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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE 3102 

AN ANALYTICAL AND EXPERIMENTAL STUDY OF THE TRANSIENT RESPONSE OF A 

PRESSURE-REGULATING RELIEF VALVE IN A HYDRAULIC CIRCUIT 

By Harold Gold and Edward W. Otto 

SUMMARY 

The transient response of the pressure - regulating relief valve in 
a hydraulic circuit is analyzed by means of an electrical analogy of the 
hydraulic circuit. 

Measurements of the transient response of a hydraulic relief valve 
are presented and are compared with responses calculated from the dif 
ferential equation of the equivalent e l ectric network . The comparison 
of experimental and analytical responses shows that the response of the 
relief valve can be adequately predicted by means of the equivalent 
network. 

The analysis of a typical relief valve by means of the equivalent 
network indicates that viscous damping is negligible and that the prin
cipal damping is derived from the flow resistance of the various ele
ments of the hydraulic circuit . 

An expression is analytically developed that yields directly the 
area-lift relation for the relief valve for stable valve operation over 
wide flow-rate ranges. 

INTRODUCTION 

Hydraulic pressure - generating equipment consisting essentially of 
a positive -displacement pump and a pressure - regulating relief valve to 
automatically compensate for varying flow demand is in universal use. 
A comprehensive survey of industrial equipment in this field is given 
in reference 1 . 

The recent application of the high- speed) high-output hydraulic 
servomotor in both the aircraft and the industrial field has created a 
need for a method of analysis of the dynamics of the pressure - generating 
equipment. This report presents an analysis of the response of the 
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relief valve to sudden flow-demand changes . The analysis can be applied 
to the design of relief valves to satisfy given respons e specifications 
and to predict the stability of the valve in a specific hydraulic circuit. 

The analysis of the hydraulic circuit that is presented in this 
report is carried out by the technique of electrical analogy. In this 
connection) it should be noted that the analogous parameters of the 
hydraulic circuit may be derived without the concept of the existing 
electrical analogy . Because) however) of the vast amount of 11.terature 
that is available in the field of the dynamics of electric circuits) 
much of the electrical terminology and diagrammatic symbols has been 
adopted. This is by no means an early use of the electrical analogy in 
the study of the dynamic effects in hydraulic circuits. The practice) 
however) is not well established. For this reason) derivations of all 
the constants employed are included in the report . 

The experimental work that was carried out in this investigation 
consisted of the observation of the movement of a relief-valve piston 
immediately following a sudden change in flow demand. The results of 
these observations are compared with the responses calculated from the 
differential equations of the equivalent circuit. The investigation 
was carried out at the NACA Lewis laboratory. 

DEFllUTI ONS 

Basic hydraulic circuit. - The basic hydraulic circuit that is 
t reated in this report is shown in the diagrammatic sketch of figure 1 . 
As indicated in the figure) a constant pressure supply such as an 
elevated tank feeds liquid to a positive-displacement pump . The pump 
is assumed to be driven by a constant - speed motor. The pump discharges 
through a pressure -regulating relief valve and a system throttle . The 
relief valve automatically compensates for variation in system-throttle 
resistance. 

Elements of relief valve . - The elements of the relief valve are 
shown in the schematic drawing of figure 2. Flow from the pump 'enters 
the valve chamber as indicated by the arrows. In response to pressure 
in the valve chamber) the piston moves upward against the loading spring . 
The upward movement of the piston increases the open area of the valve . 
In steady flow the piston pOSitions the valve such that equilibrium is 
established between the force of the loading spring and the force re
sulting from the regulated pressure that acts on the piston. It will be 
assumed in this analysis that the pressure in the return line is con
stant and does not result in a force on the valve. It is further 
assumed that the flow forces that act on the valve are negligible. 
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The analysis that follows will be developed with the following 
symbols : 

AO 

A 
P 

a 

B 

Cc 

Cl 

Cv 

D 

d 

F 

f n 

G 

h 

K 

L c 

~ 
2 c 

2p 

M 

P c 

p 
e 

orifice area, sq in. 

effective area of valve piston, sq in. 

instantaneous value of valve open area, sq in. 

bulk modulus of hydraulic fluid, Ib/sq in. 

capacitance of liquid-filled conduit, in .5/1b 

capacitance due to loading spring) in. 5/lb 

equivalent capacitance of relief valve, in. 5/1b 

dimensional constant in fluid - flow equation, sq in./sec~ 

diameter of conduit, in . 

viscous drag (piston moving axially in cylinder), Ib 

damped natural frequency, cps 

hydraulic gradient, Ib/ cu in . 

radial piston clearance, in. 

spring constant of loading spring, lb/in. 

inductance of liquid-filled conduit, (lb)(sec2 )/in. 5 

inductance due to piston mass, (lb)(sec2)/in. 5 

length of conduit, in . 

axial length of piston, in. 

mass of piston and valve , (lb)(sec2)/in. 

liquid pressure in conduit, Ib/sq in. abs 

pressure rise through pump, Ib/sq in . 

3 
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Pi inductive pressure drop , lb/sq in. 

Po pressure drop across orifice, lb/sq in . 

P pressure drop across piston, lb/sq in. p 

Ps equivalent loading pressure referred to drain pressure, lb/sq in. 

imposed pressure difference across circuit, lb/sq in . 

regulated pressure referred to drain pressure, lb/sq in. 

Q flow, cu in./sec 

~ flow from pump, cu in./sec 

~ flow through an orifice, cu in ./sec 

~ flow related to piston movement, cu in./sec 

Qs flow through system throttle, cu in ./sec 

flow through relief valve, cu in./sec 

RG internal pump resistance, (lb)(sec)/in. 5 

RO equivalent linear resistance of an orifice, (lb)(sec)/in. 5 

R piston resistance due to viscous drag, (lb)(sec)!in. 5 
p 

Rs equivalent linear resistance of system throttle, (lb)(sec)!in. 5 

R equivalent linear resistance of relief valve, (lb)(sec)!in. 5 
v 

r piston radiUS, in. 

T basic time constant of relief valve, sec 

t time from start of tranSient, sec 

u fluid veloCity, in. / sec 

Vc volume of liquid in conduit, cu in. 

Vp volume swept by piston, cu in . 

v piston velocity, in./sec 
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W weight, Ib 

w- valve width (change in valve open area per increment of valve 
movement), sq in.jin. 

x valve position measur ed from arbitrary value of open area 

~ constant of integration 

damping ratio, dimensionless 

~ absolute viscosity, centipoise 

p mass density of hydraulic fluid, (lb )(sec2)jin. 4 

~ liquid shear stress , lbjsq in. 

ron damped natural frequency , radjsec 

roo undamped natural frequency, radjsec 

Subscripts: 

f final value 

ss steady state 

EQUIVALENT LINEAR CIRCUIT FOR DYNAMIC DESCRIPl'ION 

OF RELIEF -VALVE CIRCUIT 

The development of the equivalent linear circuit that is presented 
in the following sections wi ll treat first the simplified case of the 
massless , friction -free, and zero spr i ng-rate relief valve . The expres 
sions for representing such a valve and the basic elements of the 
hydraulic circuit are derived and the basic circuit is drawn . Elements 
are then added to the basic circuit to account for valve mass , viscous 
friction, and the rate of the loading spring . 

Representation of Relief Valve 

Equivalent linear resistance of valve element. - In most transients 
that are of practical concern in hydraulic systemS, the change in flow 
through the relief valve is small compared with the steady- state flow 
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through the relief valve . The change in open area of the valve element 
is therefore small compared with the steady- state open area. It is 
further assumed that the deviation of the regulated pressure during the 
transient is small compared with the equivalent loading pressure. Under 
these assumptions, the valve element may be considered to be a fixed 
orifice operating at a fixed pressure drop. By defining the resistance 
of an orifice as the ratio 6PoI~, it is shown in appendix A that the 
resistance of an orifice for changes in flow that are small compared 
wit h the flow level is given by the relation 

2PO 
RO := -

Qo 

From the foregoing considerations, the equivalent linear resistance 
of the valve element is then 

(2) 

Equi valent capacitance of r elief valve. - The equivalent capacitance 
of the relief valve is defined by relating the volume swept by the piston, 
in a given increment of lift, to the change in regulated pressure that 
results from the corresponding change in valve open .area. If the prin
ciple of superposition is assumed to apply, it is valid to evaluate the 
equivalent capacitance under the condition of constant flow through the 
valve element . Under the condition of constant flow through the valve 
element , the value of the regulated pressure is determined by the open 
area of the valve element . The regulated pressure in terms of the open 
area and the steady-state flow is 

Equation (3), differentiated with respect to a, is 

dP2 
da 

The negative sign that appears in equation (4 ) indicates, as can be 
readily reasoned, that the regulated pressure P2 diminishes as a 

increases . With respect to the forces that act on the valve piston, 
the negative change in P2 is equivalent to a positive change in load-

ing pressure Ps . Thus, the equivalent incremental change in Ps that 

results f rom an incremental change in a is 

• 
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The incremental change in valve open area that corresponds to an 
incremental change in valve lift is 

(6) 

The volume swept by the piston in an incremental change in valve 
lift is 

v = A !::x. p p 

The equivalent capacitance is now defined by the following relation: 

v 
C = ~ v LP 

s 

Equations (5)) (6)) and (7) substituted in equation (8) yield 

~D2a3 
C = --"'-----

v 2 (~)ss)2~ 
At equilibrium) P2 = Ps ; hence) from equation (3)) 

Qv ss 
a = --.:....z.:::.: 

DFs 
Equation (10) substituted in equation (9) gives 

C = v 
~Qv)ss 

2DP 3/2 da 
s d.x 

In the case of a linear valve element) 

da 
d.x = w 

(8) 

(10) 

(11) 

(12) 
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in which case tile valve capacitance is 
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2DwP 3/ 2 
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The valve capacitance is one of the primary terms that affect both 
the stability and the response of the relief valve. 

Representation of Fixed Circuit Elements 

Internal resistance of pump. - Theoretically, the volumetric output 
of a positive -displacement pump is independent of the output pressure. 
In practice, however, this theoretical output is modified by internal 
leakage and other internal-flow effects. The volumetric output of a 
positive - displacement pump may be expected to diminish as the pressure 
rise through the pump increases . Conversely, the pressure rise dimin
ishes as the flow through the pump increases. The effect is therefore 
equivalent to internal resistance. The expression for the internal 
resistance is simply 

(14) 

The value of this resis.tance is readily obtained by steady-state 
calibration of the pump . 

Equivalent linear resistance of system throttle. - In the hydraulic 
circuit under conSideration, it does not appear practical to limit the 
analysis to consideration of changes in flow through the throttle that 
are small compared with the steady-state value. Large changes in flow 
through the system throttle will always occur from low-flow levels . If 
the initial flow is close to zero, the resistance of the throttle may 
be approximated by the chor d of the flow-pressure parabola connecting 
the origin to the steady-state value of flow . The resistance so defined 
is 

(15) 

For small changes in flow through the system throttle, the same reason
ing by which equation (10 ) was derived applies, whereby the resistance 
of the throttle is 

(16) 
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Equivalent Linear Network 

On the basis of the concept of equivalent resistance and capacitance 
as derived in the preceding sections, the hydraulic circuit shown in 
figure 1 may be represented with electrical symbols by the circuit 
shown in figure 3(a). In the diagram of figure 3(a), the relief valve 
is represented by the resistance Rv and the capacitance Cv . The 

system throttle is represented by the resistance Rs , and the pump is 
represented by a constant-pressure source feeding through a resistance 
RG · 

Response of equivalent network . - As derived in appendix A, the 
response of the circuit shown in figure 3(a), in terms of the current 
flow through the condenser, is given by the following differential 
equation: 

(17) 

Equation (17) indicates a first -order response wi th a time constant of 

RaR R C T = ________ v __ s __ v ______ _ 

RyRs + RG(Rv + Rs) 
(18) 

Under certain simplifying conditions, equat ion (18) may be reduced to a 
parameter that is a function of the relief-valve dimensions only. These 
conditions are : (1) The internal resistance of the pump is high com
pared with the valve resistance and (2) the transient is induced by 
suddenly shutting off the system flow . Based on these conditions, the 
values of RG and Rs are considered infinite, in which case equation 
(18) reduces to 

Equations (2) and (13), substituted in equation (19), yield 

T = - Ap,",-
DwFs 

(19) 

(20) 

Equation (20), which may be considered as the basic time constant of the 
relief valve, provides a generally useful index for classification of a 
given valve. The classification is independent of the characteristics 
of the circuit in which the valve is used. 
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Equation (20) can also be derived from purely mechanical considera
tions. This derivation is presented in appendix A. 

Effect of valve mass on response of equivalent network. - The valve 
mass may be introduced into the equivalent network by inserting an 
inductance equivalent to the valve mass. As derived in appendix A, the 
equivalent inductance of a mass - loaded piston is 

(21) 

The mass of the piston resists piston acceleration; hence, in the 
equivalent circuit the inductance due to the piston mass is in series 
with the valve capacitance. This circuit ' is shown in figure 3(b). 

The response of the circuit, shown in figure 3(b), in terms of the 
current flow through the condenser (derived in appendix A) is given by 
the following differential equation: 

(22) 

Effect of viscous friction on response of equivalent network. -
Viscous drag, developed between the piston and the bore of the valve, 
is readily represented in the equivalent network by a resistance in 
series with the valve capacitance. An expression for the resistance 
of a piston in a cylinder is developed in appendix A. This expression 
is 

= 2~Zp 
3 

1fr h 
(23) 

Effect of loading spring on response of equivalent network. - The 
change in loading force due to compression of the loading spring may be 
taken into account by relating the resultant change in equivalent load
ing pressure to an equivalent capacitance. The equivalent capacitance 
of a spring- loaded piston (derived in appendix A) is 

A 2 
Cz = ~ (24) 

I t is noted that an upward movement of the piston results in an 
increased spring load, and, as shown in the derivation of the expression 
for valve capacitance , upward movement also results in an equivalent 
increase in loading pressure . The equivalent capacitance of the valve 
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and the capacitance due to the loading spring are therefore in series . 
TIle equivalent network that includes the effect of the loading spring 
and the v i scous piston drag i s presented in figure 3(c) . 

The response of the network shown in figure 3(c), in terms of the 
flow through the condensers (derived in appendix A), is given by the 
following differential equation : 

(25) 

Connecting-line effects . - The length, diameter , and rigidity of 
the conduits that are used to interconnect the various elements of the 
hydraulic circuit affect the dynamic response of the circuit . In a 
given length of conduit , the mass of the liquid in the line is repre 
sented by an inductance in the equivalent circuit , and the compressibility 
of the liquid is represented by a capacitance. ExpreSSions for the 
inductance and capacitance are derived in appendix A. As derived in 
appendix A, the inductance is 

L 
4pZc 

:: 

1Ld2 c (26) 

and the capacitance is 

1Ld2Z 
C C 

:: 
C 4B (27) 

It is noted that the inductance and capacitance vary with the length 
of the conduit . These circuit parameters are therefore distributed. 
However , in the type of hydraulic circuit being considered, it is rarely 
necessary to take into account the distributed nature of these parameters; 
uaually, either the total inductance or the total capacitance will be 
the predominant term . The predominant term may then be considered as an 
element in the equivalent linear circuit) and the lesser term is neglec
ted . Further discussion of lumped and distributed parameter circuits 
is beyond the intended scope of this report. The subject is treated in 
texts on electric transmission lines. 

The use of a nonrigid conduit such as rubber hose may introduce 
large capacitance terms . Because of the diversity of construction 
used in the manufacture of nonrigid conduit, it is not possible to 
derive a direct expression for the equivalent capacitance. The value 
of the capacitance can be readily obtained, however, by measurement of 
the pressure -volume relation in the particular conduit being used . 
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EXPERIMENTAL ANALYSIS 

On the basis of the foregoing analysis, it is indicated that 
hydraulic circuits (represented by fig. 1), in which the connecting 
lines introduce significant inductive and capacitive effects, are 
systems of higher than the second order. While this by no means places 
such hydraulic circuits out of the realm of analysis, it was the inten
tion of this investigation to limit the experimental phase to a ' hydraulic 
circuit in which the connecting-line effects could be neglected in order 
that the adequacy of representation of the relief valve in the equivalent 
circuit could be most readily evaluated. The hydraulic circuit chosen 
for experimental study is represented by the equivalent circuit of fig
ure 3(c) . An evaluation of the connecting-line effects in the experi
mental circuit is given in appendix C. 

Equation of Relief-Valve-Piston Motion 

In order to compare the response of the equivalent linear network 
with the response of the physical hydraulic circuit, it is necessary to 
correlate the variables of the equivalent cireuit with measurable vari
ables in the hydraulic circuit. In the experimental study reported 
herein, the variation of position of the piston of the relief valve and 
the variation of regulated pressure during the transient were recorded. 
In the transient, the regulated pressure departs from the steady-state 
value and then returns to substantially the same steady-state value. 
The piston position, however, reaches a new equilibrium position at the 
end of the transient. The piston-position record is therefore more 
readily studied. For this reason, the comparison between measured 
responses and responses indicated by the equivalent linear network is 
made on the basis of piston movement. The equations of motion of the 
piston as derived from the equivalent network are presented in the fol
lowing sections. 

Response of condenser current in equivalent network. - The differ
ential equation for the response of' the network shown in figure 3(c), in 
terms of flow through the condensers, was given in equation (25). This 
equation, written in terms of the damping ratio and the undamped natural 
frequency , is 

1 

ill 2 o 
= 0 

Equating like coefficients in equations (25) and ( 28) yields 

( 28) 

(29) 
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and 

1 0= -
2 

When equation (28) is integrated with the initial conditions 

t = +0 

then, for 0 > 1, 

For 0< 1, 

13 

(30) 

(31) 

(32) 

Valve-position response . - The condenser current in the equivalent 
circuit is related to piston velocity in the hydraulic circuit . This 
r elation is given by the following equation: 

(33) 

Integration of equat ion (33) yields 

(34) 

Equations (31) and (32), substituted in equation (34), yield the valve 
position response equations as derived from the equivalent circuit . 
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These equations, expressed in terms of the ratio of instantaneous change 
in position to the total change in the transient , are: 

For o > 1, 

[- (0--I02-1)illO~ - (5+-/02 -l)illo t 
6.x 

1 -
1 e e (35) -- = 6.xf 2-/02 - 1 o - -/02 - 1 o + -/02 - 1 

For 0 < 1, 

(36) 

Description of Experimental Hydraulic Circuit 

A schematic diagram of the hydraulic circuit used in the study of 
the transient response of relief valves is presented in figure 4. As 
shown in the diagram, liquid flows from an elevated tank through a 
rotameter to a gear pump. The gear pump, which was driven by a variable
speed drive , was connected by a short rigid tube to the relief valve 
under test . One relief valve was used throughout the tests. This 
relief valve, which had variable components, is described in detail in 
appendix B. The elements that could be varied in this relief valve are : 
the valve width w, the piston mass, and the spring load Ps . The relief 
valve was Close - coupled to a needle valve, which served as the system 
throttle . The flow through the needle valve was turned on or off by 
means of a high- speed switching valve. The steady-state flow through 
the needle valve and switching valve was measured by means of a rotam
eter . As shown in the diagram, a bypass is placed around the system
flow rotameter in order to eliminate the inductive effect of the meter 
during transient measurement. 

The transients were induced in the circuit by operation of 
switching valve . The switching valve , described in appendix B, 

or closed in a total elapsed time on the order of 10- 4 second . 

the 
opened 

The 

numerical value of the constants of the equivalent circuit for the 
experimental circuit is evaluated in appendix C. A photograph of the 
experimental circuit is shown in figure 5. 
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The variation of regulated pressure during the transient was 
recorded on an oscillograph through a strain-type pressure pickup. 
Valve position was recorded on the oscillograph through a strain gage 
that was mounted on a cantilever spring, the free end of which engaged 
a slot in the valve piston. The oscillographs used could produce an 
unattenuated record of signals up to a frequency of 300 cycles per 
second. 

EXPERIMENTAL PROCEDURE 

Variables considered. - It has been indicated by the analysis that 
the parameters that affect the dynamic response of the relief valve and 
the hydraulic system are functions of the equilibrium values of the 
circuit currents. The tests were therefore run at various pump outputs. 
The pump output was varied by using either of two gear pumps of different 
flow capacities and by varying the speed of the pumps. Also varied 
during the tests were the valve width w, the mass coupled to the piston, 
and the magnitude of the change in system flow in the transient. 

Test procedure. - At each test point, the hydraulic circuit was 
adjusted as follows: The gear-pump drive was adjusted to the desired 
pump flow ~. With the system in operation, the switching valve was 
opened and the flow through the system throttle was observed on the 
rotameter. The system throttle (needle valve) was then adjusted to fix 
the magnitude of the change in system flow (from zero). The bypass 
around the system-flow rotameter was then opened, and the hydraulic cir
cuit was ready for transient recording. At each test point two tran
sients were recorded: one following the opening of the switching valve 
and one following the clOSing of the switching valve. The test points 
used are given in table II. 

Experimental Responses 

Nature of measured responses . - The movement of the relief-valve 
piston in response to a step in the system-throttle resistance as re
corded in the present investigation shows a general agreement with 
linear form, but often with considerable distortion. Figure 6 shows 
three responses which typify the forms of all the responses recorded. 
Figure 6 (a) shows an underdamped response with little apparent distor
tion . Figure 6(b) shows a response that exhibits overshoot but no 
oscillation. (Approximately 10 percent of the responses that overshoot 
did not oscillate.) Figure 6(c) shows an overdamped response with some 
distortion in the trace. 

The response of regulated pressure during the transient also 
appears on the oscillograph records presented in figure 6. The sharp 
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pulses that occur in the regulated pressure during the transient are 
clearly demonstrated . The frequency of oscillation of the pressure 
trace, in steady state, is equal to the tooth frequency of the gear 
pump . It was necessary to retouch the oscillograph traces in order to 
reproduce them. 

Comparison of measured and calculated responses . - The results of 
the record~d transient responses are compared with the analytically 
determined response parameters in table I. The values given in the 
table were obtained in the following manner: For each test point the 
constants of the equivalent circuit were computed, and the damping ratio 
of the equivalent circuit was calculated. (A sample calculation is 
given in appendix C.) In table I, the damping ratio is compared with 
the nature of the observed response. For underdamped observed responses, 
the frequency of oscillation and the ratio of peak deflection to steady
state deflection were determined by direct measurements on the oscillo
graph trace . In the case of traces that show overshoot but no oscilla
tion (fig. 6(b)), the response is classified in the table as underdamped 
and the measured frequency of oscillation given in the table is calcu
lated from the time to the peak of the overshoot (it is considered that 
in the undistorted response the time to the first peak is equal to one 
half the period of oscillation). In the case of highly overdamped re
sponses, the time to reach 63 percent of the final deflection in the 
measured response was compared with the time constant of the equivalent 
circuit (eq. (18)). In the case of overdamped responses in which the 
indicated damping ratio was between 1 and 2, the 63 -percent point of the 
recorded response was compared with the 63-percent point of a curve 
plotted from equation (35). 

The run numbers in table I correspond to the run numbers tabulated 
in table II. As shown in table I, the calculated damping ratio of the 
equivalent linear network is an excellent indication of the nature of 
the response of the physical system . With only two exceptions (runs 3a 
and 26b) the measured r esponses are characteristically overdamped when 
the calculated damping ratiO is greater than unity and are characteris 
tically underdamped when the calculated damping ratio is less than 
unity . I t is noted that for damping ratios less than approximately 0.3, 
the system was subject to continuous oscillation. 

With r egard to the quantitative comparison, the measured and calcu
lated values in some instances differ by considerable percentages. How
ever, i n no instance is the order of magni tude incorr ectly given . The 
measured f r equencies of oscillation are in general lower than the calcu
lated values . This result is possibly due to nonlinear frictional effects 
that result in dead time at the ends of the cycle. I n general, the runs 
that show the largest difference between measured and calculated values 
correspond to the runs that show the severest distortion . 
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APPLICATION TO DESIGN 

Relief -valve stability with linear valve elements. - Because of the 
many factors that may affect the size and the mass of relief-valve com
ponents, there appears to be no method of direct synthesis that can be 
derived from the analytical expressions that have been presented. A 
simple design rule that is, however, immediately apparent from the 
analysis is that the mass coupled to the piston should in all cases be 
held to as small a value as structural rigidity will permit. In general, 
if the relief valve is designed on the basis of steady-state require 
ments and on consideration of structural rigidity, the expressions 
given may be used to predict the speed of response and the probable 
stability . 

As may be seen from equation ( 30), the probability of instability 
of a given valve in a given hydraulic circuit increases when any one of 
the cir cuit resistances (Rs ' Ry, RG, ~) decreases or when either the 
equivalent capacitance of the relief valve Cv or the capacitance due 
to the loading spring CL decreases. With regard to the effect of 
circuit reSistances, it is to be noted that in the absence of frictional 
damping (Rp ~ 0), the damping ratio becomes zero when anyone of the 
resistances RaJ Rs ' or Rv is reduced to zero . On the other hand, 
frictional damping is not essential for stable valve operation. From 
practical considerations, it does not appear possible that the valve 
resistance Rv can approach zero except in a grossly oversized valve, 
but the system resistance does appear to hold the possibility of being 
reduced to nearly zero. The concept of very low system resistance may 
be further understood from the consideration that in the hydraulic cir
cuit under discussion it is possible that the system throttle may be 
opened to an area across which a flow equal to the entire output of the 
pump will not produce a pressure equal to the set value of regulated 
pressure Ps of the relief valve . With regard to the effect of pump 
resistance RG, low values of this resistance are likely in worn or 
poorly fitted pumps. 

It can be readily seen from equations (13) and (16) that as the 
system flow is increased, the valve capacitance Cv and the system 
resistance Rs diminish while the valve resistance Rv (eq. (2)) 
increases. Generally, the increase in valve resistance will only partly 
compensate for the decrease in system reSistance; hence, the net effect 
of an increase in system flow is a decrease in damping. Thus, relief
valve instability is most likely at high system flow rates (and conse
quently low relief-valve flow rates). This analytically derived con
clusion is supported by the observation that relief-valve instability 
is usually associated with an audible sound that results from the 
bottoming of the valve . This sound, often referred to as chatter, 
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indicates that valve instability usually occurs when the equilibrium 
position of the valve is near the lower area limit and hence when the 
capacitance is small. 

It can be further observed from equations (13) and (30) that stable 
relief -valve operation is more difficult to obtain as the equivalent 
loading pressure Ps is increased . The effect of an increase in Ps 
on the valve capacitance can be partly compensated for by a proportional 
reduction in the valve width w that maintains the same maximum flow 
capacity of the valve. In a given valve, however, the valve capacitance 
Cv is reduced as the equivalent loading pressure Ps is increased. 
Higher equivalent loading pressures Ps usually require higher - rate 
springs . The effect of a higher -rate spring is (from eq. (24)) a reduc
tion in the capacitance due to the loading spring. Thus, the system 
becomes more stable as the spring rate is diminished. The effect of 
the rate of the loading spring is, in general, negligible at loading 
pressures below 100 pounds per square inch but can be a factor leading 
to instability at higher pressures. 

From the foregoing discussion, it is indicated that the stability 
of a given valve design in a given circuit should be checked by calcula
tion of the circuit damping ratio at the highest expected value of 
system flow. A summary of the constants used in the determination of 
the system damping ratio is given in figure 11. When this check indi
cates a low damping ratio, the condition can be improved by increasing 
the flow through the relief valve while the same maximum system flow is 
maintained. This step requires an oversized pump. The oversized pump, 
vlhile uneconomical both from a standpoint of initial equipment cost and 
operating cost, is sometimes necessary when the required range of system 
flow is large. An alternate method of obtaining stable operation over 
a wide range of system flow, which does not require oversized pumps, is 
indicated by theory and is presented in the next section. 

Constant damping- ratio valve element. - From equation (11), it can 
be seen that the valve capacitance Cv will remain constant at all 

values of valve flow 0 if the derivative da/dx is proportion-"'V,ss 
ately varied. Thus, for constant valve capacitance, 

~, ss = 
da 
dx 

(a constant) (37) 

From equations (11) and (37), the following expression may be written: 

~,ss = 
da 
dx 

= (a constant) (38) 
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From equation (38») 

From consideration of flow equilibrium) 

~ ss = Da-JP:" ) s 

Equation (40») substituted in equation (39») yields 

Integration of equation (41) yields 

If 

then) from equation (42») 

and equation (42) becomes 

x = 0 when a = a o 

a = a e o 

~~s)x 

19 

(39) 

(40) 

(42) 

Equation (43) expresses the area-lift relation of the type of 
valve known in the literature as the logarithmic or constant-percentage 
valve. Thus) a logarithmic valve as defined by equation (43) will 
maintain the valve capacitance at the particular value of Cv 
introduced. 

If a relief valve is considered that has negligible frictional 
effects (R ~ 0) and the valve is used in a system that employs a well

p 
machined pump with low internal leakage) RG will be very large compared 
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with Rs and Rv' Furthermore, if the capacitance due to the loading 
spring is lar ge compared with the valve capacitance, equation (30) can 
be reduced to the following form: 

(44) 

Thus , in the simplified but practical case, the 
held constant by the use of a logarithmic valve 
the resistances Rs and Rv remains constant. 
and (16) the following equation may be written: 

damping ratio can be 
if the parallel sum of 
From equations (2) 

(45) 

From the assumption of a pump having low i nternal leakage, 

Qs + ~ = ~ = (a constant) (46) 

Substitution of equations (45) and (46) in equation (44) yields 

(47) 

Based on the experimental results reported herein, a very satisfactory 
design value for 5 is unity . For this value of damping ratio, the 
following relation is obtained from equation (47): 

(48) 

As previously developed (eq. (21)), 

Thus, 

(49) 
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Substitution of equation (49) in equation (43) yields 

(50) 

Thus, by means of equation (50), the desired area-lift curve of 
the relief valve is directly given for a uniformly damped hydraulic
supply system, when the piston area, the mass coupled to the piston, 
the equivalent loading pressure, and the volumetric output of the pump 
are known. 

CONCIDDING REMARKS 

The results of this investigation of the transient response of a 
pressure-regulating relief valve in a hydraulic circuit have shown that 
the response of the valve can be adequately predicted by means of an 
equivalent passive electric network. The analysis of a typical relief 
valve by means of the equivalent network indicates that viscous damping 
is negligible and that the principal damping is derived from the flow 
resistance of the various elements of the hydraulic circuit. 

The approximations that have been made in this analysis of the 
relief valve are the same as will be required in the analysis of many 
other hydraulic devices. It appears possible, therefore, that the 
technique of electrical analogy can be established as a formal method 
of dynamic analysis of hydraulic circuits. 

Lewis Flight Propulsion Laboratory 
National Advisory Committee for Aeronautics 

Cleveland, Ohio, December 4, 1953 
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APPENDIX A 

DERIVATION OF EQUATIONS 

Equivalent linear resistance of orifice (eq. (1)). - For changes 
in flow that are small compared with the flow level, the resistance of 
an orifice may be represented by the slope of the pressure-flow rela
tion . In terms of the symbols adopted in this report, the incompressible
flow equation for an orifice is 

CAl) 

Squaring and rearranging terms yields 

(A2) 

Equation (A2), differentiated with respect to 

(A3) 

From equation (A2) , 

(A4) 

Substitution of equation (A4) in equation (A3) yields 

CA5) 

For changes in flow that are small compared with the flow level, 

(A6) 

The equivalent resistance is 

(A7 ) 
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Hence, 

(AS) 

Equivalent inductance of mass-loaded piston (eq. (21)). - The 
axial acceleration of a piston in a cylinder, with friction neglected, 
is 

x = ~ M 

The flow corresponding to piston movement is 

Equation (A10), differentiated, yields 

.. 1· 
x = Ap ~ 

Eliminating x between equations (AS) and (All) yields 

From equation (A12), 

M . 
p c: - Q 

p A 2 "p 
P 

M 
~ = ~2 

(AS) 

(AlO) 

(All) 

(Al2) 

(A13) 

E uivalent linear resistance of iston movin in c linder 
eq. 23 . - In the case of a piston moving at constant velocity through 

a cylinder, the force due to the pressure drop across the piston is in 
equilibrium with the viscous shear force developed in the annular film 
in the clearance space. 

The viscous shear force at the walls of the cylinder may be 
expressed as follows: 

(Al4) 

If the radial veloc i ty distribution in the clearance space is con
sidered to be t he same as in the case of flat plat es and if the pressure 
gradient along the axial length of the piston is assumed constant, the 
radial velocity distribution in the clearance space is 
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u = (1:... Gy - :!.) (y - h ) 
2~ h 

where y is the variable along the radius. 

A derivation of equation (AlS) is given in reference 2. 

Equation (AlS), dif ferentiated with respect to y, is 

At Y = h, equation (A16) becomes 

du Gh v 
dy = 2~ h 

(AlS) 

(Al6) 

(Al7 ) 

The shear stress is related to the radial velocity graaient by t he 
relation 

(AlS) 

Substituting equation CA17 ) in equation (AlS) yields 

(A19) 

Equation (A19 ), substituted in equation (A14) , yields the relation 
between drag and velocity 

F ~ 2"1p Cr + h) ( G2h - " ~) (A20) 

The force due to the viscous drag is in equilibrium with the force 
due to the pressure drop across the piston; hence, 

The pressure drop is related to the pressure gradient by the 
relation 

P 
G = - f 

p 

(A21) 

(A22) 
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and the fluid flow in the conduit is related to the piston velocity by 
the relation 

Q 
v = .:::£ 
~ 

(A23) 

Substituting equations (A21) , (A22), and (A23) in equation (A20) 
and rearranging the terms yields 

(A24) 

From equation (A24), the piston resistance is 

21L1l ~ (r + h) 
(A25) 

Under the conditions considered, the radial clearance h is small 
compared with the piston radius r, in which case equation (A25) reduces 
to 

(A26) 

to 
For a simple piston, Ap = 1Lr2; in this case, equation (A26) reduces 

(A27) 

Equi val ent capacitance of spring-loaded piston (eq . (24) ). - In 
the instance of a spring-loaded piston, as represented in figure 1 , the 
change in equivalent loading pressure due to the compression of the 
loadi ng spring accompanying an upward deflection of the piston is 

(A28) 

The volume swept by the piston for a deflection 6x is 
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The capacitance due to the loading spring is 

V 
C., = .....E...

li 6Ps 
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(A30) 

Substitution of equations (A2S ) and (A29 ) in equation (A30) yiel ds the 
express i on for the equivalent capac itance due to the loading spring 

(A3l) 

E uivalent inductance of li uid-filled conduit of circular cr oss 
26 - The mass of l iquid in a conduit of diameter d 

~~~=-~~~~~ 
i s 

rc 2 
4" pd 7.c 

The force due to the inductive pr essure drop is 

The axial acceler at i on of the l i quid in the conduit in terms of 
the instantaneous flow rate i s 

Equat i ng the for ce to the product of mass and acceleration yields 

(A32) 

From equation (A32 ), the equi valent inductance of a liquid-filled 
conduit is 

(A33) 

E uivalent ca acitance of li uid-filled conduit of circular cross 
27 - The relation between pressure change and volume 

~~~=-~~~~~ 

(A34) 
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The equivalent capacitance due to liquid compressibility is 

dVc 
C =c dPc 

Substitution of equation (A34) in equation (A35) yields 

27 

(A35) 

(A36) 

~ I ntr oducing the expression for the volume in a given length of 
circular cross - sectioned conduit yields the equivalent capacitance of 
such a conduit 

Differential equations for responses of equivalent networks. 
differential equations for the responses of the networks shown in 
ure 3 are derived by first deriving the equation for figure 3(c). 
circuits of figures 3(a) and (b) are then simply reduced forms of 
equation for figure 3(c). 

In the network of figure 3(c), the following relations exist: 

Qs+~+~ -%=0 

P2 = Pl - Ru% 

Combining equations (A38) and (A39) yields 

Equation (A40), substituted in equation (A42), yields 

_ RyRsPl - RyRsRu~ 
P2 - R R + RG(R + R ) 

v s v s 

(A37) 

- The 
fig 
The 

the 

(A38) 

(A39) 

(A40) 

(A4l) 

(A42) 

(A43) 
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Substituting equat i on (A43 ) in equation (A4l ) and differentiating the 
resulting equation yields 

The di ffer ential equat i on for t he response of the circuit shown in 
figure 3 (b ) is found f r om equation (A44 ) in which 

~ = 0 

and 

CL = -

Inserting these condi tions in equat i on (A44 ) yields 

(A45) 

The differ ential equation for the response of the circuit shown in 
figure 3 (a ) is found from equation (A44 ) in which 

L = 0 
P 

CL = 0 

I nserting these conditions in e quation (A44) yields 

(A46) 

Der ivat i on of basic time constant (eq. ( 20 )) .from mechanical 
considerations . - I t may be noted that in the massless, friction- free, 
and zero loading- spring-rat e cas e , the relief valve is a perfect regu
lator . That is , the regulated pressure is equal to the equivalent 
loading pressure in the trans ient as well as in steady state . In the 
transient , the instantaneous er ror in valve position is compensated for 
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by the flow due to piston motion as the valve seeks the new equilibrium 
position . Thus) in a transient that follows complete closure of the 
system throttle) the sum of the flow through the relief valve and the 
f low due to piston motion is at every instant equal to the pump output. 
Expressed as an equation) this flow equilibrium is (with a linear valve 
element assumed) 

(A47 ) 

It is readily apparent from equation (A47) that the response of 
valve position is described by an exponential) with a time constant 
given by 

T = (A48) 
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APPENDIX B 

EXPERIMENTAL APPARATUS 

Variable - element relief valve . - The relief valve used in this 
investigation is shown in the schematic drawing of figure 7. The valve 
el ement consists of a tubular projection axially concent ric with t he 
piston. The tubular valve element and its retaining cylinder are 
slotted as shown in the figure. As the piston lifts, the height of 
the rectangle formed bet ween the two sets of slots is increased. The 
width of t he slots is varied by rotation of the piston wi th respect 
to t he valve cylinder. A key prevents relative rotation after the 
p i ston angular position ha s been fixed. As shown in figure 7, a 
cant ilever spring is fastened to t he valve body and the free end 
engages a slot in the piston . Strain gages mounted on the cantilever 
pr ovide the means by which the position-recording signal is developed. 

The piston is hollowed out for minimum weight. As shown in the 
figure, nesting weights can be added to the piston. As can be seen in 
the photograph of figure 5, ther e is no housing surrounding the spring. 
The housing was omitted to preclude the possibility of inductive effects 
t hat could be introduced at the housing vent. 

The following are significant dimensions of the experimental 
r elief valve (see fig. 7) : 

Piston radius , r, in . . 

Radial piston clearance, h, in. 

Piston length, bp ' in. 

Radius of valve prOjection, in . 

Min imum weight of valve and piston plus 1/3 of weight 
of spring (case I), lb ...... . 

Tot al weight of moving parts (case II), l b 

Total weight of moving parts (case III ), lb 

Maximum valve slot width, w, in. 

Constant of loading spring, K, lb/in. 

Area of piston minus area of valve projection (effective 

0.5625 

0.0004 

0.38 

0.3125 

0.099 

0.430 

2.69 

0.8 

55 

piston area, Ap ), sq in. . . . . . . . . . . . . . . . . . . . 0.69 
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Physical properties of liquid used in tests. - The following are 
physical properties of the liquid used in these tests : 

Mass density, p, (lb)(sec2)/in. 4 .... .. . 

31 

Absolute viscos ity (at average temperature of tests), 
~, centipoise . . . . . . ... 1 

Bulk modulus, B, lb/sq in. 200,000 

Dimensional constant, D (based on 0.61 flow coefficient), 
sq in./sec~ . . . . . . . . . . . . . . . 100 

High-speed switching valve. - Figure 8 presents a schematic diagram 
of the switching valve used in this investigation. The flow to be 
t urned on or off flows in one circuit connection and out the other . 
The passage between the circuit connections is either blocked or opened 
by the position of the piston . In the diagram the piston i s shown in 
the open position. The position of the piston is controlled by a pilot 
valve. The pilot valve operates between two limits and is moved axially 
by hand . The ports of the pilot valve are so arranged that the pis ton 
is driven to either end when the pilot valve is moved to an end stop. 

At each end of the cylinder in which the piston operates, ther e 
are acceleration and deceleration chambers. The first section of these 
chambers cons ists of a section of slightly larger diameter than the pri
mary cylinder. The second section of the end chambers is an oil pocket 
to absorb the shock of the piston as it is finally decelerated. As 
shown in the diagram, the pilot valve is in a position that calls for 
movement of the piston . Liquid under pressure from an external source 
f lows, as shown by the arrows, through the pilot-valve passages and 
around t he piston through the clearance between the piston and the 
f irst section of the end chamber. Because this clearance is small, the 
piston at first moves slowly away from the end chamber. The initial 
slow movement of the piston provides ample time for the manual movement 
of the pilot valve to be completed. When the end of the piston begins 
t o open the supply port, the port area increases very rapidly with 
further movement of the piston. The piston then accelerates very r ap 
idly and reaches the equili brium velocity before the control slot is 
reached . The piston thereby moves across the slot with a very high 
velocity . After the slot has been fully opened or closed, as the case 
may be, one end of the piston begins to reduce the flow area to the 
drain port. The piston is thereby decelerated, the flow area of the 
drain port being further reduced as the piston approaches the end of 
its t ravel . After the piston has closed the flow port entirely, the 
remaining momentum is dissipated in the end chamber. 
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In the device used in this investigation, the equilibrium piston 
velocity at a supply pressure of 1000 pounds per square inch, calculated 
f rom the flow through the valve port, was 300 inches per second. The 
slot width was 0.03 inch. The total time for traversing the slot was 
then 10-4 second. Some direct measurements of the piston velocity were 
made by coupling the armature of a differential transformer to the pis
ton and recording the movement on an oscilloscope. These measurements 
verified the velocity calculated from the flow relation. 
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APPENDIX C 

EXPERIMENTAL CONSTANTS 

Evaluat ion of Equivalent Linear-Network Constants 

Inter nal resistance of pumps u s ed in tests . - The steady- s t ate 
pressure - f l ow calibration curves of the pumps used i n this investigation 
are shown in figure 9 . The values of res i stance, determined from the 
slopes of the straight line drawn through the data points, are noted on 
the figure . The linear characteristic of the pressure - flow calibrations 
is quite pronounced. The larger pump, pump A, shows a resistance of 200 
pounds per second per inch5 at 1750 rpm and 250 pounds per second per 
inch5 at 3500 rpm. Pump A used gears of 14 teeth . The ripple frequency 
was therefore 408 cycles per second at 1750 rpm and 816 cycl es per second 
at 3500 rpm . The smaller pump, pump B, was used at only one speed, 2000 
rpm. At this speed, pump B showed a resistance of 250 pounds per second 
per inch5 and a ripple frequency of 466 cycles per second. 

Piston resistance . - I n terms of the units listed under SYMBOLS, 
equation (A26) is 

- 7 "7 
9 .1 ><:LO ~ "pr 

11> = 
~h(~ + 1thr) 

I nserting the dimensions listed in appendix B yields 

Ca acitance of s 
listed in appendix B in 

= 2. 8 xIO - 4 (lb )(sec ) 
. 5 
In. 

. 5 
- 6 In. 

C 7, = 8600 ><:LO Ib 

the dimensions 

Piston inductance. - In terms of the units listed under SYMBOLS, 

W 
M = 386 

For ~ = 0.69, the piston inductance is then (from eq . (A13)) 

W 
184 

Clb )(sec2 ) 

in . 5 
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Relief-valve resistance. - In the course of the test , the loading 
spring was always adjusted to a value of regulated pressure of 100 pounds 
per s quare inch. From equat ion (2), the relief-valve resistance at each 
tes t point is therefore 

200 
Rv = 0---- (C3 ) 

"'V,ss 

Relief-val ve capacitance. - Inserting the dimensions listed in 
appendix B in equation (13) yields ~ 

= 3. 45 ~zss X10-6 lb 
w in .5 

(C4) 

Throttl e resist ance . - In the manner in which these tests were run, 
the system flow was in one case i nitially zero and in the second case 
was cut off from some initial level. In the first case, the resistance 
is defined by equation (23 ) which, based on Ps = 100, yields 

100 

Q,s,s s 

In t he runs in which the system flow was cut off, 

(C5) 

(C6) 

Sample calculations. - Run 17a is us ed i n the s ample calculat i on . 
The experimental r esponse f or run 17a is s hown in figur e 6(a). From 
table II, the test condit i ons fo r r un 17a a r e 

Valve width, w, in . 

Weight , W, lb . 

Flow from pump , ~, cu in ./sec 

I nternal pump res i stance, RG, (l b )( sec)jin. 5 

Equivalent loading pressure , Ps ' lb/sq in . 

I nitial system flOW, Q,s 1 . . . . . , 

.0 .4 

2.69 

35 

200 

100 

. 0 

F inal system f l ow, Q,s 2' cu i n ./sec , .. .. . ........... 14 

t() 
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The piston inductance is (from eq . (C 2» 

2.69 6 (lb )(sec2 ) 
h_ = 184 = 14,600xlO-
---p in~ 

The equilibrium flow through the relief valve at the end of transient 
is 

o = 0_ - Qs.2 "'V,ss u , 

Hence, 

o = 35 - 14 = 21 cu in.jsec "'V,ss 

The equivalent capacitance of the relief valve is (from eq . (C4») 

Combining the valve capacitance with the capacitance due to the 
loading spring yields 

C = 
181 x8600 XlO -12 

(181 + 8600)xlO - 6 

From equation (C5») the system resistance is 

100 
Rs = 14 = 7.15 

From equation (C3), the relief-valve resistance is 

200 
Rv = 21 = 9.52 

By employing equation (30) , the damping ratio for run 17a is 

1 
0=-

2 
177xlO-

6 
( 7 .15 x 9 . 52 x 200 + 2.8XlO-4\ = 0.22 

14600 XlO-6 9.52 x 7.15 + 200(9.52 + 7 .15)) 
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Equation (36), solved for the ratio of the first peak value to the 
equilibrium value , is 

For 5 = 0.22, 

tsx. 
tsx.

f 
= 1. 50 

From equation (36), the frequency of oscillation is 

And, by introducing equation (29), 

Thus, 

1 
fn = 2n 

(.l) = n 

1 - (0.22)2 
I--------=-:,---.,;,..---~ = 94 cps 
14600 x 10-6 

x 177 x 10-6 

Connecting-Line Effects 

Inductance and capacitance of connecting lines. - The connecting 
lines, the inductance and capacitance of which affect t he response of 
the experimental circuit, are: the line connecting the gear pump to 
the relief valve and the line connecting the relief valve to the high
speed swit ching valve (see fig. 4). The lines had the following 
dimensions : 

1 . Line from gear pump to relief valve : diameter, 0 . 61 inch; 
length, 20 inches . . 

2. Line from relief valve to switching valve: diameter, 0 .61 inch; 
length, 10 inches . 
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Inserting the liquid density given in appendix B in equation (A33) 
yields for the line inductance 

37 

(C7 ) 

Thus, 

and 

For a bulk modulus of 200,000 pounds per square inch, the line capaci
tance is (from eq. (A37)) 

(ca) 

Thus, 

and 

Evaluation of connecting-line constants. - The equivalent linear 
circuit of the relief-valve circuit into which has been added a lumped 
approximation of the inductance and capacitance of the connecting lines 
is presented in figure 10. As shown in the figure, the i nductances 
Lc 1 and Lc 2 are each in series with a resistance. The capacitances , , 
C 1 and C 2 have been so placed in this approximation that they c, c z 
can be treated as a single capacitance equal to the sum Cc 1 + Cc 2' , , 

The effect of either Lc 1 or Lc 2 depends on the value of the 
resistance in series. High ~lues of the series resistance reduce the 
significance of the inductance. The effect of the inductance can be 
evaluated by examination of the ratio L/R. Thus, by definition, 
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and 

L 
~ TZ = R sec (C10) 

s 

The values of Tl and TZ for the runs included in this investi
gation are presented in t abl e III. The values of Tl and TZ are i n 
all cases small compared with the response time of the relief valve. 

I:f the time constants Tl and TZ are considered negligible , 

Lc,l and Lc,Z may be consider ed to be zero in the Circuit of figure 
10, in which case the response in terms of the condenser current is 
given by the following equation: 

(ell ) 

where 

(C1Z) 

and 5 and illo are t he parameters of the s econd-order c ircuit of fig
ure 3 ( c ). 

I f T3 is smal l compared with l / illo and if 5 is of the order 
of unity , the solution to equation (ell ) is essentially given by equa
t ions (31 ) and (3Z ) plus a dead time equal to T3 . Values of T3 are 
presented in table III. It can be noted that the dead time T3 or even 
a dead time equal to the sum (Tl + TZ + T3 ) would not materially alter 
t he correlation between calculated and measured response characteristics 
presented in table III. 

Summary of Experimental Constants 

The constants employed i n this i nvestigation for the application of 
electric - circuit analys is to the relief -valve c ircuit are summarized in 
figure 11 . 
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TABLE 1. - COMPARISON OF MEASURED AND CALCULATED TlW1SIENT RESPONSES OF PRESSURE -REGULATING RELIEF VALVE 

Run Calculated Nature of mea.sured response Damped natural frequency , Overshoot ratio , Time to 63 percent 
damping ratio , fn ' cps 6x./6x.f of final value , sec 

Ii 
Calculated Measured Calculated Measured Calculated Measured 

la 1.14 Overdemped 0 .0007 0 .0018 
Ib 1.2!J Overdamped . OOOS .0012 
2a 1.03 Overdemped .0006 .0019 
2b 1.28 Overdemped .0008 .0012 
3a .83 Overdamped .0031 

3b 1.28 Overdemped . 0008 .0012 
4a .55 Underdamped 203 60 1.19 1.40 
4b . 62 Underdemped 184 94 1.14 1.19 
Sa .49 Underdamped 220 94 1.23 1.25 
Sb . 62 Underdamped 184 100 1.15 1.10 

6n . 40 Underdamped 255 115 1.32 1.23 
61> . 62 Underdamped ( incomplete record) 184 100 
7a . 22 Continued limited oscillation 95 67 
7b . 25 Continued limited oscillation 91 64 
8a . 20 Continued limited oscillation 99 68 

8b . 25 Continued limited oscillation 91 77 
9a .16 Continued limited oscillation 110 73 
9b . 25 Continued limited oscillation 91 77 

lOa 1. 76 Overdamped .001 .0047 
lOb 2 .04 Overdamped .002 .0037 

lla 1.53 Overdemped .001 .0042 
llb 2 .. 04 Over damped .002 .0019 
12e. . 85 Under damped 107 92 1.04 1.27 
12b . 98 Underdamped 38 92 1.01 1.26 
13e. . 73 Underdamped 147 114 1.03 1.25 

13b . 98 Underdamped 38 114 1.00 1.20 
He. .55 Under damped 207 112 1.13 1.09 
14b .98 Underdamped 38 114 1.00 1.26 
15 .. . 34 Underdamped 76 62 1.32 1.26 
lSb .39 Underdamped 71 54 1.26 1.38 

16a . 22 Underdamped 80 52 1.39 1.59 
16b .39 Underdemped 69 60 1.27 1.56 
17 .. . 22 Underdamped 94 53 1.50 1.46 
17b .39 Underdamped 69 61 1.27 1.66 
18a 6 .96 Overdemped (incomplete record) 

18b 8.47 Overdemped (incomplete record) 
19e. 5 . 73 Overdamped .003 .010 
19b 8 .47 Over damped . 006 .009 
20e. 3 . 71 Overdamped .002 .012 
20b 8 .47 Overdemped .006 .010 

21a 3 .34 Overdamped .005 .010 
21b 4 .07 Overdamped .006 .010 
22a 2 . 75 Overdemped . 003 .008 
22b 4 .07 Overdemped .006 . . 008 
23a 1. 78 Overdemped .002 .008 

23b 4 .07 Overdamped .006 .009 
24a 1.34 Overdemped .005 .011 
24b 1.63 Overdemped .006 .014 
25a 1.10 Overdemped .004 .011 
2Sb 1.63 Overdemped .007 .009 
26e. . 71 Underdamped 91 61 1.04 1.17 
26b 1.63 Underdemped 
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Run Valve width, 
w, 

sq in./in . 

la O.S 
lb 
2a 
2b 
3a 

3b 
4a 
4b 
5a 
5b 

6a 
6b 
7a 
7b 
Sa 

Sb 
9a 
9b . S 

lOa 
lOb 

lla 
llb 
12a 
12b 
13a 

13b 
14a 
14b 
15a 
15b 

16a 
16b 
17a 
17b .4 
18a .1 

18b 
19a 
19b 
20a 
20b 

21a 
21b 
22a 
22b 
23a 

23b 
24a 
24b 
25a 
25b 
26a 
26b .1 

Weight, 
W, 
lb 

0.099 

I 
. 099 
.430 

j 
.430 

2.69 

,1 
.099 

r 
.099 
.430 

I 
. 430 

2.69 

I 
2 . 69 

.099 

! 
.099 

.430 

I 
.430 

2.69 

I 
2.69 
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TABLE II. - TEST CONDITIONS 

Flow from pump, Internal pump Equivalent Initial Final 

%, resistance , loading pressure system system 

cu in ./sec RG, Fs ' flow, flow, 

( lb )( sec )/in. 
5 

lb/sq in. Qs,l Qs,2 

cu in./sec cu in./sec 

47 250 100 0 3 . 5 
3.5 0 
0 7 
7 0 
0 14 

14 0 
0 3 . 5 
3 . 5 0 
0 7 
7 0 

0 14 
14 0 

0 3.5 
3.5 0 
0 7 

7 0 
0 14 

47 250 14 0 
35 200 0 3.5 

3 . 5 0 

0 7 
7 0 
0 3.5 
3 . 5 0 
0 7 

7 0 
0 14 

14 0 
0 3.5 
3.5 0 

0 7 
7 0 
0 14 

35 200 14 0 
7 250 0 1 

1 0 
0 2 
2 0 
0 4 
4 0 

0 ~ 

1 0 
0 2 
Z 0 
0 4 

4 0 
0 1 
1 0 
0 2 
2 0 
0 4 

7 250 100 4 0 
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TABLE III . - CONNECTll'i"G - LINE TIME CONSTAnTS 

Run Internal pump System- throttle Relief - valve Time constants !l'1+T2+T3 
resistance, resistance , resistance , 

RG, Rs ' Rv ' T1 , T2, T3' 

(lb )( sec )/ in~ ( lb )( sec )/in~ ( lb) ( sec )/in~ sec sec sec 

1a 250 28.6 4.60 0 .00002 0 .00009 0.00017 0.00028 
1b 250 a 4.26 .00002 0 . 00018 .00020 
2a 250 14 .3 5.00 . 00002 .00018 . 00016 .00036 
2b 250 ~ 4 .26 .00002 0 .00018 .00020 
3a 250 7 . 25 6. 06 .00002 . 00036 .00014 .00052 

3b 250 ~ 4.26 .00002 0 .00018 .00020 
4a 250 28.6 4 .60 .00002 .00009 .00017 . 00028 
4b 250 ~ 4.26 .00002 0 .00018 .00020 
5a 250 14.3 5 . 00 .00002 .00018 .00016 .00036 
5b 250 - 4 .26 .00002 0 .00018 .00020 

6a 250 7.25 6 .06 .00002 .00036 .00014 .00052 
6b 250 - 4 . 26 .00002 0 .00018 .00020 
7a 250 28 .6 4 .60 .00002 .00009 . 00017 .00028 
7b 250 ~ 4.26 .00002 0 .00018 .00020 
8a 250 14 .3 5.00 .00002 .00018 .00016 . 00036 

8b 250 - 4 . 26 .00002 0 .00018 . 0002Q 
9a 250 7 . 25 6 .06 .00002 .00036 .00014 .00052 
9b 250 - 4 .26 .00003 0 .00018 . 00021 

lOa 200 28 .6 6 . 35 .00003 .00009 .00022 . 00034 
lOb 200 - 5 . .11 .00003 0 . 00024 . 00027 

11a 200 14 .3 7.14 .00003 .00018 . 00020 .00041 
11b 200 - 5.71 .00003 0 .00024 .00027 
12a 200 28.6 6 . 35 .00003 . 00009 .00022 .00034 
12b 200 - 5.71 .00003 0 .00024 .00027 
13a 200 14 . 3 7 .14 .00003 .00018 .00020 .00041 

13b 200 - 5 . 71 .00003 0 . 00024 .00027 
14a 200 7 .25 9 . 52 .00003 .00036 .00017 .00056 
14b 200 - 5 . 71 .00003 0 .00024 .00027 
15a 200 28 .6 6.35 .00003 .00009 .00022 .00034 
15b 200 - 5.71 . 00003 0 .00024 .00027 

16a 200 14 .3 7 .14 .00003 . 00018 . 00020 .00041 
16b 200 - 5 . 71 .00003 0 .00024 .00027 
17a 200 7 . 25 9 . 52 .00003 .00036 .00017 . 00056 
17b 200 - 5 . 71 .00003 0 .00024 . 00027 
18a 250 100 33 . 3 .00002 .00003 .0010 . 00110 

18b 250 - 28 . 6 .00002 0 .0011 .00110 
19a 250 50 40 .0 .00002 . 00005 .0009 .0010 
19b 250 - 28 . 6 .00002 0 .0011 .0011 
20a 250 25 66 . 7 .00002 .00010 . 0007 .001 
20b 250 - 28 . 6 .00002 0 . 0011 .0011 

21a 250 100 33 . 3 .00002 .00003 .0010 .0011 
21b 250 - 28 . 6 .00002 0 .0011 . 0011 
22a 250 50 40 .0 .00002 .00005 .0009 .0011 
22b 250 - 28 . 6 . 00002 0 .0011 .0011 
23a 250 25 66 . 7 .00002 .00010 .0007 . 001 

23b 250 ~ 28 . 6 .00002 0 .0011 . 0011 
24a 250 100 33 . 3 .00002 . 00003 .0010 .0011 
24b 250 - 28 . 6 . 00002 0 .0011 .0011 
25a 250 50 40 .0 .00002 .00005 .0009 .0010 
25b 250 - 28 .6 .00002 0 .0011 . 0011 
26a 250 25 66 . 7 .00002 .00010 .0007 .0010 
26b 250 - 28 . 6 . 00002 0 .0011 .0011 
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~lY tank. 

------
-- -- ----

\Posit ive - ;-Relief valve --
-- displacement -/Sy --

l-- pump 
~ -\ 1/ 

stem throttle 

/" 
t ~ 

---
Figure 1 . - Schematic d iagram of basic hydraulic circuit incorporating 

positive - displacement pump and relief valve . 

Loading 
spring 

Cylinder 

Figure 2 . - Schematic drawing of rressurp 
r egulating relief valve . 
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(a ) Basic circuit. 

R s 

R v 

(b ) Cir cuit including effect of valve mass . 

RG P2 

%-
R Qv s 

* 

NACA TN 3102 

~~ 
I ev 

C 7, 

(c ) Circuit i ncluding effects of valve mass, viscous friction , and 
l oading spr ing. 

Figure 3 . - Equivalent linear networks for hydr aulic circui t incorporating 
posit i ve -displacement pump and relief valve . 
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Figure 4 . - Schematic diagram of hydraulic circuit used in study of transient 
response of r elief valves . 
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ACCUIn'.llator for 
bydra~11c switcb 

NACA TN 3102 

Figure 5 . - Experimental setup f or measuring transient r esponse of bydraulic relief 
valves . 
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Time - ~ 

I 
0 . 01 Second 

(a) Underdamped case with low distortion. 

47 

I C- 34350 I 

Figure 6 . - Typica l recorded transient responses of pressure- regulating relief valve . 
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V-Pressure trace 

h / 

r-- ,... ~ 

~ 
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~ 

Ti me ~ 

0 . 01 Second 

M 
"Positi on trace 

V I C- 34351 I 

(b ) Underdamped case with high distortion . 

Figure 6 . - Continued . Typica l recorded t r ans i ent responses of pr essure
r egul ating r elief valve . 
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Position trace~ 

Pressure trace jT 

Time ~ 
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1 C- 34352! 

( c) Overdamped case with some distortion . 

Figure 6 . - Concluded . Typical recorded transient responses of 
pr essure- regula ting relief va Ive . 
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We i ght 

Valve width 

NACA TN 3102 

St rain- gage cantilever 
(valve -pos i tion recording ) 

Figure 7 . - Schematic drawing of variable - element relief valve used 
in experimental investigation of transient response of hydraulic 
relief valves . 
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Circuit connection 

Figure 8 . - Schematic drawing of hydraulic switching valve . 
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(a ) Pump A; 1 750 rpm; 
inter nal pump res i s 
tance RG) 200 pounds 

per second per i nch5 . 

Pump flow) cu in . / s ec 

(b ) Pump A; 3500 rpm; 
i nter nal pump r esis 
tance RG) 250 pounds 

per second per inch5 . 

(c ) Pump B; 2000 rpm; internal 
pump r es i stance RG) 250 pounds 

per s econd per i nch5 . 

Figure 9 . - Internal resistance characteristics of gear pumps used in study of t r ansient r espon se 
of relief val ves . Li quid properties : specific gr avity) 0 .8; absolute viscosity) 1 centipois e . 
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p 

Figure 10 . - Equivalent linear network for hydraulic circuit incor
porating positive - displacement pump and relief valve, with 
connecting- line effects approximated by lumped constants . 
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Parameter Expression 

Piston resistance , ~, (lb) (sec )/in. 5 7 . 38 ><10 - 7 ~7,p 

d3h 

System resistance , Rs ' (lb )( sec )/in . 5 
2Ps 
Qs 

Valve r esistance , Rv ' ( l b )( sec )/in . 5 2Ps 

~ 

Piston inductance, Lp ' (lb ) (sec2 )/in . 5 W 

38~2 

Capacitance due to loading spring, ~ 
K 

C7" in . 5/ 1b 

Valve capacitance, Cv ' in . 5/1b 
Ap~ 

200wP s 37 2 

~ 1 RJRsRG ~ CVOl Damping ratio, 5 
2 + 

RJ's + RQ(R.+Rs) \ L,(C,.o , ) 

Figure 11. - Summary of constants for determinat ion of probable stab i lity of 
pressure- regulating r elief valve. 
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