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NATIONAL ADVISORY COMMI'ITEE FOR AERONAUTICS 

TECHNICAL NOTE 2036 

CHARTS OF AIRPLANE ACCELERATION RATIO 

FOR GUSTS OF ARBITRARY SHAPE 

By Bernard Mazelsky 

SUMMARY 

The equation of vertical motion for an airplane flying in gusty air 
is simplified in order that its solution is a function of only two 
parameters ~ namely ~ the mass I6rameter of the airplane and the shape of 
the gust the airplane is penetrating. The solutions of the equation are 
presented in the form of charts that can be used for estimating rapidly 
and easily the acceleration ratios encountered by airplanes with 
different mass I6rameters penetrating a sharp-edge gust~ a gust of 
arbitrary shape ~ or a triangular gust. 

INTRODUCTION 

For many problema of gust loads it has been found practical to 
calculate the loads as if they were for a rigid airplane restrained in 
pitch under the action of the gust. Although previous investigations 
have presented solutions for I6rticular mass parameters and gust shapes~ 
they have not been found sufficiently accurate. In the present paper 
the equation of motion has therefore been solved for a large range of 
mass I6raIneters to obt ain charts of airplane reactions to specific 
gusts and to provide a means for obtaining loads on airplane wings for 
arbitrary gust shapes. The charts presented are based on two
dimensional unst eady-lift curves and a numerical solution of t he 
equation of motion. 

SYMBOLS 

slope of wing lift curve ~ per radian 

p mass density of air~ slugs per cubic foot 

v forward velocity~ feet per second 
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airplane weight, pounds 

area of wing, s~uare feet 

mean aerodynamic chord, feet 

acceleration due to gravity, feet per second per 
second 

penetration into gust, chords 

increment of s used in numerical solution 

normalized unsteady-lift functi on due to penetration 
of a sharp-edge gust 

forcing function in recurrence formula due to 
pentration of gust 

normalized unsteady-lift function for a unit change 
of angle of attack 

transformed unsteady-lift function (1 - CLa.( s)) 

U gust velocity, feet per second 

H, Hl , ~, • • • gradient distances of gusts, chords 

mass parameter 

611(s ) load-factor increment 

load-fact or increment as computed by the gust-load 

p ~ max 
( 

dC1vsu ~ 
formula 2W 

acceleration ratio 
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(: (S)) 
S seg 
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Subscripts: 

max 

m 

1 

acceleration ratio for penetration of a 8harp-edge 
gust 

integral of acceleration ratio 6il/6ns 

maxllnU1Il. value 

integer denoting m increments of s in recurrence 
formula (s / 6 8 ) 

denotes point at which solution applies 

DERIVATION AND USE OF CHARTS 

The following assU1Il.ptions are made for stating the equation of 
motion: 

(1) The gust velocity is uniform across the span and parallel to 
the vertical axis of the airplane at any instant. 

( 2 ) The airplane is in steady level flight prior to entry into 
the gust. 

( 3) The airplane can rise but does not pitch under the action of 
the gust. 

(4) The airplane is rigid. 

(5) The lift increment of the hori zontal tail due to the gust and 
the airplane motions is negligible as compared to the wing lift 
increment. 

The following equation for describing the vertical 
airplane 1s written in terms of acceleration ratios: 

motion of the 

3 

OO(Sl) ' lSI d(~(S) ) 1 loSl 
--- = CL ( 81 - s ) max ds - - CT (81 

OOs 0 g ds ~g 0 ~ 
s) 6n(s) ds 

Ms (1) 

The first term on the right represents the f orce due to the gust and 
the second, the alleviation due to the vertical motion of the airplane. 
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The values of the load-factor incr ement 6ns and mass param

eter ~g may be obtained f rom the characteristics of the a irplane and 

its fl ight conditions by the f ollowing equations: 

and 

dC 
p &tvSUmax 

2W 

2W 
~ = ----

g dC 
p ~cg 

do. 

Sharp-Edge Gust 

(2) 

For a sharp-edge gust (fig. l(a)), equation (1) can be rewritten 

(4 ) 

Equation ( 4) has been solved by a numerical method according to 
reference 1 and the solution is written in the form of a recurrence 
f ormula. Utilizing the procedure in this reference and making sub
st itutions for the unsteady-lift functions gives the numerical solution 
of equation ( 4 ) in recurrence form; thuB, 
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where 

F = CL (m) = CL (8) 
m g g 

:sn = Im-l + ~ ~(6n~ + 19 (~) - 5 (Cl!L) + (6n) J (6) 
2 [Ln~ m . Ln8 m-l Lna m-2 Lns m-3 

K3 = . K 1 6s (4A 1 _ 19 ) 
~g 3 24 

(7c) 

Kl 6a (-2 ~) ( 7d) K4 = + -
Il 24 3 

g 

= Kl 6a (
4A3 _ ~) 

Ks ~g 3 24 
(7e) 

~= 
26sK1A4 

( 7f) 
3~g 
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and 

( 8) 

Equat ion ( 5) is evaluated for a range of mass parameters f rom 10 
to 100 and t he re sults are shown in figure 2 . In the calculations j the 
unsteady-li f t functions derived for the two-dimensional wing are 
assumed t o be made a pplicable to the finite wing by replacing t he slope 
of the lif t curve for the two-dimensional wi ng by the slope of t he lift 
curve f or t he finite wing. These unsteady-lift functions due to 
penetrat ion of a sharp-edge gust CL (s) and an instantaneous unit 

g 

angle-of-e.ttack change Cltx, (s) for a two-di mensional wing were normalized 

from t hos e given in reference 2 . 

Although equation (4) can be solved in closed form by means of 
operators , t he solution is unwieldy and the numerical method was 
adopted f or ease in computation. 

The inaccuracies incurred in the solut i on by the numerical method 
are pr i nc ipally a f unct ion of the mass parameter ~ and the g 
incr ement 68 . For high values of and small values of the 

accuracy of the calculation is increased, conversely for low values 
of I-Lg and l arge values of 6 s the accuracy is decreased. When the 

recurrence equation was evaluated, the value of 6s was appropriately 
changed f or the r anBe of I-L g considered . 
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Arbitrary Gust Shape 

In order to calculat e the response to an arbitrary gust shape, the 
response to a sharp-edge gust may be used as an indicial response with 
the gust shape as a f orcing function in Duhamel's integral. (See 
reference 3.) Thus, 

Various methods are given in reference 4 for evaluating e~uation (9) 
numerically; however, if the forcing function consists of a series of 
straight lines, e~uation (9) can be modif ied by the following procedure; 
For a linear disturbance star t i ng from s = 0 with a slope l/H and 
extending t o infinity ( fig . l(b)), e~uation (9) can be rewritten as 
follows: 

= ~ rs 
(:(s).\ ds 

Jo s) seg 
(10) 

This e~uation can be evaluated f or different mass parameters by merely 

integrating the function (oo( s )) for different values of mas·s param-
,6ns seg 

eter and multiplying the r esult by the constant l/H. In f igure 3 the 

integrat ions of the (6n(S)) responses are given f or a range of mas s 
6ns seg 

parameters. When the ordinates for a curve are multiplied by the 
slope l/H, the resulting response is the solution of e~uation (10) . By 
superposition of a series of f unct ions of t he type given by e~uati()n (10 ), 
this approach may be extended to predict the responses to disturbances of 
t he type shown in figure l( c ) where the disturbance is composed of 
straight-line segments . Figure 3 is used to evaluate this response by 
t he f ollowing steps : 



8 NAeA TN 2036 

(a) Evaluate the f ollowing i ntegrals in a manner similar to that 
used f or e~uation (lO)J with the aid of figure 3 : 

..1..I(s) 
Hl 

LI(s) 
~ 

(11) 

-1..1 ( s) 

~ 

..l..r( s) 
H4 

(b) Superpose the time histories obtained f rom step (a) so that the 
disturbance function shown in figure l(c) will be formed by the addition 
of the slopes 1/H1J l/~J l/Hy and 1/H4 o Note that in the course 
of thi s superposition J the functions corresponding to the slopes 
l/~ J 1/H3 J and 1/H4 must be displaced by the intervals Hl for the 

slope 1/H2J Hl + H2 for the slope 1/H3J and Rl + H2 + H3 for the 

slope 1/H4o The f inal response for the disturbance shown in figure l(c) 

may then be obt a ined f rom the following e~uation: 

+ -1:..r(s - Hl - t1- - H ) - -1:..1 (8 - Hl - E2 - H3 - H4) (12) 
H4 -C 3 H4 

J 
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Although equation (12) appears very lengthy, the actual 
computations are relatively simple since all the integrals for a 
particular mass parameter have already been determined (fig. 3). The 
values of each integral multiplied by its appropriate constant can be 
tabulated in separate columns displaced by its corresponding interval. 
The addition of the elements in each row of these c olumns will determine 

the final response 

Triangular Gust 

Since the triangular gust shown in f igure l(d) was used in many 
calculations, a chart was prepared for this specific shape. The 
response to this type of disturbance for a range of mass ~rameterB ~g 

and gradient distances H was obtained by the method previ ously 
described for gust shapes approximated by straight lines. Plotting the 

maximum values of these responaes (~s~ 

~g as a parameter gives the chart shown in 

as a function of H with 

figure 4. As a matter of 

interest the values of 16n) are plotted as a function of ~g 
~6ns max 

with the gradient distance R as t;he F6rameter in figure 5. When the 
mass parameter of the airplane (equation (3)) and the gradient distance 

H are known, the value of (6n) is readily obtained directly. 
Ms max 

Evaluating Ms by equation (2) permits the value of ~ in a 

triangular gust to be determined from the acceleration ratio (M) 
M s 1Il8.X 

CONCLUDING REMARKS 

The simplified equation of vertical motion of an airplane has been 
solved to obtain charts of acceleration ratio for different gust shapes. 

9 
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The results permit t he rapid estimation of maximum acceleration ratios 
for gusts of arbitrary shape . 

Langley Aeronautical Laboratory 
Nat i onal Advisory Committee for Aeronautics 

Langley Air Force Base, Va., August 1,1949 
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Figure 2 .- Acceleration rat i o for a wing penet rating a sharp- edge gust for various mass parameters. 

f-' 
I\) 

~ 
r3 
~ 

I\) 
o 

lAJ 
0\ 



L 

I 

~ 

iLl, I ·~. r. ~ . ,ll
r
.M. j'! 

f1 ~ . ... , . 
.. .... 
ffi 

''ij '" ~O .' h 

I tb l ~ III $~~ 
J1 

r~ 

lit ~. 

~ 

R·· ··""t
OC 

.. 
'
? 

~:t.F···+ 

~I~ 
LtL~: 1±J1 

~ 
36 

lJt 
l'l' 

1,;ttI:1tJ<itI · r.::r I I I 1"\!itl ,*,U!:I J,.c I 'I "I I I ' 1liL': 1 + ~£1a"'1 " r~tlli~Ld*l J-::+-
I I I I J 1,1 1 Jl!mIIll l l I .I 1:t:lf " I I .:u I : ,. ? 11.' ~ ""~ ";: r-' - -If ...._<- ,·lIt ,/;" 

ri,L '!±!,mJiflilll ';r ~' I IID lifL 11Ii ' ill< m. iiifi rnl !"" , ;;; "f "" -::< Fc 
iIlIii!I f';tl!i±t <It' '4ii > 1;4i m ,./ ''l!::j1 v~ ,Il _. P¥ 'Il ,' ,.."i !<= :tt 
' II ~ •• ~ ~ i~~~I~~? W ~~ " ~~ .~ ~~~ ~ 

'" 1;11," ,omlllfl l-5" "f '" " ,~ ' ,J' ,;;o : em ",," . 
l..ii" I,ll" "Il'mlim!· ' iJ"dlli ' ~ l' IWl , II" 

<- 'f' I I.l Elf li$ ffi;<ili !l 1+,.:'- kif ' :;..- '-jj "P- 1lJI! ~ 1l' k 
t\t1 J~lH! ' ":if 'l# filJI;ji,J , IJt if"" 

JOO 'If ~!l 1*' 7 • .Jl:i fil" . p<J; ~ . it!. II -'" It' I¢ -, .E . ...:.-" - '" 
lkf Tfll iltliflll:m If: 'fl ~ tt I!ll'; " '" i$i IffO l!ffi 'l',;dillllalll 

, .~ " >i :2lRlY.. ' V ,,; k:i it;, w.- .... ~ ;tt it ,'i$' :;;;.. ji ... tl;'1';;10' 

."-1 

1'ffiJ1'1j 

r.:llll ~ it lit J!!. ~ j ' Gj£ , ,Cj1;. " 1m " en m:: en 

~I I; I.l~~ !~!! ~ 'i??r2?2:::'~~======J!=:~::='iJAA "" 

-
~I!I.1 I " r-T'l .r 1'1 I.,. Ii;, 

1 1iii~ ~ § ill Il!, 
1llll lll' I!il '!ft:4 I , ~" 
~ .. = C7 

~ 
!llliH'1:tr ¥ ~el~~rll 

'If ifl ll .miiW;t;' 
.~ '~1t 'ltl!!lr:ffi!lliiijlfllllj:mJiIj: 

·1It1:t. l. 
~ I " Ir/:"mIW I~ 

jJf", 

o ¥-

~ ",lillilll:lill1· 

"14\IJI J +,r 

8 Ie 

~ 
,I~ 

, 16 

I ;tJd~Jij!j 'tL t J'iiJ 'flmrt1Ui1~J.Jl L'ii l_ 

cO elf t.8 Je J6 {<O 1;. Lf tKJ 5c 56 60 
s 

Figure 3·- Integration of acceleration r atio f or a wing penet rat ing a sharp-edge gust f or various 
mass par8IDeters. 

S; 
~ 
~ 
I\) 
0 
...JJ 
0'\ 

f-' 
W 



.3 

,~ 

~1lI 1 tf1 ~lm' -wmi ffi -lif .,.. ~ "11 ~r.1 .. " li ','I! rn ,"'- " 1;1!' i l'cjij:> , 1-0 . " 1 . j·.m mg:wl'fl!k F - r
tt . " ,- " • " _," • '!" ," ~ "" T' \; '!T ~ .• r~. " . 15< r :i"-t;.tI 

L I:Iii til '-'"' If'" It! f'fI '" 1m ""liIirw" », ., me '" ,,,"' . r _ ~ . _ '" '''' if - I " 

rt-J--t--l---'U v' / "' ~ , . ",' ~ "'. 'w . "" 
17 '" . H-'~ ' "' " 

'/ ~~ -I'I " "'" ~ '" - ., ~I--' • 
r-'4'4-- + +-1 -li-L_.L7/1'''-/h\!\~ '" _ ~n; ~ . "' f- I-- , ~ r-~' ''''''"'" - .' '" ' e, , ~_~ . -'I-- ' ~ • ,... F= ~ -~I--
f- "'" / ~h. ' hI.. , - - . I- i<!" lilt ' ~ ii. 

11'/1 • ""I- CO '" .," , I:i>", _,. R ,"" '" ." " I'l'~""~ 
I-- :I;,y ,,;... +Ii r;.;,' _ .. ' 1- '" R ,.' -, m ~f- _ "' ",r 

J- _ ~ '" ~ "'- """ 6. hi '" ~ " ~F= 
[ElftlltH4t~I'->.~E~k'9 ~tr-..~·"=~rJ=ft@:li q 'frtl ffi1 rn III Ii!:. if I'- h-r ' §1; b ul.. ~ =E9++i=Hjl€E@i~' ~'~~kl]'a~~[EE~~~' L#' '* 1'-"= -t1 ' r,,-,::: . ". -I--- -- ~ ~ r/ I'll< f' " '" ; , 1m """ '" k'hl' .,11+ " -4h,;.:; ~, t: • "" .11''' _ . ~i.l1 • . ,." ... . h " ." FO~!;;;-. 

I " " "" ."' I!f # 1111'<. " . '" . "':"'" h =t< iM k 1ll "' ~11 '" "-. FE " 'it' . '. -;1'," 'f':li@<~: Jjjm!lliJi Pll. ,.1-.. '] -i'-r-k~-
,- ' " "':." '.~ " lI!! '" I.e , "'l5 '" '" " • r • 
I- I ... _. ttl '" h 1-\' -iii 1-:-; "+ T 1m l ;';t~lf:I fi 1m I-- r;;: ~,. • ~ IWI" jj ''l,j;;t~'', ~i:'bF" "'" II'''@' '" '. I--J I"! .,.111.' " '~ '" n~" " .. 1'-1- "'. Ril>'~ 

3 

Hi·· " """'1 ~l.!:. 1m, .' ,.,. 11 --
1 • - "" ,. ~ " ,. ~f- " ~~k ,*' ." . - '.11'. '" 

_ ,; . " . '" IZ' 

" ' C '" • ,," "" F . J'fii i~ ,;1; 4 - r--

1';& c; 

,. , .c' ., '" . ~ . . ~ . ' . . ,. , ' " . ' , " ., ~ 
_'- "', I!:!*[J£ 'TJi' -II" .' ' '. ' ~ ,.' '" _ '. . .' "''''' .", • '" ' ,,,' . ' " . - '~ '~ ",.""~",, . "'-' ~ 
" . , ,." ".1>; ,.'" c 1111'. i., -'j; n, ~,-+ j ,..: ;' l'il "1' ,,'-: J'93 -;jj" § ~.i!'Ii,r~ - n" 'l!li j:lt 

0

"-"",,;; , I •.. ,," ~'." ..• """, ,,, ,,"' " ' ~ '" ""', •. = 'J ml--". . 111:1, - ".<" ~ c. _."!i '" "" ~ 8 It 16 """'"" ~ I "ii' ,,,,,,,,,,",, " . , .,' III . ~ !it '" ; r-eO _ -0, "' I 1"if ~r,;;-'~=WL 
I . f', I,.:Tl--:p:rr- ' !:..j1S <'r 

10 

.9 

. 5 

.8 

~) .7 
s mq>( 

,6 

.1;-

.c. 

./ 

H 

Fi gure 4.- Maximum acceleration ratio for a triangular gust as a f unct i on of gradi ent distance . 

L ___ _ 

f-' 
-F 

s; 
~ 
t--3 
2\ 
ro 
o 

lAJ 
0\ 



f 

z 
> 
(') 

> r. 
" ~ ~ 
II> 
'< , 
r 
'{' 
g; 

g: 
0 

, .1 . T :1-' d,. * Ilmlt:r. ' ~ '±ij 

.8 _,- t1 d:t 

:t ~ '1. f Iret 1 1J:l _ 
~~~'-+-+~--r~+-+-~~~-+-+-+'~ 

~ ~~~~ ---~ 
_1--1 -- __ ' ", ~~r-,:t ~ _r-'-'i"'"' 

.7 ~ ~~/ _V ~~r- 4~~ 
........ ..-:~ /~' . V .....-v t..; t- :fk-~ '. df ~ 

111 /v /" /' ..--; " V...... vrr'" .J:!; • 11:, < tii-
/< V ~ "it 'l Vi '~'ttt~ ; tl ~I'" h iW I Mi@iM'''tfi! ± tt 

6 
/~I) V / j -<"" v ., / t. 

/ 1:1 / . /' - V fl, ~ 

V /~ 1 ')/ / / '" '1 i ~ 
[1' n .d. ~ .' / ' ... "t Itr'. + Ii+.·t ~r/ / T i" tIl' ~ ':tIl ~ 11+1=\= 

·4 

(i1)nx.v .4 

/ / 1/ It' / / .. ,i+ ft tj,,: '" "1:" '~ . .:1 ,,::I. ,':1: 7L ~' :1 tt lr ,_ J' j t'i' :.1-J_' t:t 1 

1 V :L / / ,H: t I, j ,11f ,1 '# I~ irnJ llif l!Tb ~ ~i u1fFP lfif* It;f-~ 
/ t t1 t, • ( .. 'fjij 'E' : alJ; ,t J!Ii ct' l:l 1 

I V 51: / if t F~ It! i: i ,.it 1 ~,I+I1tIf;:h It' i,. ,it! i:I;" ~4 t1rl ,., a 
/ tI-',,+. '1 h ,tJ cl+h W;.wli l ihil ,'j ~ l r· ~ 1 ,~ ,b;jl +;!. 

I , / ' , '. f I 1 1 ~1 , "':[ ~'H-til \ 1 IIhl '/li 1:!'+' ~14'. ltM-t ttl JirnH t,:' 1'1ff' 01 ~ 'Hi" hil , 

F 11 f 1 r"l1H' 't ,jf r!1 ct t ;1' 
1 . 11 t!~ of l' i .l:fCr~) '";<, {~ ,1" ' 1hl¥ 

. .3 ~ le, I :t:t iit l'+?l ::: ,f E 

fOf" i:1 if:l 11" 4+ I!:lth 1'ffi i U ~ tj fi If 
1, i~ ,j ~t if1:p t-2,- ,'n fg ft1g* '. ~ ""~ ; 'it', I' 

I' , Ii b, ,'1 £:1,'"iJ i#,4 i ~!t f li'1ittd / J m ~~' Im :'r \ )·1ffu ftl-e r q l} 
r , II 1, 11 . W fnl1';ttlit f~,r':: ,y ttt . 'I~ ~ Ilt' I 

';'1 ,T fIl r , I - iiltl ~ < . f1=I.. 4111:1:1 .~ • tilt . l'i't, C 
I--t-~ . t1 , - :tt± I t -> ~ 

-r" ":1 I' Il'F 'I' ,M t''': 4R litl ,tt lltt ~F.f:f lEIl fW:I ,g,t. ;t:U - ~ll ~l iL ,i R 

.e 

f-- ,J:!J:l:tI11b 'dlfftf· 1~ I ~t!: ::1.1 :,Ij tt\;lffi4 Ifflt: !f.t.<hfjTt11 #I t-. ut,;h' l,rlI ':1:jT-ffl:iff El'frf; : 
I' ~9 !ti ff ~" ~l h,1 .' I }i" I' , It'd: li~j fI 'lU~ P ;t. ~ ti1 IfrIH#i: .1 I:T l~llH'ltl rw m itum if-, j 

H 1f'7liif lmt i-fI1it J ttl! ' .. \~, "1' 1m c t~;t, mil ' :t±f" It-:V IiH 4'f ¥i c; tIT' , Ii+! 

tt 11 ,tt f ~ ,:l :r1j j:..rt r4 I ~ he. ' '-:t ",L ~~~ ,..i Ih:t 

j 

m-: Iii< I Itht I:\.l: ,~t IEir ~ ","1 Wi .i 

i' jf! il1iHt ~ nflm ~i 'IUI ;'+< ,'" .'~ ;JtIlct· I tit ~" It* I'ffl ::}I "",r .t: w, :,; :i+ .. 

J.I. 
9 

~i~ure 5·- Maximum accelerat i on ratio for a triangular gust as a function of mass parameter. 
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