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SUMMARY 

The laminar boundary-layer flow about a circular  cone at large 
angles of a t tack t o  a supersonic stream has been analyzed i n  the plane 
of symmetry by a method applicable i n  general t o  the flow about conical 
bodies. 

A t  the bottom of the cone, velocity prof i les  were obtained showing 
the elcpected tendency of the boundary layer t o  become thinner on the  
under side of the cone as  the angle of a t tack i s  increased. 

A t  the top of the cone, the analysis f a i l e d  t o  yield unique solu- 
t ions,  except f o r  small angles of attack. Beyond a cer tain c r i t i c a l  
angle of attack, boundary-layer flow does not ex is t  i n  the plane of sym- 
metry, thus indicating separation. This c r i t i c a l  angle is presented as 
a function of Mach number and cone vertex angle. 

LNTRODUCT ION 

The supersonic aerodynamics of pointed bodies has considerable cur- 
rent interest  i n  connection with the design of a i r c ra f t  and missile fuse- 
lages.  An important feature of the  flow about such bodies i s  the behavior 
of the  boundary layer and, i n  par t icular ,  the flow separation which may 
occur along theglow-pressure side of the body due t o  angle of a t tack.  
The present report w i l l  consider the development of the laminar boundary 
layer  on the surface of a r ight  c i rcu lar  cone a t  an angle of attack t o  a 
supersonic stream (see f i g .  1). The conical configuration may be con- 
sidered an idealization of the nose portion of a supersonic a i r c ra f t  
f us,elage . 

Outside a t h i n  boundary layer  on a cone, the nonviscous supersonic 
flow (upon which the boundaiy layer  i t s e l f  depends) is  "conical" i n  the 
sense tha t  physical quantit ies (such as velocity and pressure) a re  con- 
s tant  along any ray proceeding from the cone apex. The description of 



t h i s  outer flow, contained i n  references 1 t o  3 and elucidated i n  refer-  
ence 4, is considered adequate f o r  the purposes of t h i s  report, but sub- 
ject  t o  r e s t r i c t ions  which w i l l  be discussed subsequently. 

I n  figure 2 is shown qual i ta t ively the circumferential pressure dis-  
t r ibut ion  on the cone surface predicted f o r  various angles of a t tack 
(see reference 4 ) .  These pressure dis t r ibut ions depend only on the  char- 
ac t e r  of the  nonviscous flow beyond the boundary layer, on the assumption 
tha t  the boundary layer  is extremely th in .  When the angle of a t tack is 
very small, the pressure decreases monotonically from the bottom of the 
cone around t o  the top. For la rger  angles of attack there appears a 
region near the top of the cone wherein the pressure gradient reverses 
and the  pressure increases toward the top. As  the angle of a t tack i s  
fur ther  increased, t h i s  region becomes greater in  extent.  

As  a consequence of the conical nature of the nonviscous flow, it 
is  shown i n  references 5 and 6 tha t  the laminar boundary layer  has para- 
bol ic  s imi lar i ty  along generators of the cone; tha t  is, velocity, pres- 
sure, and density inside the boundary layer are  constant along any para- 
bola psee f i g .  1) drawn i n  any one meridional plane (plane passing through 
the body axis )  . Of course, c ircumferent i a l  var iat  ion of these quantit ies 
is  t o  be expected when the cone is a t  angle of a t tack.  

I n  reference 7 the e f fec t  of angle of attack on the laminar boundary 
layer  is analyzed, i n  the l imi t  of very small angle of attack, with the 
r e su l t  t ha t  the boundary layer tends t o  be thicker on the  top of the cone 
than on the bottom ( f ig .  3(a) ) . This is  t o  be expected since the f l u i d  
near the base of the  boundary layer  has low iner t ia ,  is  therefore 
inclined t o  follow the direction of the circumferential pressure gra- 
dient more closely than i s  the outer flow, and thus tends t o  drain away 
from beneath the cone and accumulate near the top. No separation is  
encounte.red because, f o r  small angle of attack, the pressure gradient is 
always favorable ( f ig . 2 (a) ) . 

For la rger  angles of attack, when the pressure gradient reverses 
direction near the top of the cone ( f ig .  2(b) ), experiment indicates the 
formation of boundary-layer "lobes" ( f ig .  3(b) ) . When the angle of 
a t tack i s  fur ther  increased, the lobe pat tern f i n a l l y  breaks away from 
the body t o  form a vortex s t r e e t  ( f ig .  3(c) ) .  

Recently (reference 81, a t  the Lewis laboratory a br ief  experiment 
was carried out i n  which a total-head probe was placed near the surface 
a t  the top of a cone and pointed toward the cone apex ( f ig .  4(a) ) . The 
cone was mounted i n  a supersonic wind tunnel, and the probe was used t o  
measure the t o t a l  head i n  the boundary layer a t  a fixed height above 
the surface as  the  angle of a t tack was varied by rotat ing the  cone in  
the meridional plane containing the probe. Figure 4(b) shows the 
resu l t  of t h i s  t e s t .  The decrease in  indicated t o t a l  head as  the  angle 



of at tack was increased from negative t o  posit ive values may be in te r -  
preted t o  mean an increase in boundary-layer thickness a t  the  top of the 
cone. Beyond a cer tain angle of attack, t h i s  tendency reverses, and the 
boundary layer  apparently becomes thinner as the  angle of a t tack is 
increased. %is i s  a c lear  indication of the tendency t o  form lobes, as 
i l l u s t r a t ed  i n  figure 3(b) . 

I n  the  present report of research conducted at the NACA Lewis lab- 
oratory, the laminar boundary layer  in  the meridional plane of symmetry 
of the flow i s  analyzed f o r  large angles of attack i n  order t o  provide 
velocity prof i les  on the b;ottom of the cone and t o  provide a cer tain 
degree of insight into the quest ion of separation on the  top. 

SOLUTION OF BOUNDARY-LAYER EQUATIONS I N  PLANE OF SYMMETRY 

Boundary-Layer Equations i n  Plane of Symmetry 

I n  reference 7, it i s  shown tha t  the  dimensionless laminar boundary- 
layer equations f o r  supersonic flow over a c i rcu lar  cone a re  

Equations ( l a )  and ( lb )  a re  momentum equations, equation ( l c )  i s  an 
energy balance, and equation ( ~ d )  i s  the equation of s t a t e .  A com- 
p le te  list of symbols is provided i n  appendix A. The functions 
f(X,cp) and g(X,cp) a re  related t o  the two-component vector poten- 
t i a l  discussed i n  reference 6 and a re  defined according t o  the 
r e l a t  ions 

i n  a manner such as t o  sa t i s fy  the continuity, equation identically.  

The coordinate X has been formed as follows: 
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The coordinate is the.angle between the ve r t i ca l  plane of symmetry 
of the  flow and any meridional plane of the body ( f i g  . 1 )  . Equations (1) 
and (3) imply tha t  parabolic s imi lar i ty  of the  Blasius type ex i t s  i n  
meridional planes. As pointed out i n  references 5 and 6, t h i s  conclusion 
of parabolic s imi lar i ty  applies f o r  the  boundary layer on any smooth 
conically symmetric body i n  supersonic flow (for exanrple, a cone of e l l i p -  
t i c  cross sec t  ion). 

I n  reference 7 ,  a l l  quantit ies a re  made dimensionless by referr ing 
them t o  the properties of the nonviscous flow a t  the outer edge of the 
boundary layer  when the cone is at zero angle of attack. I n  the present 
report it w i l l  be convenient t o  use a different  reference condition (sub- 
sc r ip t  r) which w i l l  be defined subsequently. The following quantit ies 
on the l e f t  are  t o  be ident i f ied with the dimensionless groups on the 
r ight  : 

where the constant C a r i se s  from the assumption of the tempera-cure- 
viscosity re la t ion  of Chapman and Rubes in  (reference 9 )  : 

with C being defined as follows, i n  order t o  match e'qua-tion (5a) t o  the 
Sutherland formula at the cone surface (denoted by subscript w) : 

2 
The quantity S may be taken a s  equal t o  (216' ~ ) 2 c  /u 

P r 
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The following additional physical assumptions are  embodied in  equa- 
t ions (1) : 

(a) A t h i n  boundary layer  across which the s t a t i c  pressure is 
constapt 

(b) Prandtl number of 1 and constant r a t i o  of specific heats y 

(c) No heat t ransfer  through the surface 

From equation (LC), since the case of Prandtl number of 1 and no 
heat t ransfer  is considered, Tw in equation (5b) may be taken equal t o  
the dimens ionless stream stagnation temperature. 

The boundary conditions on the functions f (h, 0 )  and g(X, cp) are: 
A t  the outer edge of the boundary layer, the u and w velocity compo- 
nents should take on the corresponding nonviscous values 

A t  the  cone surface, the  u 'and w veloci t ies  should vanish 

and the  normal velocity v should vanish. It is shown in reference 6 
tha t  t h i s  l a s t  requirement is met if 

Equat ions (1) , involving two independent variables , would be quite 
d i f f icu l t  t o  solve in  general. However, a cer tain amount of information 
can be obtained by re s t r i c t ing  consideration t o  the plane of symmetry, 
thus yielding a t ractable se t  of ordinary equations involving X as  the 
only independent variable . 

I n  the plane of symmetry (B = O,n, w = g,, = 0. Because u = f~ i s  
even about the plane of symmetry and may be expected t o  be regular there, 
f xQ, = 0 .  The pressure and the density are  also even, and theref ore 
p ' (cp) vanishes a t  cp = 0,n. Thus, in  the plane of symmetry, equation (la) 
reduces t o  the  following equation: 
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Every term i n  equation ( lb)  vanishes a t  the plane of symmetry; and, there- 
fore,  in  order t o  obtain a meaningful equation, it is necessary f i r s t  t o  
d i f fe rent ia te  equation ( lb)  with respect t o  cp and then drop terms which 
vanish a t  cP = 0,n. This procedure yields the following resu l t :  

Equation ( l c )  becomes 

Equations (7) may be considered a se t  of ordinary d i f f e ren t i a l  equa- 
t ions f o r  the functions f(k,0) and gg('k,O), or f (1,n) and gv(X,n), 

depending on whether the solution is  required a t  the bottom or  the top of 
the cone. According t o  equations (2),  the resul t  f (X,O or n) may be 
different iated with respect t o  t o  give the profi le  of meridional vel- 
oci ty  u i n  the plane of symmetry. The form assumed by the circumfer- 
e n t i a l  velocity prof i le  w as p + 0 or n i s  given by p+~(h,0 or n) 
i n  the sense that ,  at a small angular distance d p  away from the p l u e  of 
symmetry, w = dtp. 

The boundary conditions (equations ( 6 ) )  become, in  the plane of 
syrmnetry, 

I n  view of the f i r s t  of equations (8) qnd of equation (7c), it is  con- 
venient t o  specify the reference condition (subscript r )  t o  be that  
exis t ing at the outer edge of the boundary layer, fo r  the par t icular  
angle of a t tack  under consideration, evaluated a t  e i ther  Q = 0 or 
Q = n, depending on whether the  analysis pertains t o  the bottom or top 
of the cone. 

Because the pressure is assumed constant across the boundary layer, 
equations ( ld)  and (7c) and the assumption of constant pressure across 
the boundary layer  (p = pl) provide tha t  



NACA TN 2844 

From convent ions (4), T1 = ( For convenience, the following 

defini t ions a re  made : 

Equation (9) and definit ions (10) a re  introduced into equations (7a) and 
(7b), and a value of p1  ( 0 or  n) i s  assigned consistent with the  non- 
viscous equations a t  the outer edge of the  boundary layer (p ' (0 or  n )  
may conveniently be obtained from equations ( lb)  and (6)  by se t t ing  
g q ~ k  = g r p ~ ~ h =  0 when X = a). 

The following p a i r  of s imultaneous ordinary d i f f e ren t i a l  equat ions 
then resulk: 

and boundary conditions (8) become 

Two parameters appear: k, which depends essent ial ly  on angle of 
attack, and T1, which i s  essent ia l ly  dependent on Mach number. If the 
angle of a t tack (and hence k) is zero or  nearly zero, equations (11) 
become precisely those considered i n  reference 7 and may be solved quite 
readily, since equation ( l l b )  becomes l inea r  and the solution of equa- 
t ion ( l l a )  is well known as the Blasius function. When k d i f fe rs  sub- 
s t an t i a l ly  from zero (moderate or  large angle of a t tack) ,  equations (11) 
are  both nonlinear and the solutions are interdependent. For any par- 
t i c u l a r  case, when only the stream Mach number, cone vertex angle, and 
angle of a t tack a re  specified, the parameters k and TI must be 
obtained by recourse t o  a theory of the outer nonviscous flow. 

Outer Nonviscous Flow 

I n  references 1 t o  3, the resu l t s  of a theory of nonviscous super- 
sonic flow about c ircular  cones a t  angle of attack are  tabulated. The 
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case of zero angle of attack (reference 1) is solved exactly i n  the sense 
tha t  no assumption of s m a l l  vertex angle is made. The equations are then 
expanded i n  powers of angle of attack with the use of the zero-angle-of- 
attack solution as  the first approximation. Terms l inear  in  angle of 
at tack are presented in  reference 2, and terms proportional t o  the square 
of angle of attack are presented in  reference 3. Reference 4 c l a r i f i e s  
the application of the theory t o  the computation of flow conditions at 
the  cone surface. 

There are  two objections t o  the use of t h i s  theory in the present 
application: 

(1) Neglect of terms in  the  expansion beyond tha t  involving the 
square of angle of attack may lead t o  an insufficiently accurate repre- 
sentation of the flow at the large angles of attack which are of inter-  
e s t .  Unfortunately, no nonviscous theory is available that t r e a t s  the 
effect  of angle of attack with greater precision. In  reference 4, a com- 
parison of the theoret ical  and experimental pressure distributions is pre- 
sented fo r  a cone of semivertex angle of lo0, a t  a Mach number of 2, and 
of an angle of attack of 12.2'. The agreement shown is very good, 
especially since the angle of attack is suff icient ly large tha t  the pres- 
sure dis tr ibut ion is of the type shown in figure 2(b). 

(2) I n  reference 10, Fe r r i  points out tha t  the method of expansion 
used in references 2 and 3 is improper near the cone surface and leads 
t o  an erroneous form of the entropy dis tr ibut ion around the cone. There- 
fore,  the theory cannot be applied if the vertex angle, the angle of 
attack, o r  the Mach number is so large tha t  the flow may not be considered 
essent ial ly  isentropic. In  reference 7, an argument is presented t o  the 
effect  tha t  i n  the l imit  of infinitesimal angle of attack the presence of 
a boundary layer ensures tha t  the er ror  in  entropy dis tr ibut ion is of no 
consequence even for  large cone vertex angles. That argument i n  no way 
applies t o  the present analysis because the angles of attack considered 
are not infinitesimal. For the purposes of t h i s  report, the use of refer-  
ences 2 and 3 in  t h e i r  present form i s  jus t i f ied  only in  cases f o r  which 
isentropic flow may be assumed. 

According t o  reference 4, the velocity components at the  cone 
surface are,  using the notation of references 1 t o  3 f o r  quantit ies 
tabulated there in,  
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w1(4~1  z z 
-= a = s i n c p  + a  - - csc 0 - , cot sin 29 + ... 

u u u (14 

The pressure and density a re  

1 1-2  1L 
a 2 [ ~ + + ; ~ c o t @  - 2 - cot O cos 2 

P P ) 
The barred quant i t ies  are  those pertaining t o  the case of zero angle of 
a t tack.  From equations (lob), (13), and (14), 

or, approximately , 

The plus or minus sign refers  t o  P = 0 or  n, respectively. From con- 
ventions (4), equations (131, (151, and (161, and the resu l t  of re fer -  

-2 * - l p ,  
ence 1 tha t  l/F = '?i2/(l - u ) = - 2 
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or, approximately, 

In  figure 5 are  shown k and 1 / ~ ~  as functions of a f o r  a cone 
of semivertex angle of 7.5O and a stream Mach number of 3.1. From the 
tabulations of reference 2, it may be inferred tha t  under these condi- 
t ions  the isentropic assumption leads t o  e r rors  of l e s s  than 1 percent 
i n  quantit ies proportional t o  the angle of attack. 

Solution of Equations a t  Q = 0 

Equations (11) have been solved, subject t o  boundary conditions (12), 
a t  9 = 0 and various angles of attack fo r  a cone of semivertex angle of 
7.5' and a stream Mach number of 3 .1  f o r  which the values of k and 
1 / ~ ~  are given i n  figure 5. The computations were carried out by 
D r .  Lynn Albers of the  Lewis laboratory and are  described in  appendix B. 
The resul t ing boundary-layer prof i les  of meridional velocity u and 
gradient of circumferential velocity a w / b  are  shown in  figure 6.  The 
curves f o r  a = 0 are  obtained from reference 7 .  The prof i les  show 
clear ly tha t ,  as the angle o f . a t t ack  is increased, the boundary layer  
becomes thinner on the bottom of the  cone, and the shear s t r e s s  a t  the 
wall increases. 

Skin f r i c t i o n  . - The meridional and circumferential components of 
the viscous shear s t r e s s  a t  the bottom of the cone surface may be written 
in coefficient form as follows : 



NACA TN 2844 11 

where the quantit ies on the r ight  a re  i n  dimensional form. Application 
of equations ( ld) ,  (2),  (3),  (4), ( 5 ) ,  and (10a) yielas  

where 

Variation of these skin-fr ic t  ion coefficients with angle of attack is 
shown i n  f igure 7 f o r  a par t icu lar  case. 

Displacement thickness. - I n  reference 11 it is  shown tha t  the d is -  
placement thickness A f o r  a cone a t  angle of a t tack i s  the  solution of 
the equation 

where 

A t  cp = 0, wl = 0 and equation (20) may be solved d i rec t ly  

where k is  defined i n  equation (lob).  From equations (5) and (9),  with 

8, defined i n  terms of a Reynolds number, 
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Using equations (10) and applying 1 'Hospital ' s rule  t o  evaluate a t  
t p =  0 the l i m i t  of the r a t i o  w/wl appearing i n  equation (21) yield 

a 

Theref ore, 

Figure 8 shows the variation of displacement thickness with angle of 
a t tack f o r  a par t icular  case and again i l l u s t r a t e s  the expected progres- 
sive s h i f t  of the boundary layer  from bottom t o  top as  the angle of 
attack i s  decreased. 

Failure of Method at q~ = fi 

Except f o r  quite small angles of attack, equations (11) cannot be 
solved at the top of the cone ( c ~  = n). Over part  of the range of angle 
of attack, the solutions are  indeterminate; and, beyond a cer tain angle 
of attack, the solutions do not ex i s t  at a l l .  These properties of 
equations (11) w i l l  be demonstrated and discussed i n  the following 
paragraphs. 

Asynrptot i c  f o m  of equations. - The d i f f i cu l t i e s  just  men$ ioned may 
best be inferred from the asymptotic forms of equations (11) a t  large X. 
From equation (12a) it i s  clear  tha t ,  f o r  large X, f and ( may be 
written as follows: 
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where F ' ) = ) = 0 Substitution into equations (11) yields the  
asymptotic forms f o r  large 

Indeterminate solutions. - Consideration w i l l  now be given t o  the 
problem of obtaining the  complementary solution of equation (24b). 
Defining a new dependent variable 

yields the  equation 

This is  essent ia l ly  Weber ' s equation (reference 12, paragraph 16.5), and 
the asymptotic solutions a re  

Thus, the asymptotic complementary solut ions of equation (24b ) are  

Because it i s  required t h a t  Y ' (a) = 0,  solution (26b) is  rejected 
when k > - 1/3. I f  k 6 - 1/3, both solutions may be retained, and an 
additional undetermined constant appears. When k .> 0 (at  the bottom of 
the cone), the complete solution of equations (11) exis t s  and 2s unique, 
and solution (26b) is t o  be rejected i n  forming the  asymptotic solution. 
Therefore, i f  solution (26b) and the associated c o n s t k t  must be retained 
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when k 6 - 113, it is clear  tha t  the complete solution f o r  k < - 113 
cannot be unique. This indeterminacy has been verif ied by numerical 
integration of equations (111, as described in  appendix B.  

This indeterminacy ar i ses  because essent ia l  information has been 
l o s t  by specializing the equations t o  apply only i n  the plane of symmetry. 
When the equations are so written, it is  implied . that the boundary-layer 
development i n  the plane of symmetry is affected only by c o ~ d i t i o n s  i n  
tha t  plane. The l a t e r a l  region of influence of points on the body i n  
the plane of symmetry grows parabolically (the shaded regions i n  
sketches (a)  and (b)) ,  according t o  the l a w  of molecular diffusiorf, 

Top view of cone (9 = 5) a t  posit ive angle of attack. 

when, as i n  the  present instance, there is no pressure gradient in  the 
stream direct ion.  Fluid enters the boundary layer from the outer stream. 
I f  the f l u i d  then moves l a t e r a l l y  (because of the angle of attack) out of 
the region of influence of the plane of symmetry, as shown i n  sketch (a ) ,  
the flow is  uniquely determined by outer stream conditions i n  the plane 
of symmetry. Clearly, t h i s  i s  the case when Q = n and a i s  small, 
and when c p =  0 and a has any posit ive value. When cp = n, except 
f o r  small angles of attack, the l a t e r a l  motion of the f l u i d  i s  inward 
re la t ive  t o  the region of influence, as shown in sketch (b) .  This f l u i d  
then brings into the region of influence of the plane of symmetry inform- 
a t ion  concerning boundary-layer development as it proceeds around the 
cone from the bottom. Consequently, outer stream conditions a t  q, = n 
may not uniquely determine the boundary-layer character is t ics  a t  cp = a, 
and indeterminate solutions of equations (11) may be anticipated. 

The condition k * - 1/3 specifies an angle of a t tack such that ,  a t  
0 = 5, the outer flow streamlines a re  just tangent t o  the parabolic region 
of influence. This statement may be proved as follows: From defini t ion 
(lob),  i f  k = - 1/3, then wlq/ul = - 812. Near q = n (see sketch ( c ) ) ,  
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w l = w % * = -  
Thus, when k = -1/3, w1/u1 = 712. From t h i s  

8' 
last equation and the  geometrical properties of parabolas, it may be 
inferred tha t  the streamlines are  parabolas with focus at the cone apex. 
Therefore, the s i tuat ion shown in sketch (b) applies i f  k < - 1/3 and 
equations (11) have no unique solution. 

I f  k 2 - 1/3, it might be inferred that equations (11) may be 
solved uniquely. However, the  condition k 2 - 1/3 i s  not suff icient ,  
but, rather,  only necessary fo r  uniqueness. Inspection of the  profi les  
shown in  figure 6 f o r  a = k = 0 indicates tha t ,  for  0 > k L - 1/3, 
the streamlines within the boundary layer may be expected t o  incline more 
sharply toward the plane cp = a than do the streamlines near the edge 
of the boundary layer, and thus may bring information from beneath the 
cone even though the  outer ones do not. Therefore, the necessary condi- 
t ion f o r  uniqueness would be (see equations (2) and (10a) ) : 

8 

max 

k > - $/(' 
max 

Figure 6 indicates tha t  perhaps the maximum value of $'/f ' is t o  be 
found a t  X = 0, in  which case cr i te r ion  (27a) would become 

Nonexistent solutions. - The solution of equation (24a) is  

The requirement tha t  F " (") = 0 is met only i f  k > - 1. I f  k 5 - 1, 
no solution of equation (24a) exis t s  which sa t i s f i e s  the  boundary condi- 
t ions,  and, theref ore, the Prandtl boundary-layer equations f a i l  t o  des - 
cribe the  flow. This was f i r s t  pointed out by Hayes in reference 5. The 
Prandtl equations d i f f e r  from the exact eqbations essent ial ly  in  that  a 
th in  boundary layer i s  assumed. Thus, i f  k l - 1, the boundary layer 
cannot be regarded as  thin.  It may be noted tha t  equation (22) implies 
tha t ,  as k + - 1, the displacement thickness approaches inf in i ty .  
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Any boundary layer grows by the entrainment of f l u i d  a t  i ts  outer 
edge. That i s ,  f l u id  par t ic les  acquire vor t ic i ty  by entry into the 
boundary layer .  The reverse process cannot occur - f l u i d  par t ic les  can- 
not leave the boundary layer, thus losing t h e i r  vor t ic i ty .  I n  the case 
under consideration, it w i l l  be shown tha t  when k < - 1, the streamlines 
at the outer edge of the boundary layer  would proceed outward re la t ive  t o  
the boundary layer, if  the boundary layer were t o  r e t a in  parabolic simil- 
a r i t y .  Because such a s i tuat ion is  physically impossible , the Prandtl 
equations f a i l  t o  yield a solution. 

From reference 11, the normal velocity a t  the outer edge of the 
boundary layer  a t  cP = n i s  

where h i s  a somewhat a rb i t ra ry  defini t ion of the outer edge of the  

boundary layer and (2) i s  obtained from,anabsis of the outer 
y=o 

nonviscous flow. The equation of continuity fo r  the outer flow, eval- 
uated a t  the surface of the cone i n  the plane of symmetry, may be 
m i t t e n  

With equations (28) and (29) combined, the flow inclination a t  the outer 
edge of the boundary layer i s  

The Prandtl ( thin)  boundary layer may be expected t o  ex is t  only i f  

or, with equation (30) introduced, i f  

If parabolic s imilar i ty  i s  assumed (h and A each proportional t o  
fi) , inequality (31) becomes 
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or, from equation (lob), 

The c r i t i c a l  condition k = - 1 might be expected t o  be of physical 
as we11 as analyt ical  significance because some so r t  of catastrophic 
thickening of the boundary layer is implied. I n  part icular ,  t h i s  c r i t i c a l  
condition may reasonably be supposed t o  be connected with the  phenomenon 
of laminar separation. In  order t o  explore t h i s  possibi l i ty ,  it is f i r s t  
necessary t o  describe qual i ta t ively what is meant by separation i n  three- 
djmensional boundary-layer flow. Difficulty has been encountered i n  
establishing a sats ifactory qual i ta t ive cr i te r ion  f o r  three-dimensional 
separation (see, f o r  example, reference 5). Theref ore, i n  the  subsequent 
paragraphs, the general problem of three-dimensional separation w i l l  be 
discussed, and then the  part icular  case of the cone a t  angle of at tack 
w i l l  be considered. 

General Considerations 

Plane flow. - I n  plane flow, separation is customarily ident if ied 
by the appearance of reverse flow 
(sketch (d)) .  In  order t o  gener- 
a l ize  t h i s  concept t o  three- 
dimensional flow, it i s  necessary 
t o  consider the separated region 
as a whole. I n  plane flow, the 
separation point of sketch (d) 
might be regarded as the forward 
boundary of a vortex sheet 
embedded, or  encapsulated, with- Separation point 
in  a region bounded by the body (d) Velocity profi les  in  plane flow. 
and a stream surface meeting the 
body (sketch (e 1. Sketch (e) 
shows separation followed by 
reattachment. O f  course, the  
sort  of separation of greatest  
engineering importance occurs 
when such an embedded vortex 
sheet r o l l s  up t o  form a large Vortex sheet 
concentrated vortex, or  is shed (e ) Embedded separation region. 
as a vortex s t ree t ,  with the consequence tha t  the outer.flow is great ly 
disturbed and a large pressure ef fec t  (form drag) oecurs. 
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I f  a boundary-layer solution of the type shown in sketch (e)  were 
obtained, there would be l i t t l e  theoret ical  expectat ion of "rol l ing up". 
That is, a vortex sheet completely embedded in  a th in  boundary layer  
would be constrained t o  remain f l a t  against the body. However, i f  the 
theoret ical ly  predicted vortex sheet extends downstream into a region 
where the t h i n  boundary-layer equations do not apply ( that  i s ,  where the 
solution "blows up" predicting an in f in i t e ly  thick boundary layer),  then 
in  tha t  region the vortex sheet would not be constrained t o  l i e  f l a t  and 
the rolling-up process could occur. 

The foregoing discussion seems t o  provide the proper description of 
what occurs behind a bluff body: A 
complete so lu t ion  of the th in  laminar Vortex sheets 

boundary-layer equat ions fo r  the flow 
over a cylinder would probably yield 
a streamline pat tern of the form 
shown in  sketch ( f )  . The boundary 
layer would be predicted t o  gain 
mass flow by entrainment as  it pro- 
ceeds around the body, u n t i l  it 
reaches the v ic in i ty  of the rear  stag- 
nation point.  There, the mass flow 
.contained i n  the boundary layer must 
f ina l ly  leave the body and proceed 
downstream. The boundary layer ( f ) Pos s ible  boundary-layer 
theref ore cannot remain theoret ical ly  solut ion fo r  cylinder. 
thin,  but ra ther  must approach infin- 
i t e  thickness i n  violation of the Prandtl assumptions. I n  t h i s  region, 
then, the a f t  boundaries of the  p a i r  of vortex sheets a re  f ree  t o  r o l l  
up into concentrated vortices, thus d is tor t ing  the outer flow i n  such a 
way tha t  the rolling-up process engulfs most of the region which would 
otherwise be occupied by a f l a t  vortex sheet. The leading edge of the 
sheet, however, i s  s t i l l  constrained t o  l i e  f l a t  against the body. 

Three -dimens Tonal flow. - The foregoing description of plane separ - 
at ion may be generalized t o  three- 
dimensional flow as  follows: A 
separated region on a three- 
dimensional body consists of a 
vortex sheet embedded between 
the body surface and a stream 
surface attached t o  the body 
i n  a closed curve, as shown in  
sketch (g), which is  a view of 
the body from above. The arrows 
indicate the direction of resul-  
tan t  shear s t r e s s  a t  the surface 
and outside the separated region. 
The s i tua t ion  shown in the sketch 
would correspond t o  separation 

( g )  Separat ion i n  three -dimens ional 
flow with reattachment. 



NACA TN 2844 19 

and reattachment i n  plane flow. I f  somewhere within o r  a t  the boundary 
of the separated region the theore t ica l  boundary-layer s o l u t i ~ n  would 
a p r i o r i  be expected t o  blow up, then the vortex system within the 
separated region is f r ee  t o  r o l l  up into a more or  l e s s  vigorous system 
of vortices.  

Thus, thin-boundary-layer theory can be used t o  obtain the follow- 
ing information concerning laminar separation: 

(1) The solution may establ ish the existence of a vortex sheet 
which is  embedded i n  a f l a t  bubble on the surface and which could adhere 
t o  the surface and remain par t  of a t h i n  boundary layer, p r ~ v i d e d  tha t  
the Prandtl equations are  valid everywhere i n  the separated region. 

(2') The solution might predict  the boundary layer t o  go t o  in f in i t e  
thickness somewhere in  the separated region. I f  t h i s  happens, then the 
separated region is f ree  t o  r o l l  up, thus providing a vigorous wake 
(which, of course, is not amenable t o  boundary-layer theory). 

For flow about a plane body, the boundary-layer solution i s  not 
needed f o r  predicting the breakdown of the Prandtl assumptions. Physical 
considerations suff ice t o  establ ish where (a t  stagnation point of outer 
flow) and when (always) the breakdown occurs. I n  three-dimensional flow 
t h i s  is not a l e s  so clear,  and a t  l e a s t  cer tain features of the solu- 
t ion  are  required t o  be known. I n  order that  the boundary-layer equa- 
t ions be applicable, the solution must be such tha t  the boundary layer 
entrains f l u i d  ( that  is, flow streamlines enter,  but do not leave, the 
boundary layer  a t  i ts  outer edge) . I n  a cartes ian system, where h(x, z ) 
i s  the outer edge of the boundary layer,  t h i s  requirement may be written 
as 

Equations (32) and (28) may be combined with the equation of continuity 
i n  the form 

t o  yield 

or, i n  vector notation, 
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where A i s  the displacement thickness, and 9 is the velocity vector 
i n  the outer flow evaluated a t  the  body surface. 

In  many cases, circumstances may be found f o r  which inequality (33) 
cannot be sa t i s f i ed .  For exanrple, f o r  plane incompressible flow about a 
cylinder and, as i s  customary, with 1-1 and x defined pa ra l l e l  t o  the 
surf ace, inequality (33) may be written 

As the  rear  stagnation point of the outer flow i s  approached, u l  tends 
t o  zero, while -dull& remains f i n i t e  and posit ive.  Therefore, since 
h - A by defini t ion must be greater than zero, d(h - A)/& n u s t  
approach in f in i ty  i n  c lear  violation of the boundary-layer assumptions. 

Separation on Cone a t  Angle of Attack 

I n  the previous discussion, it was concluded tha t  separation rinvolv- 
ing a strong vortex pat tern occurs if a tentat ive boundary-layer solution 
predicts an embedded vortex sheet coupled with a loca l  breakdown of the 
assumption of a t h i n  boundary layer.  I n  the case of the cone, 
inequality (33) may be used t o  predict the circumstances under which the 
boundary layer  may not be regarded as thin:  When the f ac t  of parabolic 
s imi lar i ty  i s  introduced (h - A proportional t o  G), inequality (33) 
becomes 

This inequality indicates in f in i t e  boundary-layer thickness only when 
w1 = 0 and, even then, only i f  

Wl@ i s  negative (which is t rue  a t  the 
'2 
3 

top of the cone, cp = n) and larger  in  magnitude than - 8ul. This i s  2 
t rue only f o r  angles of a t tack larger  than tha t  fo r  which k = -1 (by 
equation ( lob) ) .  When the angle of attack is srmller than t h i s  c r i t i c a l  
value, the r ight  member of inequality (34) i s  always negative, and 
a(h - A)/a  (p may be considered t o  vanish by symmetry a t  (B = fi without 
violating inequality (34) . 

The foregoing resul t  may be explained on physical grounds as follows: 
As the boundary layer  proceeds around the cone, it entrains f lu id  which it 
then conveys towards the top (symmetrically, from both sides of the cone). 
I n  the  plane cylinder case, the f l u i d  similarly conveyed must f ina l ly  erupt 



NACA TN 2844 21 

from the boundary layer when the stagnation point i s  reached. However, 
on the cone, the boundary layer grows parabolically along generators; 
and, hence, if the cross-flow is not too strong (small angle of attack), 
the f lu id  brought t o  the top my simply become part of the growing 
boundary layer. For larger angles of attack, the boundary layer cannot 
grow a t  a rate surf icient t o  absorb the additional fluid, and erupt ion 
occurs with the consequent breakdown of the thin-boundary-layer 
assumptions . 

Accordingly, it is proposed that  when the angle of attack i s  less  
than that  for  which k = - 1, a th in  boundary layer covers the cone 
(f ig.  3(a)) .  For larger angles of attack, any vortex sheet present w i l l  
r o l l  up t o  form attached lobes (fig. 3(b) ); for  s t i l l  larger angles of 
attack, a vortex street  is  produced. 

Thus when k < - 1 (angle of attack greater than that fo r  which 
k = 1 ) )  strong viscous cross forces (viscous l i f t )  on the cone may be 
expected. These forces are discussed by Allen in reference 13. O f  
course, a weakness of the present analysis is that  no indication i s  
given as t o  the strength of the rolled-up vortex system because, when 
k =  - 1, the presence of an embedded vortex sheet over the top part of 
the cone has not been established. It seems l ikely that  such a vortex 
sheet does exist because a rather strong adverse pressure gradient 
(fig. 2(b))  al&s exists when k = - 1. In  fact ,  it may be shown (most 
conveniently by evaluating equation (7a) at X = ') that an adverse pres- 
sure gradient exists when k < - 2/3. 

Equations (35)) (13)) (141, and (lob) give the minimwn angle of 
attack fo r  which the boundary layer may be expected t o  break away from 
the surface and t o  form lobes a t  the top of the cone. This angle is 
presented as  a function of stream Mach number and vertex angle. Fig- 
ure 9 shows the results of such a calculation. The c r i t i c a l  angle of 
attack i s  given as a ra t io  of angle of attack t o  semivertex angle fo r  
convenience. The results show that,  in  general, separation involving 
lobes occurs l a te r  (ia terms of relat ive angle of attack a/@) for the 
smaller vertex angles, particularly a t  higher Mach numbers. Figure 9 
indicates the possibility of rather profound qualitative differences in  
the flows a t  high Mach number about cones of different vertex angles. 

The foregoing interpretation of the c r i t i c a l  condition k = - 1 is 
supported by the experimental result shown i n  figure 4. From figure 5 
k = - 1 when a = 6.2', under the conditions of the t e s t .  Figure 4(bj  
shows the measured t o t a l  head r is ing as the angle of attack is increased 
beyond 6.2O. Presumably th is  effect i s  caused by the the induced f ie ld  
of the symmetrical pair of vortex lobes sweeping away the thick boundary 
layer between, thus reestablishing a thin boundary layer a t  the top of 
the cone. 
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It may be of interest  t o  note that  i f  s imilar i ty  a l so  holds f o r  the 
turbulent boundary layer  on a cone, and the s imilar i ty  l a w  is  nearly 
l inear  (rather than parabolic as i n  the laminar case), separation would 
f i r s t  appear a t  a higher angle of attack than in l a m i n a r  flow. I n  fac t ,  
equations (lob). and (31) or (33) would yield the c r i t e r ion  k = - 413. 

For the boundary layer produced by supersonic flow over any smooth 
conically symmetric body i n  supersonic flow (such as a cone of e l l i p t i c  
cross section),  inequality (33) and the  condition of parabolic boundary- 
layer s imilar i ty  may be used t o  f ind a c r i te r ion  equivalent t o  k = - 1 
f o r  the maximum angle of attack consistent with a th in  boundary layer. 

CONCLUSIONS 

The laminar boundary-layer flow about a c ircular  cone a t  large angles 
of attack t o  a supersonic stream has been analyzed i n  the plane of symmetry 
with the following resul ts :  

1. A t  the bottom of the cone, prof i les  of meridjonal velocity and of 
the gradient of circumferential velocity were determined and showed the 
~xpected  tendency of the boundary layer t o  become thinner on the underside 
of the cone as the angle of a t tack is increased. 

2 .  A t  the top of the cone, except f o r  very small angles of attack, 
the  analysis (which is  res t r ic ted  t o  the plane of symnetry) f a i l e d  f o r  
the following reasons: 

(a) For angles of attack greater than some rather s m a l l  value, the 
boundary layer brings information from beneath the cone in to  the v ic in i ty  
of the plane of symmetry a t  the  top. Therefore, the analysis, which deals 
only with the plane of symmetry, yielded indeterminate solutions. 

(b) For angles of attack greater than some angle (roughly of the 
order of the cone semivertex angle), no boundary-layer solution i s  pos- 
s ib l e .  The character is t ics  of the outer flow and the known parabolic 
s imilar i ty  of the boundary layer would together imply tha t ,  beyond t h i s  
c r i t i c a l  angle, there would be a component of flow leaving the  boundary 
layer .  This is physically impossible, since a boundary layer  always 
entrains f lu id .  Thus, beyond the c r i t i c a l  angle of attack, no solution 
can exis t  f o r  equations which presume a t h i n  boundary layer .  

For three-dimensional flow it i s  proposed tha t  a separated region be 
regarded a s  a vortex sheet embedded i n  the boundary layer, remaining f l a t  
against the body i f  the assumption of a th in  boundary layer  i s  valid 
throughout the region. I f ,  however, the boundary-layer assumptions break 
down anywhere i n  the separated region, it i s  inferred tha t  the vortex 
sheet may r o l l  up t o  form strong vortices which may e i ther  remain attached 
or be shed as a vortex s t r e e t .  
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On the cone, therefore, the c r i t i c a l  angle of attack beyond which 
no boundarj-layer solution is possible a t  the top of the cone represents 
the maximum angle of attack f o r  which the boundary layer is everywhere 
t h i n  or,  a l ternat ively,  the minimum angle of attack f o r  which major dis-  
ruption of the  flow may be expected because of the formation of strong 
vortex lobes. Beyond t h i s  angle of attack, strong viscous cross forces 
may be anticipated. 

A similar c r i te r ion  could eas i ly  be obtained f o r  the boundary layer 
on any smooth conically symmetric body i n  supersonic flow. 

The assumption of a sui table  s imilar i ty  l a w  suffices t o  establish 
a similar c r i te r ion  i f  the boundary layer on a conical body is turbulent. 

Lewis Flight Propulsion Laboratory 
National Advisory Committee f o r  Aeronautrlcs 

Cleveland, Ohio, Septerlber 15, 1952 
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The following symbols are used i n  t h i s  report: 

C constant appearing i n  temperature -viscos i t y  r e l a t  ion 
(equa-t ion (5a) ) 

Cfx 
component of skin-f r i c t  ion coefficient i n  x-direct ion 

f component of skin-f r i c t  io11 coefficient in  9-direct ion 
9 

C 
P spec i f  i c  heat a t  constant pressure 

F [XI function appearing i n  asymptotic representation of f 
(equations (24) ) 

f (X,4 function related t o  meridional velocity u by equation (2)  

~ ( X J C P )  function related t o  circumferential velocity w by 
equation (2)  

h height of outer edge of boundary layer 

k related t o  circumferential gradient of circumferential 
veloc i t y  i n  plane of synxnet ry  (equat ion (lob ) ) 

M Mach number 

P s t a t i c  pressure 

91 velocity vector a t  outer edge of boundary layer  

Ex Reynolds number, plulx/pl 

Rn~R$~Rs, Reynolds numbers, P P ~ ~ ~ ~ J P ~ J  P ~ U ~ ~ P / P ~ J  
respectively 

T absolute s t a t i c  temperature 

u meridional coinponent; of velocity 

compoiient of velocity normal t o  surface 

c ircumferent i a l  velocity component 
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x coordinate along generators of cone 

Y coordinate normal t o  surface 

a angle of attack (posit ive as  shown i n  f i g .  1) 

r r a t i o  of specif ic  heats 

A displacement surface 

6, mass -flow defect associated with meridional velocity pro- 
f i l e  (equation (21) ) 

6~ mass-flow defect associated with circwnferential prof i le  
(equation (21) ) 

0 semivertex angle of cone 

8 sine of semivertex angle of cone 

h dimens ionles s variable (equat ion (3) ) 

CL coefficient of viscosity 

P density 

cP angular coordinate around cone 

P( function appearing i n  asymptot i c  representation of $ 
(equations (24) ) 

~lr(A) function related t o  circumferential velocity w in' plane 
of symmetry by equation (10a) 

Subscripts : 

ma.x maximum 

reference condition, nonviscous flow a t  surface, a t  g, = 0 
or  q = a, whichever i s  appropriate 

evaluation a t  outer edge of boundary layer (al ternat  i.vely, 
nonviscous flow a t  surf ace) 

Subscript notat ion f o r  p a r t i a l  different iat ion has been used 
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Superscripts : 

r Primes denote ordinary different iat ion with respect t o  h or  cp 

Bar over quant i t y  indicates evaluation of nonviscous 
flow a t  surface when cone is at zero angle of attack 
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APPENDIX P 

NUMERICAL SOLUTION OF DIFFERENTLAL EQUATIONS 

By Lynn Albers 

The two simultaneous nonlinear ordinary d i f f e r e n t i a l  equations ( l la )  
and ( l l b  ) together with boundary conditions (12) cons t i tu te  a two -point 
boundary value problem. The method of numerical solut ion used appl ies  
d i r e c t l y  only t o  problems fow which a l l  boundary conditions a r e  specif ied 
at a s ing le  i n i t i a l  point ( the  or igin ,  i n  t he  present case) .  Each nuuler- 
i c a l  in tegra t ion  was therefore  performed s t a r t i n g  with boundary condi- 
t i ons  (12a) and (12b) and a t en t a t i ve  spec i f  i c a t i on  of f " (0) and 
9 '  ( 0 )  I n  each case, such in tegra t ion  was ca r r ied  out f o r  a suff  icLent 
var ie ty  of conditions f ' ' (0) and J IM (0) so t h a t  the  cor rec t  s e t  of 
i n i t i a l  conditions yie lding t he  proper behavior at h = (boundary con- 
d i t i o n  (12a)) could be inferred t o  t he  desi red degree of accuracy. 

In tegra t ion  was  performed according t o  t he  following basic  scheme : 
With t he  values of f ' ' ' (h) and $ " ' (A) given a t  f i v e  c lose ly  spaced 
values of X ,  fourth-degree polynomials may be passed through the  two 
s e t s  of values of f " '  and . Then, i f  f , f 1 , f " , 9 , $ ' , a n d  
9'  a r e  known at the  f i f t h  point ,  t he  polynomial representat  ions of f " '  
and $ " '  may be in tegrated t o  y i e ld  f ,  f ' ,  f " ,  +, q ' ,  and J I  a t  
t he  next ( s ix th )  point .  These quan t i t i es  may then be subs t i tu ted  i n to  
d i f f e r e n t i a l  equations (11) t o  y i e l d  f " ' and $ ' at t h e  s i x t h  po in t .  
I n  t h i s  way, t he  solut ion may be extended one s t ep  at a time, i n  each 
s tep  by use of t he  solut ion at t h e  f i v e  previous points .  I n  order t o  
begin t h i s  procedure, the  so lu t ion  must f i r s t  be found at f i v e  points  
s t a r t i n g  a t  t h e  o r ig in  and must be subject  t o  boundary conditions (12b) 
and (12c) and t he  t en t a t i ve  se lec t ion  of f "(0) and +" (0) .  

This preliminary calcula t ion was done i n  t he  following manner: 
f ' '  ' (0) was calcula ted d i r e c t l y  from equations ' (11) and (12) and was 
used a s  an i n i t i a l  estimate of f " '  at  t he  next four  po in t s .  Given 
f (0) , f ' (0) , and f " (01, the  values of f ,  f ' , and f " were conrputed 
a t  t h e  second point  by in tegra t ing  a fourth-degree po1;rliomial passed 
through t he  f i v e  values of f ' ' ' . I n  a s imi la r  manner, 9, J I ' ,  and JI" 
a t  the  second point  were found. Direct subs t i tu t ion  in to  equations (11) 
then y ie lds  improved estimates f o r  f ' ' ' and I#"' a t  the  second point  
and thus an improved polynomial representa t ion of these functions which 
may be used t o  obtain values of f ,  f ' , f " , JI, $ '  , and J I  ' at t he  
second point ,  and so fo r th ,  u n t i l  improved values have been obtained a t  
the  f i f t h  po in t .  This procedure was repeated i n  an i t e r a t i v e  manner 
u n t i l  convergence was obtained a t  each of t h e  f i v e  i n i t i a l  poin'cs. 

A l l  ca lcula t ions  were perfomled on the  IBM Card Programmed Electronic 
Calculator.  Results  a r e  considered correct  t o  four  s ign i f ican t  f igures.  
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Parabolic I 

boundary 

\ Shock wave -=v 

Figure 1. - Cone at angle of attack to supersonic stream. 

(a) Small a. (b) Moderate a. 
cP 

(c) Large a. 

Figure 2. - Pressure distribution around cone for various ranges 
of angle of attack. 

(a) Small a. (b) Moderate a. (c) Large a. 

Figure 3. - Cross-sectional views of boundary layer on cone at 
various angles of attack. 
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( a )  Test configuration. ' 
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Angle of a t t ack ,  a, deg 

( b )  ~ A r i a t i o n  of t o t a l  head with angle of a t t ack .  

Figure 4. - Variation with angle o f  a t t a c k  of t o t a l  head measured 
i n  boundary layer  of cone. M, 3.095 j 0 ,  7.5'. 
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Figure 5. - Variation of parameters k and 1 1 ~ ~  with angle of attack. 
M, 3 a l j  0, 7.5'- 
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f ' (X) 
x 0' 4.3' 6.0' 12.0' 

0 0 0 0 0 
.8 .265 .385 .413 .474 
1.6 .517 .710 -748 -821 
2.4 .729 .904 .929 .966 
3.2 .876 .979 .987 .996 
4.0 .956 

h ' ( M  

0 0 0 0 0 
.8 .902 .942 .954 .952 

1.6 1.292 1.165 1.143 1.088 
2.4 1.325 1.033 1.072 1.029 
3.2 1.205 1.029 1.016 1.004 
4.0 1.089 1.005 

Figure 6. - Velocity profiles at t p =  0. M, 3.1; 0, 7.5'. 
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0 4 8 12 
Angle of attack, a, deg 

Figure 7. - Meridional and circumferential skin-friction 
coefficients at 9 = 0 .  M, 3.1; 0 ,  7.5'. 

Angle of attack, a, deg 

Figure 8. - Displacement thickness at 9 = 0. 
M, 3.1; 0, 7.5'. 
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