bucldedcolumn

by

be denotedby the

(Al)

(A2)

folJxnd_ngcomponents:The

ax

(A3)

1’
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andthebendingenerg storedinthetensionmxnber

TIEenqg storedin

Theworkdonebythe
togetheris

The
the

that doneby the

workdoneby the

thereflectionalspringsis

.&[Ye-YT)X=M]2

N-1 m
c=-
2X[E&l n=l

2

7

.

(A4)

(A5)

compressiveloadinmovingthetwoendsofthecolumn

tensionloadIs

?cj’T)d~T2
‘T =-— ax

2oiF

(A6)

(A7)

tensionloadisne~tiveinasmnohasthedirectionof
shorteningofthetensionmmher isoppositethatoftheload.

-—..._ ._. . . . . _ ___ ._. .. . .. _ . . . .. —,— —-—— —— .—-..— —.
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The~tentialenergyofthesystem.isequalto

F= VC+VT+VS-WC-WT

whfch,frm eqwtions(A3)to (A7),is,sftersimplification,

~ = *4 (m)c
T (NL)3

(A8)

Minimization

The buddingload may 30 foundby
undeterminedFouriercoefficients~

~zb$ F’withrespecttothe
and tin.Then

(n=l,2,3, ...)

a
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Equations(A9)and(AIO)~be cmbinedto give one set of equations with the coefficients

the unkmwns:

~3~
(%1-bn)+~

[ 1“’-iw’’+mwi ‘%-%) ~“”s’%sin%-o

(n=l,2,3, ...)

e~ept when ~ = b=, In whioh ease

‘4 - () ()~2n2. n4+ $2n’-0 (Al’)

(n=l,2,3, ...)

SerieA$om Stability Criterions

The stability oriteriom may be obtained from equations (All) by the application Of the method
of solution of reference 7, simplified a great deal by the mission of rotational springs. The
criterions so obtained are
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Howvver, when

both members
stiffness ie

(
[ i2($-y-[ 4
2(6 -!-1) – 1)2(a+l)~# “

‘1
1

:=*

(A13)

(q=l,2, . ..1)l)

(q= N)

have equal deflections and, therefore, the springs are not compressed edtha Bprimg
indetermlmate.

(I!15)

~uationa (KL3)correBPd. to buckllng in q buokles pruvided that q is less tti the number of
s-. Equatim (KL4) is the Euler bucld-inglead for buc~ing of the colunniIn N waves tith a
node at eaoh a@W3 ~PPfi. E~uatiOm(A15),whichwereObwtia frm equations (AM),

P
o
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correspondtothecaseinwhichbothnmibersaresubjectedtotheir
res~ctiveNer bucklingloads..

Closed-IbrmStabilityCriterions

I-1

The seriesformsofthe
be putintoclosedform,and

r
1 I 1--

stabilitycriterio~.(equations(A13))may
theresultis

sin~ 1

1-

1

[

1
+= +

(x‘L 1 ~)—Cos 7r-
JT Iv

L

1-

(~=l,’, . ..1)l)

Equations(AM), (A15),and(JU6)constitutethecompletesetof
closed-formcriterionsforthestabilityof-el tensionandcompression
membersconnectedby elasticd.eflectionalsprings.The
foranygivenvaluesof /

S andL~ Isthe onewhich
valueof L/jc.

correctcriterion
yieldsthelowest

EquslTensionandCompressionLoads

Whenthetensionandcompressionloads~ eqti”,whichwouldbe the
caseifthestructurewerean airplanew@ subjectedto a bendingmoment,
the

1—-
S

stabilitycriterionsbecome ,

(q=l,2, . ..1)l)

..—. .—---- ——-— -—-- ——-- —-—-—.--------- ——— -------- ..--- .——— ._--. .—_ ._. . . .
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A stabilitycriterionforthecaseofan infinitenuuiberofequally
spacedspringsmaybereadilyo%tainedas inreference7 by expandhg

equation(A17)endmimdmizingtheresultwithrespctto # thisprocedure

gives

(A19)

Substitutionofequation(KL8)in equation(u7) @eld.s,aftersome
simplification, .

.

(A20)

.

Equations(M.8)and(MO) arethestabilitycriterionsforthecaseofan
infinitenmiberofequallyspacedspringswhenthetensionandcompressim
loadsareequal.

w

—-— . —-,.. .-,



NACATN No.1823 13

.

.

1.

2.

3*

4.

3.

6.

7=

Timoshenko,S.: Theory
1936,PP.378-380.

of

RE-3ERENCES

ElasticStability.MoGraw=HillBookCo.,hlC.,

Lundqufst,EugeneE.: OntheRibStiffnessRequiredforBoxBeams.Jour.
Aero,Sci.,vol.6, no.7,tiy1939,pp.26H77.

Ratzersdorfer,J.: RectangularPlateswithStiffeners.Airoraft
-eri%, VO1.~, no.163,Sept.lg42,PY.260+63.

Cox, H. L.,andSmith,H.E.: TheBuoldlngof.a ThinSheetTransversely
Stiffened.Proc.IcxMlonl&th.Sot.,ser.2,vol.k8, 1943,pp.27–s4.

Budiansky,Bernard,and.Seide,Paul.:CompressiveBu.oKlingofSimply
SupportedPlateswithTransverseStiffeners.NACAT’NNO.1757,1948.

Gomza,Alexander,andSeide,&ul: MhbmmA#eightIlssignofSimply
SuppwtedTransverselyStiffened”PlatesunderCompression.NACATN
‘No.1710,1948.

Budiansky,Bernard,Seide,Paul,andWeiderger,RobertA.: The
Bucklingofa ColumnonEq@.lySpaoedReflectionalandRotational
springs. NACATNI?O.1519,19k8.

---- .—. ---- .— —. . . . — ———— .. ..——.— ---- -—..—— -.. — .... . . . .... . ... . .. .



—

P
4=

:.!

I

s Flexuml sfiffness (~T.)c
N,

g—+—

Oeflectiond spting c
constant ‘+ ‘%=$”

c

q.+—+—
I

“+%’z Fiexural st”finess (E1)T
I

Figure 1.- Parallel

NL, . k w
l-,

te~lon and compree~lonmembers oormected by eladio reflectional eprhiga.
I

I



I

I

I

I

i

&
(E;,

8

4

I I I I I I

L5.
I

I I I I

@_LJ—LJ_L
o 20 40 60 80 100

~

(EI)C

TigU3?e2.- Stability curves for equally loaded tension and.ccqreasion members having two spana.

(



I

I

I

“1 11// I \u L

Y
I

.5

* I I

I I

I -1

-=5-=-: ,“
o~ 1 I I I I I I I I I

20 40 60 80 100

Ix
(EI)c

mgure3.- Stabillty ourves for equally loaded tension end compressionmmbera having three spans.

> . 9“*



I

‘i

I I I I

I

8

4

.0 L
20 40 E

I I I I

I I I I I

3 80 100

Rlgme k.– Stability &m’ves for equally loaded tension and compression mmbers having four spans.



1,

I

I

i2- 1 I I I { f I I I I I

—.3

I I I I I I I I
20 40 60 80

Flgwre5.–fiabili~ curves for equally loaded tension and compressionmgmbers having an infinite
number of spanE.

I

t a

/

* e


