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i ANALYTICAL AND EXPERIMENTAL INVESTICATION OF ADIABATIC

E

; TURBULENT FLOW IN SMCOTH TUERES

i By Robert G. Deissler

1 SUMMARY

Equations were derived for the prediction of velocity distribu-
1 tions for fully developed adiabatic turbulent flow in smcoth tubes:
both the incompressible- and ccmpressible-flow cases were treated.

{ The analysis prcduced a single equation that represents flow in both
| the conventional buffer layer and the laminar layer, By graphical

] integration of the velocity-distribution squations developed, a

! dimensionless flow-rate parameter was cbtained and plotted. Use

of the flow-rate parameter permits the prediction of pressurs

; gradients along a tube for various flow rates.
. In order to check the analysis and to determine values for
the constants appearing in the equations, tests were conducted to
- determine velocity distributions in air flowing without heat transfer

§ in a smooth tube having an inside diameter of ©.87 inch and a length
of 87 inches. Data wers obtained for fully developed velocity dis-
3 tributions and for developing velocity distributions at various
distances from the entrance of the tute.

The results for fully developed flow were ccrrelated by using
conventional dimensionless velocity and distance parameters, and
agreed closely with those of Nikuradse and cther investigators.
The plots of the equations and of the flow-rate paramseter agreed
well with the data when appropriate values of the two experimental
constants appearing in the equations were used.

INTRODUCTION

Much empirical werk has been done on the flow of fluids in
tubes, and it has long been posaible to predict fluid-flow pressure
drops with a fair degree of accuracy by using experimentally deter-
mined friction factors (reference 1, pp. 232-272). Somewhat less

.. work has been dcne in an effort to understand the mechanism of

il ke S i

v gy

T T R O RO M WU I W AN LR ST TR TN T S TN TP ISt Y Y Pl TG AT T SRR TS AT RGN S SRR R SN AT RGO - VTR 4k Sy



it RS otk O AT E e bt A s LGB e s L A b Y e s b 5 s 0 i A et e Bl L Sn SR
< ALttt

2 NACA TN 2138

turbulent flow in tubes and to devslop a uheﬂry that is in complete
agreement with the measurements, Tho Karmin eimilarity theory, which
ts porhaps the best-known contribution, satisfactorily predicts

the velocity distributions for fully daveloped incompressible flow
except in the vicinity of the wall (reference 2).

In an investigation made at the NACA Lewis labecratory, a new
equation was developed that gives the relation between velocity and
distance from the wall for both the 1aminar and the go-called buffer
regions, For ccmpletsness, the Karmdn-Prandtl development for the
velocity distribution at a distance from a wall (turbulent region)
is also included. In the present analysis, this development 1is ex-
tended to compressible flow, that is, to ths case in which variation
of temperature across the tube due to high velocities is appreciable,

Because of. the scarcity of velccity-distribution data,
especially for conditions under which compressibility might be
appreciable, investigaticns were made to determine velocity dis-
tributions in a tube at various distances from the entrance ard
for fully developed flow. The results of these investigations,
reported herein, are used to check the analysis.

T
.

ANALYSIS
General Turbulence Theory “

During turbulent flow through a tube, portions of the fluid
move about in random fashion. Inasmuch as a transverse-velocity
gradient exists, some portions enter regions of varilous mean axial
velocities. Mcmentum is then transferred from one portion to

another and a shear stress, in addition to the viscous shear stress,
18 producsed.

ik

By analogy with the law for viscous shear streas Ty =k du/dy,

! the equation for the shear stress produced by turbulence 1s often
; given in the following form:

b - du
3 Tt p€ Iv (1)

[

is comparable to the viscosity for viscous shear u,
is the ccefficient of eddy diffusivity, the value for which .
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is determined by the amount and ths kind of turbulent mixing at a
point. (The symbols used in this report are defined in the appendix,)

The analogy between shsar stresses produced by viscosity and
those rroduced by turbulence 1s not quite exact because the machanism
for momentum transfer 1s scmewhat dirferent for the two conditicns.
The chief difference probably is that in the cage of viscous shear
momentum transfer takes place suddenly at the instant the molecules
collide; whereas in the case of turbulence, portions of the fluid
can continuocusly transfer their momentum as they travel transversely
inasmuch as they continucusly act on cne another. This difference
can, however, be abscrbed in the value of €, which 18 descriptive
of the turbulence mechanism, so that equation (1) should still be
valid,

The total shear stress T may be obtained by adding the vis-
cous shear stress to the turbulent shear stress as follows:

T =pd¥ o du (2)
dy dy

In order to make practical use of equation (2), € must be
evaluated for each portion of the flow. Because the actual mech-
anism of turbulent exchange of mcmentum is very ccuplicated, the
method of dimensional analysis is used and the constants obtained
in the analysis are evaluated by experiment. From consideration
of the various factors on which € might depsnd, the following
functional relation is assumed:

2, 33
d a
€=fé'y’§’d;’zyg’ §’>

ay

Although the turbulence mechanism might conceivably depend on u/p,
the influence of this factor is assumed negligible and the validity
of this assumption is experimentally checked.

Flow at a distance from wall., - It is shown by von Karman
(reference 2) that for flow at & distance y from a wall the
shear stress is given by
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vhere K2 1g a constant of proportionality experimentally deter-
mined, Viscous shear strsass 18 neglected in the derivation of this
equation. Combination of this equation and equation (2), with the
viscous shear stress neglected because 1t 18 small except in the
region close to the wall, gives the follewing expressiocon for local
eddy diffusivity for flow at a distance from the wall:

€= k& \dJ. 3 (4)
(ﬁl
dy2 -

Equation (4) could also have been obtained from the general func-
tional relation for € by assuming that only the first and second
derivatives of the velccity with reapect to distance sre important

in determining the value cf €, and by applying dimensional anal-
yeis. This fact indicates that the eddy diffusivity, or turbulent
transfer of momentum, at a point away from the wall is chiefly
dependent on the velocitiesg in the vicinity of the point relative

to the velocity at the point and is indepsndent of the magnitudes

of u and y. The fact that € at a point away from the wall is
dependent more on the velocity distribution than on the magnitude of
the velocity u at the point may be illustrated by ncting that at the
smooth entrance to a tube, where the velocity profile is uniform over
most of the cross section, turbulence at a pcoint away from the wall

is negligible compared with that farther down the tube at a point at
which the msan axial velocity is equal to that at the entrance, but

at which the flow proflle is fully developed. This change from zero
eddy diffusivity at the entrance to an appreciable degres of turbu-
lence farther down the tube has been clearly shown by experiments

with dye in a stream (reference 1, (Frontisplece.)). In the remainder
of the analysis, equation (3) is used in calculating flow at points ..
distant from the wall,
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1 - Flow in vicinity of wall, - Although the effects of the magni-
tudes of u arnd y on € can be nsglected in considering flow at
points distant from the wall, it appears that they must be acccunted
for in considering flow clcee to ths wall., The experimental data
avallable indicate that the turbulent transfer of mcmentum and thus
the turbulent shear stress become very amall in the region close to
the wall, 80 that near the wall practically all shear stress is
produced by viscous action and the velocity u 1s very nearly a

| linear function of y (reference 3). The second and possibly

‘ higher veloclty derivatives therefore approach the constant value
zero 1n the vicinity of the wall and the firgt derivative aprroaches
a constant, which is dofined when u and y are given. As pre-
viously stated, the effect of p/p on € 18 assumed negligible.

As a first approximation, the functional relation for € 1s there-
fore written as

£2eT

il

o

€=7 (u)y)

The range of values of y for which this approximation is suffi-
cisnt will be experimentally determined. From dimensional analysis,

a0 it N R A S

€ = n"uy (5)

3 where n2 1s a conatant of proportionality to be determined
experimentally. Substitution of equation (5) into equation (2)
gives

T =p 3, n20yy du ' (s)
dy dy

In the remainder of the analysis, equation (6) 1s used in calculating
veloclty dlstributions close to the wall,
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Equations for Incompressible Flow

Flow in vicinity of wall. - In order to cbtain egquations that
are in dimensionless form, the following commonly used dimensionless
quantities are employed:

ot u (7)

A/T po

bo/oo 7 “”
Then
0 dy
and
d2u _ ToV1o/pg a2y (10)

2 2 2
dy Ho /pO dy+

On substitution of equations (7) to (9), equation (6) becomes

T + + T +
To = Hg -0 du + n pO’VTO/oO ut EQ L -0 du
Mo ay* Po NT,/04 Mo ay*

where p and p have been replaced by DO and po, respectively,
bacauae the density and the viscosity are the same at all pcinta for

EENG N ol
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- incompressible flow., The shear stress T has been approximated by
To because only the region close to the wall 1s being considered
] and the variation in T for this region is slight.
By rearrangement and cancellation of like terms, the preceding
equation simplifies to
ay* 2. 4+
&y - néutyt =121 (11)
+
du
This equation is a first-order linear differential equation having
the solution
- ot
Lgu*’)z (nu+ﬁ -(nu*)?
yt=C 2 4o e 2 dut
r 0
i When y* = 0, then u* =0 and
ut
-gnu"')z
-} 2 du+ =0
0
Therefore C =0 amd
ut
gnu"’lz - (nu*)?
. y+ e 2 e ° dut
R 0

S
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This equation can ba rewritten asg

+
nu
=(nu*)?
1 o 2 a(nut)
N2x
yt=2 Q - (12)
n -gnuﬂ
L e 2
Alen
+.2
-(nu
1 2

1s the normal error function of nu®, (See

where &E? =)

reference 4.) The relation between ut and ¥yt for inccmpressible
flow near the wall is given in equation (12).

Flow at a distance frem wall with shear stress unifornm across

the tube, - For flow at a distance frcom the wall, the analysis tnat

was developed by von Kérman for the region near a wall (effect of
viscosity neglectsd) and applied by Pranitl to the reglon at g dis-
tance from a wall is presented here. This application involves the
assunption that the shear stress is constant across the tubse, an
assumption that will later be shown to be sufficiently accurate for
this application. If this assunption 1s made and expressions (9)

and (10) are substituted into equation (3),

2
2+ +
d“2=- Kg%) . (13)
dy+ dy

This equation can be Integrated to give

+
iX.:y*-fCl

du

&
+
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. At the wall, the velocity gradisnt is very large compared with that
. | at a distance from the wall ec that rly"'/du+ can be considersd
: equal to zero when y* = 0, giving C; = 0 eand

+
(14)

>
+

]
x|
5

aut

After the variables are separated, this equation can be integrated
again to give

+_1 +
w2 log, ¥y +C (15)

where C 1s a constant of Integration, the valus of which may be
fourd when the ranges of applicabillity of the egquations for flow
close to a wall and at a distance from a wall esre known. The ranges
of applicability fer the equations are to be experimentally deter-

. mined., The relstion betwesn u' amnd y+ for incompressible flow

' at a distance from the wall when constant shear stress across the
tube 1s assumed is given in equation (15),

el

ctsiith S Y

Flow at distance from wall with variasble shear stress across
the tubse. - A result that avoids the assuaption of uniformity of
shear stress across the tube was derived by von Karman subgtantially
ag follows: The relation for the variation of shear stress with
radius for fully devsloped flow 18 obtalned by equating the shear
foreces to the pressursa forces actinz c¢n a cylinder of fluid of
arbitrary radius ani iiffersntial length (reference 5). This rela-
g tion is

T:-I—T =(1-L)T-

g Ty 0 ro 0

3

A

or
& +
. 7= (1-1.) Ty (15)
ro+

TR TRORERNT 7 SR MR T, W R L dus L Sas Rocaaua i L nTe e SR R S Nl S e it S Silaaias At RO i G v i AT T e



B A Kb A ol i s, o X Ful oiilin P EAT AN 1 B BN e ket v i 7 Y o AR O T e BRI S ek 7 Rt N et A ke s i) o AR a4 o M ot T

10 NACA TN 2138 |

whers ’ .
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n ey

r oL 000 (17)
0 u0/00 0
On substitution of equations (7) to (10) and (16), equation (3)
becomes, in dimensionless form,
2
au’
+ +
1 -1 - -xrA (18)
r + d2u+
0 2
dy+

where the negative sign was selected on taking the square root in
order to make K positive,

The first integration gives

+
v . - 2k ’\/r0+’\[ro+ AR Y
du*

As previously stated, the velocity gradient at the wall is very
large compared with that at a distance from the wall and dyt/du?
can be considered to be zero at the wall (that 1s, at y* = 0).

Hence
+
C1 = 2Kro
and
+
4y . . 2x Vio+‘VrO+ -yt + 2nro+ (19)
du+

T A Y Y o g o M T AP e g e I T Y A AT T T T W e ST
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By substlitution of X2 = ro+ - y+, equation (19) can be integrated
to give

|

1 o
[AV)
W /
+ +
u"'=%.4/l-y—-+loge<-l-z— +C (20)
+ +
r, rq

Equation (20), which is substantially the equation obtained by

von Karman relates ut to y* for various values of ro+. Taking
the variation of shear sgtress into account introduces the additicnal
dimensicnless parameter ro+, which will be called the tube-radius
parameter. The equations developed by von Karman for the flow
distant from the wall will be extended for compressible flow by a
method subsequently developed herein,

Fuations for Compressible Flow

. In the derivation of the compressible-flow equations, unifcrmity
' of shear stress across the tube .is assumed and the error introduced
is discussed in the section "Effect ¢ Variable Shsar Stress,"

Flow in vicinity of wall, - For compressible flow in a tube,
the etatic temperature ard thus the density and the viscosity vary
across the tube, TFor flow withocut external heat transfer. the total
temperature at any point acrose the tube ig practically the same as
the wall temperature, sc that the static temperature 1s given by

2
t =T, - 2
Y Zchp

(21)

This relation is exact for a Prandtl number of 1.

By use of the perfect gas law, the density p may be expressed

as
P = P = b \ = P —X
- . gRE a2 , 2
gR(TO--—-—- g,RTO(l--————-—
28Ty | \ ZchpTO/)
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or
[¢]
o= (22)
2
1 - u
ZchpTo

where the static pressure P has been assumed uniform across the
tube,

Viscosity 1s a function of temperature and can be represented
by an equation of the form

u = ktd (23)

vhere K 18 scme constant, Then

or

Substituting these values for the density and the visecosity into
equatiocn (6) and letting T = To result in

T 1 uz >d du pO 2 du ( )
0 = Mo S e——m— ] = 4 néuy —= 25
 2gdeply/ dy o ul dy
ZchpTo

.‘-fw:m‘..‘.mu_‘ —

1323
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Substituting values from equations (7) to (9) into equation (25), 1n
order to convert it to a dimensionless form, gives
nuty*t dut | (. +2)¢ du*t
..___Lz__..+ 1 - au LM | (26)
+ ‘ + .
l-gut &7 ' dy
where
To
A (27)
ZchpTopO

The dimensionless parameter a will be called the compressibility

parameter. After rearrangement, equation (26) becomes

+ 2.+ 2 a
dy  ___nwu y"’:(l-u.u")
+ 2

du 1 - au

which 1s a first-order linear differential equation with variable
coefficients., Solving equation (28) and setting the constant of
integration equal to zero, as was dcne in the solution of equa-
tion (11), gives

- nz u+ 2

For compressible flow in the vicinity of the wall,

glves the relation between ut

Flow at a distance from wall,

C

and yt

shear stress,

T 1 s gy

T A TR . A TR PR 3

n
— 4+ a4
2\2a
- au+:>

dut

equation (29)
for various values of «a,

(28)

(29)

- With the assumption of uniform
equation (3) can be written for compressible flow as

e Ael L.
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o (&)
0 k2 dj

. uz d2 2
ZchPTO dyz

When written in dimensionless form, this equation becomes

=

To

2

dzu+ e - X <%ui>
2 2 +

ay* Jl - aut \W

One integration of equation (30) can be made by substituting
= dut/dy* and dy* - du*/v and then separating the variables.
After one integraticn, equation (30) beccmes

(30)

aut K -1 +
1086 Gl;?)z-/\?—asin. (/‘JC_X.U.)

or

L3
+ - —=s8in-1 (Aau*)
Cy QE: 3 No (31)
dy

or

il (V)
ay* - cyel@ = B o (32)

Ir ﬁé sin~l (Nou*) 1s set equal to Z, equation (32) can be
a
integrated to yield

1323
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K -1 +

C —= gin (A[a,u ) 2 A

vt = 21 l;’h (K 1 - aut +au+)+C
K4

- -

. 4 , —‘%-_ sin~l (Aou*)
By substituting dy'/du’ from equation (31) for Cy &<

in the immediately preceding equation and letting dy*/du+ equal
zero when y* and ut equal zerc, C equals zero and thus

.'5_1-1«/'*)] ,
vy o= _gi_ [;VE ot (ou <; V1 - au+2 + au’ (33)

K™+a

For compressible flow at a distance from the wall, equation (33)
shows the relation betwsen u* and y* for various values of «a.
Sumary of Velocity-Distribution Equations

The important equations that have been derived are assembled
here for convenience: '

For incompressible flcw close tc the wall,

+
nu -(nu"’)z
1 2 +
—_— e d(m™)
o (
y+ = -]-: Y (12)
n -Snu*)z '
A e 2
N2x
_ nu+ 2
where e 2 is the normal error function of nu"'.
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For incompressible flow at a distance frcm the wall, with shear
stress uniform acrogs the tube,

ut = % log, y* + C (15)

For incompressible flow at a distance from the wall with shear
stress variable acroas.the tube,

, + ’ +
u+=_]; l-L-}-logeG- l-L + C (20)
K + +

For compressible flow close tc the wall,

-n2 ut n?
—_— — +4d
2\ 2a 2\2a
¥yt = (1 - au*) (l - ccu*') du* (29)
(0]

For compressible flow at a distance from the wall with shear stress
uniform acrcss the tube,

ol au o

K -1 +
ot = Cy [97& sin™ (Nau ﬂ (K N’l . a.u+2 + au9 (23)

K2+q,

APPARATUS

Lo

A schematic dlagram of the experimental apparatus used 1s showr.
in figure 1, Air at a pressure of abcut 40 pourds per square inch
£age and at approximately room temperature flowed through two con-
trol valves in parallel, then through a filter, an orifice, a calming
tank, a test section, and into the atmosephere.
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a

Test section, - The test section consisted of a smooth Inconel
tube having an inside diametsr of 0.87 inch, an outside dlameter cf
1.0 inch, and a length of 87 inches. The calming tank was so con-
structed that elther a rounded or a right-angle-edge entrance tc the
tube could be used; the rounded entrance consisted cof a standard
A.8.M.E, long-radius nozzle, Static pressures were measured through
0.03-1inch holes drilled In the tube at the positions shown in
figure 1. Ailr total temperatures were measured by thermocouples
located at the inlet and outlet of the tube; these measurements
provided a check on whether heat transfer tcok place through the
tube wall.

Ly

i it ok G AT . 01 Y.

Total-pressure meesurements. - Openings fcr taking tectal-
pressure measurements across the tube were located as shown in
figure 1, Holes having 0.15-inch diameters through which a tctal-
pressure prcbe entered the tube were drilled in the tube wall,

These holes were located at right angles tc the static-pressure
taps. A probe actuator to move the probe across the tube and to
measure its distance into the tube was fitted into a short length
of tubing at each opening. The location ¢f the tctal-pressure
probe with respect tc the cpening in the tube is shown in the insert
in figure 1. The tctal-preasure prcve used fcor the measurements had
- a 0.016-inch-diameter opening and & 0.002-1inch wall at the tip. The
probe was flattened out for some of the runs sc that the width of
the opening was 0,005 inch. The prcbe was made sc that the tip
) Just cleared the edge of the 0.15-1inch hele 1in the test section,
The total preojected area of the probe in the direction of flow
with the tip at the center of the tute was about 14 percent of
the area of the tube, but the effective blocking area at the tip
was considerably less because the main portion of the probe was
downstream of the tip.

METHODS

Procedure

In order to establish the applicability of the equaticns derived
for fully developed flow, velocity distributions at various dias-
tances from the tube entrance were first determined., Measurements
vere made at Reynclds mumbers of approximately 40,000, 160,000, and
580,000 with both rcunded and right-angle-edge entrances and with
correspending tube-exit Mach numbers up to 1. The flow rate in
each case was obtalned by adjusting the inlet pressure.

) !
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A more extensive serles of Investigations was then conducted tc
determine veloclty distridbuticns for fully developed flow including
distributions for the regicn cloge Lo the wall., Runs were made at
about 20 different Reynclds numbers between 10,000 ard 20C,0%0 and
with Mach nurbers up to 0.5 with the *ctal-pressure prcbe near the
exit of the tube where the flow was practically fully develcped.
Runs were made with both the rcunded and the right-angle-edge
entrances., Total-pressure readings were taken at points between
the wall in which the prcbe opening was located and the center of
the tube. Readings near the opposite wall were inaccurate because
of disturbance due tc the probe.

Measurements were made with both the round and the flattened
probe tips in order toc determine whether presence of the probtes had
eny effect on the measured velocity distributions in the vicinity
of the wall, Because nc appreciable difference could be noticed
between the measurements made with the two types of tip, it was
concluded that the presence ¢f the prcbe did not affect the meas-
urements and that the asrodynamic and gecmetric centers of the holse
coincide.

Preliminary runs at high and at low flow rates shcowed that the
total temperature of the air was uniform along the length cf the
tube, indicating that no heat transfer occurred. The air total
temperature was therefore measured only at the cutlet,

The follcwing quantities were measured for each run: alir flow,
static pressures at the wall, air total temperature, tctal pressure
at various positions across the tube, and distance cof the probe tip
frem the wall,

Reduction of Experimental Data

Velocities. - For low air-flow rates, incompressible-flow
thecry was used; the velocities were calculated from the equation

vhere p was fcund from the equation of state for perfect gases
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1 end t was taken equal tc the +tctal temverature. In this and in all
succeeding calculaticns, the statlc pressure was asgsumed to be uni-
{ . form across the tube,
{1 A
j o For Mach numbers greater than 0.2, velocitles were calculated
F from the relation
| A
1 2: 1+Z‘_1_.U.
i P 7 28Rt
-1
where t =T (2) Y
P
Shear stress. - The shear stresas at the wall for fully dev-
eloped flow 1s related to the friction-pressure gradient by the
] equation
1
. ..D(ap
0 4 \dx
fr
The friction-pressure gradients were obtained by subtracting
[ calculated momentum-pressure gradients from the measured static-
pressure gradients along the tube; the mcmentum-pressure gradients
i were calculated from ‘
(22 . v im
A% /mem pbzAzgz dx
wherse P, was found from the equation of state
]
P = p8RY,
;
4
4
A
e
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22
=1l +41 + 2 w32 g >
& €JCpA°D
b =
weR®
2.2
chpA P

The last equation was obtalned from the equations of energy, con-
tinuity, arnd state. The pressure and density gradients were
graphically determined by plotting pressure and density against
distance along the tube and drawing a tangent to the curve at the
point in question.

Distance frcm wall. - The zero reading of the probe actuator
was found by plotting velocity against distance reading on the
probe actuator for a number of runs and extrapolating the curves
to zero velocity where all the curves intersected, This extrapola-
tiocn gave the probe-actuatcr reading with the probe tip at the wall.
The distance of the tip from the wall for each reading could then
be easily calculated.

Bulk velocity. - In order toc cobtain ratiocs of local to bulk
velocity ,u/ub at various positions across the tube, the bulk
velocity w, was cbtained by plotting u agalnst cross-sectional

area nrz, measuring the ares under the curve, and dividing by
the total cross-sectional area of the tube ra”. This procedure
is equivalent to solving the equation

2
™o
u d(rr?)
. Jo
" 2

HI‘O

anyl gave mere accurate values of u/ub than would have been

obtained ty use cf orifice measurements of weight flow for the
determination of u,, inasmuch as errors in u due to errors

in static-pressure measurements were also contained in u, and
any systematic errors tended to cancel.
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RESULTS AND DISCUSSICN

Variation of Veloclty Distribution along Tube

The results of the tests in which varistion of the velocity
distribution along the tube waaz determined are summarized in
figures 2 and 3. Typical radial velocity distributions at various
tube diameters frcm the rounded entrance of the tube are shown in
dimensionleas form in figure 2.

geet

In figure 3, which 1is somewhat mcre descriptive than figure 2,

the variation of velocity along the tube at the center and at
r/r0 = 0,9 1is shown for both a rounded and a right-angle-edge
entrance. The curves show that the development of the velocity
distribution was more rapid for the right-angle-edge entrance than
for the rounded entrance; with the right-angle-edge entrance fully
develcped flow was obtained after about 45 tube dlameters from the
entrance, but with the rounded entrance the distribution was still
developing slightly at 100 tube dlameters from the entrance. This
difference in rate of develcpment was apparently caused by the vena
contracta formed at the entrance of the tube with the right-angle-
edge entrance, and indicated on figure 3(b) by the points close to

- the entrance. The presence of the vena contracta accelerated the

‘ flow at the center of the tube and thus hastened the development of
the distributicn.

The curves also show that Reynolds number affected the dis-
tribution near the center of the tubse because u/ub decreases as
Reynolds number increases, This variation ia in agreement with
previous findings (reference 5). Difference in Reynolds number
has, however, little or no effect on the distribution close to
the wall.

A significant observation can be made from figure 3 concern-
ing the difference between the rates of development of velocity
distribution at the center of the tube and near the wall. Figure 3
indlcates that with both entrances the final distribution is
attained much sooner in the vicinity of the wall than at the
center cf the tube. This fact might explain why, in the present
investigatlion, the static-pressure gradients along the tube caused
by friction were only slightly affected by entrance effecta. The
static-pressurs gradizant is determined by the velocity gradient
at the wall and is unaffected by the distribution in the remainder
of the tube,
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As will be shown in the discussion of fully developed flow in
the section "Effect of Varlable Shear Stress," the effect of com-
rressibility on velocity distributicn 1s slignt; although some of
the determinations were made at high subsonic Mach numbers, it 1s
therefore believed that the results are also applicable to incom-
pressible flew,

Velocity Distributions for Fully Developed Flow

Correlation of experimsntal data, - The variation of ut with
y? for date obtailned near the exit of the test section (that is,
for x/D = 100) where the flow is fully developed is shown on
rectangular cocrdinates in figure 4(a)., The data obtained near
the wall ars plotted to twc y* scales. The data are rlotted
semilogarithmically in figure 4(b). Data for flow close to the
wall ere shcwn for only the lcw flow rates because at high flow
rates the severe velocity gradlents and the presence of the hole
in the tube wall make the accuracy of the msasurements doubtful.
The data shown wers taken with both rounded and right-angle-edge
entrances, but the velocity distridbutions with the two types of
entrance were the same within the error of the measurements.

Comparison of the data in figure 4(b) with those of Nikuradse
and of Relichardt (reference 3) shows close agreement for all values
of y+ up to about 600. For higher values of y*, the corres-
ponding values of ut are slightly higher than those obtained
by Nikuradse (reference 1, p, 242); the maximum deviation, however,
18 cnly about 5 percent,

A mothod of using figure 4 to obtain the velocity distribution
for a particular tube when the flow rate 1s given 1s indicated in
the discussion of figure 8.

Incompressible-flow equations. - The curve corresponding to
equation (12) for incompressivle flow nsar the tube wall is in-
cluded In figure 4 and 1s in good agresment with the experimental
resilts for values of y* from O to 25. The value of the con-
stant n 1in the equation is 0.109, as determined from the
experimental data.

An important property of equation (12) 1a that for small
values of y*, u* and y* are approximately equal, that is,
the flow predicted by the equation les nearly laminar, This approach
?0 squality of ut and y* 1s due to the fact that as the wall
<3 approached the eddy diffusivity € beccmes very small and is
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| zero at the wall (equation (5)). The accuracy with which equa-

1 tion (12) predicts the experimentnl data for 55 from 0 to 26

' obviates the necesslity of assuming the existence of a separate

layer near the wall that is pursly laminar, but dces not eliminate
the possibility of 1ts existence, as has usually been done in pre-
vious investigations. A single aquation has therefore bsen obtained
that, for adiabatic incompressidble flow, adequately represents the
two regions, which are commonly called the laminar layer and the
buffer layer. The buffer layer has previcusly been represented only
by empirical equations,

The agresment of equation (12) with the data for values of
y+ from O to 25 dces not eliminate the possibility of the exist-
ence of & very thin layer that is purely leminar, for example, for
the region 0 < yt < 3., It is possible that a finite layer exists
in which adjacency of the wall completely damps out turbulence.
1 The thickness cf the layer then corresponds to scme critical wall

Reynolds number oueye/p where u, 18 the velocity at the edge
of the layer and y, 1is the thicknesas of the laysr. Vslocity
; distributions for 0 < y* < 3 given by equation (12) are prac-
i tically laminar, however, so that it makes little difference, for
calculating velocity distridbutions, wnether the layer 1s taken
into consideration., The only case in which presence of the layer
v may become impcrtant 1s that of heat %transfer in flulds having
high Prandtl number, where the turbulence predicted by equation (S),
1 thougzh it may be slight, is important because of the small amcunt
of heat transferred by conduction,

The agresment of equation (12) with the data, tcgether with
the discussion precedinz the derivation of the equation, indicate
that in the raglon close to the wall ths mechanism of turbulent
transfer of mcmentum can be considered affected mainly by quanti-
ties that are detsrnined relativs to the wall; that 1s, by the
distance of the point from the wall and by the velocity at the
point relative to the wall. As was shown in the discussion pre-
ceding the derivation of equation {12), the velocity dlstribution
about the point 1s known to a first approximation when the two
quantities u and y are known at the pcint,

The gensral form of the equation that is usually employed to
represent the turbulent regime was obtained by von Karmin and 1is,
as shown in the analysis section,

+

ut = = logg y* 4+ C (15)
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The valuss of the constants C and K, obtained from
Nikuradse's data (refsrence 1), are 5.5 and C,40, respectively.
Corresponding values that represent the present data scmevhat
better are C = 3.8 and K = 0.35, The curve representing
equation (15) using thess valuss 1s plctted in flgure 4, in which
gocd agreemsnt with the experimental data is indlicated for yt =0
to y% = 25. The curves corresponiing to the equations for flow
near the wall (equation (12)) and flcw at a distance from the wall
(equation (15)) cross at y* = 23,

The agreement, of equation (15) with the data, together with
the discussion preceding the derivation of the squation, indicate
that for a region distant frcm the wall the mechanism of turbulent
transfer of momentum can be considerzd dependent mainly on the flow
conditicns In the vicinity of the pclnt considersd: that 1s, cn the
velocitiesz iIn the vicinity of the point relative to thz vselcclty at
the point and not on the position of the point in the tube (the
distance from the wall) or on the velocity relative to the wall,

The curves representing squations (12) and (15) have slopes
that ara not quite squal at their interssction at yt = 26: this
disparity would, however, be expected becauss the two equations
wore derivad with the assumption that the turoulence mechanism 1in
the two rsgions is dominated by different factors: henczs an abrupt
change in turbulence msachanism at the intersecticn is implied in
the equations, Actually, thare is probably a gradual change that
could not be investizated by the simplified methods used herein.
Inasmuch as the actual error in the vicinity of the intearsection
18 insignificant, the present treatment is considered alequate for
adiabatic flow,

The value for K (in squation (15)), which is known as the
Karman constant, was checked by calculating friction factcrs and
Reynolds numbers and plotting 1/44f against Re#4f as shown
in figure 5. The line drawn through the data corresponis to ths
Kérmin relation betwesn friction factor and Reynolds number, which
is

L - C, + 8:303 165 (Re A2T)

+
- Naf Y]

This equation is derived in reference 2 directly from the
equation for velccity distribution. The value of K was 0.36
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as before, and C, 1is fourd from the data to be - 1.84. Both
velocity-distribution and friction-factor data therefore indicate
that a value for K of 0.36 1s reasonable, at least for the
present tube,

The varilation of the ratio of velocity at the center of the tube
to bulk velocity with Reynoclds number, as indicated 1n figures 3(a)
and (b), can be explained by the plots of the equaticns in fig-
ure 4(a). As y* 1increases the curve becomss flatter. Increasing
values of Reynolds number correspcnd to increasing values of vt
in the central portion of the tube, so that for high values of
Reynolds number the veloclty profile in the central portion of the
tube becomes flat; thus the ratio of velocity at the center of the
tube to bulk velocity becomes less than for low Reynolds numbers.,

Effect of variable shear stress. - Neither ut nor y* are
functions of ths tube radius. Neglecting the radius in the correla-
tion 18 equivalent to assuming uniform shear stress across the tube,
(See equations (15) and (20) in the section "Analysis.") The
results can be correlated by assuming uniform shear stress across
the tube bacause the greatest rate of veloccity change with 4l1s-
tance from the wall occurs near the wall where the change in shear
stress is very small, A camparison between equation (20), which
takes into account the variation in shear stress across the tubse,
and equation (15), which assumes uniform shear stress, is shown in
figure 6, The constant C 18 so determined for each value of
rot that u* = 13 when y* = 25. These values were selected
in order to make the mean deviation of equation (2C) from equa-
tion (15) a minimum, The maximum difference between the values
of u' determined by the two equations is about 2% percent, which

i1s the same as the scatter of the experimental dats points. Equa-
tion (15) therefore gives an accuracy comparable to that obtained
in most flow messurements so that consideration of the variation
in shear stress across the tube does not seem necessary,

Equations for compressible ficw., - The equations for com-

pressibls flow are presented in figure 7, For graphing equation (29),

the value of the integral was found by plotting the integrand against

u* and planimetering the area unier the curve. The constant n

was agaln set equal to 0.1093 and 4 for alr was found from vis-

cogity data to have an average value of (0.684 for temperatures

between 0° and 2000° F. For plotting equation (33), Cy was deter-

mined for each value of a from the value of u* at yt = 25
) found from equation (29), From the definitions of M, T, u*

b
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and «, 1t can be shown that the relation between u', M, 7, -
and o is :

u+2 - 1
. 2
af —4————— + 1
(M2(7-1) >

For M=1, 7 =1.4, and a = 0,00025, u* 1s found to be 25.8.
This point is marked on the curve.

As o Increases, u' decreases for constant values of y*

(fig. 7). For local Mach numbers up to 1, hoyever, the deviation
is slight and, in general, is not more than 23 percent from the

value of ut given by the incompressible-flo; equation. A single
line 1s used to represent equation (29) because the compressibility
effect 18 so small that it cannot be seen when the equation is
plotted to the scale used in thils figure.

It therefore appears that with respect to compressiblility
effects and tube radius or shear-stress variation, the simplified -
inconpressible-flow equations (12) and (15) give an accuracy conm-
parable to that of flow measurements, The fluid properties used
in ut amd y* are evaluated at the wall or total temperature.

Flow Rates

The flow rates ccrresponding to various pressure gradients
along the tube can be obtained from the velocity-distribution
equations by a graphical integration. For this integration,
(o/oo) ut was glotted against (r0+ - y+)2, where
o/oo = 1/(1-au*®). It can easily be shown that the area under
this curve is w <NTO/QO po)/nguoz. If this dimensionless
group 1s divided by ro+ ard multiplied by =n 1in order to

eliminate T,, there results w/(gugrg). This parameter is
plotted against ry* for various values of a in figure 8.
Figure B gives the flow rate to be expected for a given shear
stress or friction-pressure gradient. The data of figure 8 also
provide a means for obtaining the velocity distridbution in a
particular tube from the generalized velcclty distributions in
figures 4 and 7 when the flow rate and the fluld properties are
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known. Measured flow rates for conditicna where compressibility
effocts are small are also plotted in figure 8 and agree closely
with the curve for a=0., The curves Indicate that at a Mach number
of 1, compressibllity effects increase the flow-rate parameter
w/(gporo) by about 12 percent., Several data points corresponding
to higher values of a are also plotted in the figure and the trends
corresponding to increasing values of a appear to be similar to
the predicted trends, although no definite conclusion can be drawn
from the limited rangs of values of « shown., Data correspcnding
to higher values of a are not plotted because reilable measure--
ments of the severe pressure gradients involved cculd not be
obtained. :

CONCLUDING REMARKS

The results ocbtained in this investigation should be applicable
to any gas to which the perfect gas law applies and for which the
Prandtl number is close to 1. The value of the exponent & for
viscosity variation with temperature was obtained specifically for
air, but it occurs only in the equation for ccempressible flow closs
to the wall where compressibility effects are negligible. The
equaticns and the curves for incompressible flow should, of course,
also be applicable to ligquids, inasmuch as the fluld provperties
that detsrmine the flow phencmena are common to ligqulds and gases.

SUMMARY OF RESULTS

The follcwing results were obtained from the analytical and
experimental investligatlion of the adiabatic flow cf air through a
smooth tube having an inside dimmeter of 0.87 inch and a length of
87 inches:

1. The length of tube required for cbtaining fully develcped
flow was greater with a rounded entrance than with a right-angle-
edge entrance. With a rounded entrance, the flow at the axis of
the tube was still developing slightly at 100 diameters frem the
entrance. For both entrances, however, the flcw close to the wall
developed in a much shorter distance than did the flow 1n the center
of the tube, The flow close to the wall determines the shear gtiess
or pressure gradient along the tube, so that the effect of entrance
on these factors is slight except for very short tubes.
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2. A good correlation cf velocity-dietributicn data for fully
daveloped flow was obtained by using the well-kncwn dimensicnless
velocity and distance parameters. The data agreed clcsely with
thcse of Nikuradsge and other investigatcrs.

Z, The equation derived for adiasbatic Incompressible flow clcse
to a wall represented well the relation between the velccity and
distance paramsters found experimentally for the two reglons

that have generally been called the laminar layer and the buffer

layer,

4, The analysis and experimental investigations Indicated that
the effect of variable shear gtress cn velcclty distributicns is
slight; the maximm variation in the velocity parameter caused by
thia effect was approximately 27 percent.

5. The compressible-flcw equations showed that the effects
of camnpressibility on velocity distributicns are gmall for Mach
numbers up to l: the maximum variation in the velocity parameter
caused by compressibility effects was approximately 2% percent,

6. The simplified iIncompressible-flcw equaticns derived on
the assumption of uniformity of shear stress acrcss the tube pre-
dicted velccity distributions in smooth tubes fcr Mach numbers up
to 1 with an accuracy comparable to that of flcw and pressure
neaswrements,

7. Graphical integration of the velcclty-distribution equa-
tions gave flow rates that agreed clcsely with flcw rates from
crifice measurements.

Lewis Flight Propulsion Laboratory,
National Advisory Committes for Aeronautics,
Cleveland, Ohic, January 9, 1850.

PO vt e I e A ot B AR A e it ol s w2 £

A

1323



S emit ¢ g .. N PR o L S . o . P s . RN R
PR PR (VY IR o5 P VLY. JE VORI A S SIS e USRSy T 3 el St st JEPRETRS S OVE ORI S0
AL WG W W d

- At

i
NACA TN 2138 29
) APPENDIX - SYMBOLS
The follcwing symbols sre used 1in the report:
4 Eg A internal crcss-sectional area of tube, sq Tt
i - €,C4,Co constants of integration
cp specific heat of fluid at constant pressure, Btu/(1b)(°F)
i D inside diameter of tube, ft
{ d exponent that dsacribes variation of viscosity of fluid
1 with temperature
; g acceleration due to gravity, 32.2 ft/sec?
1 J mechanical equivalent of heat, 778 ft-1b/Btu
i n constant
j P total pressure, 1b/sq ft absolute
E P static preséure, 1b/sq ft absolute
. R perfect gas comstant, ft-1b/(1b)(°R)
r radius, distance from tube center, ft
r, inside tube radius, ft
4 T tctal temperature, °R
T, absolute wall total temperature, °R
t absolute static temperature, °R
% bulk or average static temperature of fluid at cross
section of tube, °R
u velocity parallel to axis of tube, ft/sec
Wy, bulk or average velocity at cross section of tube, ft/sec

ue velccity at center of tube, ft/sec
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Dimensionless parameteras:
T

0

a compresaibility parameter, ———-—
ZchpTOpo
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w fluid-flow rate, 1lb/sec

x axial distance from tube entrance, ft

y distance from tube wall, ft

V4 ratio of specific heat at constant pressure tc specific
heat at constant volums

€ coefficient of eddy diffusivity, aq ft/sec

K Karman constant

" absolute viscosity of fluid, lb-sec/sq ft

T absolute viscosity of fluid at wall, lb-sec/sq ft

o mass density, lb-secz/ft4

oy bui: or %verzge density at cross section of tube,

-sec4 /Tt

Py mass density of fluld at wall, 1b-secZ/ft? .

T shear stress in fluld, 1b/sq ft

Ty shear stress produced by turbulence, 1b/sq ft

Ty shear stress produced by viscosity, lb/sq ft

To shear stress in fluid at wall, 1b/sq ft

Subscripts:

fr on friction presswre gradient

mom on momentum pressure gradient

1323
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» (&)
£ friction factor, - ————liX
Zepup”
M Mach number, —2

N7ygRt

Re Reynolds number, EEBE_B
Ho
+ V TO/OO
ry tube-radius parameter, Ty
ko/0g
ut velocity parameter, — % _
‘VT 0
y+ wall-distance parameter, O/‘O y
3] QO
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Figure 2. - Typical velocity distributions for flow through tube
with rounded entrance at various distances from entrance. Reynolds
nunber, 46,000.
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