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SKCNFRICTIONOFINCOMPRESSIBLETTJRBUlJ3NTBOUNDARY

LAYERSmm ADVERSEPRESSUREGRADIENTS

ByFabioR. Goldschmied

Experimentaldataforskinfrictionofturbulentboundarylsyers
underadversepressuregradientsfromseveralsourcesarepresentedin
(YaPM@- form.Dataobtainedby themomentum-balancemethodareshown
to followa trendoppositetothatof dataobtainedby hot-wireand
heat-transfermethods.Themomentumequationandtotal-pressure-
measuringtechniquesareM.scussedinrelationto skin-friction
calculations.

Theconclusionisreachedthatmomentummethodisofquestionable
valueinregionsofadversegradientandshouldnotbe reliedupon
becausethesensitivityto smallmeasuringerrorsandto deviationsfrom
assumedflowconditionsintestchannelsistoogreat.A newinte@xal
energyparsmeterisintroducedanditsrelationto skin-frictiondata
isdemonstratedonthebasisofavailablematerial.A newmomentum
thicknesswhichincludestheturbulentmomentumcontribution,isalso
introduced,andit is shownthatthisthicknessmaybe asmuchas

7;p=centlowerthantheconventionalmomentumthickness,nearthe
turbulentseparationpoint.

INTRODUCTION

Thepresentknowledgeconcerningthedevelopkntofturbulent
boundarylayersunderadversepressuregradientsandapproaching
separationisfarf!romadequate.Inparticular,theskinfriction
underadversepressure~adientscannotbe determinedwithreasonable
accuracybeeause ofthelackof enoughreliableexperimentaland
theoreticalinformation.Oulythroughpositiveboundary-layer-control
devices,suchas suctionslots,suctionareas,vortexgenerators,and
soforth,canthedesignengineerbe reasonablyasswedthattheboundary
layerwilldevelopina desiredmanner.

ThepresentanalysiswaspreparedattheIWCALewislaboratoryto
assembleandtoreviewina criticalmannertheavailableinformation
concerningtheskin-frictiontrendofan incompressibleturbulent
boundarylayerinregionsofadversepressuregradientsinorderto
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showtheconflictingdataobtainedby Mfferentexperimentalmethods
andtobringouttheimportantcharact~isticsandparametersaffecting
skin-frictiondevelopment.

Becauseoftheabsenceofa knownfundamentalrelationbetweenthe
meanvelocitygradientandthestatisticalquantitiesde~cribingthe
turbulentfieldinthegeneralcaseof shearflow,thetheoretical
approachtothestudyofturbulentboundarylayershasbeenbasedalmost
exclusivelyonintegralmethodsjpossiblesolutionshavebeensoughtthat
wouldsatisfy,notthelocalMfferentialrelationsasgivenby the
Reynoldsequations(reference1),butonly“over-aJJ_averages”ofmomen-
tum(ref=ence2)andenergy(references3 and4) acrossa boundary-layer
section.

Ingeneral,theaveragingacrosstheboundary-layersectionmaybe ,
weightedbymultiplyingtheequationofmotionbeforeintegrationby
somearbitraryfunctionchosento givegreatestimportanceto some
particularareaoftheboundary-layersection,suchastheareaclosest
tothewallortheaxeanearesttothefreestream.Suchweighted
inte~alequationsaredevelopedinreferences5 to 7.

ThesemethodsprovideoneormorealgebraicrelationsbetweenwalJ
frictionandan equalnumberofparametersemployedto describethemean
velocityprofile.Thus,evenforcasesof zeropressuregradient,a
solutionforboundary-layerdevelopmentrequiresan empiricalrelation ‘
forskinfriction.

A sufficientquantityof dataavailableforskinfrictionoflow-
speedturbulentboundarylayersunderzeropressuregradients(flat-
platecase)hasembledseveralauthorsto develupempiricalformulas
forslclnfrictionasa functionoftheReynoldsnuuiberbasedonmomentum
thiclmess.Theseformulasarestrictlyapplicable~onlytotheflat-plate
case.GermanauthorsgenerallyusetheSchultz-Grunowformula(refer-
ence8);Britishandhericanauthors,the”SquireandYoung(reference9)
andtheFalkner(reference10)formulas.

Whentheturbulentboundarylayerdevelopsunderanadversepressure
gradient,bothskinfrictionandmeanvelocityprofiledependin some
manneronpressuregradient.Inlaminarflow,thepressuregradient
enterstheanalysisthrougha singledimensionlessgroupcalledthe
Poh3hausenA (reference~). DoenhoffandTetervin(reference12),Buri
(reference13),Garner(reference14),andI&l-n (reference15)have
proposedtheuseofvariousquantities,allanalogoustothePohlhausen~,
to describetheeffectofpressuregra~entontheturbulentboundary
lqfer.

Thefollowingexperimentaltechniqueshavebeenemployedforthe
measurementofturbulentskinfrictioninanadversepressuregradient:
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(a) Total-headsurvey:Meanvelocity
headsurveys,permitsolvingtheintegrated

3

profiles,measuredlytotal-
momentumequationforskin

friction.Thismethodisinprinciplesimplytherev=-seofthe
theoreticalapproachdiscussedpreviously,wherebya sldn-frictionlaw
isassumedin orderto computemeanprofilesand&velopment.

(b) Heattransfer(reference16): A smallheatingelementis
inlaidflushwiththetestsurface.Heatis convectedawayfromthis
elementby theflowinthelaminarsublayernextto thewall. Thefilm
coefficientmaybe measuredandrelatedby calibrationt~ skinfriction.

(c) Hot-wireanemometer(references17and18): Pelocityfluctu-
ationsaffect,by convectivecooling,theelectricresistivityof a s~.
heatedwire. Turbulentfluctuationsintheboundarylayermaytherefore
bemeasuredtoprovidean evaluationoftheReynoldsstressclosetothe
testsurface.

Thisreportisprimsrilyconcernedwitha comparativediscussionof
thesetechniques,the
resultingtheoretical

Iufluenceof

It iswellknown

dataobtainedbythevarious-investigators,andthe
implications.

DISCUSSION

SurfaceRoughness,llree-stresmTurbulence

andTransitionHistory

thatskin-frictionvaluesdependon surface-
roughnessconditions(reference19to 21);considerationmustalsobe
given,howev=,to theinfluenceoffree-streamturbulenceon sk.in-
frictiondevelopmentfora givenchordwisepositionofthetransition
fromlsminartoturbulentflow. Thetransitionhistoryofa turbulent
boundarylayerhasbeeninvestigatedexperfintally(reference22)and
ithasbeenfound,inthecaseof zeropressuregradient,thatfora
givenReynoldsnmikr ~, thestateoftheboundarylayeristhesame,
withrespecttomeanvelocityprofileandenergyspectrumshape,regard-
lessofthemannerinwhichtransitionhasbeencaused,providedthata
sufficientlengthofrunisallowedforsett~ng. TMS investigationof
transition-historyeffectshasprovedtobe veryimportant;becausehere-
toforeithadnotbeenapparentthattheturbulentboundary-l~erdevelop-
mentisindependentofthetypeoftransition,whichmayoccurin a
multitudeof differentways.

m Surfaceroughnessandfree-streamturbulencebothinfluencethe
ener~transferfrommeantoturbulentflowby increasingtheturbulent

e shearandmodifyingthemeanvelocitygradient.An exampleofthe
influenceoffree-streamturbulenceontheskinfrictionofa %urbulent
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boundarylayerunderadverse
inreference21,is shownin
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pressuregradieritjaspresentedby Tildman
figure1. Percentagewise,thedifference

in skin-frictionvaluesbetweenrunswithandwithouta turbulencegrid
is quiteappreciableandcomparisonbetweenresultsofdifferentauthors
cannotbe properlymadeunlessturbulenceconditionsareexactlyspeci-
fiedby relevantstatisticalquantitiesalongtheflowpath,whichhas
veryseldombeendoneinthepast.

Thedifferenceinmeanvelocityprofilesatthesamestationfora
boundarylayerona flatplatewithandwithouta turbulencegrid,as
presentedbyWieghardt(reference20)is showninfigure2* Theboundary
layerthicknessisrespectively80and50millimeters,asgiveninref-
erence20. Consequentlydf3/dxmayalsomarkedlydependonfree-stream
turbulence.(SynibolsaredefinedinappendixA.)

Mostdatahavebeenobtainedunderlow-turbulenceconditionsand
greatcautionmustbe usedinapplicationstohigh-turbulenceconditions,
suchas edst inturbo-machinery.

~n FrictioninAdversePressureGradientbyMomentumMethod

A numberofauthors,amongthemGruschwitz (reference23),TilJman
<reference21),Wieghardt(reference24),andWieghardtandTillman
(reference25)havemeasuredtheskinfrictionofa turbulentboundary
layerunderadversepressuregradientby theKh”n momentummethod.

TheI&m6nmomentumequationmaybewritten:

g+e$ (H+2)= Cf
o

(1)

g“
N

As showninappendixB, thisequationmaybe obtainedby integratingthe
Reynoldsdifferentialequation“throu@thebommy layer,subjecttothe
assumptionsarisingfromPrandtl’sconceptofa thinboundarylayeras
appliedtoturbulentmotion.Thus,themeanpressureistakentobe a
functionof x alone,andthex-daivativesofbothmeanorfluctuating
quantitiesareneglectedincomparisonwiththey-derivativesofthe
samequantities.Thissecondassumptionis doubtlessvalidformeanflow
quantities,butforfluctuatingquantitiesjustificationmustbebasedon
analysisof expertientalewldence.@ analysisofthissortwillbe pre-
sentedsubsequently.

Total-pressuresurveysandwailstatic-pressuremeasur~ntssuffice
~

to determinetheleft-handsideof equation(1),whichisthenidentified
withthewallsldn-frictioncoefficientCf . .

0

.— .—. .—-—
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Forillustration,curvesoftheskin-frictionparameter~0~ l/6

. .

againstx areplottedinfigures3(a)and3(b)fromdataofrefer-
ences25and18,respectively.Anotherexampleofthevariationof
@O tith X isgiveninfigure1 fromdataofreference21. Forthe
casesoffigure3 whichrepresentdifferentpressure~atients,neither
surfaceconditionsnorfree-streamturbulencehavebeenspecified,but
transitionhasbeenartificiallyforced,alwaysatthesameposition,by
meansofa wiresetinplaceimmediatelyaftera suctionslot.Pressure
distributionsforallcasesillustratedcanbe foundinthereferences
noted.Falkner’scurvehasbeenshowninfigure3 forconvenientcom-
parisonwithwhatwouldbe correspondingflat-platevalues.Thecurves
allshowa considerableincreaseinthedirectionofflow,whereasby
lsminaranalogitwasexpectedthattheskinfrictionwoulddecrease
monotonicallyto zeroat separation.

Theawarentincreaseof skinfrictionintheflowdirection,
whichatfirstappearstobe an establishedexperimentalfact,has
fascinatedmanyresearchers.DoenhoffandTet~n (reference12)
recognizedthecontrastandthepossibilitythatthetotal-pressure
measurementsweretoohighbecauseofrelativelyhighturbulentfluctu-
ations,butneverthelessacceptedtheincreasingtrendas substantially
correct.Gsrner(reference14),whorejectedtheskin-frictiondataof
reference16,alsoacceptedtheincreasingskin-frictiontrend.
Gruschwitz(reference23)andTillman(reference21)lookedforpossible
causesof error.

Nopracticaluse,however,hasbeenmadeofthesedataforappli-
cationto solutionsoftheK&w% momentumequationfor e; onlyflat-
plateempiricalformulasbasedon ~ havebeenusedforthispurpose,
in casesofpressuregradient,ontheassumptionthat 0 doesnot
dependstronglyonthepreciseformofthefunctionMO(x). Doenhoff

andTetervin(reference12)andKdikhman(reference15~usetheSquire
andYoungformula(reference9). Garner(reference14)usestheFalkn=
formula(reference10)whiletheSchultz-Grunow(reference8)formula
isusedby Germanauthors.

Verificationthatthemomentumthickness0 computedfromthe
K&n&n equationisinsensitiveto Cfn maybe obtainedfromthedata

of Schubauer(reference18)3themome%unthickness0 hasbeencomputed
withhisexperimentalvaluesof H,by usingseveralsetsofvaluesfor
Cfo ofwhichtwome of interesthei-e:

(1)Theexperimentalvaluesof Cfo computedauordingto the

K&m& momentumequationfromthefairedexperimental0 points

(2) Falkner’sskin-frictionvaluesbasedonlyon ~ andwith
pressuregradienteffectsneglected

— —— ——
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Thesetwovaluesof

hot-wireanemometertobe
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Cfo [togetherwitha curveobtainedwitha

discussedlater)are@ottedinfigure4.
TheMfferenceintheresulting0 values,showninfigure5,is
proportionatelyquitesmall,sothatit seemsreasonabletousefla.t-
platesldn-frictionformulas,suchasFallmer’swhen 0 istobe
computed.Inotherwords,at leastintherangeofthesedata,0
isreallyinsensitiveto changesof Cfo. (Infig.5 a setofpoints
of “turbulentmomentumthiclmessnanda setof Q valuesco~utedonthe

N

basisofhot-wireskinfrictionarealsopresentedforlaterdiscussion.)
%“N

Ontheotherhand,whenskin-frictionvaluesarecmputedfromexperi-
mental.0 databy usingtheK&n& momentumequationasanalgebraic
equationfor Cfo,itappearsthat Cfo isverysensitiveto‘kmalJ
changesin ae/dX.

one-parametercorrelationfor - Eromlaminaranalogy,several
Qo “

authorshaveattqted to showa one-parametercorrelationfor ~. as

obtainedby themomentummethod.Garner(reference14)attemptedto

1/6 isa universalfunctionof ORe ~ andshowthat :C 1/6 U’
6 fo%

1/6 isconstantandinferredfromsomeexperimentaldatathat ;%. %
equalto 0.007623for &/6 C ~

u -0.01.Thedataofreferences25and

18,plottedinthemann= ofGarner,areshowninfigure6 andseem
.

clearlyto disprovehiscontention.

WieghardtandTillman(reference25)and‘I!ildman(reference21)
u’

attemptedto correlateCfo withthepressureparsmeter(3—. Fig-
U

ure7 showscurvesof Cf againste
o

~, fromdataofreference21.

Figure8 showscurvesof skin-frictionparameterCfo% 1/6 againsta

similarpressureparsmeter~ ~ fromthedataofreferences25and

18;itappearsthata typicalcurveisonewitha returnloop,sothat,
fora givenvalueofthepressurepsrsmeter,twovaluesoftheskin-
frictionparameterarepossible.l?urth~re,thepointsarescattered
overa wideregioninsteadofforminga universalcurve.

Thesedataindicatemostclearlythattheskin-frictionparameter
doesnotdependonthelocalvaluesofthepressureparameterinthe
mannerthattheskinfrictiondependsonlocalvaluesof ~ inthecase
of zeropressuregrtient.

.

—.— .
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Two-parsmetercorrelationof CfO.- Fora @-pwsmeter correlation

of CfO)a newsecondparametermustbe selectedasnoneappearsinthe

literature.Surfaceroughnessandfree-streamturbulencehavean effect
ontheboundary-layerdevelopmentbecausetherateof energytransfer
frommeanto turbulentflowismodifiedacrosstheboundary-layersection.
Itwasthereforebelievedreasonableto selecta parameterindicativeof
theprofileof energytransfer,in dimensionlessform,suchastheright-
handsideofthemeanenergyequation(derivedinappetixC). Thispara-
meter,denotedby E, is

or

o
,= d;p~’t)-—

dx plf
wheretheenergydeficiencythicknessVt is

Aswasexpected,theskin-frictionparameterCfo%1/6 didnot

correlateagainstlocalvaluesoftheparameterE. If,however,*O

isassumedtobe a functionof R ~ v)e’ u
againstE forconstantvaluesof %*
degreeof correlation.

and E, thena plotof C ~1/6
‘o

mightbe expectedto showsome

Typicalresultsof suchanattwptattwo-parametercorrelationare
showninfigure9. Itwouldappearthatnomatterhowsmallthepres-
sureparameteris chosenCfoRel/6increasesmoriotonicmy~ a function

of II,possiblyalongthestraightlinesshowninfigure9. An appreci-
ablesmountof
scatterisnot
error.

scatterofthepointsoccursabouttheselines,bu~–the
toolargetobe attributedto experhnentalor computational

— __ _..—z—. -— .—- .-————— . _.—— — _ .—
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Theforegoingapproachisof@ue onlyinsofsrasthemomentum
measurementsby total-headsurveysaresubstantiallycorrectandthe
quantityheretoforedenotedCfO maintainsa physicalsignificanceas
theright-handsideofthemomentumequation.

Hot-WireandHeat-TransferMeasurements

Experimentalmethodshavebeendevelopedthat allow evaluationOf
theturbulentshearstressinthevicinityofthewallinregionsof
adversepressuregradient.TM.Sturbulentshearis consideredtobe
transmittedacrossthelaminarsublayerto thewallaccordingtothe

%w ~
relation~=z’ obtainedfromReynold’sequationandevaluatedat

the wall. %hubauerandIU.ebanoff(reference18)haveshownthatthe
skinfriction,as determinedby anX-typehot-wiresetas closeas
possibletothewa31,accordingtotheschemejustdescribed,exhibith
a monotonicdec13neintheregionofadversepressuregradientdownto
zeroat separation.

9

Ludwieg(reference16)recentlydevelopeda heat-transfertype
instrument,which,whencalibrateddynamically,is capableofdirect
measurementof sldn-frictionmagnitudeandMrection.A SWIL heating
element,flushwiththewallis cooledby convection,losingheat
throughthelsminarsublayer.Theheat-transfercoefficientis
evaluatedexperimentallyandrelatedby calibrationtothelocalskin-
frictioncoefficient.

Thismethodofmeasurement,thoughrequiringcarefulcalibration,
wouldappem capableofprovidinga directmeasureofthewallshear-
ingstressandhastheadditionalimportantadvantagethatitsuse
probablyinvolvesnegligibleaerodynamicdisturbanceoftheflow,since
theinstrumentisflushwiththewallandthevelocityprofileis
independentofthetemperatureprofileforsubstantiallyconstantprop-
ertyvaluesofthefluid.

Certaindatahavebeenobtainedwiththisinstrumentby Ludwieg
andTillman(reference26)thatshowa monotonicallydecliningskin-
frictiontrendfortwocasesofadversepressuregradients.These
datacannotbe regardedasconclusivesincepressuregradientswerenot
specifiedexceptastoBign,boundary-layerthictiesseswerenotgiven,
andtheseparationpointswerenotindicated.

Infigure10,thedatafromreference18andreference26are
plottedagainst~; forcomparison,theempiricalflat-platesk.in-
frictionformulasofreferences8to 10arealsorepresented.Thehot-
w.irepointslieona curvewhichseemstobe toohighto assurea smooth
joiningwiththeflat-platecurves.Ontheotherhand,thedataofref-
erence26joinsmoothlywiththeflat-platec~es.
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EROBLFMOFCONFLICTINGSKU?-FRICTIOI?RESULTS

Inaqmuchas‘themomentum,hot-wire,andheat-transferdatadis-
cussedintheprecedingsectionsarepresentedby differentauthors,
suchdataarenotnecessarilycomparableorapplicabletothesame
phenomenon.In Schubauer’scase,however,it ispossibleto compute
themmentumskinfrictionfromthedataavailableandto compareit
withthehot-wireresults~thedatapointsareplottedinfigure4, and
showthat,a risingmomentum-skin-frictiontrendis concomitantwitha
decreasinghot-wireskin-frictiontrend.Sucha checkcouldnotbe
madefromtheLudw5.eg-Tildmandatabecauseofinsufficientinformation.

Thisdiscussionsufficesto showthattheexperimentalevidence
concerningtheskinflrictioninan adversegradientisglaringlycon-
tradictory.Thetrendshownby thehot-wiremethod(andsupportedby
theheat-transferdata)maybe correctjthetrendshownby themomentum
surveymethodmaybe correct;orbothmaybe in error.Thefollowing
paragraphspresenta preliminarystudyoftheerrorsinherentinthe
currentmethodsofobtainingsMn-fYictionresultsinanadversepres-
suregradient.

Possibleinadequaciesofmomentumtheorybasedontwo-dimensional
stationarymeanflow.- TheK&’m6nmomentumequationmsynotbe
adequateforadverse-pressure-&radientconditions.Whathasbeen
computedas skin-frictioncoefficientmsyactuallybe thesumof
severalinte~alterms,orinotherwords,t~ewell-knownFrandtl
boundary-layerassumptionsmaynotsatisfactorilyapply.NO experi-
mentalortheoreticalevidencehasbeenpresentedthattheK&&
momentumeq&tiondoesprovideanadequatemomentumbalanceforthe
turbulentboundarylayerunderadversepressure’gradientandapproaching
separation,whereasthehot-wireandheat-transferdatatendto show
thatitdoesnot.

It isthereforenecessarytoreturntothecompleteequationsof
motionfortwo~dimensionalmeanflowwiththree-dimensionalturbulence,
withtheassumptionthatmeantibulentquantitiesdonotvaryinthe
z-direction.In appendixB, thefollowingintegralmomentumcondition
isderivedfromtheequationspreviouslydescribed;

where

(2)

..— — ——
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and

A=

L

Theconventionallamharraomentum-thiclmessexpressionismodified
to includeturbulent-momentumcontributions,which~lsomeansthatthe
shapefactor~ ismdifiedaccortinglybecause 5“ remainsumhanged.
(Theturbulentfluctuationsby definitiondonotcontributetomassflow.)

In isotropicturbulence,where T“ E Tmj andinzeroturbulence,
where T=~THZ0,0=61t; however,itiswellknownthattheturbulent
fieldmustbe stronglynonisotropicin shearflov. Onlyatthefree-
streamboundaryandattheedgeofthelaminarsublayerwill T= - TW
actuallybe zero.

Infigures11and12themeanandturbulentprofiles,fromrefer-
ences18and20areshown.Valuesof 0 and Ot computedfromthese
datasrepresentedinthefold.owingtablefor.datafromreference20:

Q - f+,
Turbulencegrid e et ~ x 100 Rx Fig.

(Percent)
6.2!5X 106 12(a).With 4.484.30 4.18

Withoti 5.395.22 3.26 6.25X 10b 12(b)

.— ———
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andvaluesbasedonreference18arepresentedherein:

IL

x

17.5
20.0
21.0
22.5
23.5
24.5
25.4

e

0.2318
.3302
.3984
.6308
.7228
.9468
1.1812

et

0.2202
.3146
.3796
.5988
.6916
.9076
1.098

Q- et
— x 100et
(percent)

5.27
4.96
4.96
5.34
4.52
4.32
7.57

‘e

0.213X 105
.281
.321
.472
.511
.634
.766

Fig.

n(a)
n(b)
n(c)
U(d)
n(e)
u(f)
U(g)

Fromthesetabulationsitisappsrentthattheturbulentmomentum
thicknesset canbe over7.5percentsmallerthan ejthedifference
betweendQt/dxand dO/dxmaybe larger,butitis impossibleto

estimatehowmuch. Infigure5, et is comparedwiththeexp~imental
valuesof 0 andwithvaluesof 0 computedfromtheformula

1/6= 0.006534(Falkner’sformula),andfromhot-wireresults.’Cf~Re

Ontherightsideofthecompletemomentumequationtherearethen
threeterms,ofwhichtheftististheskin-frictioncoefficient~0,
thesecondisthecontributionfrandeviationoftheturbulentflow-
fieldfromthePrandtlassumptionsA, andthethirdisthecontribution
fromthedqviationofthemeanflowfieldfromthePrandtlassumptionsB.
A measurablepressuregradientmustetistacrosstheboundary-lay=
sectionifterms A,B, orthesumassumean a~reciablemagnitude.In
otherwords,thetransversepressuregradientcanoriginatefrom
longitudinalgradientsofthe@bulent flowfield,themeanflowfield,
Orboth.

AccordingtothePrandtlapproach,longitudinalgradientscanbe
neglectedin comparisonwithtransversegradients.Prandtl,however,
referredto l.sminarflowfieldsjinturbulentregimes,hisassumptions
canbe expectedto applyonlyto themeanflowfield,asLiepmannand
Laufer(reference26)pointout.

Onthebasisof tiectpressuremeasurements,Schubauerand
Klebanoff (reference18)statethatonly‘barelyd.etectdble”pressure
clifferenceswerefoundacrosstheboundarylayerat somestations;it
thereforeseemssafeto concludethatno appreciabletransversegradient
hasbeenfoundexp~imentally.Ontheotherhand,computationsoft-
A andB shouldresultin sgreementwiththisconclusion;thatis,A + B
shouldbe negligiblein comparisonwith ~0.
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Onthebasisoftheetiensiveexperimentalmaterialpresentedin
reference18,thiscomputationoftermsA and B hasbeenattempted.
Becauseofthedifficultiesof obtainingfirstandsecondx-derivatives

.

graphically,however,theaccuracyoftheresultsisnotsufficientto
allowtheirpresentation)A and B areprobablyindeednegligibleup ~
tothevicinityoftheseparationpoint.If A and B srenegligible, N
therightsideofthemomentumequationisrepresentedbyCfn alone,
atleastforengineeringpurposes$andthetiscr&panciesbet&enmomen-
tumskin-frictiondataandhot-wireandheat-tiansferskin-frictioncan-
notbe attributedto inadequatemomentumtheoryfortwo-dimensional
flow.

/

As wasmentionedintheprecedingsection,hot-wiremeasurement
ofwalIlfrictioninvolves,accordingtotheoreticalconsiderations,a
straight-lineextrapolationfroma pointontheexperimentallydetermined
Reynoldsstressprofile.Thispointistakenasthepointoftangency

&w ~p
oftheReynoldsstressprofiletothestraightlineof slope—=—.ay d-x
Thusitisassumedthatdownto theimuediatevicinityoftheW&L, the
Reynoldsshearismuchlargerthanthemolecularshear,andthatinthis

~vicinitythecurvatureofthetotalshearprofileisnegligible.The
accuracyoftheseassumptionsremainstobe evaluatedexperimentally.

Inadequacyofexperimentaltechnique:Velocitymeasurementsina
turbulentfieldcanbemadeeitherby a total-headtubeorby a hot-
tie anemometer.LiepmannandLaufer(reference27)showtl&tthe
total-pressure-probevalueis consistentlyhigherthanthehot-wire
valueby an appreciableamount.If a total-pressuretubeis con-
sideredasreadingthesumofthemeanvelocityandoftheroot-
mean-squarefluctuatingvelocity,theeffectofthiserroronthe
determinationof 0 willdepend,amongotherthings,onthe
relativefluctuationprofile;thatis,ontheprofileof U’p. It iS
wellknownthat u’/U canassumevaluesupto 0.40inthevicinityof
thewall. Inasmuchas d9/ilxiswantedratherthan 0 itself,itis
notclearwhatcontributionto a possiblecf. errorisgivenby ~gh
total-~ressurereadings. u

Possibilityof secondaryflowsorviolentunsteadiness:AS the
separationregionisapproached,secondaryflowsmaybe inducedinthe
boundarylayer,whichinvalidatesthetwo-dimensionalassumptions.
TCUmanmadean investigationofthiseffectinrectangulartestchannels
forhisdoctoralthesis(G8ttingen,1947)andstatesthatanappraisalof
theeffectof secondsryflowsgivesa ~fo valuelowerby some40per-

cent,as discussedinreference26. Thereisa possibilitythatthe
turbulentfluctuationsbecomelargenearseparationsuchlargefluctu-
ationsmightimpsrta violentlyunsteadycharactertotheflowandcause
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lsrgecrossflows.
is evidencedby the

Thedecidedlynonlinearbehaviorof
recentobservations(reference22),

I-3

turbulentflow
thatturbulent

fluctuationsoccuractuallyingustsor&rsts inturb~entshearflows
witha freeboundsry.Inthis~vent,noneofthemethodsdiscussed
wouldbe adeqpateinthevicinityof separation.

Thisdiscussionofthemethodsfordeterminingskinfrictionof
turbulentboundarylayerunderadversepressuregradientsandapproach-
ingseparationthusindicatesthatthemomentummethodis ofquestion-
ablevaluebecauseitistoosensitiveto errorsinthedetermination
of 0 valuesandbecauseitassumestwo-dhnensionalityofflow,which
maybe difficultto achieveintestchannels.Itwouldthereforeseem
plausible,onthe_basisoftheevidenceavailable,to considertheskin-
frictiontrendsobservedbythehot-wireandheat-transfermethodsto
bemorereliablethanthemomentumtrend.Theevidenceshouldnot,
however,be regsrdedas conclusive.

RELATIONOFSKCNFRICTIONTORATIOOFENERGYQUANTITIXSANDTO

MEANVELOCITY-PROEILEPMAMEIER

Forthedataofreference18,a certainintegral-energyratioshows
exactlythesametrendasthehot-wireskinfriction,whichmaybe coin-
cidentalinasmuchasno supportingevidenceasyetexists.

Thequantity

isplottedagainsttheexperimentalhot-wireOf infigure13.
0

Thesimilarityofthecurvesis closeovertheentirerange,so
thatthepointsbracketthe45°linequitewell;furthermore,this
similarityalsoetiendsintothefavorable-gradientregion(notshown
infig.13). Intermsofboundary-layerthicknesses,thiss~larity

indicatesthat Cf
o ‘s‘roportiom’to[$-$-21 “‘us’‘n

physicalterms,theratioofthevolumeintegral’oftheturbulentener~

-. .—— —.—
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production
relatedto
I?romtheir

tothesection
thelocalskin

integralofthekineticenergyappearstobe
frictionasdeterminedby thehot-wiremethod. .

heat-transferdata,LudwiegandTillman
a formulafortheskin-frictioncoefficient,which
parsmeterH andontheReynoldsnumiber~:

(reference26)suggest
isbasedontheform ~

N

~0 = 0.123KL0-0”678HRe-0”268

ThisequationhasbeenappliedtothedataofSchubau=andKlebanoff
(reference18)withtheexperiment&1valuesfor H and ~ ~ Theresults
areplottedinfigure13JtheLudwieg-Ti13mancurvefallsbelowthatof
thehot-wirepoints~however,itisapparentthatthetwocurvesare
similar,sinceverygoodcorrelationis obtainedwhentheLudwieg-
Tillmancurveismultipliedby1.52,whichistheratiooftheskin-
frictionvaluesattheinitialpoint(x= 17.5).

CONCLUSIONS

Thediscussionofthebehavioroftheturbulentboundarylayerin
adversepressuregradientleadstothefolluwingconclusions:

Surfaceroughnessandstresmturbulence.sffecttheskinfriction,
andthusshouldbe specifiedinboundary-layerinvestigations.

Theskinfrictiontiterminedaccordingto themommtum-survey
methodcannotbe considereda functionofa singlepressureparameter,
asin lsminarflow.Aturbulent-energyproductionparameterisproposed
asanadditionalquantityuponwhichthemomentumskinfrictionmay
depend.Thisparameteralsoappearstobe relatedtotheskinfriction
as determinedlythehot-wiremethod.

Theskinfrictionobtainedbythemmentummethodforadversepres-
sure~adientshowsanincreasingdownstreamtrend,whereasdataobtained
by thehot-wireandheat-transfermethodsshowa decreasingtren&

Inorderto establishthecorrectsldn-frictiontrend,itmaybe
necessaryto considerviolentfluctuationsandsecondsryflowsnear
separation;itwouldalsoseemadvisableto investigatethoroughlythe
accuracyoftheacceptedmethodofinferringwallfrictionfromthe
Reynold’sstressprofiledeterminedlythehot-wiremethod.The
Ludwiegheat-transferinhnnhentshowspromiseasan engineeringtool
formeasuringthetrueskinfriction,andshouldbefullyexploited.

Themomentum-surveymethodfortheexpenbnentaldeterminationof
skinfrictioninanadversepressuregradientisofdoubtfulvalue

.—— -.
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becausethismethodishighlysensitiveto errorsinmeasurementand
becausesecondaryflows(notcontemplatedinthemethod)probablyexist
nearseparation.

Availableexperimentalinformationdoesnotpermitdrawingfirm
conclusionsastothetrueskin-frictiontrendinanadversegradient.
If,however,itis assumed’thateitherthemomentummethodorthehot-
wiremethodyieldsthecorrecttrend,theweightof evidencewbuld
appeartobe infavorofthehot-tieresults.

NationalAdvisoryCommitteeforAeronautics,
LewisFlightPropulsionLaboratory,

Cleveland,Ohio,March21,1950.

—— -.——.—..——— —- -...—.——.——
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AmENmx A
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w

x

Y

z

SYM80LS

Thefollowingsynibolsareusedinthisreport:

turbulentcontributionto deviationfromPrandtl’sassumptions
asgivenby equation(B17)

meanflowcontributionto deviationfromFrandtl’sassumption,
asgivenby equation(B18)

[))Txycoefficientof shearatthewzK& —
P@ po

-nsionless ener~transferfrommeantoturbulentflow,as
givenby equation(C13)

meanveloci@-profile-shapepar-t=, (5*/0)

profile-shape
deficiency,

instantaneous

parameter,accountingforcompletemometium
(b*/9J

staticpressure

Reynoldsnurtiberformedwithchorikbedistance,(Ux/V)

Reynoltinuniberformqlwithmomentumtbiclmess,(U9/V)

free-stremwlocityat

first&ivativeof U

secondd.erivatinof U

edgeofboundarylayer

alongchordwisedirection,(dU/dx)

alongchordwisedirection,(d2U/d&’)

instantaneousveloci~inx-direction

instantaneousvelocityiny-direction

instantaneousvelocityin z-direction

distancealongstrearuwiseorchordwisedirection

distancealongtiectionperpendiculartowall

distancealongdirectionperpendiculartox-yplane

.

,
.—— ~— —. ––—— -—–— ———— —
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N
u)P&l

.

.

6 turbulent-boundary-layerthickness,extendingby definitionto
~r ~1

pointwhere
~~~’

isequalto arbitrarysma13value

E* displacementthickness,representativeofmass-flowdeficiency

(J)

5 \

()
1 <

~v-—

0

e momentumthiclmess,representativeofmean-flowmomentum

(J)8
deficiency

()
;l-;dy

o

et turbulentmomentumthickness,representativeoftotalmomentum
deficiency,asgivenbyequation(B16)

A ()&J 1
Pohlhausenparameter,~

P absolute.viscosity

v ‘ kinematicviscosity

P massdensity

T= totalnormalstressactingalongx andony-zplane

(aii
0 )~x+(-p7)

‘XY totalshesractingalongx andon x-zplane,
( )
~$+ (-p=)

T
(

&
Yx

)
totalshearactingalongy andony-zplane,w — -I-(-p-)

ax

%
totalnormalstressactingalong y andonx-zplane

( )

aii —
-w~ + (-pu’2)

— .-. - . .. .. . . .—.. .——— —- —- — ——— — ——- —. —
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v energythickness,representative

,

NA.CATN 2431
,4

ofmeanflcn+ener~deficiency
.

w turbulentenergythickness,representativeoftotalenergy
deficiency,asgivenbyequation(C12)

Primeson smalllettersindicatefluctuatingquantities

Barsabovesyoibolsindicatetemporalmeanquantities

N
0)

G

F

.—— .—
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API?EMDIXB

DERIVATIONOFINTWGMLMOMENTUMEQUATION

TheReynoldsequationsofmotionofan incompressibleviscous
fluidfortwo-dimensionalsteadyflowwiththree-dimensionalturbulence
are

- a.—— a >0=$“w’+T “w’+xiw

Theequationsof continuityare

Assumingnovariationofturbulentmeanquantitiesinthez-direction
andasseniblyingthestresst~ produces

a— a— (B3b)
0 = =& U’w’+ -& v’”’

--—— —— -- ——. .— –——— –—— --
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Whenthefollotingdefinitionsaremade,
●

aTi
P&+ (-P-)

&p & + (-p=)

andthethirdequationofmotionisneglected,thefollowingequations
areobtained:

Whenthefollotingrelationsareused,

and

and

(B4a)

(B4b)

equations(B4)maybewritten:

a–2 a.–.–~a~ Lax lau ‘a”v+p&=p&Txx+ ~&% (B5a)

.

.

.

(Mb)
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Differentiatingequation(B%) withrespectto

21

x yields:

NmIiN

Inasmuchastheorderof differentiationmaybe
maybewritten:

exchanged,equation(B6)

Thepotentialflowimpresses
5gradient;therefore~ at

maunerinwhich Hz“’is75p~
inticatedbyequation(B7).

ontheboundarylayera certainpresswe

Y = 5 iSgivenby thepotentialflow.The

modifiedinsidetheboundarylsyeris

Integratingfrom y = b to y = y yields

Inasmuchas

()s-a 1 2
y=6 . & @J =-puu’

f~(@m=,,qy+ml
5

Therefore

J

Y
& a: 1

-T=w+’&’m+I’$’* -l’~’w

azu.lJrJ1+-Pz P axz
6

..-..—— — —-—-—— ——. -—-——— .—.- ..—— —.
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Expressingthevelocityquantitiesasdimensionlessratiosover
thelocalfree-streamvelocityU, dividingby U2,andsimplifying
yields

.

L

(B9b)
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z
Substitutingfor z~ fromequation(B9b)intoequation(B9a)yields: .

pu”

2UIii2 a-f+.—
U++z$

()U,22—
u!,

&+4 UI a’fw+az~m——— ——
U2 + T PU2 u axpu2 aX2puz

.

ay+

(BIO)

Fromthecontinuityrequirementthefollowingequationsareobtained:
Y

JJ

Y
-_=~Y

Uu ;dy+ G-y&
o 0

.—. ——— -.—— .-— ——— . ——. —.
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Notingthat
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(Bll)

(B12)

(B13)

andthat

[&$.=-$p.g (B14) “

r

andintegratingequation(B1O) acrosstheboundarylayerfrom y = O to
y = 5 yields

.

—.—.
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Theindividualtermsofthecompleteintegralmomentumequationwillbe

considered.

themomentum
form:

)(ii;2Theintegral —-—
u U2+

o
deficiencythiclmessandmay

r-5

If equation(B16)is

r

5

thicknesse = z
D

Jo
whichrepresentsthe

Tn

)
‘m dy correspondsto—-—

puz pu2

bewritteninthefollowing

1-%+3-%)w (B16)

Jo ‘ -1

identicaltothewell-knownl.aminarmomentum

()1 5- ~ dy,exceptforthefactor
(+3-%))

turbulent-momentumcontribution.

J()5
Theintegral 1 -~ dy correspondsto themass-flow

o
deficiencyandmaybe termedthedisplacementthictiess“5*.

Theterm
k

‘w representsthetotalshearcoefficientatthe
PU2y-+

wall~whichmaYbe composedofbothlaminarandturbulentcontributions;
howe+er,

laminar.

atthewallitself,theshesrisbelievedtobe entirely .

IIT=
Thisquantity— istermedCfo. Thedoubleintegral

pu2y=o

L

hereinaftertermedA,

)u,,
k+4;

T p$

representsthe

a Tyx+#—— —
axPU2 axz

contribution

1

1+Yw (B17)
pu

oftheanisotropic

.

..

low-frequencyturbulentfieldtothedeviationfromtheFrandtlboundary- .
layerassumptions.iftheturbulentfieldwereisotropic,‘m would -
be zeroandterm A alsowouldbe zero.

.—— .—
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Theintegrals

27

(B18)

hereinaftertermedB, reFresentthecontributionofthemeanflowfield
tothedeviationfromthePrandtlbgundary-layerassumptions.

In conclusion,thecomplete
writtenasfollows:

integralmomentumequationmaybe

de+ ,.,
J+% (2et+#) = cfax -1-A+B

o

I’orcomparisontheK&n& momentumequationis

de=+$ (2e+b*)=Cfo

.

. .. —- .__—..- --—-— — — —.. — ____ __
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AH’Jmmxc

rnmIvmoNOFINTEGMLENERGYEQUATION

IftheNavier-Stokesequationsaremultipliedby thecorrespond-
inginstantaneousvelocitiesandtimeaveragesaretakenafterthe
instantaneous-energy&uantitiesareformed,equationsdescribingthe
averageenergybalanceofa two-dimensionalmeanflowwiththree-
dimensionalturbulenceareobtained:

Equations(Cl)canbe

1 auz+Uauz+v——— —
2 at 2 ax F

Ia#+ua#+v.— -—
2 at 2 ax z

rewrittenasfollows:

auz+w au? uap+wv~——= -——
&- 2 az p ax

1
W+wa$= ~b
F-—- ——+ w&r

2 az

1

(C2)
p ay

.

,;
N

Addingthethreeequationsyields:

(“;:(U2+V2+W2)=-; UX+V *++J++V2.+.V2.+V2W) .
(C3)

—. .— — ———. -—
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.

Thefollowingrelationsmaynowbewritten:

N

GN
and

Itisthenassumedthat

and
.

P= ~+p’

U2+V2+W2= ~2

U’2+ V’2+ W’2= q’z

w= O fortwo-dimensionalmeanflow;thus

29

iio+=if
—2 —2u’ + v’ 7—+W’ =q 12

= (W’)2 + (Y+V’)2i-W’2

~2= If+ 2 (ifll’+-wf)+ q’z

Theleft-handsideoftheequation(C3)thusbecomes:

la
[ 1qz+2(iiu’+-w’)+ q’z +ii’+u’a

Z= 2 z [ 1
qz 1-2(iiuf+-w’}+ q~z +

V+vta—.
2 ay [ q +*&[&+ Z(tiut+fi,+ .tjqz+ 2(Eu’+-w’)+ q’.

Consideringthetimederintive,analyzingtermby term,andtaking
timeaveragesyield:

.= —..—.-. — ———. -——— .— .— —.—— —-
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.
becausetheme&nmotionissteady,ad

X, a(m)=o
x=x

becausethetimeaverageof iiu’is zero.

similarly,

and

because,by definitionofthemean,the&eragedturbulentquantity
isassumedtobe independentoftime.Analysisofthetermscontain-
ingx-derivativesyields

ii ai# iiaqz——= ——
2 ax 2 ax

~aiiu~=tia—
ax #iu’)=0

becausetit= 0,

‘~ . 0, andbecausev

.—. ————— ——---
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a(’2+9Thequantity@ ~ ~

trans~rtintheflowdirection.

isthenetgainofkinetic-energy

Now:

fif @ ~f a#
— — = —— = O because6’ = O by definition
2 ax 2 ax

afiqu’+ x

;, &,z
Thequantity~z isa turbulentenergyconvectiontermand

isthusobtainedforthex-derivativeterms:

Analysisofthey-derivativetermsyields:

7a2=7a2-_— ——
2 ay 2 ay

because~’ = O by definition,and

becauseT’= O by definition

—.——-.-- —-—------ —--— ———.—.—— -.—.—.
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—.
,2 2Yq _ ~ aqt.—

2y 2 ay

a (’2;‘)Theterm p;& isthenetgainofkineticenergyofthe

meanflowinthey direction:

becauseT’ = O

~, a(m)
ay

z@-~’&=o
2 ay ‘>ay

by definition

vtaq12=——

d aqf2—— isaThet~ z ay

they derivativeterms,

turbulentenergyconvectionterm.Thus,for

thereisobtained: .

2F a(-)+d aqf—-— .—
2 ay 2 ay

Anslysisofthetermscontainingthez derivativesyields:

a-+?
because~’ = O and & = O,

.

g
N

—.—.. -———--
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.

-,

p) —, aii au
[

.~?ml.ut~’az ‘W’uZ+w’%- az 1T

because
2

= o, I

Thusjforthez-derimtiveterms,

Whenthepressuretermsinequation(C3)areconsideredandmovedto
theleftsideoftheequation,

becausezz
= O, and

)w,&”
az

Takingtimeaversgesandnotingthat ~‘ = O yiel’d.

. ... .. .. .. ..——-.—- .-—. . .—— - —.—.—— —-— ---—— -— -————---—-—
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Thus,thecompleteieftsideoftheequation,includingthepressure
terms,canbe writtenasfollows:

and

(a)

—— —. .
U! aq12+ VIaq’2+ Wfaq*2~d aN + d a-d+ WIaN
FT ‘— ‘—

.— —— ——
2 ay 2 az + (b)

p ax p ay p az

(c)

[ 1[ IJ
fi=_@~ +~’a(-)_.!b’az az ~K

(d)
Thenextproblemistoreducetheexpressionsto a morecompact
generslform:

Thegroupoftermslistedas (d)canbe rewrittenasfollows:

[
~ ;-+

( )]
w+=._ uI*+x +ay az ay az

[

1 a(77)
? )]

+xYxl+@zLvl&@c .V%ay ax az ax az

[- 1
~wu+m+m_ulx -ul?x.ul~+

——
ay.

.[&+&+&-iww]

0

0

.

.
..— .-
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because

and

avl &t
~+ &--= O, thefollowingInasmchas,by continuity,~ +

equationis obtained:

fi[9+w+%%$&%$+%)]+

[
y m+m+a(=)ax ay az --d =

Ifthegroupoftermsin (c)is cotiinedwiththenewgroupofterms
in (d),then

—
+ ~ a(u~

‘w 2 4 + — aii.,0because&i
z since“w’ = Z=o

— a7 a(m) ~aT aii
“wtx + T-ST ‘since“w > = 0 becases.= 0

\

-——- —...— .-——--- —- —-- —-— ———-.—— —
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Thegroupoftermslistedas (b)maybe writtenasfollows:

thusterms(b)reduceto:+ &T’
By continuity,~

+ b’
;

@Gi+Fi&)l+w%+91

Thegroupoftermslistedas (a)canbe rewrittentoyield:

‘“W%)+’MT)+w

.

—
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By continuity,~ -t2=O;thusterms(a)reduce

It isnowpossibletotivethecompleteleft
equationinitsfinslform:

[(-~f+p’
;,2

to:

sideoftheenergy

1

, k[w+)]+$[’g+%)]’+?~
&(–iiuhlf+ y?u~ ) (–+$ ‘–>(‘i”’v’+TV’v’9=’+=-,) (C4)

The_bermsontherightsideoftheequationarenowconsidered:
.

(
Vuv%+vv%+w V2w)uV%

-.. ————--- ———— -z— — -–——— . .. —-



38
/

NACATN 2431 “

Whentimeaveragesaretaken,thefollowingtermsaredeveloped:

Similarly,theothertermscanbe developed:

and

Thus,theexpressionon

‘(
v @ii+7

–) (a% + VI$’ a2v~-+a%’
+as )——.

a? az2

.

1

therightsidewillbe ~

V%+ll’v%l’+v’v%’+x ) (C5)
.

Thistermrepresentsthedissipationofflowenergyintoheat.The
dissipationmechanismislaminsr,as canbe seenfromtheformofthe
expression.

Writingthethreebasic
three-dimensionalturbulence

Continuityequations:

~,

equationsfora two-dimensional
yields

=+:=0
\

flowwith

(C6)

—. .— ——
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Momentumandcontinuityequations:
,

g-(w +*(v’w’)+.&(w’w’) = o

Energyandcontinuityequation:

&[&~+ ;)+.f(#+g)+.ti+ .-]+

J
(C7)

(=v z~%+Tv%+ ulv%l+v’ v2v’+wlv2vl)
(C8)

Becausemomentum,energy,andcontinuityconditionsnmstbe
simultaneouslysatisfied,themomentumconditions~caube insertedin
theenergyequationandequationsofbothmomentumandenergy,(and
alsocontinuity)canbe obtained.

In theenergyequationthesubstitutions

—.—. —.—— .--. ——.— .—— —— —- _— — —
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.

directlyyield

+ U’u’
‘%+

Therefore,itmst slsoholdthat

Eithertheenergyequationandthemomentumequationsorthetwo
energyandmomentumequationscanthereforebeused.

Continuity,momentum,andenergyequations:

‘F )‘ii — ay (72—— —
U’v’ ‘+— +V’v’—=vu’

x ay ay )u! + Vfv% + “fVzwt
(C9)

— ———



lUICATN 2431 416

,

.

Forthepurposesofthisreport,equation(C1O)isintegrated
acrosstheboundary-layersectionfrom y = O to y= 5. This
equationofmomentumandenergyhasbeenchosenbecauseitdesls
primarilywithmeanquantities.Theviscousdissipationontheright
sideofequation(C1O)canbe neglectedin comparisonwiththe
turbulent-energyproduction.m thea8~pti0~ that mtayiS
actuallynegligible,that

andthat $+$ ~ #, equation(CIO)isintegratedtothefolJowing
fOrm:

1dy+

.

{C1.1)”

Therightsideoftheprecedingequationistwicetheintegrated
turbulent-energy-productiontermsfromequation(C9);thefactor2 is

.

.

.—-...—-. .—— —.—. ——— - –—. .— -—
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.
+ introducedbecauseontheleftsidethereistwicethekinetic-energy

loss .

and

givetheintegralmomentumandener~ equationas

or

-&vtu3=-2U%

Physically,theprecedingequationshouldbe written

or ‘ E=-&f@)
U3

1 z

(C12)

(C13)

.

(C14)

Thelossofkineticenergy~ &Vt iS e~al-to’th;tot~ turbflent-

energyproductionovertheboundary-layervolume
s

FP E,&.
o

.

.

●

__ ——_—.. .. ————

.
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