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SUMMARY 

A rather wide distribution in the angular orientation of slip lines 
is' generally observed in various grains of a metal subjected to plastic 
deformation. The relative frequency of occurrence of any given slip line 
angle for the case of simple tension has been derived on the basis of a 
model of a plastically deforming polycrystal that was recently used as 
the basis of a theory of polyaxial stress-strain relations (the so-called 
slip theory of plasticity). The results are compared with experiment 
and conclusions are drawn as to the limitations of the model. 

INTRODUCTION 

Theories of plasticity have been of two kinds: physical and mathe­
matical. Physical theories are concerned primarily with the detailed 
mechanism of plastic deformation. Mathematical theories, on the other 
hand, have as their main objectives the formul~tion of stress-strain 
laws and the a pplication of these laws to the analysis of structures 
under load. Most mathematical theories have been formulated on a 
phenomenological basis without explicit consideration of the detailed 
mechanism of plastic deformation. The formulation of the stress-strain 
law of one of the more recent mathematical theories (reference 1), 
however, was guided by a consideration of the physical mechanism of 
plastic deformation so that it has aspects both of a physical theory 
and of a mathematical theory. In this theory - the so-called slip theory 
of plasticity - plastic deformation was assumed to be caused by slip 
alone and, in the formulation of the stress-strain laws, several addi­
tional assumptions were made (either explicitly or implicitly). In an 
effort to check the validity of some of these assumptions a photomicro­
graphic study of the formation of slip lines in polycrystalline aluminum 
was made and is discussed in reference 2. The results of that study 
gave qualitative indications that the rather idealized model implied in 
reference 1 was not strictly correct. 
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The present study is essent i ally an extens i on of the work in refe r ­
ence 2 and represents an attempt to assess quantitatively the adequacy 
of the model used in reference 1 by examining the statistical distribu­
tion of slip angles - those angles which express the orientation of the 
slip lines. Theoretical distributions are derived on the basis of the 
model and are compared with an experimental distribution obtained from 
reference 2. 

N( 8) 
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8max 
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SYMBOLS 

probability of a slipped grain having a slip angle less 
than 8 

probability density of slipped grains having a slip angle 
of e 

slip angle (see fig. 1) 

maximum slip angle 

angle specifying slip direction (see fig. 2) 

value of ~ for which the resolved shear stress equals the 
limit shear s~ress (see fig. 2) 

spherical coordinates speci fying orientation of slip plane 
(see fig. 1) 

limit s of integration on probability integrals 

tensile stress 

lowest value of tensile stress to cause slip 

resolved shear stress 

maximum value of resolved shear stress on a given slip plane 

limit shear s t ress 
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THEORY 

Experimental evidence (reference 3) has indicated that, when a 
single crystal is · subjected to a sufficiently high stress, the crystal 
slips along certain planes in a certain direction in the planes much 
like a stack of cards . The same action takes place within grains in a 
polycrystal and can be seen on a polished surface as slip lines which 
are the intersections of the slip planes with the surface. If a 
polycrystalline specimen is pulled vertically in uniaxial tension the 
slip lines will be inclined to the horizontal at various angles desig­
nated herein as slip angles. The present investigat ion is concerned 
with the relative frequency of occurrence of grains with various slip 
angles. 

The derivation of the angular distribution of slip lines is given 
in the appendix and is based on the following assumptions (which are 
common to those used or implied in reference 1): 

(1) The crystallographic orientation of the grains in the specimen 
is random. 

(2) Each grain has only one slip system (plane-direction combination). 

(3) The microscopic stress s t ate on each grain is the same as the 
macroscopic stress on the specimen as a whole. 

(4) A grain slips when the resolved shear stress in the slip direc­
tion in the slip plane is greater than a certain limiting value, herein 
called the limit shear stress, which is the same for all grains. 

On the basis of these assumptions it is shown that the probability 
of a slipped grain having a slip angle less than a given angle e is 

};A2 It) ( aL cos-l( an e cos-l )sin A dA 

N(e) 2 ~ tan A a sin 2A 
( 1) 1 - -

rc 

1~ cos-
1 (0 aL 

20
sin A dA 

sin 
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where the lower limit on the integration 1jr is given by 

1jr = Al if e < Al 

1jr= e if Al < e < \2 ( 2) 

IV= A2 if A2 < e 

with 

Al 1 sin-l aL 
"2 a 

A2 
rr 1 sin-l aL 
"2 - "2 cr 

where the principal value is taken for the inverse sines. The derivative 
with respect to e of the expression for N(e) gives the probability 
density of slipped grains having a slip angle of e: 

1'2 -l( aL )S. A dA cos ~a sin 2A __ ln 

s(e) 2 sec 2e 1jr ban2A - tan2e ( 3) 
rr 

1'"" cos-l ( ~L i)Sin A dA 
Al a Sln 2 

It should be noted that, although equation (1) constitutes a 
cumulative frequency, equation (3) represents a frequency distribution. 

The f uncti ons Nand S can be viewed as functions of e with a 
parametric dependence upon the value of ~ which is the ratio between at 
the a pplied tensile stress and the lowest stress at which slip can occur 
CaL = 2 TL, where TL is the limit shear stress). Attention is called. 

to the fact that, for values of e greater than A2' the density s(e) 
is zero because the limits of integration 
predicts the existence of a maximum angle 

ent only on the value of the stress ratio 

coincide. Thus, the theory 
of slip (equal to A2) depend-

~ The lack of vertical or 
aL 

• 
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near vertical lines on the photomicrograph of a plastically deformed 
2S-0 aluminum-alloy specimen shown in f i gure 3 constitutes exper imental 
confirmation of the existence of a maximum slip angle. 

The expression for N(e) and s( e) can be put into a simple 

closed form for :L = 1 by means of limiting proc~sses. Thus, 

lim N( e) g sin -1 tan e = 
..Q.. ~l 

1{ 

crL 

lim s(e) = 2 sec e sec 2e 
~~l 

rr 
crL 

( 4) 

For values of ~ greater than unity, the formula for 
crL 

s( e.) can also 

be put into closed form; however, the result i ng expression, which involves 
elliptic integrals, is so complicated. that its use in computations is 
impractical. For these cases, a more convenient procedure was t o perform 
the integrations in equations ( 1) and (3) numerically. The resulting 
curves for N(e) and S(e) are shown in figures 4 and 5, respectively, 

for three values of the stress ratio cr~: 1.000 (for which emax = 450
), 

1.156 (emax = 600) , and 2. 000 (emax = 750
). 

RESULTS AND DISCUSSION 

Comparison of Theoretical and Exper imental Results 

The experimental study reported in reference 2 furnishes experimental 
data for comparison with the theory of the present paper. A stat istical 
count of observed slip angles was made from one of the photomicrographs 
in reference 2 (fig . 3) by measur ing the sl ip angle of each slipped 
grain to the nearest degree and this count i s included in table I. This 
particular photomicrogra ph was chosen from among those in reference 2 
because it contained the largest number of slipped grains and thereby 
afforded the largest statistical sample. 

Inspection of the tabulated distribution of slip angles s hows that 
the distribution is very uneven; the uneveness presumably is attributable 
to the fact that the statistical sample is not very large. The data, 
therefore, have been summed cumulative l y in t able I to determine the 
number of grains having slip angles bet ween zero and e. The cumulative 
sums} divided by the total number of slipped grains} constitute experi­
mental values of N(e) and are plotted in figure 4 at 50 intervals. 
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The tensile stress at which the photomicrograph was taken was 
determined from the measured strain by means of the stress-strain curve 
of the material. The proper value of crL to be used in computing the 

stress ratio, however, was more difficult to obtain. At first thought, 
it would seem that crL should be taken as the elastic limit (as is done 
in reference 1), this value yielding a stress ratio of about 5. As is 
pointed out in reference 2, however, the first slip did not appear in 
the photomicrographs until the value of the applied tensile stress was 
much higher than the elastic limit. The results presented in reference 2 
indicate that this phenomenon is not necessarily incompatible with the 
concept that plastic deformation is caused by slip alone; interior 
grains might be slipping while the surface grains remain elastic (because 
the surface grains are unsupported on one side and may have a certain 
degree of hardening introduced by the polishing procedure) and, in addi­
tion, the first slips are not visible because of the relatively low 
resolution of the light microscope. This lag of visible slip can be 
taken into account by redefining the limit tensile stress crL to be the 

value of cr at which the first visible slip occurs. The use of the new 
definition is based on the implicit assumption that the corresponding 
new li~it shear stress TLJ defined as being the value of the resolved 

shear stress necessary to cause visible slip (see assumption 4), is 
independent of the crystallographic orientation of the surface grains. 
On the basis of this new definition of crL the resulting experimental 
stress ratio is about 2. 

According to theory, a stress ratio of 2 should produce a maximum 
slip angle of 750

. The experimental points in figure 4 are in good 
agreement with the theoretical curve for Bmax = 600 but agree poorly 

with the theoretical curve for Bmax = 750 • This result seems to indicate 
that the theoretical curves have the proper shape but that the theoret­
ical relationship between stress ratio and maximum slip angle is 
in error. 

The reason for the erroneous theoretical relationship between 

and Bmax is connected with the violation of one or more of the four 
assumptions listed at the beginning of the section entitled "Theory" 
and with the fact that surface grains do not act as interior ones. A 
discussion of each assumption and the effect of its violation follows. 

Random orientation:- An X-ray diffraction study was made on a 
specimen similar to that used to obtain the photomicrograph from which 
the experimental data were derived. The study showed a small amount of 
crystallographic preferredness. (See fig. 6 for the X-ray diffraction 
pattern, which was provided through the courtesy of Herbert C. Vacher 
and the National Bureau of Standards.) The wide disparity betveen the 
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theoretical and experimental Bmax i s difficult to explain on this basis, 
however, since the eff e ct of the degree of preferredness noted would be 
merely to change the shape of the probability curve. 

Multiplicity of the slip systems.- The assumption of only one slip 
system is not fulfilled by the ma t er i al used in t he experiment, aluminum, 
which has a face-centered cubic crystal with 12 slip systems. The slip 
systems in a face-centered cubic crystal are oriented with respect to 
each other in a certain definite manner and exper imental evidence (see, 
for example, reference 4) indicates that, when a crystal slips along one 
system, not only is the operative sys t em stra in -hardened but the other 
latent systems are also strain-hardened to at least the same extent. 
That the multipl icity of slip systems could have a marked effect on the 
maximum slip angle can be seen from the following discussion. 

One of the consequences of the present theory is that those grains 
with slip planes almost parallel to the direction of loading will slip 
only when very high stress ratios are reached. At any finite stress 
ratio there are always some grains which are still elastic and thus show 
no slip lines. Cons i deration of the face-centered cubic crystal shows 
that, after a certain, as yet undetermined, stress ratio is reached any 
grain will slip, no matter what its orientation is. Thus, at and above 
this stres s ratiO, al l the grains exhibit slip lines and the distribution 
remains frozen. That this s t ress ratio has already been reached at the 
strain at which the photomicrograph in figure 3 was taken is evidenced 
by the lack of uns lipped grains in the photomicrograph. The distribution 
could conceivably have been frozen at a lower stress ratio nearer to the 
s tress ratio theoretically corresponding to the observed experimental 
Bmax (580

). 

Homogeneity of microscopic stress.- It is generally agreed that the 
stress state in a polycrys t alli ne metal varies from grain to grain (see, 
for example, reference 5). The effect of stress inhomogeneity on the 
slip angle distribution could be to reduce the maximum slip angle by 
forcing those grains which would exhibit high slip angles to slip in a 
different slip system which would produce lower slip angles. 

Equality of l imit shear stress for various grains.- The results of 
many single crystal experiment s have shown that the value of the limit 
shear stress is substantially the same f or all crystals of the same 
material. (See, for example, reference 6 . ) Although it is poss ible 
that in a polycrystal there might be a slight random variation of limit 
shear stress (due the effect of grain boundaries, for instance), the 
effect of the variation would be to change the shape of the distribution 
and not to change the relationship between stress ratio based on the 
first visible slip and maximum slip angle. 
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Consequences of Present Investigation Relative 

to the Slip Theory of Plasticity 

Slip-angle distribution, in itself, is only of academic interest. 
The main purpose of this investigation is to provide a means of quanti­
tatively checking the basic assumptions of the slip theory of plasticity 
in reference 1. The test is rather severe; poor comparisons of slip­
angle distributions do not necessarily mean that the stress-strain rela­
tions, which are the principal objectives, are in serious error. The 
test is particularly severe when comparisons of the slip-angle distribu­
tions are made, as in the present paper, at a high strain while the stress­
strain relations are applied mainly at low strain. In addition, the fact 
that the characteristic function used in the formulation of the stress­
strain laws is determined empirically entails the consequence that the 
effects of stress variation and multiplicity of slip systems are roughly 
taken into account. It seems entirely pOSSible, however, on the basis 
of the present investigation, that for some types of loading, particularly 
in cases involving large strain, the slip theory would be appreciably in 
error. If experiments indicate that such is indeed the case, investiga­
tion of the effect that the phenomena discussed in this paper have on 
the stress-strain relations predicted by the slip theory would be advis­
able. In particular, a modification of the slip theory by incorporating 
the effects of the multiplicity of slip modes of face-centered cubic 
crystals should be attempted. 

CONCLUDING REMARKS 

The comparisons between experimental and calculated slip-angle 
distributions based on slip theory indicated good agreement as regards 
the general shape of the distributions. The agreement was not so good, 
however, between the maximum observed slip angle and the theoretical 
maximum slip angle derived from the experimental stress ratio. Of the 
four assumptions on which the theoretical derivation was based (random 
orientation of grains, single slip system in each grain, stress homo­
geneity, equality of limit shear stress in each grain), the two assump­
tions dealing with the number of slip systems and uniformity of stress 
are probably responsible for the disparity between experimental and 
theoretical maximum slip angles. If the 12 slip systems characteristic 
of face-centered cubic crystals were taken into account, the theory 
would be corrected in the right direction as regard.s maximum slip angle. 

If experiments involving arbitrary loading paths should indicate 
that the accuracy of the stress-strain relations given by the slip theory 

• 
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is inadequate, the e ffe ct s of inhomogeneity of stress and multiplicity 
of slip systems on the stress - s t r a in r elat i ons should. be explored. 

Langley Aeronautical Laboratory . 
National Advisory Committee for Aeronaut ics 

Langley Field, Va., August 20, 1951 

• 
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APPENDIX 

DERIVATION OF SLIP-ANGLE DISTRIBUTION 

The orientation of a particular slip plane can be conveniently 
represented by the coordinates (A, m) of the point at which it is tangent 
to a hemisphere. Because of symmetry only the quarter of the hemisphere 
shown in figure 1 need be considered. 

If the t ens i le stress a is applied i n the Z-direction as shown in 
figure 1, the maximum shear stress in the plane tangent at the point 
P(A, m) i s given by the formula 

T -_ a sl'n 2' 2 '" (Al) 

The resolved shear stress in this plane in a particular slip direction 
can be found to be (see fig. 2) 

T = T cos f3 (A2) 

where f3 is measured from the direction of maximum shear to the slip 
d i rection. 

A grain with its slip plane tangent a t point P 
direction of slip falls within the l imits ±f3 L' where 

where T = TL or 

1 TL cos-
T 

_\ aL ) cos 
a s i n 2A 

wHl slip if the 
f3L is the angle 

(A3) 

where aL = 2TL is the lowest value of the tensile stress to cause slip. 

As is well known, slip lines result from the intersection of slip 
planes and the plane of observati on. A plane tangent to the point 
P(A, m) in figure 1 intersects the plane of observation along the 
observed slip line which is inclined at an angle e to the horizontal. 
Slip planes tangent at points along the great circle passing through 
points Band P produce slip lines that are all inclined to the 
horizontal at the same angle e. Solution of the right spherical 
triangle ABP yields the equation relating the orientation of the grain 
to its slip angle: 

sin m cot A tan e (A4) 
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Slip can occur along planes which are tangent to the sphere at 
points in the zone between ~l and ~2' that i s, where the maximum 
shear T e xceeds the limit shear TL . The limits ~l and ~2 can be 
found be replacing T by TL in equation (AI) and are 

~l 1 sin -1 a
L 

2" a 

a L 
(A5) 

~ = rr 1 sin-l 
2" - 2" a 

The number of grains with slip p lanes tangent in an area on the 
sphere dD and slip d i rections in a sector d~ is, under the assump ­
tion of rand.om orientation, 

dN 1 = K dn d~ = K sin ~ d~ am d~ (A6 ) 

where K i s a factor of propor tiona l i ty. 
with slip p lanes tangent in the area dn 

The number of slipped grains 
is given by 

(A7) 

From figure 1 it can be seen that those planes that can produce 
slip angles with values less than e are all tangent at points above 
the great circle passing through Band P. In addition, all slipped 
grains were found to have slip planes tangent a t points within the zone 
between ~l and ~2. Thus, all sl ipped grains with slip angles less 
than e have planes tangent a t points inc luded in the region which is 
shaded i n figure 1 . Integration of dN over this shaded region g ives 
the number of slipped grains with slip angles less than e: 

cos - L in ~ d~ -N -_ rrK 1~2 \ a ) 
2 ~l a sin 2~ 

~jFos-1(-a--s-:~=-2-~sin ~ d~ (A8) 

where the lower limit W i s given by 

(A9) 
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If t he expression for the number of slipped grains with slip angles 
less than e i s divided by the total number of slipped grains (determined 
by integrating dN over the whole zone between Al and A2)) the 
probability of a slipped grain exhibiting a slip angle less than e is 
obtained as 

1~ cos-l~tan B}os-l( O'L 2~sin A dA 
N( e) 1 - ~ ~ tan A a sin 

(A1O ) 
1! 1'2 -l( a ) cos ,L s in A dA 

A a Sln 2A 
1 

The probabi l ity density 
inclined at a given angle e 
differentiat i on yields 

s(e) of sl ipped grai ns having slip lines 
is given by the derivative of N( e) . The 

l~cos -\ aL 
2A:2sin a Sln 

S( 8 ) 2sec 2e 1)1 Vtan2A tan2e 
1! 

J~2 a ! -l( L in cos a sin 2A 

Plots of N( e) and s( e) for three va lues of 

f igures · 4 and 5) respectively . 

A dA 

(All) 

A dA 

SL are shown in 
O'L 

, 
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TABLE 1 . - EXPERIMENTAL SLIP-ANGLE DISTRIBUTION 

§S-O Aluminum Alloy at 0 . 022 Strai~ 

e Grains with 
Cumulative e Gra ins with Cumula tive 

(deg) 
s l ip angle 

s um (deg ) 
slip angle 

sum 
of e of e 

0 1 1 31 2 52 
1 1 2 32 5 57 
2 0 2 33 2 59 
3 1 3 34 2 61 
4 1 4 35 7 68 
5 1 5 36 4 72 
6 0 5 37 3 75 
7 2 7 38 2 77 
8 1 8 39 5 82 
9 2 10 40 3 85 

10 1 II 41 3 88 
11 1 12 42 3 91 
12 1 13 43 4 95 
1 3 0 13 44 3 98 
14 2 15 45 2 100 
15 3 18 46 2 102 
16 0 18 47 3 105 
17 3 21 48 3 108 
18 1 22 49 4 ll2 
19 3 25 50 2 ll4 
20 1 26 51 0 114 
21 2 28 52 2 116 
22 2 30 53 2 118 
23 3 33 54 0 ll8 
24 5 38 55 0 118 
25 3 41 56 2 120 
26 1 42 57 2 122 
27 1 43 58 1 123 
28 0 43 
29 2 45 
30 5 50 
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Direction of loading 

t 
Z - -- - --- - ---;:: of Ob,,:,ot;on -I 

y 

B)L----

x 

Figure 1 .- Portion of uni t sphere showing slip-plane orientation, slip 
angle, and area of integrat ion. 

f 

Figure 2. - Resolved shear stress in the s lip plane. 
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t Loading direction 

~ 
L-70806 

Figure 3. - Photomicrograph of 28- 0 aluminum alloy at 0 . 022 s train. X350. 
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45 
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Figure 4.- Probability of a slipped grain having a slip angle less than 8 . 

. 05~--------~----------,----
g:L emox 

1.000 45° 
.04~--------+---------~------+--+----------~------~ 

.03~--------+---------~----~---+----------~------~ 

S(8) 

.02~--------+---------/+-~-----

.01 ~--------4---------~--------_4------~--r_~~-----

15 30 45 60 75 
e,deg 

Figure 5.- Theoretical probability density of slipped grains having slip 
angle of 8. 
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t Loading direction 

Figure 6.- X-ray diffraction pattern of 23-0 aluminum-alloy specimen 
before testing. ( Mo radiation) 
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