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SUMMARY

An analytical and experimental investigation was made of the
effect of twist on the vibrations of cantilever beams, The analyt-
ical investigation was made by the use of Station Functions.  Gen-
eral equations are developed for the coupled bending - bending-
torsion vibrations of a cantilever beam, and it is shown how these
equations reduce in simpler cases, The ugse of tabulated Station
Numbers makes the analytical method presented herein particularly
simple to apply.

An example is worked out in detail to illusgtrate the applica-
tion of the method, Good agreement is obtained among the method
presented, an exact theoretical solution developed hereln, and
experimental results.

It is shown that for a beam with a ratio of bending stiffness
in the two principal directions equal to 144, the effect of coupling
due to twist is to raise the value of the first natural frequency
by a negligibly small amount, to decrease steadily the second fre-
quency, and to lower the third frequency considerably. T

INTRODUCT ION

The failure of turbine and compressor blades due to vibrations
has led to an increased interest in the study of the vibrations of
these blades and in the determination of the natural modes and fre-
quencies. In such theoretical studies, the compressor or turbine
_ blade is usuelly assumed to act as a cantllever beam. The calcula-
tion of the uncoupled modes of arbitrarily shaped cantilever beams
has been extensively investigated, but little work has as yet been
done on calculating the coupled modes of such beams, If the gecmetry
- of the beam is such that coupling exists, the coupled modes are
the actual vibrational modes that must be calculated.
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, There are three types of coupling that generally need to be
considered: - (1) coupling between bending and torsion, (2) coupling
between bending in two directions due to natural twist, and (3)
coupling between bending in two directions and torsion. Bending-
torsion coupling has been studied by several .investigators (ref-
erences 1 to 4), but little work has been done on coupling involv-
ing twist.

The sarliest work on the vibrations of twisted beams involved
propeller blades and the general practice was to neglect the effect
of twist, Iater investigations include the effect of twist by
applying the methods of static influence coefficlents (references 5
and 8) or integral equations (references 6 and 7).

In the use of integral equations, great difficulty is encountered
in the calculation of the higher modes of vibration because exact
orthogonality conditions are required to prevent convergence back
to the lowest mode. The influence coefficient methcd reduces the
problem to one having a finite number of degrees of freedom, The
accuracy of the higher modes, however, is poor. In using such a
finite number of degrees of freedom, only the first third of the
modes and first half of the frequencies obtained are within the
usual engineering accuracy.

The present investigation was made at the NACA Lewls laboratory
in order to present a straightforward accurate method for determin-
ing the coupled modes and frequencies of nonuniform twisted canti-
lever beams and to determine the effect of twist on the vibrational
frequencies of such beams, The method is based on the use of Sta-
tion Functions as developed for uncoupled and coupled bending-
torsion vibrations in reference 4 and first discussed in refer-
ence 9. Incorporated in the method are the advantages of the
continuous-function deflections of the Rayleigh-Ritz and Stodola
methods together with the advantages of the finite number of
degrees of freedom of the influence-coefficient method, Use is
made of the Station Numbers derived in reference 4 and tabulated
herein for convenience. An example is given and comparisons are
made with exact theoretical and experimental values.

ANALYSTS

The present analysis of the vibrations of twisted cantilever
beams is carried out in two ways: (1) an approximate solution
using Station Functions and (2) an exact solution of the differen-
tial equations of equilibrium of the system,
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The approximate sclution using Staticn Functions fcr the gen-
eral case of coupled bending - bending-torsion vibrations is pre-
sented herein, It is shown how the general equations reduce to
the special cases of bending-bending, bending-tors1on bending, and
torsion vibrations.

All symbols used in this secticn are listed and defined in
appendix A. The exact solution and the derivation of the Station
Function equations presented are discussed in appendixes B and C.

In the present analysis, matrix notation is used entirely.
The use of matrix algebra reduces the amount of labor considerably.
The only matrix cperations needed are multiplication and addition.
Feor those unfamiliar with the multiplication and addition of
matrices, these simple processes are described in appendix D, The
ugse of matrices, however, is not necessary. The scalar sequations
given in appendix B can be used for all the computations.

Bending ~ bending-torsion vibrations. - It is shown in appen-
dix B that the deflections of the reference stations for a beam
divided into n intervals of length &, as shown in figure 1, are
given by the following matric equation:

N

r
v w2m054 | De erbeyePDex
=—— | D . D D Y : (1
! EL, yo 'y yx ( )
X ‘ D X

Dxe ny X

where the elements of these matrices are themselves matrlcns given
as follows:
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Dy = T, (K + BM)
Dey = Tl (Ky L'+ Hy M)
Doy = T4 (K, L' + Hy M')
D, =T, F, P' - T) Fy Q' 4+ T5 Gy N' + Ty Gy M
(2)
D, =T, F, P' - T, F Q' +T; G N'+T, G M
Dyy = Dyy = Tp Fyy B' - T, Fyy Q' + T3 Gyy N' + Ty Gop M
Dyg = Tp Fyg P - Ty Fyg Q +.T3 Gy N + Ty Gyg M
DxestFxé_ - T xeQ+T G9N+T4GxeM
The matrices L, M, N, P, Q, L', M', N', P*, and Q' are

matrices of Station Numbers. These matrices are functions only
of n, the number of stations, and have been tabulated in tables I
" to VIII for n equal 1 to 8.

The matrices T, T,, Tz, and T, are standard matrices listed

in table IX. The first n rows and columns of these matrices are
used, where n is the number of stations taken along the beam,

The H, K, F, and G matrices involve the physical properties

of the beam. The element cf the 1¥h row and Jth column of each
of these matrices is given as follows:

Let
| 1 for J> 1
743 )0 for j< i

f8 1 for § =1
13 % o for J A1
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Then
T
i
K =15
1j g,
K 71 5
yij ='EI~ iJ
Sx
i .
Keyy = T B
i
Hyy = AREE
s
X
o3
Beiy =50 71
1
g _ ‘SYJ
yid T, Tid
1
FXiJ = in mi 815
nyi.j = - Txyimy 51
G_. = . . Ve
viy =Ty ™y 7iy
Gyig = Tx1 My 74y
Cyyij = = Txyi Dy 713

P -(f.S_ .-f .8 .
y61j ( yi“yd xyi “x3’ “iJ

x013 = (Fx1 Sxy = Tyyi Syy) 1y
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Syo13 = (fyi Sys ™ Txy1 Sxj) 713
erij = (fxi ij - fxyi Syj) 733

The matrices V, Y, and X are column matrices given by

F.- ro_ r.-
V= ryo 65 Y=|y; X =] x4
L'— L. * L *

The corresponding scalar equations equations (BS) and (BS),
cgn be found in appendix B.

The labor involved in the calculation of the D matrices of
equation (2) can be considerably reduced if the equations are
expressed in the following partitioned form:

ol 7] [j
oy <m, 7]
- [k, ng [;:

Dg

o]
!

F P G, 0 Nt
y y
=17, T + T
y [jZ i] _ [15 4 A .
C Fy Qr C y M

()
l

N!

Feo o] [ Gy O
<[] ]
0 Fyl |-Q 0 G| | M
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[Fey 0 ][ 2] Gey 0 ] [
Dyx = ny = EPZ Tl] + EI'S T4]
[0 Fuyl L9 O Ggyl LM
_ a9 - _ - -
Fyg O P Gyg O N
Dyp= |Tp T + [Tz T
y0 2 11 3
0 Fool -9 [0 Gyqf LM |
' Fyg O P - [Go0 T[N
Dyg = [Tz Tl] + [T:s T; (22)
-O er_‘ _"Q -O Gxej _MJ
1 BLyo )
With — n =N, the characteristic equation for the system
w 8
0
becomes
PDG-XI cPDay sI‘Dex
Dy Dy-AI Dyx =0 (3)
Dyp Dyy D -AI
or
|Ip-r1| =0

where D is the matrix indicated, the dynamical matrix of the sys-
.tem, and I 1s the identity matrix. The corresponding scalar
equations (B7) can be found in appendix B.

If the physical properties of the beam under consideration are
known for each of the n 1intervals, the F, G, H, and K matrices
denoting these physical properties can be written. The D matrices
can be calculated by straightforward matrix computation using equa-
tions (2) and (2a) and tables I to IX. Any method available can
then be used to solve equation (3) for the 3n values of A\.

Special cases. = For the dases where certain couplings between
modes are negligible, equation (3) reduces to the following special
cases: : :
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) EI
(1) Bending-bending vibrations. With =5 —0 = \,
w mos
D ~AI D
X
¥ VA [ (38)
Dy D NI
EI
(2) Bending-torsion vibrations. With j; _XZ =\,
w m05
FDe-)\I € PDey
= C (3b)
Dyg Dy-M
B
(3) Uncoupled bending vibrations., With j;._fzg = A\,
w moa
|py- 2| =0 (3c)
: C
(4) Uncoupled torsion vibrations, With j? ——95 = A
. : w®1Is
0
|D9- >\1| =0 (3d)

The determinantal equations (3) can be solved for the modes

and the frequencies of the type vibration under conslderation,

EXAMPLES

In applying the previously discussed method, the elements of

the dynamical matrix must be determined for a given beam, These

quantities depend upon the physical properties of the beam and upon

the number of stations chosen,

If the physical properties of the

beam are known, the dynamical matrix can be calculated directly
from-equations (2) or (2a). The matrices Ty, Tp, Tz, Ty, L, M, N,

P, Q, L', M', N*, P', and Q'
only upon the number of stations

appearing in equations (2) depend
n used and can be read directly
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from tables I to IX. Then, one of equations (3) can be solved for
the modes and the frequencies of vibration by any method desired.

The following detailed example illustrates the method for coupled

bending - bending-torsion vibrations:

Consider a cantilever beam with Ih/IE’ the ratio of bending

stiffness in the £-direction to bending stiffness in the
n-direction, equal to 100, and having linear twist, with total

1 Ip By
angle of twist equal to 1 radian. Let ['= =G = = 0.03,
6“ Y0 "o

let rn/rg equal 10, and let €, the coefficient of coupling

between torsion and bending in the f-direction, ryoz/réoz, equal 0.2,
Let the number of stations chosen be two (n = 2)., The calcu-
lation of the elements of the F, G, H, and K matrices is shown
in table X, The multiplication of these matrices by the appropri-
‘ate L, M, N, P, Q, L', M', N', P', and Q' matrices from table II
is also shown, and the determinantal equation is calculated. The
. roots of this 6 X6 determinant can be computed in any manner
desgired.

>

APPLICATIONS AND RESULTS

The method was applled to determine the effect of twist upon
the natural frequencles of a cantilever beam, Calculations were
performed upon a beam such as that shown in figure 2. The
ratio In/Igv was chosen as 144, Calculations were made for several

values of total twist, ranging from O radians to 1.0 radian, The
first, second, and third frequencies of vibration were obtained in
each case,

The procedure for obtaining the exact theoretical values is
derived in appendix C. A determination of the first natural fre-
quency was made for In/Ig equal to 144, and having @t, the total

angle of twist, equal to 0.70 radian.

Several beams having length equal to 6% inches and In/I£ = 144

were machined, mounted, and vibrated to determine their natural
frequencies. These frequencles were determined to within 4] per-
cent, Several values of total twist were taken. :
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The results of the calculations performed are plotted in fig-
ure 3 for the first, second, and third modes of vibration. The .
effect of coupling due to twist on the first mode for this beam is
geen to raise the natural frequency to a value slightly higher than

it would have if there were no twist; for a total angle of twist

of 0.75 radian, the percentage increase is 0.5 percent. This dif-
ference is less than the experimental error.

Coupling due to twist has g more pronounced effect upon the
higher modes of vibration, For the second mode, the natural fre-
quency decreases to approximately 82 percent of its untwisted value
for a total angle of twist equal to 0.75 radian and decreases to
approximately 72 percent of its untwisted value for a total angle
of twist equal to 1.0 radian,

The natural frequency of the third mode alsc decreases. For
a total angle of twist of 0.75 radian, the frequency is approxi-
mately 80 percent of the untwisted value. For this mode, the per-
centage decrease first becomes larger and then smaller as the total
angle of twist 1s increased through the range investigated.

The experimental results are alsoc shown in figure 3. The
beams tested had total angles of twist equal to 0.11, 0.39, 0.6,
and 0.76 radian, The first mode changes very little. For the
second mode, the percentages of the untwisted value Ffor the fre-
quency are 101, 93, 88, and 75 percent. The third-mode frequen-
cies could not be cbtained with any degree of certainty.

in addition, experﬁméntal data taken from reference 10 have
been interpolated for a value of IU/IE = 144 and are plotted in

figure 3. Agreement between the theoretical and experimental
results, in general, is very good .

CONCLUDING REMARKS

Calculations based on the method presented tc determine the
effect of coupling due to twist on the natural frequencies of
twisted cantilever beams were performed., For a beam with ratio of
bending stiffness in the two principal .directions equal to 144,
the first natural frequency is raised by a negligibly small amount;
for the second mode, the matural frequency decreases'greatly ag the
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twist is increased; the effect of coupling due to twist for the
third mode is also to lower its frequency considerably,

A comparison among the method presented, an exact theoretieal
solution, and experimental results was made for a specific case;
good agreement resulted.

Lewils Flight Propulsion Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, October 17, 1950.

11
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APPENDIX A
SYMBOLS -
The following symbolg are used in the report:
CO torsional stiffness of beam at root
Cy ratio of average torsional stiffness of 1th  inter-
val to torsional stiffness at root
B Young's modulus |

fj(C), gJ(C)

T fY’ fxy

Ty fyi’ fxyi

i, J, k, r

Station Function for torsion and bending, respec-
tively, associated with JtB station

IK/EIE Lo I y/EIgln, and Ixy/EIg I,» respectively

average value of LT o/I;T;, I,T,0/% I, and
IxnyO/IE;n over i'h interval

-identity matrix

mass moment of inertia pér unit length of beam at
root o

ratio of average mass moment of inertia per unit
length of bsam of 1th  interval to mass moment
of inertia per unit length at root

moment of Inertia of cross section of beam about
x-, y-, ¢£-, and n-axes, respectively, function
of 2

moment of ineftia of cross section of beam about
x-axis at root»

summation indices
length of beam
mass per unit length~of beam, function of =z

mass per unit length of beam at root:
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oy

n

ry, Tys Tn
ry0

8%, Sy

Sxi’ Syi

i

ratio of average mass per unit length of
1%0  interval to mass per unit length at root

number of intervals

absolute magnitude of projection of distance from
elastic axis to center of gravity on perpendicu-
lar to y, x, n, and { bending directions,
respectively

value of ry at root of beam

static mass unbalance associated with x- and
y-deflections, respectively, mr,, mry, function
of =z

ratio of average static mass unbalance associated
with x- and y-deflections, respectively, of
ith interval, to static mass unbalance asso-
ciated with y -deflection at root

bending deflections in direction of x- and y-axis,

respectively, of Cartesian coordinate system

bending deflection in direction of x- and y-axis,
respectively, at i®h station

bending deflection in direction of minor and major
axes of inertia, respectively, at cross sectlon
of beam

distance from root of beam
2 . N
(1/8%) (1,/c,) (BT /m))
length of interval between stations

Z/r 2

coupling coefficient, r 20

yO
angle of torsional vibration

frequency parameter, latent root of dynamical
matrices

dimensionless distance, g

13
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APPENDIX B

STATION FUNCTIONS AND DETERMINANTAL EQUATIONS

In the usual influence-coefficient methods for solving dynami-
cal problems, a continuous body having an infinite number of degrees
of freedom is replaced by a body having a finite number of degrees
of freedom, Two principal assumptions are then made, which intro-
duce inmaccuracies into the solution, particularly in the higher
modes: (1) The inertial loads of all the infinitesimal masses in
a finite interval can be replaced by a resultant that passes
through the center of gravity of that interval; and (2) & concen-
trated load that is the resultant of a distributed lcad produces
the same deflection as the distributed load.

In order to eliminate these assumptions, Rauscher (refer-
ence 9) introduced the concept of Station Functions. In this
approach, it is assumed that the inertial loads and, consequently,
the deflections are continuous functions along the beam., The
value of these continuous deflection functions at n reference
stations must equal the deflections of these reference stations.
The loading on the beam is therefore a continuous function of the ,
deflections of the reference stations. Inasmuch as the deflections
of the reference stations can be computed from the loading on the
beam, which in turn is available from the deflections, the deflec-
tions are therefore obtained as functions of themselves,

In the method employed here, the deflection of a continuous
beam is approximated by the sum of a set of continucus Station
Functions, Each of these functions is chosen: (1) to satisfy the
boundary conditions of the problem, (2) to vanish at all stations
other than the one with which it is associated, and (3) to equal 1
at the station with which it is associated, In terms of thess
functions, the deflections are

5
n
[k
]
Cw
~~
)
N
D
C

(B1)

e
(1
(]

e
LY
e
p—
e

Ce

o
T
"M
|.—l
xR
Ce
~~
e
g
M
C
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where

¢ dimensionless distance along beam, z/8

8, vy, x ~t6rsional deflection, bending deflections in y-
and x-directions, respectively, functions of §

ej, yJ, Xj _ torsional deflection, bending deflections in y-

and x-directions, respectively, at jth station

fj(C), gJ(C) Station Functions in torsion and bending, respec-
tively, associated with jth station

where '
x (£-3)¢ (E-2q)

JAH
0 = T T ey

JH

2,2 (B2)
21(§-J) ¢ (¢ +a2§+ef3)‘

g,(t) =4
x (i-3) 1
J#1

12 ( i2+a2 i+a,)

_where n denotes the product for all values of J except J=1,
JH | |
and the constants a4, as, and az are determined to satisfy the

_ boundary conditicns at the free end of the beam, where the moments
and the shear forces are zero.

For a given frequency of vibration, the influence coefficients
for the system can be derived. The following equations are appli-
cable at any of the stations:
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2 f
¢
qym £y (4-0(i-¢) ab aty +
0

i
5t .qymj; £, (4-0(-0) & ag -

)
'—l
i
o
)
o+
~~
[T 3
p—

qt(C )

o
[N
I

[

1 4
8t | a(0) f fry (E1- O(2-8) aC aty -
0

i
5* qx(C)f £y (4-0)(1-1) atag
0

¢
£ (8-0(1-) atag +

qumf
fqu £ (L-0)(1-t) atat,

where the loading functions q({), a,({), and qy(C) are

17

(B3)
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.2 2
qy = w9+qu?x+Sywy
) )
qy = mu?x + 85w 6 (B4)
2
dy = my + Synza

©(l;) torsiomal stiffness of beam, function of ¢

I mass moment of inertia per unit length of beam, function
of ¢(
S.,, S static mass unbalance asscciated with x- and y-deflec-

tions, respectively, function of ¢

The integrals of equation (B3) may be written as the sum of
integrals over each interval by substituting these values for the
loading functions into equations (B3), using equaticns (Bl) for

the deflections, and assuming constant values of m, 5,, I, Sy, fy,

fy, and fy, over each interval., The order of summation can then

be changed to yield

m 64 < -
¥y = o ngo PJZ Doy V1 + u—zl Doy1y 3 + epj:l Df’xi.jxdW
) m084: n 'n n
1= @ g <j=1 Pyory Vi * ;Dﬁj I ;Dyxia x) )
2 m054 n o - o,
Jéi =W Eix—o <j=]_ Dx@ij Vi o+ ; DX.Yi_J Yyt ; DXiJ %5 )

" where
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Vi ® Ty 63
Dgiy = 51- I Ipey + i I My
k=1 k r=k+1
i n
1 (B6)
D, .. = — {s L + S )
Oy, k Lk Z -
yil = 37Ty (y It L S M
D = 1 S L + E : S Mr
6xij — k ~k
1 3 Ok | Xk Tk roky1 XTI
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APPENDIX C

EXACT SOLUTION

The differential equations of equilibrium of the cantilever
beam can be derived from ccnsideration of the forces and the moments
acting on an elemental section of the beam, These forces and.
moments are shown'in figure 4.

With 8in dp =dp and cos & = 1 and second-order differ-
entials neglected, from the equilibrium of bending moments ’

M ® 4 .

oz dz
: (c1)
M
il age
- Mg— - V_ =
oz * gdz n =9

where

54& NH bending moment about n- and E-axes, respectively, func--
tion of =z :

M6 torsional moment, function of =z

V&, Vﬁ shear force in & and n-directicns, respectively, func-
tion of z

From the equilibrium of forces, -

ov
£ 2 2 .
S, = ma £+S£w6+Vncp
(ca2)
ov,
N md? 2q _ '
> _mwn+S,qw9 Virp
From the equilibrium of torsional moments,
oM 2 2 .
"—Q+Iw6+Sw€+Swn=O (c3)

oz

£ n
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Upon manlpulatlon of equatlons (C1) and (CZ) and the substitu-
tlon of the relations

& )
ME = EI,q azz
o'm
My = EI; — > (c4)
oz -
: ae
M, =
0
az )

where C 1s the torsional stiffness, a function of z,

'\

52 g (a-:p) 3% "2 23 3 a%n
— [EI -l=) = ——-meE-SwG--———E
azz 1 azz oz In oz : dz Ig az

2 2

Mémig—z =0

oz Jz
3 3 (acp)z EO 2 239 d P
—= |EI - EIL: T]-Sw9+ B _—
NP Eazz 3z AN 3z 3z \Bh 592 +

2 2

) d

lEIn-% =0

oz Oz

—

9 2

c 28, Iwe+Sw£+Swn

oz oz / n

| | | Y
Equations (C5) are the differential equations cof equilibrium:

of a cantilever beam vibrating in coupled bending - bending-torsion

motion

Exact solution., - A uniform, llnearly twisted cantilever bean,
vibrating in coupled bending - bending-tors*on.motion is con51dered

23

(cs)
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Using the change of variables
Y, = .EIg n (cs)

and letting

2 2
w = 12.36 ‘—"—E

— Q
EL, /mz4 w
4 4

i

(The value of the constant is taken from reference 11.)

o, 1/
I b
¢ ,
2 2 < 2
- 2 ) 12.36, w 2 t
n / n t t
rn/rz = R
r-gz/rg2 =€

reduces equations (C5) to yield

2y . . )
Yllv_ . 1 -QYl - ZcptY2 ! -QYS =0

2 ] Q N "
Tow- 9 Y - . Y, +2p. ¥, " - RQ){3 =0 (c7)
YS" + ..(2_ Y3 + € '572" Yl + Re¢ —Q—' Yz =0

74 t 77 )

oY .Y
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where primes denote successive differentiation with respect to §.

A Ay

A
Let Yy =Dje ©, Y, = Eje *, and Yz = Fye 18 be solutions

to equation (C7).
Then

2
(0% 1" Q) Dy - 2pA By -QFy = 0

3 4 2, 2
20: N Dy + Ny =9 N -Q/7,) By - RQFy = 0 (c8)

—— 1 + ‘Ei + ()\i + - ) Fi =0
7y, 74 7

A tenth-order equation in Ae 1is obtained by equating the
determinant of the coefficients of equation (C8) tc zero. For the
case where R = 0, that is, the center of torsion is on . the axis

of minimum moment of inertia, this equation reduces to a quintic in }\12.

. 10 2 8 4 . 2 6
Moo+ (Qrg + 20 )0 + |9y Q1 + 1/yy - 29.%/74)[ My +

ot - (1 +1/7,)0Q ; .
74 * 7_tQ M+

Q [qztz (1 +1/n) +

=0 (co)

. 2 2 '
2 | P (1 +1/7) 9% N2, le P
[ y y 17y
% % £7%

Let the roots of equation (C9) be )\l’ P VR PR A

12 2y Tlgo My iz
)\4, }\_4,)\5, and )\_5, where

Then
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\
| Mt
Y., = D.e
S vt
1f0
> 2o b
Y, = Eqe > (c10)
i==5
140
5 4
1
YS = iz:s Fie
1£0 /
where
.3
Mk D G;D
LA 2,2 I T R |
(A -9 N '()/7b)
q (c11)
Fi = ——_)-\-EE-—Q— Di = HiDi
Tty *
i=41, 42, 43, 4, 45 ‘
The boundary conditions are
at c: 0
Yl(o) = Yl'(o) = YZ(O) ;Yz'(o) = YS(O) =0

Y1) = X" (1) = Y1) = Y1) = Y (1) = 0

The substitution of equation (Cl0) into the appropriate equa-
tions of (C12) will yield 10 homogeneous equations in the 10 vari-
ables Dj. For a nontrivial solution, the determinant of the coef-

ficients must vanish.

Thus:
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The process of solution is as follows: The value of the
determinant in equation (C13) must be -plotted against frequency;
the value of frequency for which this determinant becomes zero is
thereby obtained. This procedure invelves first solving the quin-
tic equation (C9) for each assumed value of frequency parameter £,
and then calculating the elements of the determinant from equa-
tion (Cl1). The value of frequency for which the determinant of
equation (C13) equals zero is the natural frequency of vibration
of the beam.

The exact soluticn is obviously long and laborious. Numerical .
calculations have been made for the case where there is nc tor-
sional coupling with the bending modes, In this_case, equation (c12)
may be replaced by a biguadratic equation in Ki , and the order
of the determinant of equation (C16) is reduced to 8. The results
of thess calculations are included in the body of the report, where

a comparison is made with values given by the approximate sclution.
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APPENDIX D

ELEMENTARY PROPERTIES OF MATRICES

A matrix 1s a set of numbers or other elements arranged in
rows and columns that obey certain rules of addition and multipli-

cation, Thus
[1 0 3
2 -4 9

is a matrix of numbers containing two rows and three columns.

N O

is a matrix containing four rows and one column. It is called a
column matrix., Similarly, a set of mmbers arranged in a single
row is designated a row matrix. A nXm matrix is one containing
n rows and m cclumns,

Let an nXm matrix be designated A, Then the element in

the i®M row and 3™ column of A will be designated a3

(the first subscript designating the row, the second subsbript the
column).

The overations of additicn and multiplication of matrices are
now defined as follows:

If a matrix A .is added to a matrix B (B must have the
same number of rows and columns as A), the result is a matrix C
given by '

C=A+3B where Cijy =213+ bij'

If an nXm matrix A is multiplied by a matrix B, the
result is a matrix C given by C ,

C = AB wherg cij = kE 3 a.ik ka

29
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that isg, the element in the ith yrow and jth column of C is
obtained by taking the sum of the products cbtained by multiplying
the elements of the ith row of A with the cerresponding ele-

ments of tne jth column of B,
It is to be noted that the order of multiplication is impor-
tant, that is, in general, BA £ 5B, and that in order to multiply

two matrices together, the number of columns of the first must
equal the number of rows of the second,

HE R
HENE RS
AT

For a complete discussion of the properties of matrices, see
reference 12.

Examples:
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TABLE I - STATION NUMBERS, n = 1

e~ Mie Nje Pk SR
pnd ) B [ B
L'yg Mg Ny | Pl Q' gk

pored) [ e ] [pvaend

TABLE II - STATION NUMBERS, n = 2

L M _ N
8/15 -:51/240] 11/12 —13/48] 8/15 - -31/243
7/60 94/240] |5/12 29/48 8/15 239/24
P Q
.183333 -o.osvsoo] f,o«sosg -0,008135
025000 .143750] | . 029365 .181448
L' | M
.,367100 -0.034875][0.536364 -0,060795
. 224675 .310011 | .627273 .448674
X' P;
0,367100 -0.034875][0.137933 -0,011252
.851948 .758685) | 057955 .118463
o

0,036616 -=0,002614
.069733 «15041S
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0.545833
0 137500

0.545833
« 587500

- 120833

0.399646
« 175000
-. 045142

[o.399646
708205
~. 239004

TABLE III ~ STATION NUMBERS, n = 3

L
~0,241667
+45C000
141667

N
~0.241667
1.175C00

1.091667

0.106019
~+ 078240

. 376388

0.106019
~. 231244

1.513426

Q

M

0.950000 —0.525000

« 450000
-. 050000
—

0.186310 -0
. 032143

-. 005357

0.04€6577 ~-0.014583 0,006222

0038244

-. 011756

Lt
—0,083406
391964

0224317

Nl
-0.083406
« 994860

1.475153

0.022325
-, 038816
« 308509

0.022325

- 111744

1,200133

. 202083 ~, 028963

. 068750

Ql

.316408

0.596268 -0
« 533205

- 097426

0.148013 -0
2042560

-, 012798

0.038884 -0.006034 0,001579

- 050843

-~. 028318

+127659

. 267865

.725000
. 475000

P
. 068452
» 160714

.03154¢

M!
« 149356
. 602896
. 625418

P!
. 026378
. 143948

« 057937

0181698 ~-,014830:

0.235185
-~ 153704
« 568519

0.029563|

-. 023677

. 139749

0.,040630
-. 072928
. 445812

0.006572
-. 012081

« 118007

NACA
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0.576455
+128307
-, 023545
| .0097€9

0.576455
« 557937
=, 127249

L.075455

0.413738
. 164798
= 037937
| . 020126

0.413738
. 676680
-. 203719
| . 146954

TABLE IV ~ STATION NUMBERS, n = 4

‘L
-0, 292657 0.229365
.459226 =, 126190
.169643  .407144
- 036606 .162699
N

-0, 292657 0.229365
1.207143 -.381746
1.207143 1.673810
"= 292857 1.729365

0.048240
. 035167
- 014547
. 008359
Ll
~0.116662 0.065879
.424050 —,086085
.181143  .381486
-.052641 233289
N'

-0, 116662 0.065679
1.001462 -.252823
1.269193 1.545602
-.390585 2,164827

0.039818
. 047267
- 023551

. 018630

-C. 09654
« 04587

-. 06591

+ 365434

-0.006544

«140724
=, 267841
1.9297206

=0.017295
. 204828
. 090642
~. 030688

~0. 019023
. 021577
~. 034723
.30518Q

~0.019023]
. 064205
- 164169

1.622066

-0.008281
«193310
- 097745
-, 048203

Q

0.013040

Q'

0.004551
- 032114

-
1.022202 —0. 647917
L420630  ,747917
-.051852  .518750
| .022222 -, 085417

0.194478
. 026597
~, 006581
. 002612

~0.081920
«163021
« 041295
-, 009598

-0.00542
. 016301
- 038574
« 446729

. 045624
. 335791
«118397

M?

0.623188 ~0.211987

.511882 .667412
~. 082891  .544025
| .042276 -.112648

0.152256

. 039616
~. 010651
| .005795

-0.036502
« 153469
« 044508
- 0156000

-0.001303
+007917
- 02422
. 382752

.318707
194016

Pt
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0, 522222
—. 265556
« 633335
. 522222

0.0627¢8
- 037401
.148512
« 037202

0.122052
—~. 166758
. 582158
« 643846

0.020304
-, 026235
.140822
« 060554

~0. 221701
.094850
~.105961
.543024

-0. 026267
« 013391
-, 017322
«136€02

=0.0354£6
. 042628
~. 064723
+43896

~0. 00583
. 006481
~. 010868
.11703

'*‘IE!E!!IP’
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(¢) Torsional moments acting at section of vibrating beam.

Figzure 4, - Vaturally twisted centilever beam vibrating in coupled
flexural motion,

NACA - Langley Field, Va.
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