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NATTONAL ADVISCRY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2295

CHORDWISE AND COMPRESSIBILITY CORRECTIONS

TO SIENDER-WING THEORY

By Harvard Lomax and Loma Sluder
SUMMARY

Corrections to slender-wing theory are obtained by assuming a span—
wise distribution of loading and determining the chordwise variation
which satisfies the appropriate integral equation. Such integral equa~—
tions are set up in terms of the given vertical induced velocity on the
center line or, depending on the type of wing plan form, its average
value across the span at a given chord station. The chordwise distribu—
tion is then obtained by solving these integral equations. Results are
shown for flat—plate, rectangular, and triangular wings.

INTRODUCTION

The calculation of loading on three—dimensional lifting surfaces is
d fundamental problem in aerodynamic research,. The complexity of the
‘problem has lead to the development of certain simplified theories by
means of which the loading on special types of plan forms can be esti—
mated quickly. The amount of error which these estimates contain is of
considerable interest, as are methods which will tend to correct such .
errors without undue labor. ‘

Slender—wing theory applies to one such simplified body of amnalysis.
There are two basic assumptions of this theory: one, the angle of attack
is small enough so that the vortex sheet does not separate from the wing
and the boundary conditions for the wing can be projected onto a hori-
zontal plane parasllel to the direction of the free stream; and the other,

(that either the chordwise gradient of velocity is small enough or the
free—stream Mach number is close enough to unity that the linearized
partial differential equation which governs the fluid flow becomes
Laplace's equation in a plane transverse to the free—stream direction.
References 1 through 5 are examples of recent papers developing slender—
wing theory.
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An indication of the magnitude of the error which is introduced by
the use of such a theory comes, in the subsonic case, by observing that
solutions so obtained violate the Kutta condition at the trailing edge.
Proper inclusion of the chordwise and compressibility effects must
result in solutions which satisfy the Kutta condition and make the load—
ing . fall to zero at the trailing edge. It is the purpose of this report
to study such modifications. '

The corrections due to the chordwise and compressibility effects

" are obtained in the following manner: First, an integral equation involv-—

ing elementary horseshoe vortices is set up; second, this integral equa— -
tion is solved under the assumption that the chordwise gradients are
small or that the free—stream Mach number is unity; and finally, the
integral equation is reinspected, this time with the spanwise 1lift dis—
tribution fixed at the shape just obtained and with the chordwise varia—
tion as the unknown and the Mach number terms included.

Results are presented and discussed both for triangular and rectan— -
gular, flat—plate plan forms in both subsonic and supersonic flow.

LIST OF IMPORTANT SYMBOLS™

ao velocity of sound in the free stream

. .2
A aspect ratio (%)
Ay _reduced aspect ratio (Ap = BA)
b span of wing measured normal to plane of syﬁmetry )
Co root chord of wing
cr, 1ift coefficient <11f’°>
Cy  pitching-moment coefficient <plt°hmg moment )

aScq \

E complete elllptic integral of the second kind with modulus k

E(t,k) incomplete elliptic integral of the second kind with argument t

t _22
and modulus k. [E(t x) f 1% dt]

1-t2
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F(t,k) incomplete elliptic integral of the first kind with argument t

t at -
d modulus k | F(t,k) =
S e [ JC JQL%ZNlAétE)J

K complete elliétic intégral of the firsp kind-with modulus k
[K ;k/“l dt ]
o/ (1-2)(1x2t2) 4 |
m for triangular wing, slope of leading edge relative to plane‘of
‘ symmetry .
M(; ‘free—stream Mac.h number < g—g— >
P static pressure
Ap Py = Py
q free—stream dynamic pressure < %— poV02>‘
s" semiépan of rectangular wing
.S  area of wing |
u ~ ‘perturbation velocity éomponent in the direction of the x axis
Au Ay, Uy |
Vo free—stream velocity
W perturbation velocity component in the direction of the =z gxis
w6 4V&y

x,y,z Cartesian coordinates of an arbitrary point

X1,¥1 Cartesian coordinates of source or doublet position

+

X0 X/Co
a angle of attack
B 1243

8o Bm



density in free stream
doublet weighting factors
- perturbation velocity potential

'q)u"q)l

conditions on lower surface of wing (at z

conditions 6n_upper surface of wing (at z

-

Triangular plan form.-—

NACA TN 2295

Subscripts

0-)

0+)

THE INTEGRAL EQUATIONS
Subsonic

A general solution of Laplace!s equation

which is suited to problems in linearized subsonic wing theory (given
e.g., in reference 6) is that which relates a.velocity potential or per—
turbation velocity to the value of its jump across a given surface. For
a lifting triangular wing as shown in the sketch this can be written

Au dyy (1)

[(x—xl)?+B2(y~y1)2+Bzz2]

3/2

where |l |, u 1is the
perturbatlon velocity parallel to
the x axis and ‘Au 1is the jump
in u over the wing plan form.
In linearized theory this jump car
be related to the loading coeffi-
cient Ap/q by the equation

m=To AP) o)

Further, the velobity potential o
can be found by the relation

: X
P =L/p ‘u dx
©
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Operating on equation (1) in this manner and 1nterchang1ng the order of
integration gives

=_Z_V_o_fc° mX; <—B> dy:s I: X—X3 ' :l(3)
8 Jo —mxl [(y—yl) +z 2] v/(x—x1)2+3222+52(y—Y1)2

which represents, phy51cally, a dlstributlon of elementary horseshoe vor—
tices.

- The effect of compressibility in a linearized study of lifting—
surface theory can only enter through the use of B. Setting

(x—=1)

o= 14— (%)
J (x22)2482(551)248%2° '

it is seen that o 1is the only term in equation (3) which contains B.
This term has an interesting interpretation in the light of the study
which has been made at sonic speeds. At My = 1 (i.e.,B = 0), ¢ has
either the value 2 or O, depending on whether x; is less or greater
than x. Hence, equation (3) becomes ’

¢='ﬂfox' mxl( >dylﬂ (5)

2 2
b —mx 1 ( Iy ) +2

Now reversing the order of 1ntegratlon and using the definition implied
by equation (2), namely,

Ap _ 2 g
a " V5 0x;

gives finally

Z mx ‘A @ L9 dyr

2n (6)

—mnx (YﬁY1) +Z

Equation (6) has been studied in reference 5 as the fundamental equation
for slender wings or wings flying at near sonic speeds. It is an equa—
tion which gives the solution for the velocity potential in a three—
dimensional flow in terms of two—dimensional doublets, the two dimensions
being at right angles to the free—stream direction. A solution of such a
nature is immediately implied by the physical character of both sonic
wing theory, in which the Mach cone has degenerated to a Mach plane, and
.slender-wing theory, in which the wing is so slender that the chordwise
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gradient of velocities can be neglected compared to the vertical and
lateral gradients. ' '

By comparison of equation (5) with equation (3), it is seen that
the term © can be interpreted as a factor which corrects the slender—
wing~theory results as given by equation (5) for the effects of chord—
wise gradients in velocity and compressibility. By consideration of the
effect at one point of the distribution of doublets over the wing, this
correction can be visualized as a reweighting of the two—dimensional
doublets according to their position relative to the point. The sketch
indicates the variation of o across the span at various chord stations
for B = 0.6. Observe that the
doublets ahead of the point at
which the potential is to be
determined are still weighted
far more heavily than those
behind the point. The effect
of considering B different
from zero, however, is to
reduce the extreme difference
in weight occasioned at B =0
so that the doublets behind a
given point do have some effect
on the induced velocities there,
and the doublets shead of a
point induce a somewhat smaller
disturbance than before. Since
the strength of these weighted
two—dimensional doublets is given
by the magnitude of the three—dimensional loading, their strength is
zero everywhere off the wing plan form including the area behind the
wing occupied by the vortex wake. : '

Two different methods for the further reduction of equation (3) will
be considered. The first method involves finding the vertical induced
velocity for points along the x axls, while the second involves finding
the average vertical induced velocity along the span at a given chord
station. The first method must be discarded for triangular wings because
of difficulties around the apex; the second, however, proves to be quite
gsatisfactory. The simplification obtained by considering the vertical
induced velocity for points along the x axis will be considered later
in connection with the rectangular wing. .

Since it is easier to consider first the averaging process, the
operator
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is applied to the weighted doublets, o0z/[(y=y1)Z+z°], of equation (3)
with the result that
v e ®
F=—10 f © ax3 f
8n Jo ey m2x2—y1
&P
‘ Yo 044, ( > a [l(x—xl) 87 (mx—y )® .\/(x—xl) +8° (mx+y1 ) :l
8, 2mx( X—X1 ) mX—y3 MX+y31
L (7)

where W 1is the average value of the vertlcal induced velocity along a
given span.

The solution for Ap/q obtained from slender-wing theory can be
written?t

A )+w x; ' '
=L - = f1< ) (8)
q Vo./mle —-yl .
where in that theory fl(xl/co) = 1l, If the value of Ap/q given by

equation (8) is placed in equation (7), the resulting integral equation
can be written in a simplified form if it is noted that

— - 1 miy
I, = X1 ~/(X-X1)2+32(mx—yl)2 N ./(x—x1)2+{32(mx+yl)2 ) 1
o, my ey Torise
- mfm(x+x1) ~/ (1—11)24{32112 dn )
m(x—x; ) n_/;mz(xz—xlz)+2ﬁm_q2 . ‘

where for the first term in the brackets the transformation n = mX~y3
was used and for the second the transformation 1 = mx+y;. Hence,
equation (7) finally reduces to the following ' -

[ e [ D ] @

The solution of equatlon (10) will ve discussed in a later section
devoted to triangular wings.

1:2x2

;Thls solution follows from an analysis of equation (6) See reference 5.
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Becté.ngular plan fofm. If the plan form of the ving is recfangﬁlar
as shown in the sketch, then equatlon (3) is modified sllghtly to the

form
Lp
7V Co 8 0 dyi
R A ()
T Yo s (yy1)%+z
le— 25 —» Tt is possible in this case to
— study the vertical induced )
) y velocity for points along the x

axis; that is, to find J¢/dz

by equation.(11l) and then set
both -y and 2z equal to zero.
In order to do this a special

¢ " " notation must be employed. Thus,

0 if the indefinite integral of
f(y)/y® can be written (where
. : : f(y) is bounded at y = 0)

£(y)

# J[‘ 52 & = —J(y)+C

X Then, by defmltlon,

£( )
fyg— ay = 3(s) (=) (12)

-By means of this definition it can be shown that (reference T)

v Co. s . : - '
= §Qf ©4x, ][ a1 <é_12>_l_2 [1 + __&_‘__] (13)
TJo —s /91 J (x=x1)%+83y,2 ,

and if2

AP__ | wO '/ X 2 .
Tt e (&) ()

2The solution for the rectangular wing in slender—wlng theory is that the
load be zero across every spanwise strip aft of the leading edge. To
find the chordwise correction to such a theory, therefore, a spanwise
distribution must be assumed. . Since, however, slender-wing theory also
requires an elliptical span loading for the boundary conditions of a
rectangular wing to be sat1sf1ed, a reasonable choice is that given by
equation (14). -
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Then, since intégrating by parts gives

. 2 2 2
I = — (x=x )2J[s d.V2/ s%—y12 =fs (2= )" 71 i3,
=Y Y vi2f (=128 2 T s5-y12

(15)

equation (13) can be written
W c N I x . . .
an ()= (R) = =)
2nce o x-X3 /. Co :

This integral equation has been derived previously by K. Wieghardt'
(reference 8) with regard to the rectangular—wing problem. The solution
of equation (16) will be discussed in a later section devoted to rectan—

gular wings,

Supersonic

Triangular plan form;— In passing from subsonic to supersonic
theory, we pass from the elliptic to the hyperbolic partial differential

equation and in particular from Laplace's equation to the wave equation.
The solution which relates the perturbation velocity u at any point in
the field to the loading on the wing can again be written in terms of an

elementary horseshoe vortex distribution over the wing plan form. As in -

reference 9 this becomes

g2 EL:J/:/¥ ~ (x=x1) Mu dxy dyy
2n ox J v y51)2+221 / (3x1)2B2(y—y, ) 2222

and since u = é? and ap _ gég,
: ox a V.
& ax dy

| Vo2 | x—xi o ]
=0z [ — (17)
P T f*[ (y=y1)2+22 [ N (x—xl)2+82(y—y;)2—{32z_2 ]

where T 1is the area on the-wing bounded by the edges and the trace of
the Mach forecone from the point x,y,z. Again the effect of compressi-
bility appears only in the term within the braces so that by defining

' X—X3
ag

B 7 (18)
~/(x—xl)2—82(y—yl)2—ﬁ2z2 ,
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Op contains all of the Mach number effects at supersonic speeds. At

Mo =1, op =1, and since, by the definition of 1, x; < x, it follows

that at somic speeds equation (17) also reduces to equation (5). Hence,
the doublet distributions represented by equations (17) and (3) are con—
sistent at the speed of sound. ’ .

| ‘In order that an exact parallel can be provided with the subsonic

| solution to the triangular wing, the average vertical induced velocity

| for points along a given span is again considered. It can be shown
(reference 7) that in the plane of the wing '

AN
BY% ap Vo X mx, (x—x1) —512 ‘
w=—T-+H—R.P.\_[ dxlﬁx dya1 - (19)
a gy (y=71)3,/ (z=x1)2-82(y-y1) :

where the order of integration must be indicated (i.e., the integration
with respect to yi1 must be made first). The letters R.P. indicate the
real part of the term is to be taken. Such a device can be used since
the double integral must always be a pure real quantity in the area T
(Ap/q is real everywhere on the plan form) and a pure imaginary quantity
over the rest of the area indicated (see sketch),_ The average vertical
induced velocity along the span may be obtained by applying to equation
(19) the operator '

mx
1
— d;
’ 2mx J/‘ ol .
. . Lmx
pure —
imaginary Y, and since
by m2x; - '
3 oo o2 e (x) (20)
pure q VO m2x12_y12
real ‘
equation (19) may be written in
the form
5 _ v fa(x) .
2
Y,'
' : ‘.r_oj\x xllsfa(xl)d.xl (21)
b4 fo) x—x1 . .

Iz has a derivation similar to that used for equation (9) and can be
expressed in the final form as
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-I _ ﬁR.P.fm(x+Xl) . ﬁx—xl)z—ﬁzna dn ,‘(22)
8 m(x—x1) n,/[—m(xl+x)—fr|] [m(x1—x)+7]

It is possible to find an exact solution for fg(x) by means of
equation (21), but the discussion of this analysis 15 reserved for a

subsequent section.

Rectangular plan form.— Equation (19) can also be used in the case
of a rectangular plan form by an appropriate change in limits; thus,

(z—=x,) 2

BV X s . '
v o= hq %Rfufdnf\Wl — (23)
o s (Y—YI)z/(x—xl)Z‘B?(y—Yl)z

. Where again it should be stressed that the order of 1ntegratlon cannot be
reversed. The region of integration and position of the wing with refer—
ence to the a._:us is shown in the sketch. As in the case of the subsonic
rectangular wmg, the value of w will be obtained only along the x
axis so that y in equation (23) can be set equal to zero. The loading
will be assumed to have a form :

Ap _ <¢>J”jz @

q

which is similar to that used in the

subsonic case except that the refer— _ \'
ence length is now the semispan : ) \ 5
instead of the chord. Such a dif— . -~ pure

ference is reasonable since in the
supersonic case the position of
the trailing edge cannot effect
the loading on the wing..

real

_ pure N

imaginary 4=
Finally, therefore, when y = 0 . .
equation (23) becomes ‘ “1Pix,y)

W= ﬁof4<—x->+ ' ,. - _. | . ;x
Yo fx I4f4(sf3> (25)

nsB X3

where I, 1is given by the equation
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. . )2_p32,.2 T
I =R.1°.fSA/G x)" 875 oo (26)
4 . Sz—ylz .
—S R .

: The solution to equation (25) ié-deferred té a subsequent section.

~

'~ LOADING ON WINGS

The previous section was devoted to the development of the integral
' equations which are to be studied for the two types of plan forms in

subsonic and supersonic flight. .In order that this study can proceed in
a natural manner, the arrangement of the presentation has been changed so
that the plan form is the principal division and the speed is subsidiary.

Triangular Wings

Supersonic case.— The decision to solve for the loading on the
supersonic, triangular, flat plate by analyzing equation (21) was not an
obvious one since the exact solution of the linearized partial differen—
tial equation for this case has already been obtained. (See, e.g., refer—
ences 10, 11, and 12.) Thus it is known before starting that the value
of fg(x) in equation (21) must be 1/E where E is the complete
elliptic integral of the second kind with modulus ,/l-m2B2. However,
these solutions were obtained by an entirely different procedure so that
by solving equation (21) and comparing the two results a check on the
accuracy of the method is obtained. Furthermore, when the subsonic
problem is analyzed the same. general procedure will be followed and the
results can then be accepted with greater confidence. ’

The firét step in the solution of equation (21), in which "has
been set equal to w, since the wing is a flat plate, is to change .
variables by the transformation £, = xl/x. This gives

. ‘ 1 ‘ . |
1= nBm £4(x) +‘i\/P t1fa(xE1)de T4(6;) (27)
2 TJo 1-£1 ]

In the equation for I, -the transformation mn1.= n/x was used so that

flﬁfgl- J (1-£)2-8%”

. dnl
1—§]_ Lk /(51 +1-*n1)(§1—1+711)

Ig =
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which is completely independent of x. The partial derivative of both.
sides of equation (27) with respect to x gives

- 1, 25 4
2pmVYo 1-¢,

Equation (28) is a homogeneous linear integral equation. The solution
to equation (28) is simply fg!'(x) = O or, what is equivalent, fa(x)
equals a constant, (fg), . say. By means of equation (27), this constant
can be evaluated. Hence, ‘ :

‘~1 ' -1 .
(£5)o = [12-"4 + %£ Seaercn Ilizi)dgl] (29)

which represents the solution to the problem. The integral I5 was
calculated analytically as in appendix A, and then the value of (fs)o,
as given by equation (29), was determined by numerical integration.

For Bm = 0.8 the result of this computation was 0.708; whereas the true
value given by 1/E 1is 0.705. »

Equation (27) can also be solved when the wing is slender with
respect to the Mach cone by considering Bm to be small. Setting -
Bm = 0 yields ‘ i '

( 1+§1) d‘l]l

(Ig)gmo = (1-€,)
3/Bm=0 1 (1_§1) q1ﬁ§1+1—n1)(§1—1+ﬂ1)

and this is readily evaluated to give

n(1- 51)

oo " S

The integral equation reduces to

(30)

' N =fl E.fo(xE,)aE,
(o] v l—gla

which by a retransformation of variables x; = x§, becomes

< =L/°x leé(il) dx; . ‘ (31)
o A/ xz_xlz ) . '
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Equation (31) is a special form of Abel's integral equation, the unique.
jnversion® of which is, in this case, fa(x) = 1. This is easily veri-
fied by direct substitution.

The simplicity of this result is not accidental, of course, since
the value of fg(x) was originally introduced by equation (20) as a
correction factor to the slender—wing-theory solution.

Subsonic case.— The study of the triangular wing presented in the
preceding section was made first at arbitrary supersonic Mach numbers
and then at a Mach number equal to 1. In keeping with this order of
decreasing speed, the subsonic flat plate will be studied first at sonic
speed and then for general subsonic Mach numbers.

An inspection of equations (9) and (22) is sufficient to show that
(Il)Bm:o is equal to (Ig)pp.oe Hence, equation (30) can be substituted
into equation (10) and there results (since again ¥ is set equal to Wo)

Xy
— +
2

nx .
2 N xZ—x3 o v x—x,2

1. 1 [fx nx3fy ('56 dx; J‘[xlfl<36> dx; ]
(o]

X1
x Xifa To dxy
x=f
o

x2—x;%

and this reduces immediately to

(32)

It is now obvious that equation (31), which was derived from super—
sonic wing theory, and equation (32), which was derived from subsonic
wing theory, are identical. Clearly this establishes the continuity of
the theory in passing from the supersonic tvo the subsonic regimes.

3Tf Abel's equation is written in the form

its inversion is
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The analysis for the general subsonic case leads eventually to the
. numerical solution of an integral equation. However, an idea of the
qualitative form which this solution must assume can be gained by a
rough preliminary analysis before resorting to the more tedious pro—
cedures necessary for a quantitative evaluation.

The evaluation of I; 1is given in appendix A, and a plot of ;11
against x;/x for (Bm)2 egual to 0, 0.05, 0.10, and 0.20 is sh in
figure 1. OSubtracting from I its value at PBm = O, and denoting this
difference by I3, it follows that ' '

_ X—=X3
I, .n /x+x1 x1<x . .
Iy = _ ' (33)

Il x1>x

and equation (10) becomes

- ~x 2nx3f; <—§—cl)> dxy Cox1Iyaf) <§—;> dx;
A P (34)
o \

4/ x2—x12 X=X1

2nx
As a rough approximation, since I1:/2n 1is small and tends to zero as
~ Bm goes to zero, consider € =1;3/2n to be a small constant which can
be taken through the integral sign so that equation (34) becomes

(35)

- X : . X
X x1f1 <%> d.X]_ o xlf]_(-c—l) dx1
x =J/‘ : ‘Fed/‘ 2
(o} o

Y Xa-,-Xia

X=X,

For € equal to zero the solution to equation (35) is, of course,
f1(x0)=1 as has already been discussed. For a small but finite value
of €, the second term will not have much effect on fl(xo) near the
center of the wing chord, but near the apex and trailing edge it becomes
dominant since the value fl(xo)'= 1 makes this term logarithmically
infinite at these two extremes. Thus, the second term must certainly be
reckoned with in finding the solution for fi(xg) even though € 1is .
small. : : ;

Now it is apparent that the right—hand term of equation (35) makes
that expression a singular integral equation. Experience with the singu—
lar integral equation ' ' :

£(5) =f" g(y1)dys:
o B '}
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which arises in subsonic lifting-line theory and two—dimensional airfoil—
section theory proves useful in the present problem. ' Thus, the solution
to equation (35) is not unique unless the Kutta condition is specified

at the trailing edge, and, furthermore, the value of f1(xo) tends to
infinity as x approaches the apex and to zero as x approaches the
trailing edge. ) "

One would, therefore, anticipate the shape of the solution for
f1(xo) to be something like that shown in the sketch. Such qualitative

- knowledge is useful in setting up the numerical procedure used for the

correct solution to equa—
tion (10). The presentation
of this procedure appears in
appendix B and the results of
the analysis for A, equal to
0, 0.90, 1.26, and 1.79 are
given graphically by figure 2.

f v ’ _ B The figure shows that the
' \ L shape of fi1(xp) which was
. . . sketched was fairly accurate.
/1 TTTsmssETT N . Turther, the values in the

figure indicate that the center
of pressure shifts forward with
increasing values of . fm. A
more comprehensive discussion
of the integrated values of the
loading will be given 'in a
later section.

Rebtangular Wings

The discussion 6f the triangular wing was divided according to the
Mach number. The same division will be used for this section starting
with the discussion of the results for supersonic speeds, then the results

-of both supersonic and subsonic theories at soaic speeds and finally a

discussion of the subsonic development.

Supersonic case.— The solution of equation (25) will give the load—
ing on a rectangular wing flying at a supersonic Mach number. The evalu—
ation of the integral I, 1is carried out in appendix A where it is shown
that I, can be expressed in terms of complete .elliptic integrals of the
first and second kinds. Having the expression for I,, a numerical
solution may be obtained for f4(x/sB) when w = w,, that is when the
wing is flat. (See appendix B.) TFigure 3 shows a plot of £, (a factor
representative of the chord lift distribution) as a function of x/sB, the
ratio of the distance back from the leading edge to the magnitude of the
reduced semispan. The value of f, given by equation (25) can be checked
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in the interval 0 <(x/sB)<2 because the exact solution to the complete
linearized partial differential equation can be readily obtained there. .
The comparison is given in figure 3. The fairly rough agreement shown

is not surprising since equation (25) is derived on the assumption that
the -spanwise distribution of load is elliptical at every chord station,
and certainly this assumption is least accurate in the interval where the
comparison with the exact results is made. The area under the exact and
approximate curves in figure 3, between the initial value and that at
which f4 = 0, is nearly the 'same. (See the next sectlon on Aerodynamic
Characteristics.)  The integrated value of f,. as given by equation (25),
therefore, should be sufficiently accurate for x/sB> 2.

As for the qualitative nature -of the variation, figure 3 shows that -
the loading on a narrow rectangular wing flying at supersonic speeds
falls linearly to zero, becomes negative, and then oscillates between
negative and positive values; -the amplitude of the oscillation being so
heavily damped that after the third change in sign the magnltude is
practically zero.

It should be noticed in studying the results of figure 3 that the
entire resultant 1ift of the wing is concentrated in the interval -
O<:(x/sB)<:2. But as the Mach number approaches 1 this interval
approaches zero, and the entire 1ift of the wing is carried in a strip
along the leading edge.? Such a solution violates, in the vicinity.of
the leading edge, the assumption on which the theory is based and should
be considered only as a theoretical limit. , o

Results for the 1ift and pitching moment on the rectangular wing
will be developed in a later section. -

) Subsonic case.— The study of the subsonic rectangular wing stems

from equation (16). The first step in the analysis of the equation will
be to consider its solution at Bs = O and show that this is continuous -
with the supersonic results there.

The ﬁalue of I> can be written (equation (15)) as

12 [/X_xl) +Bs” 2

‘and for Bs = 0 this becomes

[ (z==1)n x<x
I = S
—{x—=x1)n  x;2>x

4Thls result also follows by 1nspecting equatlon (25) for the values
Bs = 0. ,
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and hence equation (16) can be written

w o= %% fxfz <-§%> Xm ‘ (36)
- Yo

Equation.(36) is identical with the form of the supersonic equation (25)
at PBs = 0 so that once again the continuity of the subsonic and super—
sonic theories at the sonic speed range is established. Furthermore,
equation (36) shows that if w/wy is constant then fa(xo) must be zero
everywhere except at points where it can be represented by a pulse the
integral of which has a finite magnitude. From the supersonic discussion,
it is clear that one such pulse exists and is located at the leading edge.

The evaluation of Io for Bs>0 1is given in appendix A. The
numerical solution to equation (16), assuming the Kutta condition at the
trailing edge, is given in appendix B for values of reduced aspect ratio
Ay (defined as B times aspect ratio) equal to 0.33, 1.0; 1.5, and 2.0.
For an aspect ratio equal to 2, these values correspond to Mach numbers
of 0.986, 0.866, 0.662, and O, respectively. The results of the compu—
tations are shown in figure 4 where the chordwise 1lift distribution
factor f=(xo) is plotted against x, for the various values of A,
By comparison of figure 4 with figure 3, it can be seen that in the
subsoric case the loading drops monotonically from infinity at the lead-
ing edge to zero at the trailing edge and does -not oscillate in the after
portion, as in the case of the supersonic wing. ’

When P equals one, these results can bé compared with those
obtaired by Wieghardt and presented in reference 8. The sketch shows
the comparison for two values of the aspect ratio. Curves are also

6 1 \
‘\ . =2 ) .
\ wieghardt - ------
\ This report |
4/ final . —
6 points —--
ﬁﬂ 3 points ——-
goc _
A =
24
‘70 2 4 6 8 10
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shown in the figure for the loading obtained by using the method given
in the appendix of this report but by satisfying the integral equation
at only six and three points. The latter curve is in better agreement
with Wieghardt's result and, since Wieghardt (although using a differ—
ent method involving Birmbaum functions) used only 4 points, this may
account for the discrepancy between the final results of this report and
those of Wieghardt. :

AERODYNAMIC CHARACTERISTICS

U

The previous section presented solutions for the loading on trian—
gular and rectangular wings flying at subsonic and supersonic speeds.
This section will be devoted to the conversion of these loadings to
expressions for 1lift and center of pressure.

Lift

By definition the 1lift coefficient can be written

_1 Ap | ’
_§f£ ?dxdy | (37)

and this will be evaluated for thé various cases for which the loading
coefficient has been obtained.

Supersonic triangular wing.— Since the exact llnearlzed value for
the loading on the triangular wing flying at supersonic speeds has been
derived, the lift coefficient can be written in the form

CL

= (38)

e
ZE
‘where A 1s the aspect ratio and E 1is the_elliptic integral ‘of the
second kind with modulus k =/ 1-8°m2, . '

Subsonic triangﬁlar wing.~ In the case of the subsonic triangular
wing, equation (37) beccmes : _

o =

' ‘Ao . mx
1 u/‘ ax | homPx . <}§{>dy
mey? Jo ‘/:mx W Px2—y? F\F/

and this becomes (since A = 4m)
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£

1
= ﬂLK: x?fl(xo)gxo ‘ (39)

The numerical evaluation of equa—
tion (39) is not difficult since
xof1(Xo) has the variation

shown in the sketch.

0 :
o - A

Supersonic rectangular wing.— For values of ko<:2sB the exact

value of the 1ift coefficient on a rectangular wing flying at supersonic
speeds has been obtained and can be wvritten in the form:

For Ap.>1 Cy, B YA

- (ko)
7 W

When A.<1l equation (37) must be used in connectlon with equatlon (2k)
and there results

NN, (G

2scCo —S SB

CL—— f4< >d.x

and this can be written in the form
2x :) dx ‘ ‘
Ar/ - :

c
- [
aA ArCo [o) 4 c

- 2x

which reduces to

which becomes, if xo = ,
Cofir 5
CL- Ar :
A : =X :
for Ar<l | == 51; £, (x2) axz. (41)

Subsonic rectangular w .— The equation for the loading on a sub—
sonic rectangular wing, equation (14), placed in the formula for 1ift
coefficient yields
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which becomes
. 1 ' , A
C
L -2 f f2 (x0) dxo (42)
[e) _ -

The evaluation of equation (42) by numerical means requires special
consideration since fa(xy) approaches infinity at the leading edge as
shown in figure 4. To this end, rewrite equation (42) in the form

C e | . |
JP "3 _Lﬂ f2(x,) ax, + %ffe(xo) dxo (43)

€

and equation (BL4) in the appendix (for the special case in which Xo=1)
in the form : : o

1 Tar 22 o v L oo | .
1= 2 [Ceatxo) [ x s ey Joxo # & [ratao) [ 1+ 822 oy

An application of the mean—value theorem yields

. fe f2(x,) dio = [,HA;LE*Q]{&( —[fe(xo) ': T+ R%:E:—o)]dxo} ‘:(1,51)

° “kg(1-6)

where Eg has the modulus kg which equals. Ar/ A/ 4(1-6%)+A42  and where
0<6<e. The combination of equations (143) and (45) yields an expression
for the 1lift coefficient involving only the load distribution from a
distance €/co, back of the leading edge to the trailing edge.

Pitching Moment

By definition the pitching—moment coefficient about th;e apex or
leading edge and based on the root chord can be written
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| cmz__l_ff x 22 axay (46)
| Sco S q .

§ Equation (h6)_will be applied to the various loadings which have been

i .

studied.

Supersonic triangular wing.— The exact linearized value for the

pitching—moment coefficient on a triangular wing flying at supersonic
speeds has been derived elsewhere and can be written in the form

oz (¥7)
ah 3E

| Subsonic triangular wing.— The derivation of the pitching moment -
on a subsonic triangular wing proceeds in the same manner as the deriva—
tion of 1lift and there results : :

C 1
-&‘K = — 7 f XOzfl(Xo) d.Xo ’ ()'l'8)
o .

This expression can be easily integrated numerically since x,2f1(x,)
varies as the sketch indicates. ‘ . '

81 Supersonic rectangular wing.-
- . For values of reduced aspect ratio
A, greater than 1 the pitching—
moment coefficient on a rectangular
wing is ‘given by the equation,

2:
xoh)

for Arp>1
Cn _ _ St (49)

.4 <

oA 38,2

When Ap<1 the solution to the
integral equation must be used and
the final expression can be written

c by p2/Ar o |

m T
_— - — Xofs (Xg) dxo (50)
aA L Jé‘ A : '

Subsonic rectangular wing.— The equation for the pitching-moment
coefficient on a subsonic rectangular wing follows in the same manner as
did that for the 1lift coefficient.
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_ 4
Hence,
1 : x f
‘m_ _ lt‘f xofa(xo)dxe  (51) 02
oA 2Jo
3 , .2
. and, since the variation of
xof2(%o) 1is as indicated in
the sketch, the numerical
integration of equation (51)
is simple.
o)

Center of Pressure

Since the pitching moment is based on the root chord, the center of
pressure of all wing plan forms can be written : :

X
CePe _ “m :
co  CrL ' (52)

Discussion of Results

Figures 5 and 6 show the variation of the 1lift coefficient and
center of pressure for triangular and rectangular wings for the range in
which the reduced aspect ratio A, is small. For the triangular wing
the differences between the subsonic and supersonic cases are not large
in the interval of Ay, shown; the subsonic wing develops somewhat less -
1ift and the center of pressure moves forward as A, increases. The
characteristics of the rectangular wing, however, show a large variation
in passing through the speed of soumd.

The subsonic rectangular wing has a variation of CL/AG with Ap
which is almost identical with that for the subsonic triangular wing.
Unlike the triangular wing, however, the curve for X, ‘/co on the
rectangular wing shows that this lift is carried farther and farther
forward from the quarter-chord position at My= O all the way to the
leading edge at My = 1. ’

As the speed is further increased and the rectangular wing enters
the supersonic speed range, the magnitude of the 1lift oscillates about
the curve for the subsonic case until a reduced aspect ratio of about
0.5 is reached and then rises to a maximum at about the point where A,
equals 1. The exact curve (obtained by linearized lifting—surface °
theory) for values of Ay greater than one is shown as a dotted line for
the purpose of comparison. ’



2L NACA TN 2295

The variation of the center of pressure on & supersonic rectangular
wing indicates that the wing is unstable for all positions of the pivot
point behind the leading edge for values of Ay around 0.4, the center
of pressure, in such a range, having moved forward of the wing leading
edge. As Ar increases past the value 0.5, however, the center of
pressure moves back along the wing and rapidly approaches the midchord
point, its location according to two—dimensional linearized theory.

CONCLUDING REMARKS

A theoretical investigation has been made of the correction to
slender—-wing theory,which-gccounts for the effects of compressibility
and the chordwise gradients in velocity. Integral equations were devel—
oped and numerically evaluated for triangular and rectangular plan forms
in both subsonic and supersonic flow.

In the case of the triangular plan form, the value of the 1lift coef-—
‘ficient predicted by slender—wing theory was reduced by an amount which
increased with increasing aspect ratio as was to be expected. At a
reduced aspect ratio of 1.0, this correction amounted to 6 percent for
both subsonic and supersonic flow, but, at a reduced aspect ratio of
2.0, the correction had increased to 21 percent in the case of subsonic
flow and 17 percent in the case of supersonic flow. '

The center of pressure of a triangular wing in supersonic flow
remained constant as predicted by slender-wing theory; in subsonic flow,
however, there was a slight forward shifting of the center of pressure
with increasing aspect ratio which amounted to 6 percent of a root chord

length at a reduced aspect ratio of 2.0.

Tn the case of the rectangular plan form in subsonic- flow, the cor—
rection to the 1lift coefficient due to a consideration of the chordwise
and compressibility effects was the same as for the triangular plan form.
In supersonic flow, below & reduced aspect ratio of 0.5, the value of the
1ift coefficient oscillated about the constant value predicted by slender-—
wing theory. Above this, value the 1lift coefficient was increased, reach—
ing & meximum correction of 32 percent at a reduced aspect ratio of 1.0.
At Ap = 2.0 the 1ift coefficient was again decreased by 9 percent.

According to slender—wing theory, the center of pressure of a rec—
tangular plan form is located on the leading edge. In the subsonic case,
the corrections shifted the position of the center of pressure back from
the leading edge as the aspect ratio was increased. This shift amounted
to 19 percent of a chord length at a reduced aspect ratio of 2.0. In
the supersonic case, a consideration of the chordwise and compressibility
effects indicated that the wing was unstable for a pivot point located at
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the leading edge around a reduced aspect.ratio of O.k. As the aspect‘
ratio increased, the center of pressure moved back of the leading edge
toward the midchord position.

Ames Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Moffett Field, Calif., Nov. 28, 1950.

25 |



26 | | | ~ NACA TN 2295

APPENDIX A

EVALUATION OF SPECIAL. INTEGRALS
THE INTEGRAL I,

The evaluation of I; will be discussed first for the case in which
x>x; and second for the case in which =x<x;.

Case l, X> X3

It is possible to write I; in the form

wy / o2 +B2nPn2 ‘d

ko nﬂn—uo)(ul—n)

I = m

| (A1)

where po = m(x—x;) and p3 = m(x+xi). The linear term in the lower
rad1cal of the integrand can be eliminated by the transformatlon
= (o0 + 5t)/(1 + t). and the integral becomes

' 6—0 2,202 202 2 2
. ot (802402020 +(uo®+6%8%n%) 2 (12)
Vr_ho‘c)(ﬁ—#l) (l+t)(6+5t)v// /u1—5 B_HQ: £2
uoj5 0—110
where .
—Ho(uo—ﬂzmzul)‘*‘“o ;\/( 1+82m2)(u02+B2m2u12)
_ o (A3)
B=m (U-l'H"-o) . R
and . ~
) T (TR TR T J (148202 ) (1 2+82m2u, 2) (44)
Bzmz(ul'ﬂlo) |

The expression for o and & may be combined to give the useful identi-—
ties '

ho? = —o5B2m2

(hg=0)(B11) + (H1—0)(B-uy) =0
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Using fundamental properties of even and odd functions, equatlon (A2)
may be reduced to the form !

P i 1 __B® 1
. ’ 2 2 k?
(12-8) (1g-8) 1+ 35 2 1, 8K 2
Bkt ok 1?
12,2 2
k1" +k"w d o
l_,w2

by the substitution

M1-0
w = | - l t
H1—0 |-

and where

(Ml—G)zS
(n12—08)(8—0)

k2 _ o] <u1—0'>2
k12 0 \ u1-9

By introducing the Jacobian elliptic functions in the transforms-
tions w= cnu, the integral reduces to

_ , | » _
2.828252 ~K 2 .=
I; = %ﬁ +52B2m f ( V1 _ o} 2 >dn2udu (A5)
(h1=0)(o—15) Yo N 1+v Zn%u  1+vo2sn2u o

where - o <>

k? =

(A6)
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and )

_(B k2 . - ‘
%> | (a7)

k'2 8 k2

The integration may now be completed and

I 2m 0245252m2 [ v '
1 = 3 ’
k : (“'l_d)(o'_uo) - l.

m[hﬂ(—ii—->uﬁ5e(——ﬁi¥>] ‘m&

‘where |
ﬁﬁ=mﬂﬂ+mwa?m4ﬂ g . (a9)

the modulus of the'elliptié integrals being k or k!'.

‘Case 2, X <x1

The procedure for obtaining the solution for ‘T3 in this case is
identical to that followed in case 1 except that in order to fulf;lll the
condition that t>-1, ¢ and 5 must be defined in the following mamnner:

oo BPrun )y (148207) (1o 4920Ps?)

Bzmz( pjl'Hlo)

(A10)
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L _ olkgpemRua), J (148212 (1, 2+8212, 2)

BZmZ (i)

(A11)

In this case it can be shown that in equation (A5) v.>0 and '
v2< -1, and the solution for I; 1is

I, = 2m {m;( —V1——>+ Bm /-2 [KE <§->—EF<:—1 }J,
NAZE="'S HoHi 2 2

0, [uo®+s%Bcm® | -
sk/ e (a12)

where G(x) 1is defined as in equation (A9).

THE INTEGRAL Io

Writing' I» in the form -
s (xx1)% + y27B% |
I, = 2[[ - 82—y12 dya (A13)

71 : ' PBs
-S— = cnu, k = —

/(x—xl)z + B2s%

and sett ing

I. can be integrated to give

K 2 : : :
Io = EBSf dn“udu _ 2B<E (Alk) -
O k k- ‘-- . '

Case 1, Opui1< Hpo< H1

Writing 'I:3 in the form
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(a15)
0
and making the transformation
—l
sn2u = 2 ™o (A16)
(1-6,%)k% 4 + Lo
- "9
o
where
¥ = 20 2 "o (A17)
1—60 p190+ }lo '
reduces equation (A15) to the form _
2u K a K 6,
= (1+65)k /_____Q_._<f - u _f odu >
, Oo(k1—+o) o 1+ -]2%9- k2snu Yo 1- 1560 k2sn2u
oo o .

The integratlon may now be completed and

1-6,
2uo o 1+6,
I, =

6o 1 + —% K2
290

-{ (l—eo)K +

Case 2, 0<ug <6oi1

In this case.

— - 97
6,2 an
(ka=n) (o) 7

N

e (/) o )]} e

© (A19)
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and the transformation

2 -
sn®u = 1~ ko
1-65 Ho
n+-—=
8o
is made where
Ho
Hy + ==
12 1-8, F1 N
. 2 Hi—Ho

Equation (A19) then becomes

Iy = (1460) [ ——r0 ( [F__au o[RS
a = o} » ( ) 1-6, 1-6
o\H1Ho o 1+ 55—— sn2u o 1 e}
(o]

- —— sn?u

The 1ntegrat10n can be completed so that

= (l+90)

/T:a—w(/:_>

o(ul—uo) { <1—90+29 K2 1-6,+20,k2

F GG

THE INTEGRAL T,

Case 1, 0%x;Sx—s

The integral- I, can be written

8/ v V2 _p2-.2 .
I4 =2 f (x xl) —B J1 le (AEl)
(o] : .

s2-y12
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.

When the transformation snu = y1/s is made, the expression may be

integrated to give A A ‘ ) , . .
K . .
Iy= 2(X—X1)f dn2udu = 2(x—x;)E) '(Agg)
o A _
where ‘
2,2 .
(x—x3)
Case 2,  x—-Bs<x;<x
In this case I4 can be written
x=x, . \2_p2, 2
XX, )<
I4 = 2f B (xx,) AL dya1 : (A2k)
o ' 52-y12 . :

The transformation snu = Byi/(x—x;) applied to equation (A2k4) yields

K (X—Xl) ' .
f cn2udu = 2k2(x—x1)B2 (a25)
o ) )
where _
O S (A26)
Bs -
and
Ex—k,'%K,

(A27)
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APPENDIX B
NUMERICAL SOLUTION OF INTEGRAL EQUATIONS
SUBSONIC TRIANGULAR WING

Since the integral I is a function only of the ratlo xl/x,
equation (10) can be written for ¥ = wg,

Cc

gfl( >d§ [FEnon(2) e
1 == I fi{ — }d Bl
2Jo N1-t® 2“ ]fﬁ.l l(co> ¢

where ¢ = x1/x. It is now assumed that f(x¢/c,) may be considered
constant over small intervals. This reduces the solution of the integral
equation to the elementary problem of solving a system of simultaneous
algebraic equations. On the basis of such an assumption equation (Bl)

becomes
i i )
{z (21‘1>[ 251 go(e)de J} (B2)
_ 2(1—1) ) :
j—l J=132,3 &« o .\Il
where
€ € . )
golt) = ——===+ — I(¢) 0<t <1
Ji-t 1-¢
. ' | o (B3)
Co
8J§)=£§Iﬂ§) 1<g< —

The function gu(t) can be integrated by numerical means, and it is
convenient to make a plot such as is shown in the sketch in ‘which each
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ordinate rebresents the value of go(é) integrated over the interval O

to ¢.

0
o

v

2 3 4 5,6 7 8 9

Systems of simultaneous equdtions were obtained for values of. n
equal to 3, 6, and 9.
method (for which the simultaneous ‘equations were well suited) and the

Solutions were found using the Gauss—Seidel

convergence was rapid as the sketch indicates.
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SUBSONIC RECTANGULAR WING

Substituting the value of I, given by equation (Al4) into equa—
tion (16), one has for W = wg

- <x x1> < x > < x) > (B’%)

- where
' X—X "ApE
g< l> = 7 +———g—_
Co X1\
Co

and where ' o
4 Bs Ar
M/(X?X1)2+BZ 2 ~A+(x—x1) Ar

k =

A satisfactory numerical solution of equation (B4) requires the solution.
of the system of s1multaneous equations of the form
1 n 1
%) & one

§ # ot [0

<> 21—1 2) Ly £ ( ) 21-1 n—l .]+
£2(1)g <21 = —1> } | | ()
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The convergence of the solutions to equation (B5) is indicated in the
sketch where the value of n was successively taken tc be 3, 6, and 9.

\
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\
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r ] ' \
2| | ‘
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\
. 1y
0 . . . ‘
0 2 4 6 8 /
Xo
SUPERSONIC RECTANGULAR WING
Equation (25) can be written when' w = w, as
1=r¢ /—X—> +fx g1<x‘xl> p (X )4=L (B6)
«\8/ "J, /) ¢+ \s8/5B
where from equations (A22.) and (A25)
. r | }
X %El ngl 21
X~ R !
g1< S;) = \ (B7)
| 2 X—X1 [
. | L ZkgBe L <1 |

and where
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By thé application of the trapezoid_al rule for numerical infegratibn to
equation (B6), it. is possible to write £, (x/sB) explicitly as

£, <Ex_s> =1 —%A(%) [g1(0)+2 .ii"gl@‘_S)i. f(st'zjl ‘ (B8)
) . =1 : ] co

where ' A(x/Bs) 1is the interval of the trapezoid.
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_Figure 4.— Variation of chordwise correction factor
fo for subsonic rsctangular wing. GL“=_‘;L‘_1/‘@/xo}dxo.
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 Figure 5.— Aerodynamic characteristics of a triangular
wing having a low value of A, :
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Figure 6.- Aerodynamic characteristics of rectangular.

wing having a low value of A,.
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