
NATIONAL ADVISORY COMMITTEE 
FOR AERONAUTICS 

CAE NOTE 2233 

SOME EFFECTS O F  NONLINEAR VARIATION IN THE DIJXECTIONAL- 

STABILITY AND DAMPING -IN -YAWING DERIVATIVES 

039 THE LATERAL STABILITY O F  AN AIRPLANE 

By Leonard Sternfield 

Langley Aeronautical Laboratory 
Langley A i r  F o r c e  Base,  Va. 

Washington 
November 19 50 



NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE 2233 

SOME EFFECTS OF NONLINEAR VARIATION I N  TRE DIRJETIONAL- 

STABILITY AND DAMPING- IN-Y AWING DERIVATIVES 

ON TRF: LATERAL STABILITY OF AN AIRPLANE 

By Leonard S te rnf ie ld  

SUMMARY 

A t heo re t i c a l  invest igat ion has been made t o  determine t he  e f f e c t  of 
nonlinear s t a b i l i t y  der ivat ives  on t h e  l a t e r a l  s t a b i l i t y  of an a i rplane.  
Motions were calculated on t he  assumption t h a t  t he  d i r ec t i ona l - s t ab i l i t y  
and t h e  damping-in-yawing der iva t ives  a r e  functions of t h e  angle of s ide-  
s l i p .  The appl icat ion of t h e  Laplace transform t o  t h e  ca lcu la t ion  of an 
a i rplane motion when ce r t a in  types of nonlinear der iva t ives  a r e  present 
i s  described i n  d e t a i l .  The types of non l inear i t i es  assumed correspond 
t o  t h e  condition i n  which t h e  values of t he  d i r ec t i ona l - s t ab i l i t y  and 
damping-in-yawing der ivat ives  a r e  zero fo r  small angles of s ides l ip .  

The r e s u l t s  of t he  inves t iga t ion  indicated t h a t  under ce r t a in  condi- 
t i ons  t he  nonlinear s t a b i l i t y  der iva t ives  assumed i n  t h e  analysis  caused 
a motion which had d i f f e r en t  r a t e s  of damping f o r  t h e  l a rge  and small 
amplitudes of motion, with very l i t t l e  damping a t  t h e  small amplitudes. 
I n  general,  t h e  period of t h e  r e su l t an t  o s c i l l a t i o n  increased with time. 

Recent f l i g h t  t e s t s  of several  a i rplanes  designed f o r  high-speed 
high-al t i tude f l i g h t  have indicated neu t ra l ly  damped l a t e r a l  o sc i l l a t i ons  
of small amplitude generally re fe r red  t o  a s  snaking. Upon examination of 
t he  f l i g h t  records, t h e  decrement of t h e  o sc i l l a t o ry  motion i s  found i n  
some cases t o  be d i f f e r en t  f o r  t h e  l a rge  and small amplitudes of motion 
with a neu t ra l ly  s tab le  o s c i l l a t i o n  occurring a t  t he  small amplitudes. 
One of t he  explanations offered f o r  t h e  cause of t h i s  type of motion i s  
t h a t  some of t h e  s t a b i l i t y  der iva t ives  a r e  nonlinear; t h a t  i s ,  t h e  
der ivat ives  have d i f f e r en t  values f o r  t h e  l a rge  and small amplitudes of 
motion. The nonl inear i ty  could be caused by boundary-layer e f f e c t s  o r  
flow separation due t o  poor f a i r i n g  a t  t h e  junction of t h e  t a i l  surfaces.  
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The present paper represents a preliminary investigation of the  e f fec t  
of the presence of two nonlinear s t a b i l i t y  derivatives, the  directional- 
s t a b i l i t y  derivative Cnp and the  damping-in-yawing derivative Cnr9 

on the motion of an airplane. These derivatives were selected for  the 
analysis since the  damping of the  osc i l la t ion  i s  a function of Cnr and 

since Cnr depends upon the C contributed by the  t a i l .  The 

derivatives C and- Cnr were both assumed t o  be functions of the 

s ides l ip  angle P.  Calculations were made of the airplane motion due t o  
a disturbance i n  s idesl ip  for  three different  types of nonlinearit ies.  

SYMBOLS AND C OEFFIC IENT!S 

angle of r o l l ,  radians 

angle of yaw, radians 

angle of sideslip,  radians except where noted i n  figures (v/v) 

yawing angular velocity,  radians per second ( d$/dt ) 

ro l l ing  angular velocity,  radians per second ( d@/dt ) 

sidesl ip  velocity along the  Y-axis, fee t  per second 

airspeed, fee t  per second 

mass density of a i r ,  slugs per cubic foot 

dynamic pressure, pounds per square foot 

wing span, f e e t  

wing area, square f e e t  

. 
weight of airplane, poun3s 

mass of airplane, slugs ( w/~) 

acceleration due t o  gravity, f e e t  per second per second 

re la t ive  density fac tor  ( m / p ~ b )  
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inc l ina t ion  of p r inc ipa l  longi tudinal  ax i s  of a i rplane with 
respect  t o  f l i g h t  path, pos i t ive  when pr inc ipa l  ax i s  i s  
above f l i g h t  path a t  t h e  nose, degrees 

angle of f l i g h t  path t o  hor izontal  axis ,  pos i t ive  i n  climb, 
degrees 

radius of gyration i n  r o l l  about p r inc ipa l  longi tudinal  
ax i s ,  f e e t  

radius of gyration i n  yaw about p r inc ipa l  v e r t i c a l  axis ,  
f e e t  

nondimensional radius  of gyrat ion i n  r o l l  about p r inc ipa l  
longi tudinal  ax i s  ( kXo/b) 

nondimensional radius  of gyration i n  yaw about p r inc ipa l  
v e r t i c a l  ax i s  ( kZo/b) 

nondimensional radius of gyrat ion i n  r o l l  about longi tudinal  

s t a b i l i t y  ax i s  (VKX,%os2q + KZo2sin2q) 

nondimensional radius  of gyration i n  yaw about v e r t i c a l  

s t a b i l i t y  ax i s  ( \ / ~ ~ ~ ~ c o s ~ q  + KX:sin2q) 

nondimensional product-of-inert ia parameter 

t r i m  l i f t  coef f ic ien t  'OS ( qs i 
rolling-moment coef f ic ien t  (~011in;oment 

yawing-moment coef f ic ien t  

l a te ra l - fo rce  coef f ic ien t  
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C"c yawing-moment constant 

t time, seconds 

nondimensional time parameter based on span ( ~ t / b )  

d i f f e r e n t i a l  operator - 

operator i n  Laplace transformation 

T1/2 time f o r  amplitude of o sc i l l a t i on  t o  damp t o  one-half i t s  
o r i g ina l  value, seconds 

The subscript  o i s  used t o  ind ica te  i n i t i a l  conditions and a bar  
i s  used t o  denote var iab les  i n  t h e  operational  equations. 
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ANALYSIS 

Nonlinea,r S t a b i l i t y  Derivatives 

The assumptions made with regard t o  t he  nonl inear i ty  of t he  s t a b i l i t y  
der iva t ives  Cnp and Cn a r e  shown i n  f igure  1. For a l l  th ree  cases r 
presented i n  t h e  f igure,  Cn  i s  equal t o  zero f o r  -2O < P < 2O, a region 
which i s  subsequently re fe r red  t o  a s  a dead spot. Thus when t he  a i rplane 
i s  within t h e  dead spot, t h e  value of t h e  d i r ec t i ona l  s t a b i l i t y  deriva- 
t i v e  Cng i s  zero. Since t h e  damping-in-yawing der ivat ive  Cnr i s  a 

d i r e c t  function of CnB contributed by t he  ta i l ,  Cnr was a l so  assumed 

t o  be zero f o r  values of -20 < p < 20. I n  t he  region outside of t h e  
dead spot, each one of t h e  cases represents a d i f f e r en t  type of va r i a t i on  
of C n  with p i n  order t o  simulate t he  e f f e c t  of several  poss ible  flow 
conditions on t h e  s ide  force  ac t ing  on t he  v e r t i c a l  surface.  For cases 1 
and 2, Cnp = 0.28 and f o r  case 3, Cnp = 0.41. The corresponding value 

of Cnr f o r  a l l  th ree  cases i s  -0.39. It should be noted i n  f igure  1 

t h a t  f o r  cases 2 and 3, Cn = 0 a t  p of 2' and -2O, whereas f o r  
case 1, Cn has a f i n i t e  value at  p of 2' and -2O. 

Method of Calculating Motion 

Since t h e  nonl inear i t i es  shorn i n  f igure  1 can be t r ea t ed  as l i n e a r  
der ivat ives  of d i f f e r en t  values within and outside of t h e  dead spot, t h e  
a i rplane motion i s  calculated on t he  ba s i s  of c l a s s i ca l  l i n e a r  theory. 
The equations of motion and t h e  general method of calcula t ing t h e  motion 
of an a i rplane a r e  given i n  references 1 and 2. The methods of r e f e r -  
ences 1 and 2 a re  based on t h e  Laplace transformation which inherent ly  
takes  i n to  account t he  i n i t i a l  conditions of t he  problem. Because t he  
Laplace transformation considers t he  i n i t i a l  displacements and i n i t i a l  
ve loc i t i e s  of t he  problem, t h i s  method i s  d i r e c t l y  applicable t o  t h e  
calcula t ion of t he  motion of an a i rplane which has nonlinear der ivat ives  
s i m i l a r  t o  t h e  der ivat ives  presented i n  f igure  1. 
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The nondimensional l i n e x i z e d  l a t e r a l  equations of motion, re fe r red  
t o  t h e  s t a b i l i t y  axes, are:  

For r o l l i n g  

f o r  yawing I 

and f o r  s ides l ipping I 

The Laplace transformation of equations ( l),  with t h e  use of t h e  
symbol a f o r  t h e  operator, is: 

\ 

' 2 y~ 0 - C$ d + - S y r a  - CL tan l )  i + (2pba - cyP) . 

Equations ( 2 )  represent th ree  simultaneous algebraic equations which can 
be solved f o r  p, , q, and t h e i r  der ivat ives  by t h e  method of determinants. 
For example, 

- 
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where is the characteristic lateral-stability equation 

ACT' + Bo.3 + ca2 + Do. + E 

and 

The expressions for A, B, C, D, and E, in terms of the mass and aero- 
dynamic parameters of the airplane, are given on pages 27 and 28 of 
reference 1. The coefficients of the El equation are 
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The solut ion of equation ( 3 ) ,  which w i l l  r e s u l t  i n  a time h i s to ry  
of P a s  a function of sb, i s  obtained from the  Heaviside expansion 
theorem ( reference 3) : 

where An a r e  t h e  roots  of F ( U )  s e t  equal t o  zero. Similar  solut ions  
a r e  derived f o r  , Db$, and DbP. The time sca le  i s  read i ly  

converted from sb u n i t s  t o  t w i t s  by t h e  equation t = hsb. 
V 

The values of t he  s t a b i l i t y  der iva t ives  and mass cha rac t e r i s t i c s  
used i n  t he  calcula t ions  a r e  presented i n  t a b l e  I. The t a b l e  i s  divided 
i n t o  two columns which d i f f e r  only i n  t h e  values  of CnP and Cnr of 

the  a i rplane f o r  t he  cases where t h e  a i rplane i s  e i t h e r  outside of o r  wi thin  
t he  dead spot. From the  ana ly t i c a l  so lu t ion  of t h e  motion, based on t h e  
mass and aerodynamic cha rac t e r i s t i c s  of t he  f i r s t  column of t a b l e  I and an 
i n i t i a l  condition of p = 5 O ,  t h e  time h i s to ry  of j3 was computed f o r  
several  values of sb u n t i l  t h e  value of sb f o r  which j3 = 2' was 
reached. For values of sb g rea te r  than t h e  sb which r e s u l t s  i n  P = 2', 
t h i s  ana1ytica.l solut ion is  incorrect  s ince  t h e  a i rplane has now entered 
i n t o  t he  dead spot and t h e  values of C a r e  zero. Thus, a 

new solut ion must be calculated wi th  t h e  use of t h e  values given i n  t he  
second column of t a b l e  I with new i n i t i a l  conditions. The new i n i t i a l  
conditions a r e  determined by subs t i tu t ing  t h e  value of sb a t  which 
P = 2O i n  t h e  o r ig ina l  ana ly t i c a l  solutions of , 9, D~$, %$, 
and Db$. Once these  i n i t i a l  condit ions a r e  known, another s e t  of 
ana ly t i c a l  solut ions  a re  computed f o r  P,  $, 9, and t h e i r  de r iva t ives  
from equations ( 3 )  and ( 4 ) .  This procedure i s  followed every time j3 
crosses through 2O o r  -2O. The f i n a l  r e su l t an t  motion i n  s i de s l i p  i s  
t he  sum of a l l  t he  ana ly t ica l  solut ions  i n  P,  each one of which i s  
correct  only f o r  a pa r t i cu l a r  i n t e r v a l  of time. 

The constant Cnc i s  introduced i n t o  t he  yawing-moment equation of 

equations (I), since the  value of t h e  yawing-moment coef f ic ien t  due t o  
s i de s l i p  i s  CnpP + Cnc f o r  t he  condition of t h e  a i rplane having t h e  

dead spot i n  cases 2 and 3 of f igure  1. The values of C a r e  (0~009771 
nc and 10.01431 f o r  cases 2 and 3, respectively.  The sign of Cnc i s  

opposite t o  t h a t  of P. For case 1 of f igure 1, Cnc = 0. . 
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It i s  apparent t h a t  t he  procedure employed i s  a time-consuming 
process and subject  t o  t h e  p o s s i b i l i t y  of many computational e r ro r s  due 
t o  t h e  magnitude of t he  computations, The f i n a l  solut ion can be obtained 
however, i n  a r e l a t i v e l y  short  time through t h e  use of automatic d i g i t a l  
computing machines. 

RESULTS AND DISCUSSION 

The e f f ec t  of t he  nonlinear s t a b i l i t y  der ivat ives  on t he  l a t e r a l  
motion was investigated f o r  t h e  a i rp lane  described by t he  mass and aero- 
dynamic cha rac t e r i s t i c s  given i n  t ab l e  I, with th ree  d i f f e r en t  values f o r  
t he  damping of t h e  l a t e r a l  o sc i l l a t i on  a s  calcula ted on t h e  ba s i s  of 
der iva t ives  constant with amplitude. Since t he  damping was var ied 
a r b i t r a r i l y  by assuming d i f f e r en t  values f o r  t he  angle of inc l ina t ion  of 
t h e  p r inc ipa l  longi tudinal  ax i s  of t he  a i rplane t o  t he  f l i g h t  pa th  7, 
th ree  values of 7, -2O, oO, and 20, were se lected which correspond t o  
a damping of t he  l a t e r a l  o sc i l l a t i on ,  expressed i n  terms of T1/2, of 5.6, 
3.0, and 1.8, respectively.  The motion of t h e  a i rplane i n  s ides l ip ,  due 
t o  an i n i t i a l  disturbance i n  s i de s l i p  of 5 O ,  f o r  t h e  th ree  values of 7 
i s  shown i n  f igure  2. Since these  motions a r e  calculated on t he  assump- 
t i o n  of der ivat ives  constant with amplitude, t he  amplitudes of t h e  motion 
decrease exponential ly with time and w i l l  eventually reduce t o  zero. As 
can be noted i n  t h e  f i r s t  column of t a b l e  I, t he  

CnB 
f o r  cases 1 and 2 

i s  0.28; whereas th'e C f o r  case 3 i s  0.41. The motions presented i n  

f igure  2 a r e  f o r  
np 

C n ~  
= 0.28; however, t he  motions f o r  Cnp = 0.41 would 

exh ib i t  o sc i l l a t i ons  of approximately t h e  same damping and a s l i gh t l y  
smaller period. 

The motions of t h e  a i rplane i n  s ides l ip ,  showing t he  e f f ec t  of the  
nonl inear i t i es  i l l u s t r a t e d  i n  f igure  l ( a ) ,  l ( b )  , and l ( c ) ,  a r e  presented 
i n  f igures  3 t o  5, respectively.  I n  a l l  cases, an i n i t i a l  disturbance 
i n  s i de s l i p  of 5 O  was assumed. The pronounced e f f ec t  of t h e  nonl inear i t i es  
on t h e  l a t e r a l  motion i s  noted by a comparison of f igure  2 and e i t h e r  
one of f igures  3, 4, or  5. In  a l l  th ree  f igures  ( f i g s .  3 t o  5) t h e  
motion f o r  7 = 2O, t he  most s tab le  case, approaches a constant value. 
The ana ly t i c a l  solut ion of the  motion f o r  t he  case of 7 = 2O i n  f igure  3 
ind ica tes  t h a t ,  within t h e  dead spot,  t he  a i rplane w i l l  o s c i l l a t e  a t  a 
period of 6.56 seconds and TlI2 = 3.38 seconds and w i l l  eventually 

approach t he  value of B = -0.0092°. Similar motions would be obtained 
f o r  t h e  case of 7 = 2O i n  f igures  4 and 5 .  As 7 i s  decreased, t he  
damping of t h e  o sc i l l a t o ry  motion depends upon t he  nonl inear i ty  assumed 
and t h e  values of '7. In  f igure  3, t he  motion f o r  7 = 0' damps a t  a 
slow r a t e  a t  t he  large  amplitudes u n t i l  t he  o sc i l l a t i on  reaches an 
amplitude of approximately 2.4O where t h e  damping of t he  o sc i l l a t i on  i s  
zero. The period of the  o sc i l l a t i on  increases from 1.5 t o  1.85 seconds. 



For t h e  case of TJ = -2O, a very l i g h t l y  damped osc i l l a t i on  i s  apparent 
within t he  f i r s t  few seconds and t he  a i rplane may be considered t o  be 
neu t ra l ly  s tab le  a t  an amplitude of ~ 4 . 5 ~ .  I n  f igures  4 and 5 t h e  

0 motion f o r  TJ = 0 c l ea r ly  ind ica tes  t h a t  t h e  damping i s  decreasing a s  
t he  amplitude decreases and the  period of t he  o sc i l l a t i on  increases;  
f o r  TJ = -2O, the  o sc i l l a t o ry  motion i s  s l i g h t l y  unstable.  A neu t ra l ly  
s tab le  o sc i l l a t i on  would be expected t o  occur i n  f igures  4 and 5 f o r  t he  
combinations of a value of between 0' and -2' and t he  dead spot 
assumed i n  t h e  calcula t ions  o r  f o r  TJ = -2' and a smaller dead spot.  

I n  general,  t h e  r e s u l t s  indicate  t h a t  t h e  damping of t he  l a t e r a l  
o sc i l l a t i on  calcula ted with t h e  use of der ivat ives  constant with amplitude 
i s  a determining f ac to r  i n  t he  type of motion obtained where nonlinear 
der ivat ives  a re  present.  As t h e  inherent  damping of the  l a t e r a l  
o sc i l l a t i on  decreases, a smaller dead spot w i l l  r e s u l t  i n  a neu t ra l ly  
s t ab l e  o sc i l l a t i on .  Obviously, i f  t he  inherent damping i s  zero, a 
neu t ra l ly  s tab le  o s c i l l a t i o n  already e x i s t s  with zero dead spot. 

Some addi t iona l  calcula t ions  were made f o r  t he  case where t h e  a i r -  
plane i s  disturbed within t h e  dead spot.  The motions f o r  an i n i t i a l  
condition of j3 = lo were computed f o r  q = -2' and 0' with t h e  assump- 
t i o n  of t he  nonl inear i ty  described i n  f igure  l ( b ) .  The r e s u l t s  a r e  
presented i n  f igure  6.  It should be noted t h a t  t he  only di f ference between 
f igures  4 and 6 i s  t h e  i n i t i a l  condition assumed i n  t h e  calcula t ions .  In  
f igure  6, t he  motion f o r  7 = -2O i s  unstable and gradually approaches 
t he  amplitude and period of t he  motion f o r  t h e  case of TJ = -2' i n  
f igure  4. The motion f o r  TJ = 0' i n  f igure  6 i s  s l i g h t l y  unstable and 
w i l l  probably increase u n t i l  i t s  amplitude and period a r e  i n  c lose  
agreement with t he  motion f o r  t he  case of TJ = O0 i n  f igure  4. Calcu- 
l a t i o n s  have indicated t h a t  the  o sc i l l a t o ry  motion of t he  a i rplane within 
t he  dead spot w i l l  double amplitude about every 4 seconds f o r  TJ = -2' 
and about every 30 seconds f o r  TJ = 0'. I f  t h e  motion i s  unstable within 
t he  dead spot, e i t he r  t he  a i rplane motion w i l l  be neu t ra l ly  s t ab l e  with 
an amplitude equal t o  o r  g rea te r  than t he  amplitude of t h e  dead spot or  
the  motion w i l l  be unstable. 

The l o s s  i n  damping and t he  increase i n  period which appeared i n  
some of the  l a t e r a l  o sc i l l a t i ons  i n  f igures  3 t o  5 can be a t t r i b u t e d  t o  
t he  type of nonl inear i ty  assumed. From c l a s s i c a l  dynamic s t a b i l i t y  theory,  
it i s  wel l  known t h a t  t he  damping of t h e  o sc i l l a t i on  i s  a function of Cnr 
and t h e  period of t he  o sc i l l a t i on  i s  a function of C 

' 
I f  t he  a i rplane 

i s  considered a s  a mass-spring dashpot system, 
C n ~  

i s  t he  equivalent 

spring constant of t he  system and 
Cnr 

corresponds t o  t he  damping 

constant contributed by t he  dashpot. Thus a s  Cnp  i s  reduced t he  period 

increases and a s  Cnr i s  reduced the  damping decreases. 
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CONCLUDING REMARKS 

The r e s u l t s  of t h e  invest igat ion made t o  determine t h e  e f f e c t  of 
non l inea r i t i e s  assumed i n  t h e  analysis  on t h e  l a t e r a l  s t a b i l i t y  ind ica te  
t h a t  under ce r t a in  conditions a motion i s  obtained which has d i f f e r en t  
r a t e s  of damping f o r  t he  large  and small amplitudes of motion, with 
very l i t t l e  damping a t  t h e  small amplitudes. I n  general, t he  period 
of t he  resu l tan t  o sc i l l a t i on  increases w i t t i  time. 
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TABLE I 

STABILITY DERIVATIVES AND MASS CHARACTERISTICS 

OF THE AIRPLANE CONSIDERFD I N  TIDE ANALYSIS 

Derivative or  character is t ic  

W/S. 1b/ft2 . . . . . . . . . .  
pb e . . . . . . . . . . . . .  

p, slugs/ft3 . . . . . . . . .  
V, ft /sec . . . . . . . . . . .  
CL . . . . . . . . . . . . . . .  
b. f t  . . . . . . . . . . . . .  
yY2deg . . . . . . . . . . . .  
Kz . . . . . . . . . . . . . .  
K~~ . . . . . . . . . . . . . .  
C , per radian . . . . . . . .  

P 
Cn . per radian . . . . . . . .  P . C per radian . . . . . . . .  

P . per radian . . . . . . . .  
Cyr. per radian . . . . . . . .  
7, deg . . . . . . . . . . . .  . per radian . . . . . . . .  

( cases 1 and 2 ) ,  per  radian 

. . .  (case 3) ,  per radian 

Outside of dead spot 

80 
101.1 

0.00089 
753 

0.318 
27.7 

0 
0.0573 

0.0069 
-0.462 

-0.0155 

-0.126 

0 

0 

-2.0, 0, 2.0 
-0.392 

0.28 

0.41 

Within dead spot 

80 
101.1 

0.00089 
753 

0.318 
27.7 

0 
0 * 0573 
0.0069 
-0.462 

-0.0155 

-0. 126 

0 

0 

-2.0, 0, 2.0 
0 

0 

0 
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Figure 2. .Calculated motion of an a i rplane due t o  s n  i n i t i a l  
disturbance i n  s i d e s l i p  f o r  several  values of q. 
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f , seconds 

Figure 5.- The e f f e c t  of the  nonlinear der ivat ives  described i n  
f igure  l ( c )  on t he  motion of an a i rplane;  
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Figure 6.- The e f f e c t  of the nonlinear der ivat ives  described i n  
f igure  l ( b )  on the  motion of an a i rplane.  I n i t i a l  disturbance 
i n  s i de s l i p  of lo. 
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Abstract 

The ef fec t  of nonlinear s t a b i l i t y  derivatives on the 
l a t e r a l  s t a b i l i t y  of an airplane i s  analyzed, Motions a re  
calculated on the assumption tha t  the values of the 
direct ional-s tabi l i ty  derivative and the damping-in-yawing 
derivative are  functions of the angle of s idesl ip .  The 
application of the Laplace transform t o  the calculation of 
an airplane motion when cer tain types of nonlinear 
derivatives are  present i s  described i n  de ta i l .  
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