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SUMMARY

. Equations were derived for the prediction of radial distributions
of velocity and temperature for fully developed turbulent flow of gases
in smooth tubes for the case where the variation of fluid properties
due to temperature variation across the tube is considered. The
. equations apply for both heat addition to the gas and heat extraction
or. cooling.” The effect of frictional heating on temperature distri-
bution was investigated and the analysis indicated that the veloclty
and total-temperature profiles are similar for a fluid with a Prandtl
number of 1.

By use of the equations for velocity and temperature distributions,
relations were obtained among Nusselt number, Reynolds number, and
friction factor for a fluid with a Prandtl.number of 1. It was found
that the effect of variation of gas properties across the tube on the
Nusselt number and friction-factor correlations can be eliminated by
evaluating the gas properties at a temperature close to the average of
the wall and bulk temperatures. The Nusselt numbers and friction factors
analytically predicted agree with those experimentally determined by
measurement of average surface heat-transfer coefficients and friction

factors in tubes for Reynolds numbers above 10,000.

INTRODUCTION

Although some work has been done on laminar flow with varisable
fluid properties, very little has been donse on turbulent flow with
variable fluid properties. In reference 1, equations are developed for
velocity distributions for fully developed adiabatic turbulent flow in
smooth tubes. The plots of the equations agree closely with experimental
data for adiabatic turbulent velocity distributions when appropriate
values of the experimental constants appearing in the equations are used.
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The investigation reported herein, which was conducted at the
NACA Lewis laboratory, is an extension of the analysis develcped in
reference 1 for adiabatic flow in smooth tubes to include flow with
heat transfer. For flow with high rates of heat transfer, the temper-
ature variation, and thus the variation of fluid properties across the
tube, may be so large that it might be expected that the velocity
distributions for flow with heat transfer would differ from those for
flow without heat transfer. In developing the equations for turbulent
flow of gases with heat transfer where the variation of gas properties
1s considered, the same hypotheses for the turbulent transfer of momentum
are used as were found to apply to flow without heat transfer. Because
of these and other assumptions made in the analysis, the equations for
velocity distributions with heat transfer should be experimentally

‘verified.

ANATYSIS
Turbulent Transfer of Heat

When turbulent flow exists through a tube, portions of the fluid
move about in random fashion (reference 1). If heat transfer between
the tube wall and the fluid takes place, a temperature gradient. occurs .
acrogs the tube and some of the portions of fluid move transversely into
regions of different mean temperature. This motion produces heat trans-
fer in addition to that which takes place by local molecular conduction.

By analogy with the law for transfer of heat by molecular conduction
Qv = - k dt/dy, the equation for the transfer of heat by turbulent motion

" 18 of'ten written in the following form (All symbols ‘are defined in the =
appendix ) : .

';‘11; = ?ogcpéh atfay - (1)

i

where pgcpeh is comparable to the conductivity k for molecular heat

transfer and €} . 1s the coefficlent of eddy diffusivity for heat with a
value determined by the amount and the kind of turbulent mixing at a
point. Adding the molecular heat transfer to the turbulent Leat transfer
gives for the total heat transfer, .

";=--'(k+oscph) afay - (@

As. in the cage of momentum ‘transfer, -the analogy between molecular
and turbulent heat transfer is inexact because the mechanism for heat
transfer by molecular motion is somewhat different than the mechanism
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for heat transfer when portions of the fluid move about in random v
fashion. In the case of heat transfer by molecular conduction, transfer
takes place only at the instant the molecules collide; whereas in the
case of turbulent heat transfer, the transfer can take place continu-
ously by convection inasmuch as the portions of fluld are continuously

in contact. This difference ‘can, however, be absorbed in the value of
€ns the value for which depends on the turbulence mechanism, so that

equation (1) should still apply.

Velocity-Distribution Equations for Flow of
N
Gases with Heat Transfer

The equation for heat transfer (equation (2)) can be rewritten as
follows: g '

B S at
. Cp8 o <¥r + pe%)dy (3)
The equation for shear stress (reference 1) is
T=(u+oc)% (4)

Assﬁm tions. - The following assumptlions are made in the use of
equations 535 and (4) for obtaining velocity distributions with heat

transfer:

1. The eddy diffusivities for momentum and heat transfer (e and
) are equal. Previous analyses for flow in tubes based on this

agsumption yielded heat-transfer coefficients and friction factors that
agree with experiment (reference 2).

2. The expressions for eddy diffusivity that are found 1n reference 1
to apply to flow without heat transfer apply also to flow with heat
transfer with variable fluid propertles. These expressions are

€ = nzuy (5)

for flow close to the wall and the' Kdrmén relation
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du)3
2 \dy
&

for flow far from the wall, where n and K are experimental constants
hav1ng the values 0.109 and 0.36, respectively.

=K

(8)

3. The ghear stress T and the heat transfer per unit area g
can be considered uniform across the tube. It is shown in reference 1
that the shear stress can be considered, with good approximation, to be
uniform across the tube for turbulent flow. In the present analysis,
the heat transfer per unit surface area q is ‘also considered uniform
across the tube. :

-~

4. The static pressure can be considered constant across: the tube.

5. The Prandtl number (Pr = 1) and specific heat can be considered
_constant with temperature variation.

6. The effects of frictional heating (compressibility effects) on
velocity distributions can be neglected for subsonic flow (reference 1).

Relations between gas-property values and velocity. - When heat
transfer takes places in a gas flowing through a tube, a temperature
gradlent exlsts across the tube and the gas properties vary from point to
point. The gas properties that vary appreciably with temperature and are
important in the present investigation are the density p, the viscos-
ity up, and the thermal conductivity k. The specific heat is con-
sidered constant because its variation with temperature is small compared‘

with that of the other properties i :

Div1d1ng equation (3) by .equation (4) then gives, for a. Prandtl e
number of 1 and -constant shear stress and heat transfer. across the tube; -

e cpgTO .4 du' u~“‘j "f ;h . B .;(?? -

integration of this equation gives
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du = - dt

or

W=ty -t | | (8)

This equation can be made dlmensionless by substitutlon of the dlmen31on-
less quantities

CpgTOtO
The equation then becomes
t --. . .
==1-pu" ' (9)
S

where f  1s the heat-transfer parameter. Equation (9) indicates that .
the velocity and temperature profiles are similar for a Prandtl number .
of 1 so that if the velocity profile is known, “the temperature profile
is also known. -

The .variation of density across the tube can then be written by

using thé assumption of constant static pressure across the tube and
the perfect gas law as 7
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or the density at any point across the tube 1is

p=_F0 (10)
1l - Bu+

The variation of the viscosity of a gas with temperature can be
shown from viscosity data to be given by an equation of the form

b _t_d‘ .
;'—(;-(to), | (11)

The viscosity at any point across the tube is then

v

u=uou~pff | (12)

With the assumptioné of constant-Prandtl number and constant spécific
heat, the law for variation with tamperature or velocity for the conduc-
tivity must be the same as that for the viscosity. ' '

Flow close to wall. - For obtaihing the equation for flow close to
a smooth wall, the expression for ¢ from equation (5) is substituted
into equation (4) to give '

n2) &
To= (1 + owy 0%) 7 | (13)

where T is replaced by 7, because the shear stress is assumed not

to vary with radius. In order to obtain equations that are in dimension-
less form, the following well-known dimensionless quantities are used:

(14)

AR | )
- Ho/P0 .
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Then

e (16)

and

%y _ ToA/ TO/DO deu*

dyz uoz/po dy+2

(17)

Substituting the expressions for density and viscosity from equations (10).

and (12) and also equations (14) to (16) into equation (13) in order to
make it dimensionless glves

2+t + | +
1= BRI, (g gyt BT
1 - Bu+ dy"' dvt+
By rearrangement,
2

+ gt
LB (- pu)?

(18)
dut 1-put N

Equation (18) is a first-order linear differential equation, the
solution for which is, with the condition that u* = 0 ,when y* = O,

U+
2

n P , 2
_nzu"' -5 nfu?* .4
yt=e B (1-puh)P

o B (1-pu")B% @t (19)

For flow close td a wall with heat tra.nsfver‘, equation (19) gives the

relation between ut and yt for various values of the heat-transfer
parameter 8.

Flow at a distance from wall., - For obtaining the equation for
flow at a distance from a wall, the viscous.shear stress is-assumed
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negligible compared with the turbulent shear stress. Substituting the
¢ from equation (6) into equation (4) and substituting

e _ggﬁzi T | . (20)

Th = K D
0 2
d2u>

. ayz

¢ . N .
Substituting equations (10), (16), and (17) into equation (20) gives

expression for
To for 7 (assumption 3) gives

‘ X W <‘1“+) @)
_ 2 + :
| dy* N1 - put \&
where the minus sign was chosen‘ in‘ taking the square root in order to

make K positive. After one integration, equation (21) becomes

_ 1 - gut
dy .
or
2K
1 - Bu + :
of = ¢, (22)
- dy+
OI" '
. RN . ot
dy" =Cy e du* (23)

Equation (23) can be integrated to yield

2K ry
C:p =3 Nl - Bu - '
.Y+'= A, B (gg-;\/l - Buf + l)-l- C ‘

As the wall- is approached the velocity gradient becom75 very la.rge

cbmpared with that at a distance from the wall so that . dy+/du* approaches
By substituting dyt/aut from equation (22)

zero as yt approaches zero.
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, , ‘
for Cl B in the preceding equation and letting dy*/dut
equal zero when yt* and ut eqﬁal zero, C "equals zero so that

C1B -%ﬁ"l - pu’ 2K . '
+ -1 ¢ ( ./1-au +1> - (24)
2.@ B .

For flow at a distance from a wall with heat transfer, equation (24)
gives the relation between ut+ and y* for various values of the heat-
transfer parameter B. For B = O, equation (24) is indeterminate. For
this case B 1s set equal to zero in equation (21) before integrating,
and the well-known logarithmic equation 1s obtained:

/
+

1 +
_u = X loge y ‘+ C

Temperature Distributions with Fricticnal Heating

In reference 1 it is shown that the effect of compressibility or
frictional heating on the generalized velocity distribution is small; it
was therefore neglected in the preceding section (assumption 6). 1In '
this section, the effect of frictional heating on temperature dispri-
butions is' investigated and the relation between the velocity and temper-
ature distributions for a‘Prandtl number of 1 is determined. The effect
of frictional heating in a boundary layer. has been previously 1nvest1-
gated by Kalikhman (reference 3).

In a gas flowing at high velocity, there is, in addition to heat'.
transferred from the wall, heat generated in the fluid by friction. It
is known that. the rate of conversion of flow energy irto turbulent and
heat energy per unit volume is - T du/dy. In the present analysis, the
agsumption is made that all the flow energy converted to turbulent energy
at a point is transformed into heat at the same point, so that the rate
of generation of heat per unit volume is (rdu/dy)/J. For flow over a
flat surface, this expression .is equal to the rate of change of heat
transfer perpendicular to the surface with distance from the surface, or

dg

- =7
dy ~

=
A
SlE

(25)
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This equation is applied to flow in a tube inasmich as for t.he region
close to the wall, where the greatest changes of velocity and tempera-
ture with distance occur, the wall can be considered flat. As in the
case of velocity distributions, the shear stress is assumed constant
across the tube (assumption 3) and equation (25) becomes, on integration,

R

=q0+§1’6u o : | . (286)

nlw

or

In obtaining equation (8) in the preceding section, the frictional heat-
ing was neglected and the heat transfer was considered constant across
the tube. If the frictional heating is not neglected, equation (8) can
“be written as ' o

g ..
cpg'ro du

On su’bstituting the value for q from equation (26) in this equation,
there results .

% o _ _at
cpg‘ro ch'ro -_ du

When this equation is written in dimansionless form,

: d(t/t ) .
B s 2ot = - ——0 \ (27)
+
: du o .
where o 1s the compressibility parameter, which was used in ref'erence 1.
The total temperature is defined as
e

T-t-a-ngc
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or

t :
%L =+ aut? (28)
0 0

-Differentiation gives

a <:£> =a (X)) + 2autaut
To %9

Substituting the value for d(t/to) from this equation into equation (27)
gives '

B dut = - d !L)
To

Integration results in

. ut T
T ,
0« /n
B dut = - a <%—
)
0 1
or .
T .
ﬁu+ =1 - TN : (29)
: 0
Ir 7% 1s defined as-
7 - L
(TO -T) cpgTO Ty

T+ 2 = | (30)

equation (29) becomes

ut = 7t (31)
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where T* will be called the total-temperature parameter.

Equations (30) and (31) indicate that the velocity and total-temperature
profiles for compressible flow with heat transfer are similar for a
Prandtl number of 1. This concluslion was also reached by Kalikhman
(reference 3).

Equations for Nusselt Number, Reynolds Number, .
and Friction Factor

Bulk temperature. - For cbtaining equations for the Nusselt number,
Reynolds number, and frictlon factor in terms of the dimensionless para-
meters used in the preceding sections, an expression for the bulk total.
temperature is first obtained. The. bulk total temperature at a cross
section in the tube 1s defined as the temperature the fluld would assume
in a mixing tank placed immediately downstream of the cross section.
Thus, the bulk total temperature is given by

A
TpudA

or

’\ro_“ )

‘Tou (rg - ¥) dy .
T =20 e (32)
R ’\ro :

ey - 7 e

Equation (32) can be written in dimensionless form as
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Nrot
+ P (e + _ ot +
T-b+ =Vo
+
’\ro
Rt - ot
JO
where
‘1'.;4‘ E l( - &
B To
and
_ NTole
r + - r0
0 ko/Pg
From equations (28) and (29),
2

v ¥ gut
t-l-su au
or

(o] 1

f o po‘ 1 - put - a.u"'2

13

(33)

(34)

This eqﬁation differs from equation (10) because the effects of compreséi-

bility were neglected in obtaining equation (10).
equations (31) and (34) into equation (33) gives

number of 1:

Substituting
Tb+ for a Pranmdtl
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ufz(ro+ - y*)

0 1 - put - aut? ‘ ’
+ = - (35)

ut(ry® - 5%)

2

1 1 -put -au
JO ’ AR

Nusselt number. - The heat-transfer goefficient .h 1s defined sas

pz 20 (36)
TTo - Ty

\ and the Nusselt number with the thermal conductivity based on the wall
temperature is > . .

£
1
318

(37)

By use of the definitions of Tps T +, Pr, and h, the expression for

. 0’
the Nusselt number can be written

‘ 2 r t Pr _
P (38)
0" Tb+ _ ) ' _

‘The Nusselt number with the thermal conductivity based on the wall
temperaturs is given by equation (38). It may be desired to base the
conductivity on another temperature, perhaps the static bulk temperature-
in order to do so, the ratio of bulk- to-wall static temperature can be
obtained from
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ﬂro*l'
L L uk(r t - y*) ayt
%5 Po °
tb JO
T, +
0 f\z"o
£ ot r - 5*) oyt
Po 0]
JO
Substituting
t .
t P

0

and equation (34), this expression becomes

P\ro"'

ut(ryt - y*) ay*

of
C
o

b .
E—(—) = : ‘ (39)

With the agsumptions of constant Prandtl number and constant specific
heat, the law for the variation with temperature of the conductivity
must be the same as the law for the varilation with temperature of the

vigcogity or
d
kb 4 .
b ( .
2= 2 40)
0 <‘°0> |

The conductivity at any temperature between the wall and bulk temperature
can be found in a similar manner.



16 |  NACA TN 2242

Reymolds mmmber. - The Reynolds mumber with fluld properties
evaluated at the wall temperature is defined as

' p wD
Reg = 0"y (41)
Ho
where
u(ro - y) ay
=9 |
N W, = T
(ro -y ) d-y
JO
This equation written in dimensionless form with the denominator
integrated becomss ‘
~r +
’ ro
—2_zute 2| wteg -t ()
\Jo ‘
Substituting equation (42) in equation (41) and making use of the
definitiom of - ro‘" give
Re, = 2u.b+ro‘" - (43)

The Reymolds mmmber with the fluid properties evaluated at the bulk:
temperature is, from equations (41) and (43),

+,. + tO) f’_o_)d A (4_4)
oo\, )5

where tgfty 1s calculated from equation (39).
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Friction facfor - The friction factor.with the fluid properties
evaluated at the wall temperature is .defined as
D(dp/dx)e, 2T, | .
03" 2 z - (#5)
ZPoly PO,
This equation becomes, in dimensionless form,
fo= 22 : | - (48)°

wherei'u5+' 18 calculated ffém’équation (42). Another expression for
fO can be obtained from equations (38), (43), and (46) if 1t 1s assumed

that u* = Tt (Reynolds analogy) ' This expression is

_ zNuo,

. oo . . = ' 47
- . .. .0 :Reo . ‘ (47)

From equations (45) and (46), it i1s evident that the friction factor
with properties based on the bulk temperature is -

£ = 2. 2 ‘ (48)
.42 B .
Up - . :

Expressions for Nusselt number, Reynolds number, and fridtion factor
based on any temperature between the surface and bulk temperature can

also be obtained by using the ratio of bulk-toawall temperature from
equation (39). PR

1l

RESULTS AND DISCUSSION
Velocity Distributions

The equations for velocity distributions close to a wall and at a
distance from a wall for flow with heat transfer (equations (19) and
(24)) are plotted in figure 1. In this figure, positive values of the
heat-transfer parameter f 1ndicate heat addition to the gas, whereas
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negative values indicate heat extraction or cooling. The values for -
the constants (n = 0.109 and k= O. 36), which were found in reference 1
from the experimental data for flow without heat transfer, are used for
plotting the equations. In reference 1, it was found that the equation
derived for flow close to a wall without'heat transfer agrees closely
. wlth the data for 0 < y+< 26 and that the equation derived for flow
at a distance from a wall without heat transfer fits the data for
yt > 26. For plotting the present equations for flow with heat transfer,
the same 1imits of applicability for the equations for flow close to a
wall and at a distance from a wall are used. It can be seen from the
figure that the exact point of intersection of the curves representing
the two equations is not critical, especlially for high positive values
of B, inasmuch as the slopes of the two curves at thelr intersection do
not differ greatly. The constant of integration - C; 1in equation (24)

was found for each value of B by substituting at y* = 26 the value
of ut obtalned from equation (19). :

For plotting equation (19), the value of the integral was numeri-
cally calculated by Simpson's rule. The exponent d in the equation
was found from viscosity data for air to have an average value of 0.68
for temperatures between 0° and 2000° F. Although this value was
specifically obtained for air, the values of d for most other common
gases do not vary greatly from this value, so that the curves plotted
In figure 1 should be applicable to most common gases.

The plots of the equations in figure 1 indicate that increasing
the rate of heat addition, as is evidenced by increasing the heat-
transfer parameter B, causes a considerable decrease in values of ut
for constant y*, as compared with those for adiabatic flow, whereas the
opposite effect is indicated for heat extraction. A flattening of the
velocity profile in the central portion of the tube is indicated for
high rates of heat addition and a peaking of the profile at the center o
of the tube is indicated for heat extraction.

These changes in profile shape are opposite to those for laminax
flow of & gas; the explanation is that for turbulent flow, the turbulent
shear stress, which 1s governed by the density, 1s more important in the
central portion of the tube than is the viscous shear stress. The vari-
ation with’temperature of the density is opposite to that of viscosity,
go that the changes in profile shape in the.center of the tube for
turbulent flow caused by heat additjon or extraction are opposite to
- those for laminar flow.
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Nusselt Numbers

In figures 2 to 5, predicted Nusselt numbers are plotted against
Reynolds numbers for a fluid with a Prandtl number of 1 for various
values of the heat-transfer parameter § and the compressibility -
parameter a. In figure 2, the Nusselt numbers and Reynolds numbers
are plotted with the gas properties (density, viscosity, and thermal
conductivity) evaluated at the bulk temperature. The Nusselt numbers
for this case are obtalned by dividing equation (38) by the expression
for ky/ky given by equation (40); Ty+ is calculated from

equation (35) and ty,/ty 1s calculated from equation (39), where the

values of the integrals in these equations are numerically calculated
and ry*, a, and B are held constant for each integration. The
relations between u* and y* required in equations (35) and (39) are
obtained from the plots of equations (19) and (24) in figure 1. The
Reynolds numbers are obtained from equation (44), where up+ 1is calcu-

lated from equation (42) and tp/to is calculated from equation (39).
The exponent d 1s taken as 0.68 in both equations (40) and (44) because
the viscosity and the thermal conductivity aré assumed to follow the

same law for variation with temperature. For obtaining various values

of Nusselt number and Reynolds number for given values of « and B,

the tube-radius parameter r0+‘ is allowed to vary arbitrarily.

The curves plotted in figure 2, which are for the case where a
equals O or where compressibility effects caused by high velocities are
neglected, indicate a decrease in Nusselt number with increasing positive
values of the heat-transfer parameter B. Increasing values of the heat-
transfer parameter B correspond, in general, to increasing values of
the ratio of wall-to-bulk temperature to/tb; the -curves shown correspond
to a range of ratios of wall-to-bulk temperature of from 1 to about 7 for
heating and from 1 to about 0.4 for cooling. The same trends for heating
have been experimentally observed to determine over-all heat-transfer
coefficients in tubes with a range of ratios of surface-to-bulk tempera-

ture of from 1 to about 3% (references 4 to €). The dashed line in

figure 2 represents the mean of experimental data for moderate tempera-
ture differences (reference 9) and is seen to agree, in general, with
the predicted line for B = O.

For heat addition to the gas, figure 3(a) shows predicted Nusselt
numbers plotted against Reynolds numbers for two values of the heat-
transfer parameter B and for a = O with the gas properties in the
Nusselt and Reynolds numbers evaluated at a film temperature between the
wall and bulk temperatures defined by
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b4 = 0.4 (Bg - %) + &y (49)
or
t t
-%:i = 0.4 + 0.6 53
0 ' 0

For obtalning the values for Nusselt and Reynolds numbers for figure 3(a),
the same equations were used as were used for figure 2 except that tb/to
was replaced by g, 4/t0 in the equations. The plot in figure 3(a)
indicates that the effects of B, or of ratio of wall-to-bulk temperature,
is practically eliminated for heat addition when the gas properties are
evaluated at the film temperature as defined. In the experimental work
described in references 4 to 8, it was found that the effects of ratio of
wall-to-bulk temperature on the Nusselt numbers were practically eliminated
when the fluid properties were evaluated at either the wall or the average
film temperature. In the present analysis, however, where the maximum
ratio of wall-to-bulk temperature was about twice that in the experimental
work, separation of the curves was found vhen the properties were evaluated
“at the wall temperature.

The curve from figure 3(a), together with. experimental data from
reference 8, is shown in figure 3(b). The data points were calculated in
reference 8 by evaluating the gas properties at the average of the wall
and bulk temperatures; substantially the same results are obtalned if the
“properties are evaluated at tg5 4 for the range of ratios of wall-to-
bulk temperature used in the tests. The data, which were obtained for
alr, were corrected to a Prandtl number of 1 by dividing the Nusselt
_ numbers by the empirical correction Pr0.4, The data are seen to agree -
substantially with the predicted line for heating for Reynolds. numbers o
greater than 10,000. The deviation of the data from the predicted line at
low Reynolds numbers is probably caused by transitional effects in the fluid
flow that were not considered in the analysls. It should be mentioned
that the analytical and experimental results are not strictly comparable
because the analytical results are for local heat-transfer coefficients
at & cross section in the tube, whereas the experimental results give
average heat-transfer coefficients for a whole tube.

Variations of predicted Nusselt numbers with Reynolds numbers for -
flow with heat extraction or cooling are shown in figure 3(c) with the
properties evaluated at a film temperature defined by

to.s E 0.6 (to - tb) + t-b
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It is seen that use of this temperature eliminates the effects of B
on the Nusselt numbers for heat extraction.

A correlation for both heating and cooling in figure 3(d) shows
Nusselt numbers with the gas properties evaluated at the average cf
the wall and bulk temperatures to 5 (This temperature is also the

. average of t and t .). By use of this temperature for evaluat-
0.4 0.6°

ing the fluid properties, the maximum separation of the curves is found
to be about 9 percent.

In figures 4 and 5 are shown predicted Nusselt numbers plotied
against Reynolds numbers for flow with heat addition where tke compressi-
bility effects associated with high subsonic velocities are considerable
(o = 0.00025). For plotting these curves , the velocity-distribution
equations (equations (19) and (24)), which were derived for a = 0, were
used because the effects of compressibility on velocity distributlons
were found in reference 1 to be small for subsonic flow. As in the case
of flow for a = 0, the use of the static film temperature tg ,, defined
by equation (49), for evaluating the gas properties practically. eliminates
the effect of the heat-transfer parameter B on the Nusselt mmibers for
heat addition. Part of the slight difference between the plots im fig-
ures 3 and 5 is probably caused by assuming that o = O for the velocity-
distribution equations for.both plots.

The heat-transfer coefficilents used in figures 2 to S are defined
by equation (36) and are based on the difference between the wall and
- bulk total temperatures. Although strictly speaking equation (36) should
be used only for flulds with a Prandtl number of 1, it can be used for
~ real gases except for cases where the temperature dif‘ferem:es are very
small and the Mach numbers are high (reference 10). \

Friction Factors

Predicted friction factors plotted against Reynolds numbers for
various values of the heat-transfer parameter g, with a = 0, are shown
in figures 6 and 7. In figure 6, the friction factors are calculated
from equation (48) where ub’r and tb/to are calculated as before from

equations (42) and’ (39). As in the case of Nusselt numbers, a decrease
in friction factor is indicated for: high positive values of § or of
ratio of wall-to-bulk temperature when the gas properties in the friction
.factors and Reynolds numbers are evaluated at the bulk temperature.

These trends have also been experimentally observed (reference 5). The
dashed line in figure 6 represents the mean of experimental data for
isothermal flow (reference 11) and agrees in general with the predicted

- 1lilne for Reynolds numbers above 10,000.
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Friction factors- are plotted against Reynolds numbers in figure 7(a)
for heat addition with the gas properties evaluated at the film tempera-
ture defined by equation (49), indicating that, as in the case of
Nusselt numbers, evaluating the gas properties at. that temperature
practically eliminates the effects of B or of ratio of wall-to-bulk -
temperature for flow with heat addition. In figure 7(b), which is
plotted for flow with heat extraction, it is indicated that the use of
tg.g for evaluating the gas properties eliminates the effects of §.

.or of variable gas properties on the friction factors for heat extraction.
The friction-factor correlation for both heating and cooling of fig-

ure 7(c) indicates that, as in the case of Nusselt numbers, the maximum
separation of the curves for various values of § 1is about 9 percent
when the gas properties are evaluated at the average of the wall and

bulk temperatures.

SUMMARY OF RESULTS

From an analytical investigation of fluids flowing through smooth
tubes with heat transfer, the following results were obtained:

1. The equations for the prediction of velocity distributions for
fully developed turbulent flow of gases in smooth. tubes with heat transfer
indicated that variation of fluid properties across the tube causes a
flattening of the velocity profile for heat addition and a peaking of the
profile at the center of the tube for heat extraction.

2. The investigation of the effect of frictional heating on tempera-
ture distributions indicated that, for a fluid with a Prandtl number of 1,
the velocity and total- temperature profiles are similar.

3. The equations for Nusselt number, Reynolds number, and friction
factor for a fluld with a Prandtl number of 1 for the case where the
variation of fluid properties across the tube is.large predicted trends
that agree with those experimentally obtained for Reynolds numbers
greater than 10,000. .

4. The analysis indicated that the effect of variation of fluid
properties across the tube on the Nusselt number and the friction-factor
correlations for both heating and cooling can be eliminated by evaluating
the fluid properties at a temperature cloge to the .average of the wall
and bulk temperatures.

Lewis Flight Propulsion Laboratory,
~ National Advisory Committee for Aeronautics,
Cleveland, Ohio, July 28, 1950.
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APPENDIX - SYMBOLS

The following symbols are used in the report:

A . ' cross-sectional aresa based on inside diameter of
tube, sq £t :

C, ¢y constants of integration

o specific heat of fluld at constant pressure,

’ Btu/(1b) (°F)

D inside diameter of tube, ft '

d exponent that describes variation of viscosity of
fluid with temperature

g acceleration due to gravity, 32.2 ft/sec?

h ' heat-transfer coefficient irEQ—T_ for compressible

0~ b

fluid or __29___. for incompressible fluid,
Yo - %
Btu/(sec)(sq ft)(OF)

J mechanical equivalent of heat, 778 ft-1b/Btu

k ‘ thermal conductivity of fluid,. (Btu)(ft)/
(sec)(sq t)(°F)

ky thermal conductivity of fluid evaluated at tb,
(Btu)(ft)/(sec)(sq ££)(°F)
kg thermal conductivity of fluid evaluated at wall,

(Btu)(£t)/(sec)(sq £t)(°F)

k.45 kg.5, kg, g thermal conductivity of fluid evaluated at tg, tg.4s
tg.5s and tg o, respectively, (Btu)(ft)/

(sec)(sq ft)(°F)
n constant

q ' total rate of heat transfer toward tube center per -
unit area, Btu/(sec)(sq ft)
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Hp

ST

NACA TN 2242

rate of turbulent heat transfer toward tube center per unit
area, Btu/(sec)(sq ft)

rate of viscous heat transfer toward tube center per unit
. area, Btu/(sec)(sq ft)

total rate of heat transfer at wall toward tube center per
unit area, Btu/(sec)(sq ft)

inside tube radius, ft
total temperature, OR

bulk or average total temperature of fluid at cross section
" of tube,- QR

~

o' &bsolute wall temperature, OR

absolute static temperﬁture OR

bulk or .average static temperature of £luid at cross section
of tube, R

£1lm temperature, 0.4 (ty - tp) + t, R
£ilm temperature, 0.5 (ty - ty,) + tp, °R
£ilm temperature, 0.6 (t; - ty) + ty, °R

time average velocity parallel to axis of tube, ft/sec

bulk or average velocity at cross section of tubse, ft/sec

distance from tube wall, ft

coefficient of eddy diffusivit& fbr'momsnﬁum, sq ft/sec
coefficient of eddy diffusivity for heat, sq ft/sec
Kérmén constant

ahsolute.viscosity of. £1uid, (1b)(sec)/(sq ft)

absolute viscosity of fluid evaluated at ty, (1b)(sec)/(sq ft)

absolute viscosity of fluid at wall, (1b)(sec)/(sq ft)
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H0.4s H0.55 Mo, @bsolute viscosity of fluid evaluated at tg 4,
ty.5, and tg g, respectively, (1b)(sec)/(sq ft)

o mass density, 1b-sec?/rtd

bulk or average density at cross section of .tube,

o
lb-secz/ft4.

fo mass density of fluld at wall, lb-sec®/rt?

Po.4s Po.55 P, density of fluld evaluated at tg 4, tg 5, and
: tg.g, respectively, lb-secZ/ft4

T ’ ghear stress in fluid, 1b/sq ft

o " shear stress in fluid at wall, 1b/sq ft
Subscript:

fr on friction pressure gradient .

Dimensionless groups:

a " compressibility or frictional heating paramseter,

0
2gdc_Tnap
p~0~0
19 §"o/Po
B heat-transfer parameter, TaT
pg 070
D(dp/dx),. 27,
Ty : friction factor, - 7 = >
2Po Uy Po%
fb friction factor with density evaluated at 1y,

D(dp/dx),. 27,

) 3
20y Wy, Pplp

f0.4, fO.S’ f0.6 friction factor with density evaluated at t0.4, tO.S’

and tg5 g, respectively
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Nu'b

Nuo

Nuo

Reb
Reo

Reo

>

40 Nug g, Nug g

.4, Reg 5, Reg g

_ .Bulk total-temperature parameter, % <} - T%)
' : ‘ 0

NACA TN 2242

. Nusselt number with thermal conductivity evaluated
at t hD

b
Ky

Nusselt number with thermal conductivity evaluated °
at t .
0

Nusselt number with thermai.conductivity evaluated
at tg.4, t0.5, and- tQ.g, respectively

C.ﬂ.}.g

Prandtl number,

Reynolds number with density and viscosity evaluated
PpULD ‘
Hb

at tb,

Reynolds number with density and viscosity evaluated
at t
0

t

Reynolds number with density and viscosity evaluated

at t0.4’ tO.S’ and t0.6’ respectively
. .. A , To/po .
tube-radius parameter, ro
Ho/Po
, : (Tg - T)c,&r
total-temperature parameter, 0 =0

q.o N To/P0

u

.1/ To; )

Up

velocity parameter,

bulk velocity parameter,

wall-distance paremeter,
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10.

11.

REFERENCES

Deissler,' Robert G.: Analytical and Experimental Investigation of
Adlabatic Turbulent Flow in Smooth Tubes. NACA TN 2138, 1950.

von Karmdn, Th.: The Analogy between Fluid Friction-and Heat
Transfer. Trans. A.S.M.E., vol. 61, no. 8, Nov. 1939, pp. 705~710.

Kalikhman, L. E.: 'Heat Transmission in the Boundary ILayer.
‘NACA TM 1229, 1948.

Humble, Leroy V., Lowdermilk, Warren H., and Grele, Milton: Heat
Transfer from High-Temperature Surfaces to Fluids., I - Preliminary
Investigation with Air in Inconel Tube with Rounded Entrance,

Inside Diameter of 0.4 Inch; and Length of 24 Inches. NACA RM E7131,
-1948.

Lowdermilk, Warren H., and Grele, Milton D.: Heat Transfer from
High-~Temperature Surfaces to Fluids, II - Correlation of Heat-
Transfer and Friction Data for Alr Flowing in Inconel Tube with
Rounded Entrance. NACA RM ESLO3, 1949

. Sams, Eldon W., and Desmon, Leland G.: Heat Transfer from.High-

'Temperature Surfaces to Fluids. III - Correlation of Heat-Transfer
Data for Air Flowing in Silicon Carbide Tube with Rounded Entrance,
Inside Diameter of 3/4 Inch, and Effective Length of 12 Inches.
NACA RM ESDl12, 1949.

Lowdermilk, Warren H., and Grele, Milton D.: Influence of Tube-
Entrance Configuration on Average Heat-Transfer Coefficients and
Friction Factors for Alr Flowing in an Inconel Tube. NACA RM
ESOE23, 1950.

Desmon, Leland G., and Sams, Eldon W.: Correlation of Forced-
Convection Heat-Transfer Daxa for Alr Flowing in Smooth Platinum
Tube with Long-Approach Entrance at High Surface and Inlet-Air
Temperatures. NACA RM’ E50H23 1950

Brown, Aubrey I., and Marco, Salvatore M.: Introduction to Heat
Transfer. McGraw-Hill Book Co., Inc., 1942, p. 91.

McAdams, William H., Nicolai, Lloyd A., and Keenan, Joseph H.:
Measurements of Recovery Factors and Coefficients of Heat Transfer
in a Tube for Subsonic Flow of Alr. NACA TN 985, 1945,

McAdems, Willlam H.: Heat Transmission. McGraw-Eill Book Co., Inc.,
24 ed., 1942, p. 118. |



NACA TN 2242

28

1 Jo Joqunu T3PUBJI4 38 JOJSUBJL] 38OY UITM 56583 Jo MOTJ JOJ coﬂuznﬂmpmﬂcxu_«ooa?y pezjreasuen - T oanIi4g

5 04/0n  _ ok
: - } OQNOpm,.u :
000°0T 000°‘T 00T , ot. : 1
L | . O .
_ R . ) A -
} _ | - \\
A
A s
4
P%
9g°0 = ¥ , f
2JI8UM v
- e _ o1
-t -E e - ¢ . I18 I0J §9°0 =P
(2) (e amgTAGE) g O gTo ~ + | : '60T*0 = U
\N axeym
-7 o = &
] ,+~G ..At.a T ..¢ +4 8T )
\\\\\ . +ngu "
mo. o1 L~ N
! [ — \ =gy N
$0° T L e b
= sez7zd RS A
co* ” AV _
20" | ] gid : 52
10° 1~ 1V .
sco -1 vd
s
0 .
g20° - \ , .
“ “ - d — T _
040,94, IEE R
g0°0- \u k2 =g
0q/0, A
P 90/ a¢




29

NACA TN 2242

*£10A7300d60J ‘U0T308I9X3 PUB UOTITPPE 380Y ©3BOIPU] g Jo senTeA eajjedou pue SATITEO04 ‘T ‘JeqUnU TIpUBg fQ ‘D  Jejowsded

£3717q1886uduoy  *SuInjeUedws] HINQ 973836 3B POJUNTBAS S973JI0doad s8I 43 M S658d JO MO[J J0J Jeyunu 3p(oukoy YITA JIQUNU FTESENY JO UOIIBTJBA - *Z Bundig
b = ey
000 ‘000" ﬂ. 000°00T -~ % 00001 000°*
T - OM
T T T

| \\\\ \
%

N\
A\

e
]

Wi/qu = oy

| A
= mmnw mw“V\ \\\\\\ 001
ez Z

A 77

552774V

\\\Q \
%54V
\\\\\\\\\\ \\\\\\\

\ \ \mO.O- 20U J2J) S§eJURJIe eJnjeJoqame
\ \\\\ 9 A%umncvoa .u.nouv 838D ﬁmwmw_wﬂnwnwo .“M nwos ————
7 A uo13881350AUT Jueseud WoxJ BUOTIDTPOIJ
) \\\nnn g20° -
L 7
Pryia
\\ vy 3
\\\\\\ \\\‘\Hw\\\w "
o A
c0 4
%
I 0001




NACA TN 2242

30

*1 ‘aequnu Tapusad (g ‘P

000°000°1
T T

suotatppe eey (93 4 (Y3-03)p+0 = ¥°03 3@ serjaedoad ss9 jJo uoyzEnyEAm (W)

000001

Jo3emexed L3711qieseadmo)

A

*g0ss8 JO MOTJ 40F Jequnu epToufey U3TA Joqunu 3T0eSnN JO UOFIETJIEA = °C eJnIT4

v°0n

@@n¥ 09

= v 0oy

000°0T

000°T
ot

R

¥°Ony

oot *

0 ————

S0°0

¥*0x/qu

0001




31

*1 ‘dequnu [3puBdd {0 ‘D Jejowedwd .
£3717QT690udmoy 50888 JO mO1J JOJ Joqumu sploufey Y3Ta Jequmu 3TeEsNN JO UOTFBIJIBA  *pPOnNUTIU0) - °¢ eandrg

*g eoucaeJed woxy viep fuof3Tppe 3vey (93 4+ (N-04)pep = ¥°03 qu sersaedoad w8 jo uoyzentsag (Q)

¥°0n %0
g@mvog = ¥

000°000°1 000°001 000‘01 000°‘1 001
T T T T 1

_NOVN™S _ . o

q

oo, @
(4

4"

<«

mﬂ 01

)
AN
#°Oy/qu = ¥*Ony

' 68 e-¢2°T $£S0€~186 D

L3'Z-61°1T 8¥LI-3L9 O 001
- qr (Y¥o)
: v
”~
A euit pe3doipedd
1 |
1 1 1
— : 0001

NACA TN 2242



NACA TN 2242

32

At N N

T3puBad {0 ‘v agejewmeded L377rqreseadmoyn

suoy3osagxe 3wey (93 + (93-03)9°0

9°03 3w seyjaedouad s83 JO UOTJBNTBAZ

<5083 JO molJ JOJ Joqumu spioufoy YjTa Joqumu 3TOEBUN JO UOT3IBTJIBa

*penujjuoy -~ *¢ eandrg

9°0nt
———— - 90
an9°0¢g
000°00T 000401 000“1
T ot
’
=
By E
\ \ »
"
&
4 ®
2
\ )
001
.
G0°0= =
0 w——m
]
Ve
P .
/
/




33

NACA TN 2242

{0 ‘o Jejemsged £37T71qTS80IdWO)

*{ fgequnu T3puUBJd
*ses83 Jo morJ JOJ Jequmu spioufey Y3Ta Jequmu 3J[EEENN JO UOTIBTJI6A

spepnToucy - *¢ eanftg

*u0T308a3X0 Pue uoTITPPe 3wey 93 +.(93-03)g 0 = $°03 3e serjaedosd s8F jo uoTjENTEAR (0)

000001

S0y
qnS°0d

= $°0ey

000°01

I T

P

[+29

000T

o

(=]

(ol
$"0x/ay = S'Ony



NACA TN 2242

34

*1 ‘aequmu TIpusdd ${G2000°0 ‘P dJejeweasd £37[Jqfssaadwoy ‘eanjesdaedwes yInq
073e38 98 pejen[9Ae sefjuodoad sed YITM UOTITPDPE 180Y U3ITM SB[3To0Tea ydyy 3u 56883 JOo Mo[J J0J Jequnu EpToukey YITm Jequmu 3[essny JOo UoI38TIBy - °} exndiy

An

. = Qe
ooo.o_oo._,ﬁ,_ | _ : . . 0004001 mnﬂnm . . i .ooo.OH . OOO~OH~
%
v
\
grd
VZ4
\ i
y
WA X
\ o
A
yeo77 ;
%997
2r%
s 1L s
CHE 107
AN
-1 e
€0
0001



35

NACA TN 2242

*T ‘dequnu T3pusdd {G3000°0 ‘D

sojowedasd A3717qisseadwon

*Q3 4+ (93-03)p°0 = ¥°03 3m

pojenTeae soyjaedoad 888 UITM UOTITPDE 386Y YT 80T3700T0A YBTY 98 56588 JO MOTJ J0J Joqunu sproukey YT Jequnu 31e8sny JO UOTIBTJIBA = °G oandrd

0000001
T

v on .
Tmog = 7 0¥ .
000°00T - 000101 OOOOM
T T T
P
\\\

] P =
e 4
¥ -
A - .
pd oot g
" N
=
-

$0°0

0 ————

0001




NACA TN z242

36

«L1eaT3o0dsed ‘UoT3I0BJIXO pus UOTITPPe 386y 6380FPUf

§ Jo senysa eay3sBeu pue ea[3}Eo4

*1 ‘qequmu [3pusdy (G ‘D

Jegewsaed

£3717q7880adwoy  ceangesedwe) AINQ 01338 38 pejEnywac cojjgadoad s8F ulTa 56883 Jo MOTJ I0J Joqumu Spioukey YITM J03LE] UCTIVTIJ JO UOTIBTJEL - 9 eanIiy

qd

na * Qoy
000 ‘000t 000001 a'n%o 000°0T ~ 000°T

100°

¥,

/// B

I~ // v

Pl

I// / co° n“o

R "
/.n/o/./ um./._m

o

20" i T

Ho////// m

///,// Z.
GRS g

i Wy g ] &

iy //”/ g8
o S |
520 .l///. //
8070~ T~——_| — A/
9 ///
SN
<
—
10°
' (1T eouedejoua) MoTJ
I8mIeY30BT J0J B8P TBIUSWIJIGdXS JO UBON — ———
uo73e87480Auy quesedd WoIJ SUOJFOTPOII —
A, 1. 1 1 1




37

NACA TN 2242

*1 ‘dJequnu T3puvad 0 ‘c  Jejewwasd £3777qTEsedwoy .nandw JO MOTJ J0F Joqunu gpTouLey Y3Ta J0308F UOTIOTIF JO UOTIBTIEA - °4 eandig
~uoT3Tppe 3mey (93 + (%.09)p°0 = ¥'03 38 seygsedoud sed Jo uoyjenyeagy (%) )
¥ 0n . .
_ _ V0,
Qnv 0g = Ll
000'000°1 ‘ a
» 000°00T. 000°01 000 ‘T
100°
¢
-
-y
- .Av
R o
/ "
. el
[ £lo
/ L
II b
—
/,
10°
0 ———m
s0°0
d /




NACA TN 2242

38

e *1 ‘dequnu T3pusdg .
‘0 @ Jojewwaed £3717qIE5eadwoy €883 JO MOTJ J0J Jequmu sproukey U3TA JO308J UOT3IOTJAJ JO UOT3IBTJIBA  "penuijucy - *L eandtg
\

ruojgosaixe 3oy {93 + (93-03)9°0 = 9°03 38 sejjgedoad ses jJo uojjenteAy (q)

9°0n .
. , mmmmdmm =2 9°0sy
‘
ooo.ooa . 000°0T " 0001

i T100°

*0y

12

An9°0g s

10°
$0°0- —~—— b
0 ———— ~ '




39

NACA TN 2242

*1 ‘aequmu T3puexd {0 ‘® Jojowwged £377iqysseadmoy °§es8d JOo MOTJ J0F Jequmu EPTOULSY UITA J03IDBJ UOTIOTJIJ JO UOTIBTJIBA °POPNTOUO) =~ *4 oundly

‘uo}308J3X6 380Y DpUB UOT3Tppe 3oy (93 4 Anuuofm.o = m.o» 38 geyjaedoad 83 jJo uoyjenyeAm (9)

.

$'0 .
. L §°0gy
gnS°0g |
000001 . 000°0T 0001
T T - 100"
'§ v . N ° ’
600> ———
0 ————
$0°0 o
¢ @
"
0
. Sl
- - M3
A 7 a.‘a
i Wy
= =
I.//. -
S
SN
/
=
f
o=
10°*
. // B

NACA-Langley - 12-27-50 - 1250



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41



