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EDGES AND CLAMPED UNLOADED EDGES

By Paul Seildse
SUMMARY

A theoretical solutlon is obtalned for the problem of the compressive
buckling of flat rectangular Metalite type sandwich plates with simply
supported loaded edges and clamped unloaded edges. ‘The solution 1s based
upon the general small—deflection theory for Fflat sandwlch plates developed
in NACA TN No. 1526. Good agreement is found between the present results

' and those of Forest Products Laboratory Rep. No. 1583.

A comparison of computed and experimental buckling stresses of
. sandwich plates with balsa—wood cores and with cellular-—cellulose—acetate
cores indicates reasonable agreement betwaen theoretical and experimental
resulis.

INTRODUCTION

The increasing use of sandwich materials as a substlitute for the
more conventional skin—stringer construction in aircraft deslgn makes
the problem of analyzing sandwlch plates one of great importance. Since
sandwich plates cannot be analyzed by ordinary plate theory because of
the appreclable effect of low core shear stiffness on deflections, a
general small—deflection theory for elastlc bending and buckling of flat
sandwich plates was developed In reference 1. Thls theory was extended
to include plastic buckling in reference 2 and was applied to the problem
of the elastic and plastic compressive buckling of simply supported flat
rectangular Metalite type sandwlch plates.

Tn the present paper the elastlc compressive buckling of flat
rectangular Metallte type sandwich plates with simply supported loaded
edges and clamped unloaded edges (fig. 1) is investigated. The differen—
tial equations of reference 1 are solved to yield a stabllity criterion

* giving the elastic—compressive—buckling coefficlent implicltly in terms
of the plate aspect ratio and the ratio of the plate flexural stiffness
to the core shear stlffness. Charits are presented to facilitate the
determination of elastic~compressive—buckling loads and an approximate
correction for plasticity 1s outlined.
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The results of the presemnt paper asre found to be in good agreement~
with those of the approximate theory of reference 3. The difference
between the computed stresses is at most 5 percent; the results of
reference 3 belng higher. The difference decreases as ths core shear
stiffness decreases. :

A comparison of computed and experimental buckling stresses of-
sandwich plates with balsa—~wood cores and with cellular—cellulose-—acetate
cores Indicates reasonable agreement between theoreticel and experimental
results.

SYIMBOLS
Ep Young's modulue for face material
He - Poigson's ratio for face material
te face thickness "o = T
Ge shear modulus for core material
he core thickness
D flexural stiffness per unit width of-Metalite type sandwich )

piate_ [ 22iE(Be * t2)®
2(1 - pf?)
a plate length
b plate width
B plate aspect ratio (a/b)
r core shear—flexibllity coefficlent <;2£%E—>
b=Gehg

Ocr critical compressive stress in x—direction
k elastic-buckling-stress coefficient (%BE§§%E%>
Ny critical compressive load per unit width (2ccrte) ,
X,y coordinate axes (see fig. 1)-

w deflection of middle surface of plate
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m number of half waves 1n buckled—plate deflection surface
in direction of loading
% Y

angles between lines originally perpendicular to undeformed

Geho” Gole piddle surface and lines perpendicular to deformed middle
surface

Subscripts:

comp computed

exp experlimental

RESULTS AND DISCUSSION

The solution of the problem of the compressive buckling of flat
rectangular Metalite type sandwich plates with simply supported loaded
edges and clamped unloaded edges (fig. 1) is obtained herein by means
of the differentlial equations of deformation and equilibrium derived
in reference 1. Details of the solution are glven in the appendix.

Stability criterion and buckling curves.— The stabllity criterlon
(equation (All)) derived in the appendix glves the elastic~buckling-stress
coefficlent Xk implicitly in terms of the plate aspect ratic B and
the core shear—flexibility coefficient r. TUnlike results obtained for
isotroplic plates wlth deflections due tc shear neglected, the buckling
coefficients of Metalite type sandwich plates with simply supported
loaded edges and clamped unloaded edges depend on Poisson's ratio for
the face material.

Solutions of the stebllity criterion for Polsson's ratio equal to
1/3 are presented in flgure 2. The elastic-buckling-stress coefficient
i1s plotted against the plate aspect ratio for different wvalues of the
core shear—Plexiblility coefficient. As the core shear stiffness
decreases, the decreasing wave length of buckle lessens the effect of
the clamped unloaded edges on the plate buckling strength and the
buckling curves approach the curves obtained In reference 2 for plates
silmply supported on all edges. This phenomenon alsc occurs as the aspect
ratio of the plate decreases. When the core shear—flexibility coefficlent
is equal to or greater than unity, the wave length of buckle is infinitely
small. TIn this case, as for simply supported Metallte type sandwlich
plates (reference 2), the buckling—stress coefficient is determined by
the shear modulus of the core and 1s given by

k=2 (1)
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This last result 1s a consequence of the dssumption, implied by the
theory of reference 1, that the plate faces are so thin that they can

be treated as membranes having a negligible stiffness in bending about
their own middle surface. If the flexural stiffness of the faces were
taken into account, the wave length of-buckle would not become infinitely
small. The buckling-stress coefficients given by equation (1), however,
hardly differ from those of a more exact theory, for plates having
practical dimensions.

In figure 3 the compressive—buckling coefficients of infinitely
long Metalite type sandwich plates with clamped unloaded edges <Ffﬂ; %)

are compared with the buckling coefficlents of infinitely long isotropic
sandwich plates wlth simply supported edges. As was noted in the
discussion of figure 2, the buckling coefficlents of the clamped plates
approach those of the simply supported plate as the core shear—flexibility
coefficlent increases, the two being equal for vaelues of r greater than

unity.

Comparison with approximate solutlon.—- The results of the more

epproximate theory of reference 3 agree very well with those of the
present paper. Buckling-stress coefficients computed from equations (38)
to (45) of reference 3 or from equations (1), (8), and (9) ofreference i
are at-the most 5 percent higher than those obtalned from the curves of
figure 2, the error decreasing with decrsasing core shear stiffness. The
approximate stability equation of references 3 and 4 may be writbten for
Metalite type sandwich plates, when the notation of the present paper 1s

used, as
2
}_6@?“
k = 3

£5) (2)

Reference 2 indicates that the theory of reference 3 was equivalentto
that of reference 1 for the problem of the compressive _buckling of simply
supported plates. The results of the present paper indicats further that
the simplifying assumption of reference 3 applies with little error in
Pproblems involving other support condltions. This assumption states that
any line in the sandwich core that is initially straight and normal to
the middle surface of the core will remain straight after deformation of
the panel but-will deviate from the direction of the normal to the
deformed middle surface by an amount—that 1s proportional to the slope

of the plate surface, the proportlionality factor belng the same throughout
the plate.
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Correction for plasticlty.— Because of the complexlty of the stabil-

ity criterion and the number of parameters involved, no attempt was made
to extend the solution to include buckling in the plastic range. An
approximate correctlon for plasticity is suggested by the results of
references 5 and 6 from which, for long plates with edges elastically
restrained against rotation, the ratio of the plastic buckling stress to
the elastic buckling stress can be seen to be approximetely independent
of the magnitude of the elastlc resitraint. When the results of refer—
ence 2 for simply supported plates are used, curves of plastlic buckling
stress plotted against elastlic buckling stress may be obtalned for various
values of plate aspect ratlio and core shear—stiffness parameter. The
appropriate curve 1s then entered with the elastic buckling stress
obtained by means of filgure 2 to get the approximate buckling stress of
a plate with simply supported loaded edges and clamped unloaded edges.
The curves for infinitely long plates can be used with little error for
plates having any aspect ratio.

The results of thils method agree closely wlth those obtained by
using the procedure suggested in references 3 and 4: +that the elastic
modulus be replaced by & reduced modulus everywhere it appears in
equation (2).

Comparison of theory and experiment.— In figures 4 and 5 experi—

mental compressive buckling stresses are compared with the buckling
stresses computed from the resulis of the present paper. The experimental
stresses are the results of Forest Products Laboratory tests made on
sandwich plates with Alclad 24S~T aluminum-alloy faces and end—grain
balsa—wood or cellular—cellulose—acetate cores. (See reference k.)
Theoretical stresses in the plastic range are approximate and were
obtained by the method described in the previous sectlon. The experi—
mental and computed data are summarized 1n tables 1 and 2.

Much better agreement exists between theoretlical and experimental
results for panels with cellular—cellulose—acetate cores than for panels
with end—grain balsa~wood cores. (See figs. 4 and 5.) The average
discrepancles between theory and experiment for the two types of panels
are 5.6 percent and 28.2 percent, respectively.

An explanation for the apparent different behavlior of the two types
of panels can be found from an examination of the data of tables 1 and 2.
A comparison of computed and semlempirically determined flexural stiff—
nesses (columms and @29 of table 1 and columms and CED of
table 2) indicates again good agreement for panels with cellular—cellulose—
acetate cores and poor agreement for panels with end—grain balsa—wood
cores. The semlempirical values of plate flexural stiffness glven in
reference 4 were computed from the results of tests of sandwich beams
cut from the panels. The effective stiffnesses obtained from these tests
were corrected, 1n accordance with the procedure outlined in reference T —
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a procedure which Iinvolves a knowledge of the core shear modulus — %o
obtain the flexural stiffnesses listed in colum (3 of table 1 and
column @ of table 2. ' -

In view of the agreement between theoretical and experimental
results for sandwich plates with cellular—cellulose—acetate cores, it
seems reasonable to expect the same agreement for panels wilith balsa—wood
cores. The semiempirically determined flexural stiffnesses for panels
with balsa~wood cores are, therefore, very likely Incorrect. The Forest
Products Laboratory has suggested that the shsar modulus assumed for
balsa wood i1s inaccurate. A lower shear modulus would give good agres—
ment between computed and semiempirically determined flexural stiff—
nesses for the panels with end—grain balsa—wood cores. A lower shesar
modulus would also increase the core shear—flexlibllity coefficients of
the panels so that the computed values of the buckling stresses would
be low enough to agree fairly well with the observed stresses. The
required shear modulus is of. the order of 6,000 psi to 9,000 psi, values
which are by no meens unusual for balsa wood. (See reference 8.) With
this explanation in mind, reasonable agreement apparently exists between
theoretical and experimental results.

CONCLUDING REMARKS

Charts have been presented to facilitate the determinatlion of
theoretical elastic—compressive—buckling loads of-flat rectanguler
Metalite type sandwich plates with slimply supported loaded edges and
clamped unloaded edges. A correction for plasticity has been suggested.

Reasonable agreement between theoretical and experlimental results
is 1ndicated by a comparison of computed and experimental buckling
stresses of sandwlich plates with balsa-wood cores and with cellular—

cellulose—acetate cores.

Langley Aeronsutical Laboratory
National Advisory Committee for Asronautics
Langley Alr Force Base, Va., March 21, 1949
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APPENDIX

DERIVATION OF COMPRESSIVE BUCKLING CRITERION FOR FLAT
RECTANGULAR METALITE TYPE SANDWICH PLATES WITH
SIMPLY SUPPORTED LOADED EDGES AND CLAMPED

UNLOADED EDGES

Differentlal equations.— Differential equations for sandwich plates

that may be used to derive the buckling criterion are given on the bottom
of page 13 of reference 1. BSeven physical constants (two Polsson's
ratios, two flexural stiffnesses, a twlsting stiffness, and two shear
stiffnesses) which must be specified are given in reference 2 for
Metallite type sandwich plates as

Dy =Dy = (1 + ug)Dxy = % Brtp(he + t5)% > (A1)
DQ,X=DQ.y=GGhC
For a Metalite type sandwich plate compressed in the x—directlion, the
equations of reference 1 are then
Ny D o2 d & -9 g h
D Gehe dx2 Ox Gehe Oy Gehe
3 (2 P 1+pp 2 @ —ue @ P Gehe) Q
— + v — - + - - — =0 »(A2)
dy\ox2  dy= 2 dxdy Gelhe 2  dx2 Jy2 D /Gche
) 2+82w_l—uf82+32_Gchc>Qx_l+pf52 Qy =0
i\ dy° 2 e X D /Gehe 2  dxoy Gelic J
Boundary condltions.— The boundary conditions that are to be satis—

fied by the functions chosen for the middle-surface deflection w and
the shear angles Qy/Gehc and Qy/Gehe are that no middle—surface

deflection occurs at the plate edges, that no point in the boundary is
permitted to move parallel to the edges, that no bending moment exists
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along ths simply supported edges, and that along the clamped edges the
sections meking up the boundary do not rotate. These conditions are
given by the following equations:

At x = 0,a
w=Mx=G—Z%c—=O (A32)
and.aty=i% _
w:g}.c%’_‘_:%_%:o (A3b)

The bending moment M, 1s given by equatlon (6a) ofreference 1 as

_ |9 Qx ) ]
My = -D[a—@"— - agk) * e (- 9&)] )

S8olutlon of differential eguations.— The plate is assumed to buckle
symmetrically about the x—axls and sinusoldally in the x—directlion
(fig. 1). Solutlions for the middle—surface deflection w and the shear
angles _Q,x/Gchc and. Q,y/GChC are then taken in the form

-

mrx N3y
w = sin?zAi cosh ‘bi
i
Qe _ MZ N1y
Gohg = °°8 & Bi cosh —¢ > (A5)
i
mx
Qi = sin —Zci sinh K—I\E—y
Gehe a T ]

where m 1is an integer indicating the number of sinusoidal half waves
In the x—direction and values of N4 and the coefficlents Ay, Bi,

and C; are to be determined. Equations (A5) satisfy the boundary
conditions (A3a).
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Substitution of equations:(A5) in equations (A2) yields, after
simplification, the followlng set of simultaneous egquations which applies
for each set of values of Ay, B4, Cy, and Nj:

kray — % By + Nt % c; =-0 . (aé2)

a
mrt

2 1+ K 3 &
N1 %’:(Ni %) —l]Ai + = fNi %HBi

2 2
BY 1 1-—# B¥|la . _
2 2 1 - 2
6 8F - o [ 22 - 25256 &
1
- ‘;“ N1§%01=0 (46c)

Three values of Ny, for which equations (A5) satlisfy the differentlal

equations (Al), are obtained by setting tha determinant of the coeffi-
cients of equations (A6) equal to zero

N
1—up)r \B
m kr B\2  (kr\2
2 2
=Bk (B kr
N3 = B\[L 2 \/k(m> * <2> ]
Expresslons for the coefficients By and Cy In terms of A; are
found by solving equations (A6a) and (Afb). This procedure gives
st
By =4 M#A
my B (45)
C1 =5 N1 75 7i/4
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I R e O R e N
t%@@—ﬂ(ﬁ
_ CNi B) _1e st “f kr
1- “flibi 5) ] (’ 2 %

Equations (A5) may then be written as

= (Al cosh =Ny % + Ao cosh o %-+ Az cosh nN3 L)sin ——— W

[ J
Qx mx - mx
Gch (xlAl cosh an + MAp cosh ﬁNz + x3A3 cosh nN3 b = ©08 —4—

> (A9) -

ES%‘ (Nl B 714 sinh xN) & T inp B L 7php sinoh xN2 %
cC

J \mx mnx -
+ N3 % 73A3 sinh TEN3 B-)—a— sin =

~f

The coefficlents Ay, Ag, and A3 must be adjuéted s0 as to make
equations (A9) satisfy boundary conditions (A3b). Substitution of equa—

tions (A9) in equations (A3b) gives the following set of-simultaneous
equations: . '
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N v =N
A] cosh —§L + A2 cosh —Eg-+ A3 cosh —53 =0

sy pi 1o} ItN3
A'l'A'l cosh _-E-L + X2A2 cosh -—2— + X3A3 cosh T =0

a ,m S
Nl<i —-71)A1 sinh _Eé + Ng(i - 72)AQ sin_h.—Eg

+ N3(l - 73)A3 sinh ﬂaj- = 0

J

The condition that 4, &, and Ag have values other than zero deter—

mines the criterion for stability under compression of flat rectangular
Metalite type sandwlch plates with simply supported loaded esdges and
clamped unloaded edges. The stability criterion, obtained by setting
the determinant of the coefficients of equations (AlQ) equal to zero, is

w1 = ) re = ag)tenn 22 1 (3~ 72)(3g — ng) s 22

+ N3<l - 73)(’\1 - ;\,Q)tanh g} -0 (A11)

When the plate shear stiffriess is infinite (r = 0), equation (All)
reduces, in the limlt, to the stabllity criterlon for isotropic plates
with deflectlions duée to shear neglected:

256D D 1B s fE-D -0 o
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.013] .257|33.03{39.88] .828| =79 | .006T{7.25| 238 9.15 | e cmae | kG2h 176 | 6.77] 3%.2

.013] .2%1]33.02[39.98| .825] sokT | .006%|T.26] 2331 8.88] a-w - | B326 16k | 6.31] &0.7

.012| .2%2(33.02(39.90| 827} k706 | .0061iT.28| 212 8.83| --- === | 4383 165 | 6.87| 28.%

.012] .255(23.02)39.95] .42 | W765 L0075|6.73 [ 245 [10.21] e | kR3S 217 | 9.04 12.9
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J011| .2%1)16,02(23.84 | .6TL] 3206 .0183)6.5L( 476 |21.6hf === ==e=] k332 K05 [18.k5 ] 17.2
.o13| .255[wh.03]20.62 | 673| mer | .oeasfe.zo| Tt [aB.ts| T30 | 28| wsm | e [eaas| s
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.013] .2kT}{12,02{18.95 | .634) 4898 .0287/6.19{ 833 |32.0k| T85 30.2| Lot0 571 [21.96) 13T.2
J01k| .258(12,02(18.90) .635( 3272 | .0309{6.11) 891 |31.82( 80 30.0| 33k 571 120.39| k7.0
J013| .248)11.02|16.87| .653] k933 .0362|6.00 ] 1088 39.hk2| 833 3%.0| k380 667 }25.65 2.3

,013f .253{11.01{16.88) .652] >12% .0369(8.99( 1063 |k0.88[ 896 3%.50 kSTL 712 (2T.35| 2%.9

«OLk] .2%0}11.0116.9% | .6h9| =435 .03935.93] 1108 | 39.57; 9% 3k.0| 14368 667 |23.82] »2.8
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8garrected for plasticity, NACA
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TABLE 2
EXPERTMENTAL AND OOMPUTED DATA FOR SANDWICH PLATES WITE CELLULAR~OELLULOSE-ACETATE CORES

[:gf w 9.9 X 105 ps1; Gy = 3,500 Pl!i]
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() o (o (12.)J VR Pt BN IR P vl u(;:‘f)p (. (157?;.) 3" | (pereent)
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L013 | «253] 23.02) 35.98 [ .639 | ¥7u6 . | .oues]| 5.8 -212 8.1 | 4688 193 T.4k2 9.8
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L013 | .241 | 16,001 23.84 | .67L,| u46T2 .0962J x';_93 © 400 15.38 | L4806 3T k.58 5.5
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.0k | .257|2k.00|20.80 | .673 5T2T 1450 k.30 =61 20.04 | 5165 558 19.93 0.6
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.013 | .254% | 12,01 {18.88 | .636 | =162 .a6101 k.20 587 22.58 | 4688 554 21.31 6.0 "
.012 | .253 [12.01 | 18.83 | .637 | U6Sh L1475 | L.29 560 23.33 k517— 5T 23.79 | -1.9
,013 | .251 | 12,02 |18.87 | .636 | =mout .1m92 | 3,13 578 22.23 | 4656 4T3 18.19 | =22.2
.013 | .231 [12.01 [18.93 | .63k | sout .1583 | k.15 | sTT 22,19 | iskg s 20.08 | 10.%
.01k | .249 {10.99 | 16.57 | .633 | 53%k ,2220 | 3.%0 678 24,21 | ¥785 6:18 22.07 9.7

S NACA "
.

-



NACA TN 1886 15

|

A A A A s

X

y
—
—_
——
Oor >
—_—
—_—
—

RRRRRAR
9

L/ /e,

< e
he

-

Lok

leslle

Figure 1.— Metalite type sandwich plate with simply supported. loaded
edges and cla.mped unloaded edges, '
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Figure 2.~ Elastic—compressive-buckling curves for Metalite type
sendwich plates with simply supported loaded edges and c¢lamped
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Tigure 4.— Comparison of theoretical and experimental buckling stresses
for sandwich plates with Alclad 24S-T aluminum faces and balsa—wood
cores,
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Figure 5.~ Comparison of theoretical and experimental buckling stresses
for sandwich plates with Alclad 24S-T sluminum-alloy faces and
celluler—cellulose—acetate cores,



