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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECH1ICAL NOTE 1981 

CRITICAL STRESS OF RING-STIFFENED 

CYLINDERS IN TORSION 

By Manuel Stein, J. Lyell Sanders, Jr.,
and Harold Crate 

A chart in terms of nondimensional parameters is presented for the 
theoretical critical stress in torsion of simply supported cylinders 
stiffened by identical equally spaced rings of zero torsional stiffness. 
The results are obtained by solving the equation of equilibrium by 
means of the Galerkin method. Comparison of the theoretical results 
with experimental results indicates that ring-stiffened cylinders. 
buckle, on the average, at a buckling stress about 17 percent below the 
theoretical buckling stress.

INTEODUCTION 

One of the problems that confronts the aircraft designer is that 
of predicting the strength of stiffened shell structures. The stress 
conditions to which such structures are subjected are shear arising 
from transverse loads or torsion and compression arising from longi-
tudinal loads or bending.. As an approach to the general problem, the 
case of shear alone was chosen for investigation. 

For unstiffened cylinders reference 1 shows empirically that the 
buckling load in transverse shear is related to the buckling load in 
torsion; therefore the present investigation was restricted to torsion 
alone. Because the diagonal type of buckles that form in the walls of 
an unstiffened cylinder in shear or torsion would be more effectively 
resisted by circumferential stiffeners . than by longitudinal stiffeners, 
the particular problem of ring-stiffened cylinders in torsion was 
chosen for study. The present report presents the theoretical and 
experimental results of that study.
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SYMBOLS 

d	 stiffener spacing (_L 
+ 1 

i,j,m,p,q	 integers 

n number of stiffener rings 

r radius of cylinder 

t thickness of cylinder skin 

w displaenient of point on middle surface of cylinder in 
radial direction, positive outward 

x axial coordinate 

y circumferential coordinate 

A j elements of a determinant

/	 Et3 
D flexural stiffness of cylinder skin

\12(l	 2) 

E YoungTs modulus 

Poissonts ratio 

I effective cross-sectional moment of inertia of 
stiffener ring 

L length of cylinder	 - 

z curvature parameter ( 

am,bm,aq,bq coefficients, in deflection function.

ITcr tL2 
k5 critical-shear-stress coefficient

L 
13

(EI\ 
y	 ratio of ring stiffness to plate stiffness 
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- Id)	 Dirac delta defined such that J f(x)(x - Id)dx = f(id) —Co 

/	 11ff I isequalto j; 
Kronecker delta ( 5jj is

L° If i Is not equal to j 

n 
npq = 2
	 sin tig 

n+l	 n+1 

half wave length of buckles in circumferential direction 

T cr	 critical shear stress 

=	
+ 22 + 

inverse of	 defined by	 =	 = w 

RESULTS AND DISCUSSION 

When the shear-stress coefficient k 5 for a ring-stiffened 
cylinder in torsion Is known, the critical shear stress Tcr can be 
found by the formula

Tcr = 

where Tcr is related to the total torque T by the formula 

T 
Tcr_	 223tr t 

Details for the theoretical solution for the critical-shear-stress 
coefficient k8 of a ring-stiffened cylinder in torsion are presented 
in the appendix. The equation of equilibrium of cylindrically curved 
plates (references 2 and 3) was altered to include an additional term 
that represents the bending stiffness of the rings (reference li. ); the 
equation was then solved by means of the Galerkin method (reference 5) 
for the buckling-stress coefficient k 5 . The equation of equilibrium 
used. applies to a wide range of curvature from the limiting case of a
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flat plate to a slender tube which may buckle into as few as three 
waves in the circumferential direction. The limiting case of a tube 
buckling into two waves (buckling into an elliptical cross section) was 
not considered since the equations give unconservative results in this 
range and the dimensions for such stiffened shell structures are not 
ordinarily encountered in aircraft design. 

The ring stiffeners are assumed to. have no torsional stiffness 
and. to act along a line in the median surface of the plate. The 
assumption of zero torsional stiffness usually applies with little 
error when open-section stiffeners are used. The assumption that the 
stiffeners may be considered to act along a line is applicable when 
the width of the attached flange is small in comparison with the 
stiffener spacing. The assumption that the stiffeners act at the median 
surface of the, plate is applicable when the attached stiffeners are 
synunetrically located with respect to the median surface of the plate, 
otherwise the assumption is conservative. 

Table 1 gives calculated theoretical values for the critical-shear-
stress coefficient and the corresponding values of stiffness and wave-
length ratio for ring-stiffened cylinders. Figure 1 is based on the 
calculated values given in table 1. The critical-shear-stress coeff i-
cient is given in figure 1 as a function of the curvature parameter Z, 
the number of rings, and the ratio of ring stiffness to the plate 
stiffness y. Figure 1 shows that, with increasing ring stiffness, the 
buckling stress of a ring-stiffened cylinder will increase appreciably 
up to a limit that depends on the number of ring stiffeners present. 
These' upper limits are represented by the horizontal cut-off lines in 
figure 1 and correspond to buckling with a node at the stiffeners. 
Below the limiting values, the buckling-stress coefficient k 5 of a 
cylinder with two or more rings is essentially independent of the 
number of rings.present. The values of ks for Z = 0 are those 
given by refereice 6 for longitudinally stiffened infinitely long flat 
plates in shear. The values of ks for y = 0 are those given by 
reference 2 for unstiffened circular cylinders in torsion. 

For the experimental check on the theory, data on five cylinders 
with enough different ring stiffeners to make fifteen combinations were 
obtained. The nominal cross-sectional dimensions of these stiffeners 
are given in figure 2. The experimental results are given , in table 2 
in terms of the parameters Z, 7, Tcr, and k5 . As indicated in the 
table, data for four of the combinations obtained from one cylinder are 
taken from reference 7. Data are given in table 2 for eleven additional 
combinations obtained from four additional cylinders, the results of 
which heretofore have not been published.
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Comparison of the experimental and theoretical results presented 
in figure 3 reveals that the ring-stiffened cylinders buckled at a 
stress about 15 percent below the theoretical values of buckling stress 
presented in this report. In reference 2, a comparison between theo-
retical and experimental results indicated that simply supported 
unstiffened. cylinders buckle at stresses averaging about 10 percent 
below the theoretical critical stress. Since this reduction, which is 
based on a large number of tests on unstiffened cylinders, is of the 
same order as the reduction indicated from experiments on ring-
stiffened cylinders, a reasonable conclusion is that ring-stiffened 
cylinders in torsion buckle on the average about 15 percent below the 
theoretical critical stress calculated by the present method. 

CONCLUDING REMARKS 

A cylinder in torsion can be appreciably strengthened by the use 
of ring stiffeners. Up to certain limiting values the buckling stress 
coefficient for a simply supported cylinder stiffened with two or more 
identical equally spaced rings of zero torsional stiffness is inde-
pendent of the number of rings present and dependent only on the ratio 
of the ring stiffness to the plate stiffness. Comparison of the pre-
sent theoretical results with experimental results indicates that ring-
stiffened cylinders buckle, on the average, at a buckling stress about 
15 percent below the theoretical buckling stress obtained by the present 
method. Proper account should be taken of this difference if the 
theoretical results are used for design purposes. 

Langley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

LangleyAir Force Base, Va., September l ii-, 19i.9
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APPENDD( 

TBEOEETICAL SOLUTION 

The critical shear stress at which buckling occurs in a ring-
stiffened cylindrical shell may be found by solving the equation of 
equilibrium. 

Equation of equilibrium. - The equation of equilibrium of a ring-
stiffened cylinder in torsion with small radial displacements is 

+V+EI	 w	 2w 
r2 	 ?;i	

- Id) + 2Tcrt 	 =	 (Al) 

in which x is in the axial direction and y is in the circumferential 
direction. This equation is the equation of reference 3 for torsion of 
a cylinder with the third term added to represent the radial restoring 
force due to the bending stiffness of the stiffeners. (See refer-
ence 1i. .) The stiffeners are assumed to act in the median sur'ace of the 
cylinder and to have no torsional rigidity. 

After division by D and introduction of the relations 

z=\Ji_2 

k 
= TcrtL2 	 - 

El 

equation (Al) becomes

n ___	 ___ i2z2VJ+yd	
8(x - Id) +2ksO 	 () L

1=1 

This equation of equilibrium may be solved by the Galerkin method 
in a manner similar to that of references 3 and. 5.



NACA TN 1981 

Solution for simply supported cylinders with equally spaced ring 
stiffeners. - The solution in this case is given by the infinite series 

w = sin	 a sin	 + co S : l '	 ( A3) 

in which the coefficients am and bm are to be determined. When 
this series is substituted in the equation of equilibrium, the Galerkin 
method yields the following two sets of equations to determine the 
coefficients 

+ 3• 
E 8npq aq + II b1	 = 0 

5	 S q=1	 m=1

(A1#) 

____	 inp 
8npqbq-	 am	 =0	 (p=1,2, . - Mp + Sks qrl	 m=l	 m2-p2 

where

12	 Z2p 

=	

+	 +	 (2 + 

'

n is the number of stiffeners 

+ m is odd 

npq = +1 if p - q is a multiple of 2(n + 1) 

= -1 if p + q is a multiple of 2(n + 1) 

= 0 if neither or both are true 

These equations are consistent if Ajj the determinant of the 
coefficients, vanishes

= 0	 (A5)



'D 0 N-
(I) . 

•r 

+
0 HO 
H 

'- 0+' 
c-I

0 

U) 
U)

0 
a)4-) 

,zt _____________________ 
a) 4-)U)

0 OIH 
IH

\.QI	 U) zI r40 
p4 

O 
-I

gb) 
•a)Q) 

0)

bOO 

IcJ
U) 

•r-1
0 

a) cnL-. 
rI 

I __

8

?-. crI4 
ailco 

U) 0 'H 
HI('J

J w cr-,I.4 
caO

0
+

OIr-1 crIH 
'0_i - I I 

-- 
H

0 
•H

'd 
gba) aiu) L +' 

+ 0) 0) 

• 
•r-1

c-i 
0

0_1I' 
(0

zj 0
0 

a)
a) 

11gb 
cy ,L& 

crLlOD
4 a) 

U)
c-i 
r1 

+ 

r1 
(0

H 
a) 

.Zb

0)0) 
U) 
c)O 
0 ?-JU)

cL-. caN' 
.rl E-I cflI. 

cc4co \oIir-\
çfll 

+ HIN-
.1c0 

H1 -''
I 

+' .iO 
II 

•r

H 
a) 
'd

0 
c-o 

+) 
U)	 ' 

-i 
0)

+)CU) 
gb'd 

0 
0) 
gb

•Hp4 
CO

b
OIH 
HI0_J O -i	 a) cjIcn '-OILC\ 0 

0 

0) 

H 
a) 

a) 

a) 

bU 
.l-( 

I 
a) 

4-) 
U) 

0 
4-)

a)
0)0 
'dO,O 

U) 

+) -i
'd 

U) 
•H

'd 

0 

0)H 
-Uaj 

gb 

•r 

•H
•gb 
4) 

igb. 
U)	 H 

(O
• tI)a50) 

Q)U)	 II
+ 

gb 

a) oq-4	 H 
a) Q)H

H'' 0)

?-JU) 
CflI,4	 ?-J U) 
cc4O	 lW\ cI,1 

C'J!cfl	 I	 IH	 fl.IQDr(j 

H 
+Q) 

•H + 

4-) ..-
a)

a)

NACA TN 1981 ni 
L!J



NACA TN 1981

0 

0	 ('JIcn	 O	 OH 
cfl,-	 U) 

?-I U) 

cflI	 OH 
j;o HCu 

I	 0 

U) cr4 
LL\ Q2	 Cu 
H	 I	 HN 

O	 'Iw\ 

HT.°	
jN- 0 Cut 

I U) çv	 O1H 

	

\OI1c\	 HOJ +	 0 
I	 I 

IC)

0 

U)	 'co 

°I ' aD	 OIH (fl	 C'JCfl 0	 CflIH	 + 

HI 

Ii 1Q\.r' 
0 +

OH 
(flH I

Cl) 

I—I 

O 
H Cur H I°' o 

HJ , 

cn.j 
I. \DJ Lr\ 

0 +
Cu 
H

c!Dj0 
l (UJ( 

çr

U) 

cv 

CJJ Cn	 +
DlLr\

0

O1Hcfl 
HICJ Qaco 

Cu
I I 

U)

O
OH 

I	 +	 (flr-f 

Cl) 

rr

0 
Cu 

+ 

HI 

?-

Cu 
II	 +	 CuI(	 0

?.ICl) 

Lf\ CU- 1:0	 \	
'o H	 I	 " c	 ii	 +	 Cu I C)	 0	 H	 0 

I	 H

U)



NACA TN 1981 10

OH 
HOJ

0) 
PIG) 

•N	 il . 
0) 
H	 :1+)

0) 
,

aa
U) 
itD 

l G)tj),Q 4-) 
•40)

U) 
Q).-

______ a)a	 a •r-lq-i 
a3 r4CJ)Q) 4•,-I 

ct	 H

U) 

U)Q) 0)
0) 

I1	 + 0)0	 0)4-'
U) 
-i	 0 0)0) 

-4-' 

'-0
H 

-P4-'	 0)PI
0-4 

a*-40
rlE-IW 
'd	 U) Z asOq-i,d 

H •
0)04-'-P 

-4P-4	 aS
Ci-tU)0) 

'-I0)U)
0)	 0) 

P1+).c U)U)H 
00)	 OJr-44-i

+)r4aS 
U)-1	 Ci

•P+' 
at	 I1 

0 

0 

0	 'OJIc	 0 

i	 Qj - CO	 bD 
0) H+' DP4øj U)G) 

Ico ,a5,0O a1,c1 --

r1 II
-H	 -P APi> 

4-'	 aS 
O I H 4-H0 o 0	 +	 CiH 0 ai+)N a)-H-1 

CO.G)a'd
E 'dO)'d 

r1Lp
r-U)-i

G) 
-iO -4H ai 

i 

?-I
0)

0-0 
,

G)U)0 
'd	 U) 

0 
(\J

H 
aS •H,0	 COU)- 

bO

4)
Q 

,c-l'd u-t-p 
+ 0 -P 

+)
+)+'G) 
•HaiU) Oq-1 

-
• -iCJ)	 aS• 

0r-4
qlP.IcH 

40PH 
,Q 

Ud
0)U)U) 
O,,bO 

- Hrfr- HHH 
•s H'd-i H0

-Pe 
o0c 0)	 -H 

0	 U) U)U) 00)C)) 

0	 c'JIc'

•H	 d).r4 

+'U)'d 
aSa)•H'd 0-

0	 0) 

+'	 00) I
q,a- U) 

O 0)--	 +) +) '— (1) 0 0 0) wLr\4-) alO 

4aS	 Hp1 -P-i0
+)rdd 
cOaS'd 

•HpQ 
0

-H 
'dO+'

10)00) 
PlH 0) CHU)-I a)0aS 

di
aSO)	 r-1 
o)'dboaS 

•Ho)aS'd 0 +'
r	 ,-' 

Or-I 
HCU

+'Q)U) U) Or-lO 
0 0

aS-1c)+' 0) U)c-4Q)Hr-- •H	 aj
U)H	 • 

0U) 
0+)CQ+)U) 0r-1 

•r4-lG) 4-1(0	 'd I	 ,z4	 0	 • -p c-	 i 0	 1)	 0) 
0	 (00) ,-4U)4--i U)H-PH r4r4	 HU)0J 

•	 0)0
4-i a)aS 

•HaS	 ,C1
0,Cr-I 
H+'4-'

00 
H	 -P 'dH	 U)E-l0) r1U) aSbO 

'da	 ,& 0 
IC\ 0) 

0)	 .4-i
4-i 

Q)'dO
•H+) 

0)4-'O 0	 Cfl 0)-PEr-IQ) 
l-4	 (1)	 -i

Q) 
El	 1	 -4

r14-
El	 U) 0 

•HQ) 

a3 •r-1aS +'E
H+' 

___________ ,O 
0

00

?-.-

8

+	 OJIc	 0 

H	 - 

U) 

OJJC)

(Y)

+

1D 

+ 
çr 

HI 

\OILr\



NACA TN 1981
	

11 

REFERENCES 

1. Lundquist, Eugene E.: Strength Tests of Thin-Walled Duralumin Cylinders 
in Combined Transverse Shear and Bending. NACA TN 523, 1935. 

2. Batdorf, S. B., Stein, Manuel, and Schildcrout, Murry: Critical 
Stress of Thin-Walled Cylinders in Torsion. NACA TN 13i, 19)4-7. 

3. Batdorf, S. B.: A Simplified Method of Elastic-Stability Analysis 
for Thin Cylindrical Shells. NACA Rep. 87 .i-, 19)4-7. (Formerly 
NACA TN t s 13)4-1 and 13)4.2, 191i-7.) 

Ii.. Batdorf, S. B., and Schildcrout, Murry: Critical Axial-Compressive 
Stress of a Curved Rectangular Panel with a Central Chordwise 
Stiffener. NACA TN 1661, 1948. 

5. Duncan, W. J.: The Principles of the Galerkin Method. R. & M. 
No. 1848, BrItish A.R.C., 1938. 

6. Crate, Harold, and Lo, Hsu: Effect of Longitudinal Stiffeners on 
the Buckling Load of Long Flat Plates under Shear. NACA 
TN 1589, 1948. 

7. Crate, Harold, Batdorf, S. B., and Baab, George W.: The Effect of 
Internal Pressure on the Buckling Stress of Thin-Walled Circular 
Cylinders under Torsion. NACA ARE L )-i-E27, 19)41-.



12	 -	 NACA TN 1981 

TABLE 1. - CRITICAL-SBEAR - STRESS COEFF IC IENTS AND 

CORRESPONDLNG VALUES OF STIFFNESS RATIO AND 

WAVE-LENGTh RATIO. FOR RING-STIFFENED 

CUINDERS IN TORSION 

n=1

Z 7 13 

5 21 187. 0.325 
15 7.O 
10 7.71 .648 

10 21.5 53. .585 
17 20.9 .71 
12 .7 .90 

30 26.5 8.20 1.95 
21 2.87 1.55 
15 .t9 1.75 

i2 16 2.79 3.15 
1.1k 2.90 

33 .36 2.85 

1o3 216 .92 6.85 
190 .389 6.36 
170 - .16 6.25 

1O 1170 .608 12.75 
1100 .li.O5 12.25 

950 .130 11.75

n= 2 

Z 7 S	 13 

5 48 2958.8 0.14 
32 586.1 .21 
15 27.67 '.11.3 

10 48 640.9 .265 
32 133.0 .385 
20 22.05 .59 

30 51 38.0 .90 
'16.2 1.03 

25 3.18 1.35 

102 66 2.97 2.50 
53 1.50 2.511. 
40 .551 2.75 

1o3 257 .650 6.00 
215 .335 6.00 
180 .138 6.10 

1400 .4925 12.50 
1200 .2835 11.75 
1000 .1090 11.70
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TABLE 1. - CRITICAL -SHEAR-STRESS COEFFICIENTS AND 

CORRESPONDING VALUES OF STIFFNESS RATIO AND 

WAVE-LENGTH RATIO FOR RING-STIFFENED 

CYLINDERS IN TORSION - Concluded 

n= 3 

Z y. 

io2 100 6.7 2.04 
io 310 .4 5.80 

1600 .48 11.0 

n - 

Z k 7 

5 85.2 86,900 0.078 
55 15,100 .12 
25 647.98 .264 

10 85.2 17,725 .15 
55 3,154 .23 
25 150.71 .485 

30 85.2 649 .55 
55 132.2 .8 
30 17.1 1.2 

io2 100 25.3 2.0 
80 13.38 2.25 
45 2.50 2.57 

io3 320 3.07 5.5 
260 1.73 6.0 
200 .71 6.0 

lO 1600 1.87 11.0 
1350 1.175 11.0 
1100 .541 11.4
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TABLE 2. - EXPERIMEI1TAL RESULTS GIVEN IN TERMS OF THE

PARAMETERS OF THE PRESENT THEORY 

[Nominal dimensions of cylinders: L = 11.3 in., 
r = 15 in., t = 0.032 in.; dimensions of ring 
stiffeners are given in figure 2j 

Cylinder
Number of 

. 
rings

Z y
Tcr 

(psi)
k8 

a 1 311.90 79.2 3011.0 520 
•	 b2 3 311.90 158.11 3880 665 

C3 3 311.90 61.2 3880 665 

7 311.90 122.11. 5790 991 
•	 5 1 3560 2.56 2710 11.76 

6 3 3560 5.12 3310 582 

7 1 3600 11..o11. 2750 5011 
8 1 3600 1.2 2620 li.79. 

9 1 3600 58.li. 21120 11.11.3 
10 1 3670 61.3 3220 608 
11 1 3590 .059 2310 1t17 
12 3 3590 .12 211.70 11.11.6 
13 3 3590 lI1-.2 3960 709 
11i 3 3590 1.611. 3100 657 
15 7 3590 3.27 11.100 760

aCylinder 2, of reference 7.	 • 
bCylinder 3a of reference 7. 
ccylinder 3b of reference.7. 
dcylinder Il- of reference 7. 
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Cylinder numbers 
1,2. 

3,4 
I6x 

Oz,IX 4
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09lX1
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.091 

	

LJ'_4 .040
	

9,10 

2

11,12 

O32.x

13 

	

ioc	 - 

	

.I%J	 4 

o4ox

	 14,15 

FIgure 2.- NomInal dimensione of ring stiffeners of cylinders tested.
(One-sided ring stiffeners are located. on inside of cylinder.)
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Abstract 

A nondimensional chart is presented. for the theo-
retical critical stress in torsion of simply supported 
cylinders stiffened by identical, equally spaced, 
torsionally weak rings. The results are obtained by 
solving the equation of equilibrium by means of the 
Galerkin method. Comparison of the theoretical results 
with the experimental results indicates that ring-
stiffened cylinders buckle, on the average, at a buckling 
stress about 15 percent below the theoretical buckling 
stress presented.

Abstract 

A nondimensional chart is presented for the theo-
retical critical stress in torsion of simply supported 
cylinders stiffened by identical, equally spaced, 
torsionally weak rings. The results are obtained by 
solving the equation of equilibrium by means of the 
Galerkin method. Comparison of the theoretical results 
with the experimental results indicates that ring-
stiffened cylinders buckle, on the average, at a buckling 
stress about 15 percent below the theoretical buckling 
stress presented. 

Abstract 

A nondimensional chart is presented for the theo-
retical critical stress in torsion of simply supported 
cylinders stiffened by identical, equally spaced, 
torsionally weak rings. The results are obtained by 
solving the equation of equilibrium by means of the 
Galerkin method. Comparison of the theoretical results 
with the experimental results indicates that ring-
stiffened cylinders buckle, on the average, at a buckling 
stress about 15 percent below the theoretical buckling 
stress presented.

Abstract 

A nondimensional chart is presented for the theo-
retical critical stress in torsion of simply supported 
cylinders stiffened by identical, equally spaced, 
torsionally weak rings. The results are obtained by 
solving the equation of equilibrium by means of the 
Galerkin method. Comparison of the theoretical results 
with the experimental results indicates that ring-
stiffened cylinders buckle, on the average, at a buckling 
stress about 15 percent below the theoretical buckling 
stress presented.
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