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NATIONAL ADVISORY CONMITTEE FOR AERONAUTICS 

TECHNICAL NOTE 2895 

- - - - -EFFECT- OF -V-ARIABLE V-ISCOSITY AND TRERMAE CO1DUCTIVITYON' -- - 	 - 

HIGH-SPEED SLIP FLOW BETWEEN CONCENTRIC CYLINDERS 

By T. C. Lin and R. E. Street 

IJiIl1 

Schamberg was the first to solve the differential equations of 
slip flow, including 'the Burnett terms, for concentric circular cylin-
ders assuming constant coefficients of viscosity and thermal conduc-
tivity. The problem is solved for variable coefficients . of viscosity 
and thermal conductivity in this paper by applying a transformation 
which leads to an iteration method. Starting with the solution for 
constant coefficients, this method enables one to approximate the solu-
tion for variable coefficients very closely after one or two steps. 
Satisfactory results are shown to follow from Schamberg's solution by 
using his values of the constant coefficients multiplied by a constant 
factor , leading to what are denoted as the effective coefficients 
of viscosity and thermal conductivity.. 

INTRODUCTION 

The fact that a gas is not a continuum but actually a, collection 
of molecules in rapid but random motion has begun to have more and more 
importance in the aerodynamics of high-speed flow. This Is due to the 
expectation that flow through wind tunnels at low pressure or flight 
at extremely high altitudes will not be amenable to analysis using 
classical fluid dynamics. When the mean free path of the molecules Z 
is negligible compared with the macroscopic dimension L, which may 
be wing chord, tunnel diameter, and so forth, the classical picture 
should hold as the molecules are so tightly packed together the gas 
behaves just like a mathematical continuum. Defining the ratio ilL 
as the Knudsen number Kn, it is a measure of the degree .of gas rare-
faction. In terms of the better known parameters Reynolds number Re 
and Mach number M, the Knudsen number is proportional to M/Re. 
Hence,, lthough not a new parameter, it is a convenient one to use 
when 1,. degree of rarefaction of the gas is of interest. 

Gas dynamics is simply the ordinary continuous-flow regime or 
Clausius gas regime for which the ordinary Navier-Stokes equations 
together with the condition of no slip on the boundaries are valid,
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and the Knudsen number is extremely small. If the gas becomes more rare-
fied and the Knudsen number increases, the effect of slip along the 
boundaries becomes noticeable, although the Navier-Stokes equations 
remain valid so long as the Mach number remains small. This phenomenon 
has been known for over 75 years and has been the subject of an exten-
sive study by physicists. Tsien (reference 1) has suimnarized this work 
very well. During this same period of time the solution of Boltzmann's 
integral equation by Enskog and Chapman, along lines laid down by 
Hubert, has led to the distribution function for a nonuniform gas as 
an expansion in powers of the Knudsen number: This approach yields the 
equations of flow in successive orders of approximation, the first 
order being the Navier-Stokes equations, the second order, the Burnett 
equations, and so forth. The third-order approximation has never 
been carried out and the expected complexity of the result does not seem 
to make the attempt worth while, especially as the restrictions on the 
properties of the gas itself are not strictly valid. Chapman and Cowling 
(reference 2) have presented this theory in their well-known treatise. 

Tsien (reference 1) presented the Burnett equations of motion and 
pointed out that unless the product Mach number times Knudsen num-
ber (MKn) was significant any problem in flow could be theoretically 
solved using the Navier-Stokes equations. The question of the proper 
boundary conditions when the higher-order Burnett terms are included was 
raised byTsien but not answered until 2 years later when Schamberg, one 
of Tsién's students, showed in his doctor t s thesis (reference 3) that 
the number of boundary conditions required for the Burnett equations is 
the same as for the Navier-Stokes equations.' While being the same in 
number, the Schamberg boundary conditions are considerably more complex, 
being also expansions in powers of the Knudsen number. The first approxi-
mations for the slip velocity and temperature jump remain essentially the 
same as those used by the physicists in their treatnientof low-speed slip 
flows (reference 1i-, ch. 8). The second approximation which is required 
when .used in conjunction with the Burnett equations for high-speed flows 
is new and, like the Burnett terms, of considerable complexity. 

The Burnett equations and the Schamberg boundary conditions apply 
to the domain of high-speed slip flow that the aerodynainicist expects 
to enter first when he leaves the domain of classical gas dynamics. 
Their great complexity discourages expectation of a theoretical solu-
tion of any practically important problem. Hence, the solution of any 
problem, even trivial so far as flows go, is difficult, but if the 
problem can be set up experimentally, the attempt would seem worth while. 
in order to determine the validity of the expansions in powers ofKnudsen 
number and a possible delineation of the dividing line between 
dynamics and slip flow. 

he correctness of . Schamberg' s boundary conditions is not universally 
accepted, but they are the only ones proposed so far.
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Experimental results have now been obtained for flow past spheres 
(reference 5) and transverse flow past circular cylinders (reference 6) 

- --f- - both- -o-f---w.hich.-are-a-lmost-insurmountable_theoreticaj -problems-.---S chamberg - - 
(reference 3) solved the plane Couette flow problem and the problem of 
the simple rotation between two coaxial cylinders. In order to linearize 
his equations he assumed that the coefficient of viscosity and the coef-
ficient of heat conduction of the gas were absolute constants. Lin 
(reference 7) removed the restriction of constant values of these coef-
ficients and recalculated the plane Couette flow for a perfect gas with 
constant specific heats and constant Prandtl number but with the coef-
ficients of viscosity and heat conduction varying-as a constant power 
of the absolute temperature. The present investigation does the same 
for the flow between coaxial cylinders. In contrast with the plane 
Couette flow problem the flow between two coaxial cylinders rotating 
relative to each other seems of more than academic interest, since an 
experimental check is quite possible and no dOubt will be performed in 
the near future. 

The problem is set up in its general form assuming only that the 
Burnett equations and Schamberg boundary conditions are valid and the 
f low is steady and stable. Thus the streamlines are circles and only 
the flow in a single plane normal to the cylindric axis need be con-
sidered. Whether such a flow can be stable at high rotary speeds is 
outside the domain of the me-thod id:he.,, A consideration of the 
starir€y criteria based upon the Navier-Stokes equations with slip at 
the boundary is to be found in reference 8. While special laws of 
dependence of. the gas properties are assumed, the method is theoreti-
cally possible for, other laws as well as for variable specific heats 
and Prandtl number. 

This investigation was carried out at the University of Washington 
under the sponsorship and with the financial assistance of the National 
Advisory Committee for Aeronautics. 

FUNDA . TAL EQUATIONS AND EXPRS IONS FOR STRFZS 

TENSOR AND HEAT-FLUX VECTOR 

It is convenient to start from the general equations of the mean 
motion of a fluid all of whose physical properties vary; in Cartesian 
tensor notation these equations are (reference 2, 7, or 9): 

The continuity equation: 

Dp 
— + p —=O	 (1) 
Dt	 xi	 *
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The momentum equation:

(2) 

The energy equation:

BE	 q1 
P__+Pjj.-+_---=O	 (3) 

where p and E are, 
per unit mass; x1 is 

u, F1 , and	 are, 

the fluid mean motion, 
flux vector in the 

sure tensor; and

respectively, the density and the internal energy 
the Cartesian coordinate in the physical space; 

respectively, the components of the velocity of 

the external force per unit mass, and the heat-
direction;	 is the component of the pres-

mi+ u .A. 	 (1i) 
Dt	 t 

is the comoving time derivative or time derivative following the motion 
as in hydrodynamics. (See appendix A for definitions of all symbols..) 
The summation convention, summing over repeated subscripts, is used. 

These general equations can be derived directly from Maxwell' s 
equation of transfer by making use of the properties of the sunimational 
invariants for molecular encounters without determining the form of the 
molecular-velocity-distribution function. The more convenient Cartesian 
tensor notation is used rather than the vector-dyadic notation preferred 
by Chapman and Cowling (reference 2, pp . 51 and 52). 

	

In terns of the stress tensor 	 which is defined by 

Plj = P6ij + T1	 (5) 

(p being the hydrostatic pressure and 5jj, the unit tensor), the 

momentum equation, equation (2), and the energy equation, equation'(3), 
take the following forms, respectively:
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Du1	
____ P--PFi+----+	 =0 

DE 
p— + p__ + Tij-_+__=O 

On using the continuity equation, equation (1), and the first law 
of thermodynamics

	

dQ=dE+d()	 (8) 

together with the definitions dS = dQ/T and II = E + p/p, Q, S, and 
H being the heat received, the entropy, and the enthalpy per unit mass 
of the gas, respectively, it is easy to show that 

DE	 i	 DII Dp P+p—=pT--=p---_	 (9) 

and energy equation (7) becomes

q1
(10) Dt	 13	 x. 

3	 1 
or

(ii) 

Adding to equation (ii) the product of U1 and equation (6) and 
considering that Tjj is a symmetrical tensor, another form of the 
energy equatiOn is obtained 

D p	 (H +	 uiuj) - pu1F1 -	 +	 + -__(T ijUj) = 0	 (12)

5 

(6) 

(7)
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Equations (3), (7), (10), and (ii) are the most familiar forms of the 
energy equation. Neglecting terms containing the external force F1 
and setting H equal to cDT, equations (6) and (12) yield the general 
momentum and energy equations given by Tsien (reference 1) and used by. 
Schaniberg (reference 3). The sign of being the same as that used 

by Tsien and Schamberg, is opposite to the usual convention. 

It is only through the expressions for the stress tensor T ij and 
the heat-flux vector q1 that the above momentum and energy equations 
depend on the form of the molecular-velocity-distribution function. 
Let	 and q. denote the rth-order approximations to the stress nj	 ri 
tensor T1 and the heat-flux vector q , respectively, and write 

r
(n) 

rTij =

	

	 (13)
n=0 

and

(lu) 

where T1(n) and q1(n) are the nth-order orrections to OTij 

and 0q., respectively. Then the first-order approximation to the 
molecular-velocity-distribution function, that is, the Maxwellian dis-
tribution, gives (reference 2, pp. 112, 122, and 123) 

OTij = T1 ° = 0	 (15) 

and

0q = q(0) = 0	 (16)
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which, together with equations (6) and (7), yield the Eulerian equation 
of motion

Du1 

	

p.-- pF1+—=Q	 (i') 
ox1 

and the corresponding energy equation 

DE	 u1
(18) 

The second-order approximation , to the molecular-velocity_distribution 
function gives (reference 2, pp. 112, 122, and 123) 

(1)	 u. 
lT ij	 Tij	 = -2L	 (19) 

and

= q.(1) = _ X.;1	 (20) 

where	 and X are the coefficients of viscosity and thermal conduc-

tivity, respectively, and

	

	 is the nondivergent symmetrical tensor 
xj 

ui 
associated with the tensor •-, that is, 

Xj - 2	 dxi) 3 

In general, any tensor A 1 with a bar over it has the following' 

meaning (reference 1)

ij	 + A ) _ .	 (21)
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Substituting equations (19) and (20) into equations (6) and (7) 
yields the conventional Navier-Stokes equations 

	

p	 - pF. + 
Dt	 1 

and. the corresponding energy equati 

	

DE	 ui
p + p -

( u.\ 
- 2—(t---)=0	 (22) 

Xj\ Xj/ 

)fl of viscous flow

(23) 
Xj	 Xj \ X1/ 

From the definition of the nondivergent symmetrical tensor, equation (21), 

(
x)

=	 A.. 
2

(.L

x)
-	 A.. 1L _i.\ 

3	 x)
+ 2; -- 

2	 Xjt 
11.1	 ---- 

x\

and

uj - ui ui 

xj	 Xj Xj 

	

1[7Ul	 \\2 + (u2	
U3\2 + (u3	

ul\\i + 
3 [\ xi	 2)	 X2	 X3) \X3	 Xl)J 

	

1 17Ul	

)2 +

	
+	

+ (	

+ U2\21 

+ X 1	 X1	 2J	 X2	
0 

Making use of these relations, it is readily seen that equations (22) 
and (23) check with the momentum and energy equations of viscous flow 
(reference 10). In the present notation the dissipation function is 
simply	 -

= 2i-------= 2i-------

	

ui s;:;;	 u1 u1	
(2i-) 

	

cx	 axj axj 

which is always positive and unaffected in form by the fact that the 
coefficient of viscosity t is a variable. 
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The third-order correction to the molecular-velocjty_cjistributjon 
function, as given by Burnett (reference 2 or ii), yields °the second-

-

	

	 oiei ör	 foxi to th strestënOràrjjd theThet-fl	 C1O fOr bOh 
spherical and Maxwell molecules. These corrections are accurate to terms 
of order (i/p) 2. In Cartesian tensor notation they are (references 1, 
3, and 7)2 

T..(2) = K 

	

:ij	 1	 XkXj 

3 cir

lp\	 uku 

- 

K	 T +

2— — I +
Xk XJ 

K5	 2	 6	 (25) 

	

(2)_s	 2ujT q

T	 + 2 —i e	 2	

(	

U.	 + 

	

2	 Xj)	 xi xj 

(e3^ei+e ETj (26) 

2The last term within the brackets in equation (25) differs from 
the one given in the references quoted. The correct form for the Burnett 
terms has been given in reference 9. This error was pointed out to the 
authors by Prof. S. A. Schaaf and confirmed by Prof. C. A. Truesdell and 
Mrs. C. S. Wang Chang.
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The K's and 0's are pure cdnstants. Their correct values are given 
below (referejices 7 and 9): 

Maxwell molecules	 Rigid elastic ' spherical molecules 

(7 Tdi\	 K _4(7 Tdt\io14 K1_-)	 ' l\) 

K2 =2	 K2=2x1.Ol1 

1(3 = 3
(27)
	 K3=3x0.806	

.(28) 

K4 = 0
	 1(4 = .0.681 

=3x0.806-0.990 

K6=8
.	 j K6=8x0.928 

- 15(7	 T - 15(7	 T di 
4\2	 .idT) 4\2	 dT 

02 = 02 =	 X 1.035 

= -3 03 = -3 x 1.030 
(29) (30) 

04=3x0.806 

= 3(4+ ' 0 = 3(x 0.918+	 0.806)-

0.150 

It is noted that the values of 02 and	 0	 for Maxwellian molecules 
given above are different from those given 'by Chapman (reference 2, 
pp. 267 to 270 ) .	 These corrections together with the values of	 0	 for 
rigid elastic spherical molecules are due toWang Chang and Uhienbeck 
(reference 9).	 For ordinary gases (T/i)(d.i/dT) has a value lying
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between 1/2 and 1. It follows from the cOrrected expression for 05 
given above that all the coefficients 	 and	 are less than ii7/1l 

	

- fnseáof/ 5 give	 Chapman and Cowling (reference 2, p. 270). 

With the expressions for the stress tensor and the heat-flux vector 
accurate to the second order, the momentum and energy equations, equa-
tions (6) and (7), become 

	

- pF +
	

- 2 i(	 )+ _T(2) = 0	 (31) 

p	
•- 2i
	

-	
+ T(2)	 q(2) = 0 (32) 

where T (2) and q.(2) are given by equations ( 25) and (26), respec-

tively. Equations (31) and (32) are the momentum and energy equations 
for slip flow and they reduce to the Navier-Stokes equations and th 

corresponding energy equation on neglecting terms containing 
and q.(2) 

From equations ( 19), (20), ( 25), and (26) it is seen that the ratio 

of a typical term of T (2) to	 or q•(2) to 1q1 has the same 

order of magnitude as either .tU/pL or L 2U/XITL, where U and L are 
the characteristic velocity and length of the flow, respectively. Making 
use of the relations

Ry-1	
(33) 

and

a2 = yRT	 (3)4.) 

where B is the gas constant, c, the specific heat at constant pres-

sure, y, the ratio of the specific heats, and a, the adiabatic speed
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of sound, together with the definitions that the Reynolds number 
Re = pUL/ti, Mach number M = U/a, and the Prandtl number Pr = cpL/, 
it follows that

____ = (y - l)Pr M2/Re	 (35)
XpTL 

From equation (31i.) and the perfect-gas 1_ 

p =RpT	 (36)

it also follows that

	

= yM/Re	 (37)
pL 

From the kinetic theory of gases (reference ii. , pp . 50 and i17) 

=	 2/8	 (38) 

and

	

= Oi99 p Z 	 (39) 

where	 is the mean molecular speed and 1 is the mean free path of 
the gas. From equations (38) and (39) 

/1	 l/2 

	

z = _______	 = l.2567	 /ap	 (4o)
0.998 ap 

Hence the Knudsen number is 

Kn = l/L = 1.25672 M/Re	 i) 

Substituting equation ( 1i-l) into equations (37) and (35), 

= 0.796y/2 M Kn 
pL 

____ = 
0.796(721)Pr M Kn	 (13) XpTL
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For ordinary gases the Prandtl number is approximately unity and 
^; therefore p.U/pL and 2u/XpTL have the same order of mag-

nitude as M Kn. Since the rarefaction of the gas increases with the 
Knudsen number, it is evident that for the high-speed flow of a rare-
fied gas the second-order terms 	 1.(2) and q1(2) of the stresses 
and the heat flux become relatively important. For y = i.400 and 
Pr = 0.750, it follows from equations (41), (42), and (43) that 
Kn = 1.486M/Re, p.U/pL = 0.9I1.OM Kn, and 2U/?PTL = 0.201M Kn. 

According to Burnett's expression for the molecular-velocity-

distribution function,	 the third-order corrections to the 

stress tensor, will contain terms of the form (i.i/p ) 3(u1fx j) 3 , the 
ratio of which to iTij has thesame order of magnitude as 

2/\2 
(u\2 M2Kn2	 (44) 2x)	 pL) 

Similar terms apply for qj(3)/1q. Hence the slip-flow equations, 

equations (31) and (32 ), cease to be valid if, for a given Mach number, 

the gas is so rarefied that M2Kn2 is not negligible compared with 
unity.

The particular problem to be considered in this investigation is 
the slip flow between concentric cylinders. This problem has recently 
been solved by Schaniberg (reference 3, ch. VII) for the case of constant 
coefficients of viscosity and thermal conductivity. The present inves-
tigation extends Schamberg's solution to include the effect of variable 
coefficients of viscosity and thermal conductivity. 

Assume that the rarefied gas is confined between two concentric 
cylinders. The luner cylinder, having radius a and the uniform tem-
perature Twa, is rotating at constant angular velocity Wwa ita sur-

face velocity being denoted by U =	 whereas the outer cylinder, 

having radius b and the uniform temperature Twb is held fixed in 

space. The flow field is conveniently described by the cylindrical 
polar coordinates r, 0, and z, with the z-axis as the axis of the 
cylinders. Assuming that the flow is two-dimensional and steady and 
that the ear forceirbe neglected,
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u=O,	 =O,	 =O, F1 =O	 (45) 

It follows from the syinnietry of the problem that 

Ur	 0,	 0	 (46) 

where u and u1, are the velocity components in the z and r direc-. 

tions, respectively. 

The appropriate equations of motion are obtained by expressing the 
continuity, momentum, and energy equations, equations (1), (31), and (32), 
in plane polar coordinates. This is easily done by making use of the 
formulas in general orthogonal coordinates (references 12 and 13). In 
view of equations (45) and (46) it is found that the equation of con-
tinuity is automatically satisfied. The momentum equations in the tan-
gential and radial directions are, respectively (see appendix B), 

1/ d
TrØ + - Trø) = 0	 (47) 

r	 p[dr	 ; Trr + ! (Trr - TØØj = 0	 (48) 

The energy equation becomes 

---q 
+-+T (-)=o	

(49) dr r r	 rø\dr	 r 

In the above equations TrØ is the viscous shearing stress, Trr and 
TØØ are the normal stresses in the radial and tangential directions, 

respectively, and	 is the radial component of the heat-flux vector.
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The explicit expressions for the required components of the viscous 
stress tensor and the heat-flux vector are obtained by transforming the 
general expressiona, eqUatiQnS (25i nd(2_6), 	 pecivly, no plane 
polar coordinates and making the reductions required by equations )45) 
and (46). This is done in appendix B. The results are given as follows. 

fduØ - 
TrØ = _ L(%;_.	

r)	 (o) 

Trr	
2	 fduØ'\2	 \UØdUØ 2	 d /1 dp =	 -	

+ ( K
2 -	

- K2
	

+ 

1K +	 fuØ)2 2	 1 

(	 6	
K2)T	

3	 dr dr 3 rp dr 
+ - K -

ldTl (51) 
3	 dr2 3	 Tdr)	 3

rdr 

(JK 
\12 6	 ,r,	 3	 cIT dr di	 La'\ dr/ rp drJ 

2-1	 (52) 
3	 dr	 3	 T\drJ	 3 3 r drJ 

c	 =-)	 (53) r 

The expressions for Trr and TØØ given in equations (51) and (52) are 
slightly different from those used by Schamberg (reference 3, pp . 152-153). 
This is due to the correction of the last term in the brackets of equa-
tion (25) for the Burnett terms in the stress tensor.
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Substituting equations (50), (51), (52 ), and (53) into equations (4), 
(48), and (49) and using equation (27) for the values of the K's for 
Maxwell molecules give 	 - 

ir3 

_1 = 0	 (for pr2 / 0)	 (54) dr	 r] 

d /. dT\	 3d'Ø 2 [(1 —IrX—i+ tr	 = 0	 (5) 

=	 2 -
	 +L	 2L+ 2(_+ 3R-dr	 r	 IT L	 dr) rp dr	 \cIr /	 \r)	 dr2 

3R^3()j

d2T R 1dT + 	 RdThl + 2R - - L1	 3\r)	 dr2	
2	 (56) 

where J3 =	 Thus one has three equations, equations (1), (5), 

and (56), which together with the perfect-gas law, equation (36), are 
used to find the four dependent variables u0, T, p, and p as func-

tions of r.

BOUNDkRY CONDITIONS 

It is seeii from the previous section that the introduction of the 
higher-order approximations to the stresses and the -heat flux results 
in an increase in the order of the momentum and the energy equations 
of the fluid mean motion. For instance, the first-order approximations 
to the stresses 1T 1 , equation (19), - lead to the conventional Navier-

Stokes equations, equations (22), of viscous flow, which are partial
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differential equations of the second order; while the second-order 
approxilnationsto the stresses lead to the third-order partial differ-

ential equations, equation (31), with the expression for T ij (2) given 
by equation (25).	 zelat1veimportance of the higher-order 
terms of the stresses and. the heat flux inci'eases with the rarefaction 
ftlié gas, this leads one to the expectation that the number of bound-

6ditions required for the complete evaluation df a slip-flow 
problem should likewise depend on the degree of the rarefaction of the 
gas. However, it as shôwfi by Schamberg (reference 3) on both physical j 

athematical grounds that the number of pbysical boundary conditions 
required for a slip-flow problem is effectively the same as that for 
the corresponding flow in the realm of gas dynamics. 

In slip flow, as in gas dynamics, the condition of zero relative 
normal velocity at the boundary still holds, but the relative tangential 
velocity at the boundary is no longer zero and the gas temperature dif-
fers from the wall temperature. These are known as the "slip velocity" 
and the temperature jump," respectively. 

The expressions for the slip velocity and the temperature jiunp at 
low Mach number were investigated by Maxwell, Millikan, Smoluchowski, 
Knudsen, and others (references 1 and 4). If x and z are the dis-
tances tangential and normal to the wall, respectively, u and u 

are, respectively, the velocity of the gas and of the wall In the 
x direction, and T and Tw are, respectively, the temperature of 

the gas and of the wall, one has from the kinetic theory of gases (refer-
ence 4) the slip velocity 

(u)0 - u, = 0.998(2 - 

and the temperature jump

+ .
	

(57) 4 pT 

- T 
= 0.998( + l)(pcv)(

- cLVT\ (58) 

where a is Maxwell's reflection coefficient, cv, the specific heat at 
constant volume, a, the acconunodation coefficient, and 1, the mean free 
path.

For slip flow at high Mach number the above expressions give no 
longer a true description of the physical relations and higher-order 
approximations to the slip velocity and the temperature jump must be 
used. A general method for the calculation of approximate expressions 
for the slip velocity and the temperature jump, to an arbitrary degree 
of approximation, is given by Schamberg (reference 3). The method
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applies the laws of conservation of mass, momentum, and energy to the 
infinitesimal layer of gas adjacent to the solid surface, referred to as 
the t?sublayer,?t and uses the nonuniform molecular-velocity-distribution 
function. 

The first approximations for the slip velocity and the temperature 
jump thus obtained by the use of the first approximation to the velocity 
distribution for a monatomic gas of Maxwell molecules agree with the 
results given by previous investigators for low-speed slip flows. 

The second approximations to the slip velocity and the temperature 
jump, which are required in conjunction with the second approximations 
to the viscous stresses and the heat flux for high-speed slip flow, are 
given as follows (reference 3): The slip velocity 

1/2fuj + !_\ + R L1 + uj(x,,z)0 -	 =	 xjJ 

(a)2 
E ' 

RT --'. +•	 + bR	 +	 + 
zz	 zz	 xj) 

2 R-.I -
8 

3a1R(RT) l/2	 -	 a1R (RT)
1/2fr 	 + 

Xj Z	 2	 It	 Xj Z 

z
 xj)]

+ 

()2L()]/2 

JI_ +	 + 
Dtz	 xj)

a1(RT)1/2 1 IY12/Uj	 w \ 

3a1 (RT) l/2 j	 - 
T Dt xj 

al(RT)1/2± +	
_\\_(log	

) - Z	 Xj)Dt 

R--(--+b	 -+2E.-+ 
8 Dt\x)	 2 T Dt x j 8 p Dt

(59) 5 P Dt Xj 6\z	 x)Dt]
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where j = 1 and 2, and the temperature jump 

	

- T = El(RT)1/2	 -	 + ()2ET(i 
+	 )2 -. 

T	 +	 + e2T(RT)h/2	 + 2	 Xj/	 Xj\Z	 XjJ 

e3T(RT)h12(2	 +	 w	 + 

	

\	 xj 

e( RT ) 1/2 L(	 +	 ^ e,() h12(	 + 
X\aZ	 XjJ	 !(\J Xjj 

1	 1/2T4'11j	 w	 - 
6	 P Xj\Z .	 Xj 

a(RT)/	
+	

+ e6RT	 + 

•	 T	 f\2 1RTT	 p 
e7R _- -_ + e8R_) + - __ __ + 

RTi 3T	 -_RT.1 1 RTT 
z21 j 

(a)2f ()2 +	
(io	

) + 

e10(RT)h/2 1 DT T	 (RT)1/2 D 

e5(RT)h/2 T D r (1/2)j	 1 D2T - —hog 
zDtL e

(60) 3e
3RT1/2 Dt Dt	 7 z Dt 

where j=land2.
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In equation (60) but not in equation (59) the summation convention 
over two indices is used. This notation has the meaning: 

X 1 mX, XJ

(61) 

umu, u2mv 

so t1at

+	 hu	 hv 

x\z	 ç	
(62) 

The time derivative D/Dt, when expressed in the above notation, is 

D - - + uw. -	 (63) 
Dt	 t	 Jx 

All of the derivatives in equations (59) and (60) are to be evaluated 
at a point (x,y,z) as z—*0. These bouhñary conditions are appli-
cable provided that the pressure level and the motiOn of the gas are 
such that the second approximations to the stress tensor 271j and 

the heat-flux vectOr 2q1 are applicable. This means that the rela-

tion M2Kn2 << 1 holds. 

The values.of a1, the b's, c1, and the e's in equations (59) 
and (60) are given on the following page (reference 3): 

3schamberg's values for these constants have not been changed to 
agree with the corrected values of the K' s and e' s given by equa-
tions (27) and ( 29) because the corrections are negligible to the order 
of approximation used later on.
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a = (ir\1/2(2_- a) -- --	 --	 2j\	 - 

b1 = -5.167 

= 0.8749 

15In 1/2 f2 - a 
c-I = -1—1	 I 

8\2J \ a 

- (_2	 \f\1/2f 2 - a 

	

- y + i1))	 a. 

e1 = -.31655 +	 2	 a) 2 - ,t2 - ci(2 - 

e
2 = - (\1/2 ri (2 -	 + 1(2 - a 

2j	 a. I	 2\ a 

-	 1ft\h/2(2 - 
e3--I,,	 'ta) 

= (\1/2{3(2 -	 - 1(2 - 
k	 \2)L8%aJ 4\aJ 

e =	 (1/2(2 - a. 
5	 16\2)	 \ct 

107 ep - - 
° 56 

e7 = -7.9888 

e8 = -5.4912 

e9 = -1.7183 

e = 159(1/2(2 - 
10 16\2 1 \ a. /

21 

(64)
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In general c 1' is used instead of c 1 . According to the kinetic 

theory for monatomic gases (reference 2) -y = 5/3, X/ tcv = 5/2, and 
c 1 ' reduces to c 1 . The values of a for air vary from 0.79 to 1.00 

wh-ile	 for air lies between o.88 and 0.97 (reference.l). 

To obtain the boundary conditions for the concentric-cylinder flow, 
it is first necessary to express the general boundary conditions, as 
given by equations (59) and (60) in the Cartesian coordinate system, in 
terms of the polar coordinate system. Following Schamberg (reference 3) 
closely, let x and y be the Cartesian axes associated with the polar 
coordinates r and 0 and the auxiliary coordinate systems Ka, Za 

and xb, zb by the equations	 - 

x=a+za=rcosØ 1
(65) 

y=x=r.sinØ J 
x=b-zb=rcosØ 1

(66) 
y=_x=rsinØ J 

The velocity comporents Ua, wa and Ub, wb of the auxiliary 

coordinate systems are related to the tangential velocity u 0 as shown 

by figure 1 and equations (67) and (68):

Ua =	 cos 0 

-	 wa = -U0 Slfl 0 

ub=_uØcosO 

Wb u0 sin 0

(67)

(68) 
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The partial derivatives with respect to the auxiliary coordinates are 
expressed in terms of the partial derivatives with respect to r and 

- 0 by means of equations (69) and (70), which are easily obtained from 
equations (65) and (66), respectively:

l - = sin 0 - + cos 0 - - 
Xa r rØ 

- = cos 0 -
.	

l - sin 0 - - 
Za r r 

(69) 

- = -sin 0 - - cos 0 - - 
xb r

l - = -cos 0 - + si	 0 - - 
Zb r

(70) 

All of the first- and second-order partial derivatives appearing 
in equations (59) and (60) for the boundary conditions can now be 
transformed into polar coordinates by means of equations (67) to (70). 
After all of the differentiations with respect to 0 have been per-
formed, 0 is put equal to zero in the resultant expressions, in 
accordance with figure 1. Because of the condition of axial symmetry, 
equation (i-6), the partial derivatives of U0, T, p, and p with 

respect to 0 all vanish. 
The boundary-condition derivatives for both the convex (r = a) 

and the concave (r = b) cylindrical surfaces are given in the table 
on the folThwing page. The transformations for the derivative D/Dt 
are obtained from equations (63), (J.4 5), and (-i-6), using the fact that 
the velocity, of the wall u has the value U at r = a and zero 

at r = b, respectively.



24
	

NACA TN 2895 

Cartesian 
derivative

Equivalent radial derivative at - 

Convex surface Concave surface 
___________________ (r=a) (r=b) 

o 0 

dr dr 

rdr rdr 

d2T dT 

dz 2 dr2 dr2 

xz 0 

o 0 

au dUØ 

dr dr 

d(\ J) 
r) drr 

d2u0 

dr2 

axaz
o 0 

aw 
ax

-

r

- 

o 0 

o 0 
ax2

o 0 
az2

d(uø\ d(uø) 

ax az -j:-j) 

u u 

Iau^aw\ d1' d 

-	 -)
r_t) r_(, 

drdfuø\1 
az\az	 ax, -)I drLdr	 ' 

+ai
° 

o 0 
Dt 

D2T (u2Vr\
0 

DaT UdT
0 

D taT\ 0 0 

o/au	 aw\
0 

Ow
0
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With these substitutions one obtains from equations (59) and (60) 
the following four boundary conditions: 

(1) At r..= a, 

(U0)a = u + al(RTa)h/'2 .LaI	
+	

Xa	 (7') 
PaL th\r LJ a Pa 

(2)At r=b, 

(uØ)b = 0 - a1 (RT) /' ^c if1s.;q	
b2

(72) 
PbL drr )Jb Pb 

(3) At r = a, 

Ta = Twa + c l (RTa) l/21•La(dT \ +	 z (73) 
''a Pa2 a 

( 14. )At r=b, 

Tb = Twb - c,(BTb)u/2	
(b +	 Zb	

(71) 
pbdr 

The subscripts a and b denote the evaluation of a particular quan-
tity at r = a and r = b, respectively. The quantities Xa, Xb, 
Za, and Zb • are defined by the following equations: 

Xa = - RTa	
(h1ø'1	

- 5.i67R(	 F 

	

dr\r/jJ	 \dr)a	 a a

+ 
8 \dr n a 15 apdr drn)I 

R rJ_\1	 ^RU!!\ +^ U J1	 (75) 15 dr dr\r Il	 8	 r är)a 6 10 drr /l —'a	 L..
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Xb = - RTb{E	
11. - 5.167R() E 

d (uØ 
TJ' 

	

dr'4.r2]J	 —1b 

2. 
R( 

-ø-' -	 RT R	 r	 + - R	 r d	 (76) 8 dr /b 15	 Lpdr drrJJb is (dr	 'r)Jb 

	

2	 +	 2 
Za = Ta fE d	 1	 d UØ	 1 dT	 1 3RfdT\ 

clr(r)] + E0	
e6R(_. )a - 

T Ta dr )a + 

• R (dT \2 -	
R "	 ' +	 + . ä 	 ' L	 (77) e8	

lI4	 ir2)	 Ta2	 7 U r drJaJ 

Zb = Tb.,E (] +	
+ e RL	 + 

dr\rjb	 6 r dr)b 

R dT' 2	 1	 - 1 3R(dT"2l 

	

e8 T (a 1b -	 dr)b ' Tb\dr)bj'	
(78) 

The values of' the numerical constants a1, c 1 , e1, e6 , and e8 are 
given by equations (6i.). 

SOLUTION OF CONCENTRIC-CYLINDER FLOW 

From the preceding sections it is seen that the problem of' slip. 
flow between concentric cylinders is reduced to that of solving the 
three differential equations, equations (5 1i. ), (55), and (56), and satis-
fying the four boundary conditions given by equations (71) to (7 4-). For 
this purpose it is desirable to introduce dimensionless constants and 
variables as f6llows:

k=a/b	 (79)
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2	 U2 
Mwa = YRTwa 

Re a = ____ wa 

ItwaC 
Pr =	 a 
va

"wa 

= r/a	 P/Pa	 = 

u* = uøIU
	

P* P/Pa	 - CP•* = Cp/CPwa	 (8i) 

T* = T/Twa	 = 4wa	 Pr* = 

where

	

h=b-a	 (82) 

and c	 , ji , and	 are the properties of the gas based upon the Pwa	 Wa	 a 
wall temperature Twa . Making use of the perfect-gas law, equation (36), 

and of equations (79) to (82), equations (51i-), (57), (56), and (36) 
become, respectively,

*)3* o	
,	 (83) 

dr* [	 dr*\.r*)

d u* 2 
_-(r*X*	 ) + (7 - l)Pr	 Mwa(r*) ( i J = 0	 (8)i.) dr*	 dr*

(8o)
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d loge P - 1 dp* 
dr*	 p* * 

2 (u*) 2 (1 - k)2y}a2 I ( * ) 2 E	 2 
=	

r* - k2(Ta*)2Ra2 *(*)2 L2	 () + 

2 1u* \2	 d2T*	 1 dT* + - 
27M a	 + (dr*)2 - 3
	

T\dr/ 

2	 IT* d 1°ge *\
	 T* d 1°e 

P*lI. - + 2-
dr* /	 r*	 dr* 

(i - k ) 2y a2 a f(*)2r2 - 2 du* 2 

*(Ta*)2Rewa2	 L	 a () + 

d2T	 1 dT* +	
2 

(dr*) 2 -	
T* dr*) - 

d (T* d l0g	
2 T* d loge 

dr\	 dr* / +	 dr* ij
	

(85) 

Pa*	 p3K1*	 (86) 

Velocity and. Temperature Distribution 

Integration of equation (83) gives

dr* (87) u* =	
- r*f (r*)3*
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where A and 2B are constants of integration. For t = Constant, 
.t = 1 and equation (87) yields 

u = Ar* +

	

	 (87a)r* 

which is Schamberg's solution. 

From equations (84) and (8) 

(r*) 3 i* _(r*X*	 + 4(y - i)Pr M 2B2 =0	 (88) 
dr*\	 dr*J	 wa wa 

It is convenient to transform the independent variable r* into 
or	 . The latter are defined, respectively, as 

logr*	 1 ________ = - log r*	 m = loge 1/k	 (89) 
logl/k in	 e 

and

__i.	 (90) 
0 

where

1 - r.1 d 
1.1	 J0	 IJ.* 

Equations. (89) to (91) and (79) insure that 
0

(91) 

= =0 at r*=l or r=a 

==l at r*=l/k or r=b
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In terms of	 equation (88) becomes 

1.1* _I?*	 + )4(y - 1 ) Prwa Mwa 2B2k2 = 0	 (92) 
d	 d 

while in terms of the independent variable 	 it is 

d 1X dT*) +	 y - 1)	 Mwa2m2B2( k2) +z( ,)	 0wa 

if

(93? 

Equation (93,) together with equations (90) and (91) gives L(o) = A(i) = 0. 
In general	 () < 1. 

Integrating once 

X dT*	 -i)	 a2B2f(k2)	 d - - = mC wa 

and again

	

-	 -i)	 Mwa2m2B2f	 d r (k2 )	 d T*=D+mCfd	
2	 va x* J

(94.) 

For constant	 and X, .i* =	 = 1, 1) = 1,	 = , and equation (91-) 
reduces to

T* = D + C loge r* - ( y - 1)Pr M 2B2(r*)2 wa wa 

which is Schamberg's solution.
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In terms of , equation (87) becomes	 - 

Now let

(k2Y	 = 1 +
	 (_1\fl 

I [mA()J	 (96) 
n=l 

This series converges for all finite values of in A(j. Making use of 
equation (96), equation (95) gives

(97) 

where

	

()n+lf2	
d.	 (98) 

ne. n=l 

Similarly, from equations (96) and (94), assuniing Pr/cr = Constant, 

T* = D + mC +

	

	
Pr M 2B2Ek2 + g(	 (99) 2 wa wa L 

where

g() = 2mff() d 

Now at r = a,	 = 0, w* = wa* and T* 

1, w = c%*, and T* = Tb*. Therefore, f: 

2 
= wa* - (wa* -	 I

(ioo) 

= Ta*; and, at r = 

óm equations (97) and . ( 99) 

- F()
(101) 

• F(l)
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where

	

F() = r() - f(0)
	

(102) 

and

= m * - (Ta* - Tb*) + 

.( - 1) wa a2(a* -	 *) 2	 -	
+ k2 - k2 + G(	 (103) 2 

.[l_k2_F1] 

where

G() = g() - g(0) - 	 (i) - g(O	 (io1) 

It is noted that F(0) = G(0) = G(1) = 0. 

Equations (101) and (103) represent the exact solutions of differ-
ential equations (83) and (81i.). Since the latter did not contain any 
Burnett terms, it was relatively simple to carry out the integration. 
However,	 () depends on a knowledge of r and .t* which are func-
tions of T* and so any numerical solution will reduce to an iteration 
process of approximating A() and hence F() and G(). This is 
also the method of determining the pressure distribution p from 
equation (85). Before proceeding to p, it is advantageous to rewrite 
the boundary conditions of the section tiBoundary Conditions" in a similar 
dimensionless form since the constants Wa* Wb	 Ta*) and Tb* in 

equations (101) and (103) are precisely these boundary values. The 
actual algebraic reduction is carried out in appendix C, leading to the 
following results:

I 
U)a* -	 1 - k	

e + Xa e	 (io)= 1 - ,l.792a1 (Ta*)h/2 kE- k

2 - F(l 

(wa* - 

Tj*
k2(1 - k)

+	 b	 e	 (io6) 
1 - k2 - F(l)

Wb* = l.592a1
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Ta*=l_O.796c1 1-k 
-	 -	

---	 -	 -	 - 

1 - k2 -	 - G'	 + 
(7 - 1)fr	 a2(U)a* - *)2	

- k2 - F(1 2 
j	 (107) 

(i - k)(T *
\l/2 r 

Tb* =Twb* + 0.796c1	 b )	 T * [a -	 + 

1 - k2 - 2k2m - G1 (1)1 

	

(7 - 1)Pr Mwa2Wa* - *)2	
+ b Kne2

[i - k2 F(i2

(108) 
where

=	 wa
	

(109) 

and Xa, Xb, Za, and	 are the complicated expressions given in 

	

equation (C12). Actually, since Xa	 .	 are multiplied by Kne2 

above, it is only necessary to use the zero-order approximation to these 
expressions given by equations (C32), (C33), and (C3 1 -). The reason for 
this, of course, is that the differential equations and the boundary 
conditions have been derivedonly to terms in the square of the Knudsen 
number. Thus, it is probably clearer to write equations ( 105) to (io8) 
in the form (equations (c27)) 

= OU)a* (l + U) *}(ji + U.) *}(j 2' 
la e 2a e1 

= cP)b* + l(j* Kfle + U)* 
e2 

Ta* = OTa* (1 + lTa*Kne + 2Tà*1e2) 

Tb* = oTb* (1 + lTb*Kne + 2Tb*Kne2)
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which explicitly indicates an expansion in powers of 	 e The coef-

ficients hwa*, hb*, hTa* and hTb* (h = 0, 1, 2) are written out 

in equations (C29)' to (c3l) of appendix C. The subscript written in 
front of a symbol thus denotes the order of the approximation in the 
expansion.

Pressure Distribution

/M \2 
From equation (8), neglecting the terms containing ( wa ) , which 

\Rewa/ 
are the order of 2 or cn2, the zero-order approximation to p* is 

I	 r* (u*) 2 dr*\ 
0p = exp (YMwa r	

* )
	

(110) 
-	 Jl	 rT 

The superscript in front of a symbol denotes the order of the approxi-
ination to the solution of a differential equation. 

From equations (89) and (90) 

th'm*d 
r*	 1) 

Therefore

Op = exp •(

	

2f	 (u*)2 d)	 (111) 

or

2 r	
'.L*(U)*)2 

Op* = exp	 Mwa 
j0 T*(k2)() dj
	 (112) 

Since equation (8) does not explicitly contain terms of order Kn, the 
zero- and the first-order approximation for p can be obtained from 
equations (110), (iii), or (112). From equations (112) and (C29)
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/d loge p*\ 

	

------ d_-)-_La-_ThO	 - 
0	 S	 0	 0	 -	 - 

(113) 
(d1oge p* %	 - 

-	 \	 d	 Ji 

From equations (8), (Cs), and (no), log 2p* = loge O,* + 0* wa2 
or

	

1	 (114) =	 + 0*	 a2exp	
T*(k2)()J 

with exp (* Knwa2) 1 + 0* wa where 

0* = - 0.6336(1 - k) 2 r* o(*) 2 	 -r	
2 u 

	

2y a ( - B) 13 u	 du*\ +	 1+ 
r* 0(p*)2 L	 0\r* dr*,	 ;; Tj 

3 T1 - I (L\ + - ( \2l - 
oLd(r*)2J r* 0 dr*J 0T* 0dr*,JJ 

0.6336(1- k) 2	 dr* d o(*)2 [2	 2 u	 du*	 u* du* 
-	 Ji	 tYa	 -	 0('	 +	 + 

2 Ed*1 -	 (dT	 2	 dT* 21\ 

OLd(r*)2J r*	 *)OT*(dr*)j)	
(n5) 

is obtained from the second-order terins of equation (8) upon substitu-
tion of the zero-order approximation therein.
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In terms of , equation (115) becomes 

0.6336(1 - k)2fr 	 *	 f*\ / * - m	 + 

	

= -
	 Li0 

(p*)L Mwa	 ) Jr 

/ dT\	 ) dT*l Od2) - 6 *(k2)	 o()i d + 

O f 1 d 1	 7	 2 / *\ I &1)* 
6	 + 

	

-	 Qa)" o0p 

2	 .(k2) 
m	 0d2 ) -	

*(k2)() '1	 (116) 
)j 

Integrating by parts, using equations (c33) and (C3-), and neg-
lecting r), equation (116) becomes 

0.6336 (0r0 
0	 k2(1 + k)2L(P*)2(1 - 6N2k2 - 8N
	 k2k2L 

I J 

0 1 * ___ 
I °	 d()2](1 - 6N

2k2 - 8N 2- k2k2 d + 1

)(Jo 

6 1	
(*)2	

2N2k2	 0T 

0 ( P* )2( -	 -	
22 d)	 (117) 

____	
/ 2N—k
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where 

- -	

1= 
(iL	 k2y2 (Y1)Pr-2(1--k2)-_ 

8	 2 
7kMam 

N2=a2m[y1)Prwa 

N3 =	 7 + (7 - 1)Prw]Mwa2m 

N i1. =	 y + ( y - 1)Prwa]}ça2m

(ii8) 

As a first approximation put i* 
=	 and assume 

A0 + A1k2+ Ak	 (119) 

with
1-

A0 = 1 + (2k2 - i)
(1 - k2)2 

- 
A1 = -2k2 (120) 

(1_k2)2 

1.

2 
(1 - k2) 

Equations (119) and (120) insure that 0p* = 1 at	 = 0 and that 
1-*=	 * and d0p*/d = 0 at	 = 1. Then from equation (117) 

o) 
=	 = 0.6336	 A1A3 + A0A)(1 - k) + 

on	 k2(1+k)2 

(A 3 + A1A5)(1 - k6 ) + A6(1 - k8	 (121)
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where

1-k2 
A3 = (7 - 1 ) Prwa Mwa	 + 1 - Tvb*)	

m in 

= [ 7 - 
8(7 - l)PrwJMwa2 

A5= 

A6=

(122) 

Then for	 = 1 

O.6336Mwa2 . r0 
= _________ 

k2(l + k)2 tu 7 - 8(y - 1 ) (l - k4) + 

1 iE(3+26k2_1)+ L 0(*)2j 
___	 y-1	 (1_k2)(2+k2)l 7-1 (	 ___	 __________ 

6	 wa3 + 2
	

() + 2	 wa	 m	 + 

0.6336(1 - k) 2(2 + k2)1 - Twb*)
	 -	

2	
(123) 

2k2m L o(*) 
The integral in equation (1i4-) remains to be evaluated. It is 

necessary to assume some relation between t* and T* which, to avoid 
too much complexity, will be assumed to be the simple relation j* = T-I 
where 3 is a constant whose value lies between 0.5 and 1.0 (reference 1, 
p. 150). Furthermore, in many cases 	 0.9 (reference 1 ) 1. ) so the 
assumption J3 = 1 or	 = T* will be made in order to simplify the 
evaluation of this integral as well as to enable a more direct expansion 
of all distributions later on.
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Equation (ii 1 ), with the aid of equations (101) and (96), then gives 
for	 =1 

= [i 
+	

) Knj exp	
7Mwa	

2 
fr)a* _ *)2 (i - k2 ) - 

2T_k2_F(1iJ 

- 11-m(cna* -	 *)	 + F ( 1)wa* -	 + 

Lk2wa* + F(1)wa* - *]2(k-2 - i) +	 (i21) 

where 

J() =	 - *)2f F() d -	 - *,) 2wa* + 
0 

F(l)wa* -	 d + (wa* -	 )2f k 2 [F(d + 
0	 0 

E	 ?n+'f[(wa* -	 -	 ^ F(1)U)a* -	 + 
n=1	 • -	 0	 - 

2 

( a* -	 *)k- F()}	 d	 (125) 

Upon neglecting all terms containing 	 j, the first approximation 
to j() is

= 1j() =o	 (126)
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while, neglecting terms containing the second and higher powers of i:(), 
the second approximation becomes 

=	 -	
+ (k2 * -	 2 

	

k2	

) j2() 

2(* -	 -	 -'k2_2 2F() 
k2)

(127) 

where

= 2F() + 4ni I	 2F() d Jo 

= 4k4m2 f k 22A() d
(128) 

Equations (124) for the pressure distribution, (101) for the veloc-
ity distribution, and(103) for the temperature distribution in terms 
of the independent variable	 represent the solution to the problem, 
valid to terms in the square of the Knudsen number, provided the assump-
tions of constant specific heat, of constant Pranciti number and coeffi-
cient of viscosity, as well as of heat conductivity proportional to the 
first power of the absolute temperature, are valid. 

The solution (equation (124)) for the pressure is more simple than 
Schamberg's solution in the sense that the present assumption i.i* = 
eliminates the explicit dependence of the integral in equation (114) 
upon T*. Figure 2 shows the dependence of oi1) upon k as given 

by equation (123) for the values of the physical parameters selected for 
air in the section "Case of Airtt and discussed there. 

The explicit determination of the expansions of the coefficient	 . 
and of the variables	 , A(), F(), G(.), and so forth in powers Of
Knudsen number is carried out in appendix D.
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FRICTION COEFFICIENT, SLIP VELOCITY, BEAT TRANSFER, 

TEMPERATURE JUMP, AND PRESSURE RATIO 

Friction Coefficient 

It is convenient to define the friction coefficient C f as 

= TrØ 

f	 1 
-n 
2 'a

(129) 

The expression for TrØ is obtained from equation (50) which, on using 
equations (81), becomes

____	 d u 
TØ	 a )r** T(..T)	 (130) 

From equations (89) and (90)

r*I.i*	 = Ii 
dr* md 

Therefore

Trø = -	 -•	 (131) 

where

	

= wa
	 (132) 

Substituting equation (131) into equation (129) and using equations (79), 
(8o), and. (81),

Bee Cf
 - - 2(1 - k) a: 
-	 ('33) 

	

km	 d
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where

Ree = 1 Re	 (13i-) 

From equations (C21), (C27), and (C29) the value at the wall of the 
inner cylinder becomes 

	

-	 +	 - i*) e + (a* -	 *) e2l 

	

Ree Cfa -	 (137) 

k1^k-	 (l)/(1k} 

Similarly, at the wall of the outer cylinder 

+ (iwa - i*) e + (a* -	 *) 

	

Ree Cfb =	 (136) 

1 + k -	 (l)/(l - 

Since there must be equal torque on both the inner and the outer cylin-

ders,. CTh/Cfa = k2 , as shown by equations ( 137) and (136). If 

	

Cf = Ocf (1 + 1Cf e + 2Cf e2)	 (137) 

then

Ree OCfa =

	

	 (138) 
kfl+ k - F(l)/(1 - kj} 

Ree oCfb =

	

	 (139) 
l+k_F(l)/(l_kj
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Slip Velocity 
-- -

	

	 Fieqiiations—(101)-- (81-),--(C28),an&(c29J, the slip velocity at 
the inner wall is 

Ua - U - + u*1c 2 = U)*Kfl +	 (ii.o) U	 1a	 e 2a	 e	 la	 e 2a .e 

Similarly, at the outer vail it is 

= iUb*	 + 2* e2 = (i */k)1e + (2wb*/k)KJ1 2	 (1)4-i) 

where lWa	 °a' and	 are given by equations (c30) 
and (C31).

Heat Transfer 

It is of interest to calculate the heat transfer between the rare-
fied gas and the cylinders. If the dimensionless heat transfer q* is 
defined by	 - 

-	 hq 
q*

	

	 (114-2) 
ewa 

where

x	 (114.3) e	 wa 

then from equations (53) and (8i), 

(1 - k)X* dT* _______ -	 (i)4J4-) 
1cr	 dr* 

For Pr/cr = Constant, X* = .j*; so using equations (89) and (90), 

1 - k dT* q*_	 -	 (113.5) 1c* d
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From equation (1 1 -5) and using equations (c22), (c27), and (C29), the 
dimensionless heat transfer at the inner cylinder is 

a l a * wb	 lTb*) Kai	 + (2Ta* - Twb* 2Tb*)	 2 + 
km

2 1 - k2 - 2m - G' (0) E 
(7 - i)Pr Mwa

	

	 Ii + 2( W * - 1 *)e + 
j_,k2_F(1J2 L 

/	 '2
2' *	 *)21	 () - i *)	 ^ 

Similarly, that at the outer cylinder is 

Tb*}e + (2Ta* - Twb* 2Tb*e + = 1 - k	
- Twb* + ( *
	 * lTa - Twb 1 

2 1 - k2 - 2k2m - G'(l) r 
(y-l)PrMwa	 11+2 

ft - k2 - F ( i2 L	 (l* - l*) e + 

(iwa* -	 *)2	 2 + 2()a* -	 *)21I 

If

	

2'	 (lli8) q* = 0q*(i + .1q* 'e + 2q*	
e ) 

then

1	 l-k2--
= •- k	 - Twb* + (7 - l ) Prwa Mwa	

2	 2 F (lI9) 
LkoF(1	 J 
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- - 0q*	 T*+-(7	 )PrwaaT 

L	 [k2_0F(l	 J 
Temperature Jump 

From equation (C27), using. equations (C29) and (8i), the temperature 
jump at the inner cylinder is 

Ta - Twa =
lTa* e + 2Ta*	 2	 (151) 

Twa 

Similarly, the temperature jump at the outer cylinder is 

Tb - Twb 
______ = T*Kn + T*Kn2	 (152) 

T	 lb	 e 2b	 e wa 

The expressions for lTa* lTb*, 2Ta*5 and 2Tb* are given by equa-

tions (c30) and (c31).

Pressure Ratio 

The ratio bf the hydrostatic pressure at the wall of the inner 
cylinder to that at the outer cylinder is obtained from equation (11)4.), 
upon using equations (121) and (81), as follows: 

yMwaflIr1 *(*)2 d 
=	 +	 e2 O( 1	 exp	

o T*(k2)()
('53)
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For the case i T, equations (124) and (81) give equation (153) the 
form

= r + e2

	

	
a2	

2	
- k4 - 4k2m) + exp 

L 2rII - k2 - F(1] 

2(1 - k2 - 2ni)F(1) + (k2 - 1)F2 (1 (wa*)2 

L2(1 - k2 ) + 2(1 + k2 )m + (1 - k 2 +	 )F(1aDa*u* + 

(k- 2 - k2 - 4m)(u*) 2 +
	

(i4) 

In general j(i) is a small number and can be replaced by j(i), which 

is given by equation (D41). From equations (i54) and (c29) 

7a2.	
l -	 - 4k2m) +exp 

0Paj	 2	 Li - k2 0F( i] 2 

2(1 - k2 -	 ) 0F(1) + (k- 2 - 1) 0F2(l) + j(i	 (155) 

For the case of equal wall temperature, Twb* = 1 and, from equa-

tions (D23) and (C29), 0F(1) = 0. Therefore 

	

if Pb\	
YMwa 

= exp 

	

o' aJ	 2	 (i.- k2)2 
fti	 - 4k2m), + J(i	 (156) 

Or interms of €

___	 1	 32 13 14 € +-€ + exp	 1+ E+-C + 

	

=	 6	 10	 7 

( y - i)Pr Mwa2E
(i56a) 

1 84 120
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From equations (C28) and ( 174), using equations (8i), (C29), and 
(c27) and neglecting the first-order corrections to 0F(i) and

	

-it—follows_thaL 	 ____ 

7Mwa 
1Pb* = ___________________ 

	

- k2 - 0F(l2	
-	 - 4k2m) + 2(1 -	 - 2m) 0F(1) + 

(k 2 - 1) F2(l (	 * -	 +	 (i - k2 ) + 2(1 + k2 )m - 0 J\la	 21 

(k 2 - 1 -	 ) 0F(1	 lu* -	 * j(i)	 (157) 

For the case of equal wall temperature 0F(l) = 0 and 

a2	 - 

	

= o( - k2)2 (l -
	 - 4km)(1w* -	 + 

2l +	 + (1 + k2 )m1 lu*	 1*J(l)	 (178) 

	

l + € + 3 ; 2 +	 + € +	
•Xlwa* -	 +	

0 

lpb* = ______

L 2	 10	 5	 7 

	

1l + € +	 +	 +	 + .	 .)b* + 2\	 10	 5	 7 

	

€ 1*(y - 1)Pr Mwa2 (1 + 1	 143 2 

1	 \3	 +	 € +	
(158a) 

01•1



NACA TN 2895 

The use of effective values tLe and Xe and hence of an effective. 
Reynolds number Ree, similar to the effective Knudsen number Kne 

defined by equation (109), is a natural consequence of the form of the 
expressions for the skin-friction coefficient, the velocity of slip, the 
heat transfer, and the temperature jump. The use of these effective 
values gives expressions closest in form to those of Schainberg and agrees 
with his when the functions F and G' are zero. Since r as deter-
mined in appendix D will, for equal wall temperatures, increase with the 
Mach number M,	 and "curvature" 1/k as shown in figure 3, so also 
will e and Xe. 

The limiting values of all expressions when k = 1 or e --- 0 
agree exactly with the plane Couette flow solution of reference 7. 

CASE OF AIR 

Assuming that the gas is air and that the cylinders are made of 
metal such as aluminum or brass, the required physical constants are 
given as follows: 

For the ratio of the specific heats take 

7 = lii-OO
	

(159) 

a value which is reasonably accurate and has the advantage of computa-
tional simplicity. It also agrees with the value given by the kinetic 
theory for a diatomic gas whose molecules have five degreesof freedom. 

The kinetic theory gives, for the Prandtl number, Pr = 47/(97 - 5) = 
0.737 at 00 C for a diatomic gas with 7 = l.O0 (reference Ii-, p. 182). 
For air, various values have been used in the study of the laminar bound-
ary layer in compressible flow by different investigators. The value 
Pr = 0.725 was used by Crocco and Conforto (references 15 and 16) in 
l91, Pr = 0.733, by Brainerd and Eons (references 17 and 18) in 19)4-2, 
Pr = 0.750, by Schamberg (reference 3) in 19)4-7, and Pr = 0.715, by Cope 
and Hartree (reference 111) in 19)4-8. The value Pr = 1 was also used by 
several writers (references 19 to 21) for mathematical simplicity. In 
the calculations to follow the value used will, be 

Pr = 0.715
	

(160) 

as suggested by Cope and Hartree in 19)4-8, based on the latest data for 
air given by Kaye and Laby (reference 22), 1941.
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Maxwell's reflection coefficient a is given for air on machined 
brass by B. A. Millikan (see reference 4, p. 299) as 

	

a = 1.00	 (161) 

The accommodation coefficient a. has, according to M. Wiedmann 
(see reference 1, P. 658) the average value of 

	

a=O.900
	

(162) 

for air on metal. This value is also used by Schamberg (reference 3). 

With these physical constants., equations (64) give the following 
constants for slip floi:

a1 = 1.253 

c 1' = 2.498 

	

e1 = 0 . 251	 (163) 

e6 = 1.911 

e8 = -5.491 

It is noted that, since air is not a monatomic gas, c 1 ' is used instead 
of c1. 

For the case that i T, 

I	 =1	 (i64) 

On using equations (C29), (159), and (160), equation (D16) gives 

1	
l( + T *'\	 O.1143 /1 + k2	 1"	 2 011	 21	 wbJ+lk2lk2_,)Mwa	 (165)
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For the case of equal wall temperatures, 

Twb*=l	 1
(166)

 0F(l)=o	 ] 

Similarly, using equations (c29), (159), (160), (l6 1i) to (i66), and (D28), 
equation (D9) gives 

2	 1	 0.0205	 - 8k2 + k	 9(1 + k2 ) + (167) 
0 = 0 - 1	 (1 - k22 L2(l - k2 ) 2 - (l.- k2)m m2j 

The variations of both and 2ri for various values of the 

ratio k of the radii of the cylinders at various Mach numbers and 
equal wall temperatures with the ratio of the specific heats y = lJ-00, 
Prandtl number Pr = 0.715, and the viscosity index 1 3 = 1 are given in 

figure 3. 

It is seen that for k > oii-o and M < 14 	 '11 and	 have prac-



tically the same value, and therefore equation (165) can be used for 

calculating	 instead of -equation (167). 

At smaller values of k and higher Mach number. 	 <	 that is, 

	

the correction tends to decrease the value of 	 . 

From equation (156), on using equations (D 1i-l), (159), (160), (1611), 

and (166),

2 
Mwa 0.7000 (1 - k - k2fl1) - loge Qb =
o11 (1 - k2)2 

Mwa 0.2002 11(1 + k2) + 2k2ni - 1 - k 
o2 (l_2) 2	 1-k2	 m ]	

(168)
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Theváriations of Pb* with the ratio k at various Mach num-

bers and at equal wall temperatures with y = 1i4-0O, Pr = 0.115, and 
13 = 1 are given in figure Ii. It is seen that the pressure ratio p ,0* - 

increases rapidly with the curvature 1/k, especially at high Mach 
numbers. 

On using equations (c30 ), (166), and ( 163), equation (i 2 0) gives 

l.995 
lUa* = -

	

	 (169)
k(l+k) 

Similarly, equation (i Ii.i) gives

1.995k 
lub* = ____________ 

(1 + k) opb*
(170) 

The variations of lua* and lub * with the ratio k are given in 

figures 5 and 6, respectively. It is noted that lUa* Is independent of 

the Mach number M , while	 * depends on M	 through p * As wa	 lo	 wa	 Ob 
k decreases or the curvature increases, it is seen that ua* becomes 
more negative or the slip velocity at the inner cylinder increases in 
magnitude while the slip velocity at the outer cylinder decreases. 

Equations (C 29), (166), ( 159), (160), (163), (D31), and (c30.) give 

T*= 0.569 ( 2	 1	 2 
la

k(l + k) 1 k2 -	 + 

O163	 1 + k2	 k2	 llMwa' 

k(l + k)(l - k2 )(1 - k2)m + (1 - k2 ) 2 - 2m	
(171)



• ic2	 llMwa 

(1 - k2 ) 2 -	
Opb*

(172) 
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and

T*°6_ 2k
	 wa - 

lb	 1+c\i 1_k2,ioPb* 

0.163	 Tl+k2 

(1 + k)(1 - k2 ) (i - k2 )m +

The variations of lTa* and lTb* with the ratio k for various 

Mach numbers and equal wall temperatures with y = 1i1-00, Pr = 0.715, 
and 13 = 1 are given in figures 7 and 8, respectively. It is seen that 
as k decreases lTa* becomes much more important than lTb*, the 

latter going to zero with k for all values of M. 

In figure 8 the anomalous behavior of the curves for small and large 
values of k is due to the large exponential values of 0b for 

increasi1g Mach number at all values of k except in the neighborhood 

of k = 1. In fact, for k = 1, lTb* = 0.28 1l5Mwa2, independent of 

This is seen upon expanding equation (172) in powers of € = 1 - k2 and 
letting € —) 0. 

From equation (Dl0), the variations of	 with the ratio k for 

various Mach numbers and equal wall temperatures are found and plotted 
in figure 9. Since 	 > 0, it follows from equations (C28) that 'q 

increases with the Knudsen number. 

Making use of equations (Di-l), (159), (160), and (166), equa-
tion ( 158 ) gives

M 2, 
1 - k1 - 4-k2m "wa 

lb = 0.700	 (2 w * - *) + 
(1 - k2)2	

\ 1 a 

2 
2.800 -1 + k

2 '+ (1 + k2 )m Mwa lWb* + 
(1_k2)2 

	

1 •
	

2k2m - 1 - k1Mwa 
0.2002	 2)2 2 1 + k2) + 	 2	 I 2 l	 (173) 

	

(1-k	 •	 1-k	 m.j0
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The variations of 1b 
with the ratio k for various Mach num-

bers are given in figure 10. Since lpb* < 0, it follows that the 
- -
	 eui i'tio	 decreaaesas the -rarefact-ion- of-the gas, -that -is,- 	 - 

the Knudsen number, increases. 

From equations (135) to (139) and ( ili-6) to (i5o), the variations 
of Ree 0Cf a and Ree aCm, lCfa and 1C, Qq*, and q* with 

the ratio k are found and plotted in figures 11, 12, 13, and 
respectively. 

The zero-order values of both the skin friction and the heat trans-
fer are observed to increase in absolute magnitude at the inner and 
decrease at the outer cylinder with increasing curvature. 

Upon using equations (159), (160), and (166), equation (123) yields 

1.5 1 a,2	
- k) + E - o(Pb*)[o.136 1.660k2 + 

= k2(l + k)2 

o.I69k + o.o6o(l - k 2 )(2 + k2)/	 (l7) 

The variations of	 with the ratio k for various Mach num-

bers and equal wall temperatures are given in figure 2. It is seen that 

o(- > 0, for sufficiently small k, and it increases rapidly as k 

decreases. It follows that the effect of the Burnett terms in the dif-
ferentil equation tends to increase the pressure ratio 

The coefficient of the last term in equation (123) is plotted. 
against k in figure l5.' For the case of equal wall temperature, this 
term becomes zero. 

Consider in more detail the special case 

k = 0.5	 (175)
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and

wa2° 

From figure 3 = 1.17 

From figure )4 = 2.77 

From figure 5 = -2.67 

hence = -2.67 

From figure 6 ltlb* = O.2i-

hence lWb* = 0.12 

From figure 7 ia 373 

From figure 8 lTb* = O.4-2 

From figure 9 = 0.96 

From figure 10 lpb* = -6.30 

From figure 11 OCfa Ree = 5.32 

OCfb Ree = 1.33 

From figure 12 lCfa = -2.79 

and = -2.79 

From figure 13, 0q* = -1.86 

From figure 1 q* = 0.59 

From figure 2 (1)	 = .56

(176)

(177) 



NACA TN 2895
	

55 

From equations (C33),	 (C3 1 -), and (113) 

--	 --	 (*'8 
•	 0\d Jo 

(\ =-o.6 
Q\d ) 

(a2w*)
= 2.19 

•

(d2w*
= 0.55 

o /1 

(\ 1.30 

J 
0d 

/ dT*\
= -0.81 

0\d 11 

I__ 

0' /0 

I__ =-0.98 
o\ /1 

f d loge p*\ 

•	 •) =3.32 •
o\ d	 Jo 

fd loge p*\ 
I I =0 
0\ d	 J

(178) 
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Equation (C32) gives then

= 

= -0.16 

=10.0 Oa 

0 = 

and equation (c31) gives

('79) 

2a = 17.8 

= -o.o8

(18o) 
2Ta = -27.0 

2Tb* = 0.38 

From equations (D9) to (Dli), using equations ( 177) and (i8o), 

= 1 . 17(1 + 0•96}e - 5.O e2)	 ( i8i) 

Neglecting the rarefaction correction to	 and F(l), equations (135) 
and (136) give the friction coefficients 

Ree Cfa = 5.32(1 - 279e + 17.9Kne2) 

-	 Ree Cfb = 1.33(1 - 279e + 17.92)

(182)
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Similarly, equations (i 1i-o) and (i4-i) give the slip velocities

- 

Ir	 (183) 

-^ = 0.2Kn - 0.i6Kn 2 
u	 e	 e 

Equations (i4.6) and (1 )4-7) give the dimensionless heat transfer 

= 1.86 1 + o• 5e - 83. 7e2) 1
(i8i) 

= 0 .59(1 - 1•3e +8.2I2). J 
Equations (151) and (152) give the temperature jumps 

Ta - T 
= 373 e - 27•0}e2 1 Twa	

(185) 

Tb - Twb 
= 0•2} e + 0•38}e2 j Twb

/ 

Equations (C28) and ( 15 1i-) give the pressure ratio 

/ - = 2.77(1 -' 6 e ^ •	 (i86) 

The variations of	 'e Cfa and Ree Cfb, ( ua - u)/u and 

ub/U, q* and q*, and ( Ta - Twa)/Twa and ( Tb - Twb)/Twa with 

the effective Knudsen number Krle for Pr = 0.715, y = i.400,	 = 1,
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Twb* = 1, a. = 0.900, a = 1, k = 0 .5, and Mwa = 2 are given in fig-

ures 16, 17, 18, 19, and 20, respectively. Similar results could be 
calculated and plotted for any other choice of the parameters but the 
enormous amount of work required to do so for any range of parameters 
does not appear to be justified at present. This is especially true 
in that no experimental data exist for a check. 

The effect of the Burnett (second-order) terms or the Kne2 terms 

in equations (i8i) to (185) is seen to counteract the effect of the 
first-order slip terms or the terms in Kne in all cases except the 
temperature jump at the outer wall. The latter would show the same 

behavior if	 and (i) were not neglected. 

SU}.IMARY OF RESULTS 

A study was made to determine the effects of variable viscosity 
and thermal conductivity on the high-speed slip flow between concentric 
cylinders. The results are summarized as follows: 

1. Satisfactory estimates of the effect of variable viscosity aid 
thermal conductivity upon the velocity and temperature distributions 
were obtained from Schamberg's solution for constant values of these 
coefficients by basing the friction coefficient and the coefficient of 
heat transfer on the effective coefficients 1-x e = T1Pwa and Xe = 
These effective values of the coefficients	 and Xe, in the case 

of equal wall temperatures, increased with the Mach number M and the 
"curvature Tt 1/k. 

2. Only the expression for the pressure ratio Pb/na was signifi-

cantly different in this case from Schamberg's solution with constant 
t because of the use of effective values of Reynolds number and Knudsen 
number.

3. The effect of the Burnett terms in the differential equation 
was more pronounced upon the pressure ratio Pb/a• This effect 

increased with the effective Knudsen number Kne, the Mach number Mwa 

the temperature difference ( Twa - Twb)/Twa, and the curvature 1/k; it 

was measured by thefactor	 of equation (123) as used in equa-

tion (l2!i. ) and plotted in figures 2 and 15. Effect of the Burnett 
terms could best be seen by an experimental determination of the pres-
sure ratio	

b/a'	 -
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. The effect of the Burnett terms both in the differential equa-
tion and in the boundary conditions tended in all cases considered to 
coUnt!	 Iirstorder eff	 -	 - - - 
jump on the boundary. 

5. For equal wall temperatures the effect of the Burnett terms 
was to increase the pressure ratio and to increase the skin friction 
on and the heat transfer to both cylinders. 

6. The, curvature effect on the behavior of the friction coefficient, 
the slip velocity, and the temperature jump as k decreased was such 
that they all increased at the inner cylinder and decreased at the outer 
cylinder. When k approaches unity, the values of all quantities reduce 
to those for plane Couette flow. 

University of Washington 
Seattle, Wash., December 20, 1951
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APPENDIX A 

SYMBOLS 

radiabatic speed of sound, equation (31i-) 

a	 determinant of metric tensor, appendix B 

[radius of inner cylinder 

a1	 numerical constant in boundarr conditions, equations (614.) 

fundamental metric tensor, appendix B 

A	 constant of integration, equation (87) 

A0 , A1 , .	 A6 numerical constants, equations (120) and (122) 

A.=F 
1	 3.	 Pxi

tensor 

nondivergent symmetrical tensor associated with 
equation (21) 

b	 radius of outer cylinder 

b, b2	 numerical constants in boundary conditions, equations (6i.) 

B	 constant of integration, equation (8) 

mean molecular speed, equation (38) 

c1 , c1 1	 numerical constants in boundary conditions, equations (614.) 

C	 constant of integration, equation (91i.) 

gC gCi	 constants of integration 

Cf	 friction coefficient, equation (129)
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c	 specific heat at constant pressure 

c	 specific heat at constant volume	 -	 - - 

D	 constant of integration, equation (94) 

D/Dt	 convective time derivative of hydrodynamics, 
equation (4) 

Dk	 covariant derivative operator, appendix B 

e , e , •	 e	 numerical constants in boundary conditions, 
equations (6 

symmetric rate of deformation tensor, appendix B 

E internal energy per unit mass of gas, equation (3) 

f function, equation (98) 

F function, equation (102) 

F1 component of external force per unit mass, equation (2) 

g function, equation (lao) 

G function, equation (104). 

•h gap between 'cylinders	 (b - a) 

H enthalpy per unit mass of gas, equation (9) 

I function, equation (D27) 

J function, equation (125) 	
0 

k = a/b 

K1 , K2 , . K6	 numerical constants of stress tensor, equations (27) 
and (28) 

Kn Knudsen number, equation (4i)	 (ilL) 

Kfle effective Knudsen number, equation (109) 

1	 ' mean free' path of gas, equation (39) 

L characteristic length of flow
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m = log	 = loge ., equation (89) 

M	 Mach number 

N1 , N2 , N3 , N	 numerical constants, equations (ii8) 

p	 static pressure of gas, equation (5) 

component of stress tensor, equation (2) 

Pr	 Prandtl number, equation (35) 

component of heat-flax vector, equation (3) 

rth-order approximation to q. 

q(n) nth-order correction to 	 0q., equation (i1) 

heat received per unit mass of gas, equation (8) 

r radial distance from center of concentric cylinders 

R gas constant 

Re Reynolds number 

S entropy per unit mass of gas, equation (9) 

t time, equation (1) 

T absolute temperature of gas,	 equation (9) 

T absolute temperature of wall 

u, v, w components of macroscopic velocity in x, y, and 
z direction, respectively 

component of macroscopic velocity, equation (1) 

U surface velocity of inner cylinder	 (aua) 

x, y,	 z Cartesian coordinates of physical space 

x. component of Cartesian coordinate of physical space
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X, Z	 functions, equations (75) to (78) 

a	 accommodation coefficient, equation (58) 

viscosity index, equation (56) 

ratio of specific heats of gas (cp/cv) 

Christoffel symbol of second kind, appendix B 

thermal conductivity index 

unit tensor, equation (5) 

function, equation (93) 

= 1 - k, equation (D18) 

constant, equatfon (91) 

e1 , 62 .	 .	 numerical constants in heat-flux vector, equa-
tions (29) and (30) 

e	 divergence of velocity, appendix B 

coefficient of thermal conductivity, equation (20) 

coefficient of viscosity, equation (19) 

p	 density of gas, equation (1) 

Maxwell's reflection coefficient, equation (57) 

T	 shearing stress 

component of viscous tensor, equation (5) 

rT ij	 rth-order approximation to T1 

T. 
(n)	

nth-order correction to T. ., equation (13) 1J	 Oij 

0	 angular coordinate in cylind-rical coordinates 

dissipation function, equation (211)
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o.'v
	

function, equation (115) 

011
	

function, equation (121) (11/2) 

Wwa
	 angular velocity of inner cylinder 

dimensionless angular velocity, equation (95) 

U)
	 numerical constant, equation (Cs) 

variable, equation (89) 

variable, equation (90) 

• Subscripts: 

0, 1, 2,	 .	 in front of any symbol, order of approximation to 
boundary conditions 

a, 3, i, j, k, 1, in covariant vector and tensor indices, appendix B 

e	 effective value 

wa•	 conditions at wall temperature Twa 

indicates covariant differentiation, appendix B 

Superscripts: 

0, 1, 2, . . .	 in front of any symbol, order of approximation to solu-
tion of differential equation, equation (110) 

a, 3, i, j, k, 1, in contravariant vector and tensor indices, 
•	 appendix B 

13	 exponent in viscosity-temperature relation
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APPENDIX B 

-- TRANSFORI.IATIOj'J OF EQUATIONSOFM0TIO TO 

The equations of fluid mechanics have been written in Cartesian 
tensor form in this report as in references 1 and 3. However, the 
problem considered had to be set up in cylindrical coordinates and 
Cartesian coordinates were abandoned in the process. In order to take 
into account all possible systems of curvilinear coordinates, it is 
best to express the equations of fluid mechanics, including the Burnett 
terms, in general tensor form for any space with a metric form of the 
type (reference 23)

ds2 =	 dxi dx 

By the principle of covariance all that one has to do is to express 
each term in the equations as the proper invariant (scalar, vector, or 
tensor), which reduces to the known form when the coordinates are 
Cartesian. The method and notation used are to be found in reference 23. 
The distinction between superscripts and subscripts is necessary. 

There is no difficulty with the equation of continuity. it is 
almost in the form of ascalar equation already. Redefine the comoving 
time derivative

D 
- - + u'D 
Dt	 t 

where Dk is now the covariant derivative operator. For any scalar such 

as p the covariant derivative is the same as the ordinary partial deriva-
tive. The divergence of the velocity is the scalar 

eDuuk =__+F1cum=L(juk k	 1k	 xk	 km

rJ

65 
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In other words, take the covariant derivative of the contravariant 
velocity vector	 and contract the result; a la ij i, the determi-

nant of the metric tensor	 By definition the covariant derivative 

is

uk	 m 
Zm 

Where the terms	 are the Christoffel symbols of the second kind. 

The continuity equation is then 

Dt 

or	 (Bl) 

	

+ (k)	 = 

for, when covariant differentiation becomes ordinary differentiation, 
these expressions reduce to the known equation, equation (i) (refer-
ence 23, p. 196). 

Similarly, the momentum equation is a vector equation and the energy 
equation is a scalar equation. All that is needed to give them general 
tensor form is to place the indices properly and to use covariant dif-
ferentiation. They are obviously 

Duk	 p 
p--pF +-+T	 =0	 (B2) 
Dt	 k	 k Ia 

	

u	 +q°	 =0	 (B3)
a,113 

which replace equations (6) and (7).
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Expansions (13) and (i 1 -) remain the same as long as it is borne in 
_nii nd_ti1aeachTij (nI)isa covariant tensor and q1(1) is a covariant 

vector. Equations (19) and 
remain the same:

u. 

1q1 =	 - 

provided	 is redefined as the covariant tensor 

1	 \	 1
__eij=(uiIj^ujIj) _ea 

One must use a1 here as it is the fundamental tensor of the space; 
a'J is' the fundamental contravariant tensor, and is the funda-
mental mixed tensor. 

By continuing this process the expressions for the third-order 
Burnett terms become 

T. (2) = K1	 + K2	
+	

-	 -	 Ujim +	 ujim) + 1J	 p 

1 k	 a. . - (e . m u . + e . m u	 +	 u	 a	 + 
3	 rn	 ij	 i	 rnlj	 j	 mIil	 3	 kIm -u U 

K	 .. - -2- _i(a'	 _\a.i + K	 . T + p . T ." - 

L "	 3\J; k \ 	 m) 
1j	

ppT2 Ii Ij	 i 

	

a p T	 all + K7	 . T . -	 p p	 a.	 + 1k	 rn 1J	 2Ii Li	 3	 1k Im ii) 

K6	 eaj + ea eaj) -	 e' e a1 

q.(2) 
= e	 - +	 --r-(5T) +	 k	 T 1 + e3	 Ik 

ek1 + 
ir	 I'	 ax1 

	

2	 2 
_- ekjlk +	 T1 e11
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where the covariant vector A 1 = F -	 , T	 ,	 ii = 
p xi	 x 

and

_______ k T 
it]	 t] 

The Cartesian symbol A1,1 has been replaced by the covariant expression 

-	 1,	 lie-
A.. = —(A.. + A..) - - A	 a. it]	 2\J	 Ji/	 3	 k ij 

In order to obtain equations (51) to . ( 56), it is necesary to intro-

duce plane polar coordinates r = x- and 0 = x2 . The metric form is 

= dr2 + r2 dØ2 

11	 2	 1	 - 
so a11 = a = 1, a22 = r = -, and all other values of	 are 

zero while a = r 2 . The only nonvanishing Christoffel symbols are 

Denote the physical components of the velocity vector by Ur and u0, 
where U1, = u1 = ui-, U0 = ru2 =	 Similarly, the physical components 

of tlie vector q1 are	 and q0 and, of the stress tensor (refer-

ence 23, pp. 1Il 5 to iJ6),
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T	 11 
rr - T 11 = T 

1	 12TØ=-T 12 --

1 
T00 = - T22 = 

Then

G=!-(ru ) + 
rr r	 rØ 

	

=++	 (BIl) r. rØ 

and the equation of continuity becomes 

p 1 

	

+ - -. (rpu) + -	 ( u0) = 0	 (B5) 

Written out, equations (B2) and ( B3) become equations (31) and (32) 

in covariant form Dk = ak0 1a' 

Duk 
P

	

	 - PFk + Ik - 2D°iek ) + D° T (2) = 0	 (B6) k 

-	 (2)a3	 (2)a p	 +po-2ie u	 D XT	 +

	

T	 U	 +q	 =0	 (B7) Dt	 ( ia)	 IcL 

Duk 
The components of	 become, using covariant derivatives and the 

nonvanishing Christoffel symbols,
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Du1	 U1	 k	 =	 +	 +	 - 
-----+U Ulik	 t	

Ur	 r	 r 

	

= 2 + k U21k 
=	 UØ 

ur	 (rug)	
UØ 

r—+ - +u-
Dt	 t	 r 

Let F1 = Fr F2 = rFØ, D1p =	 and D2p =
	

The covariant com-

ponents of	 are

uT

UØ 
e12 = e21 =	 + r - - u01 

	

fu	 \ i 
e22 -r--+ Ur)_ er2 

while the contravariant ones are 

	

e11 =	 - e 
r	 3 

l"l Ur 1 uØ u\ 
e12 = e21 

= s-;--- ;) 

22	
ifi	 11 

e 

Since

Ur

uØ 
u211 = r

Ur 
U112 =	 - U0

\ 
u212 = r- + ur)



NACA TN 2897	 11 

it follows that in equation (wi) the dissipation term is

- 

ku	 \r	 2\r Ø	 r	 r	 \r Ø	 r /	 3 

Consequently, the equations of motion ' and energy in two-dimensional 
polar coordinates are 

( u	 u	 uØ2\	 1p—+u1,—+--.--;-pF --2—it-----e 
r	 r j	

r	
r	 rL\r	 3 

r(1 ur	 UØ UØ	 21r	 uØ	 \.	 a	 (2) = 0 (B8) -i + D T 

fuØ	
+ ___ - pF +	 P -	 1	

+ uØ - uø1 - -+ 
\t	

r	 r	 r )	 0 r Ø	 r	 nj 

2	 R1 uØ Ur 1	 2/1 Ur +	 -	
+ D	

('2) = 0
	 (B9) 

a 

r)	 2cx. 

(E	 UØ	 - F7ur\2	

(1	

UØ uØ\2 
+	 .+pQ 2LI(_) + 

r	 [r/	 2rØ	 ir	 r) + 

+ ur'\2 1 2I 1	 I	 T\	 1	 / T\ 
rØ	 r) 

(2)kz	 (2)k 
T	 u11+q	 1k0 (Blo) 

For	 = 0 and i = Constant these reduce to the well-known equations 
for an incompressible fluid (references 12 and 13). It still remains
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to find the components of q(2) and T kl(2) and substitute into these 
equations. For the former the result is immediate: 

q (2) = e	 e	 [--(8T) + 2—^ 2	
T1 

r	 1 pT	 r	 2	 r	 r r	 wil + 

o 
2ur 1	 p + 1 p(i Ur	 Ø UØ 

	

T +	 + 

____ 

1	 1 UØ Ur	
+ 

PLr2	 rrr2Ør23.rj 

o	 1 
5 ciT [r	 3 ) r	 r	 r 

q(2) =oi a e .: + e2_[_(eT ) + 2( _)+ 

+1+e 
r Ø\r Ø.	 rLj	 3 pp\r Ø	 r	 rJr 

1 p 0 /lØ ur\1pl 
3rØ	 rØr)rØJ	 prrØ	 r	 r) 

11 Ur	 UØ UØ\1 +
	 +	 -	 + 

5pT L2r Ø 	 r	 rir 

(i^ ur\i	 1 T 
r)rØ 3rØ0
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A longer, more tedious calculation leads to the stress components 

Trr (2) K1 1	 + K2,4hh1	
12 2(Ø'2 

P	 r	 3	 P	 r	 3 r	 3r? ø	 3 \r / 

2Ø(lr 
\rØ	 rJ	 3raØ	 r,	 \r/	 3r\rØrJ 3 \r	 3 

1 T 
p[r)	 12\rØ	 r	 nj	 -'p 

1pp\ 
3r2 Ø2/	 p3 r r -	

+	

1 1 \21 

	

[n)	 3Ø)] 

2 A2 2Al (2)KM2(1un1\2( 
-	 p	 r	 3 / 

K 2uØ 1	 + u\2 (i	 u\2	 (r 2	 +	 2 
2 p\r - r Ø	 7/	 r Ø	 7)	 :--- -	 9 5 

(i uø u\ ]	 2 r1 (1	 +	 - uØ'\2 1 Iur\ 2 2	 1	 Ur 
r Ø	 r	 r	 r/ -	 -	 7-) + 

2— - 
+ —)_j 

+ K6 

2/1 UØ Ur'1	
K	 -_	 +	 -.	 + K a_J 1 p T 

	

- 
+ 7/] + 3 P \3 r2 Ø2 3 r r 3 r2J 	 ppT\3 r2 

;	 pP [
	 ) - 

(2)	 (2) T rø	 =TØ	 - 

1 K	 (1 Ur	 UØ\ +	
P2Ef1 l 1 2'

	 A2 2 (1 Ur	 UØ - UØ - 
—o'—+ 2 1 p rØ	

71 

ur (	

-	

- ?uØ(i	 ur\1 
+ K - R 1	 T 

r	 3 
p r 

1p?P\	 1	 2 (i ur	 uø 
K	 +gK6.-e	 ;:---

73
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Since for the symmetrical case considered in this report Ur = 0 
and all partial derivatives with respect to 0 vanish, e = 0, 

	

A 1 = - . L	 and A2 = 0, it follows that these expressions simplify 
pdr 

considerably, becoming simply

q(2) = 0 

q0(2) = 2O2	 +	
2	 (du0 u\ +	

e 
2 d (duø 

pTrdr 2 3 ppdr\dr	 r) 

e(i+e a( 
pr\dr	 rJ 2 5 pT dr \ir	 r 

(2)	 1	 2[i dp 
T	 =	 p r dr - drp dr)	 \dr )	 \ r)	 r dr] 

LK 
2(du2l2(d2TidT\ 

12 6 p dr	 r)	 P !\ dr2 r dr) 

K	
dpdT	 K	 I 

3	 ppT	 + 3	 pT dr	
(Bil) 

	

TØØ ( 2 ) = K2	 - --	 + (	
+	

\2 - (_\i + 

	

p jr\p dr) pr dr \dr	 r)	 \%rJ] 

1 K 2 duØ u0\2 1 
K arn.. R( dT - d2T 

I + 

	

6	 r	 3 3 p	 rdr	 2) 

1}dPdTl(	
(B12) 

.	 ppTdrdr	 3 -1 pT dr/ 

	

(2)	 (2) 

	

T r0 	 TØr	 =0
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Equations (B8), (B9), and (BiD) reduce for this symmetric case to 

u2	
dp	 dTrr(2)	 1/	 (2)	 (2)\ -p	 + - +	 + -(T 	 - T,(,,(	 J = 0 r	 dr	 dr	 r\	 )ti$J	 / 

r-]+ =0 dr \dr	 rj	 r dr	 rJ 

dr	 r)	 r dr	 dr) 

	

But Trr = Trr(2), Trø = Trø(1) =
	 -	

TØØ = TØØ(2), 

= q (1) = -	 , a.n	 q0	 q0(2) in this case, so these re pre-
cisely equations ( 1i-7) to (i9) while' equations (312) and (Bli) agree 
with equations (51) and (72). No second-order terms occur in equa-
tions (50) and (53) since TrØ(2) = 0 and q(2) = 0. The second-

order term for q0(2) does not occur because its derivative with 
respect to 0 is zero in the problem considered. 

*
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APPENDIX C 

REDUCTION OF BOUNDARY CONDITIONS TO DIMENSIONLESS FORM 

Making use of equations (79) to (81), the boundary conditions, 
equations (71) to (7 )-i-), can be written in dimensionless form as follows: 

*	 d u*l - (lia* ) 2 I-I 
Ua* =	 + a1	

a	 L*	 (f \s)I U) +	 Xa*L2	 (Cl) 

	

( Ta*)1/2	
dr*\r*

a	 (Ta*)2

	

X 2	 (C2) Ub* = 0 - a1	
Ta*	 dr* r* b	 (pb*)2(Ta*)2 

a*	 fdT*\ - (a*)2 
Ta * = J +	 (1) +	 Za*2	 (C3) 

(Ta *)V21a	 (Ta*)2 

	

()1/2	
( *2 1 b* T*	 /	 Zb*	 (CIi-) 

	

Tb* = Twb* c1	
Ta*pb* dr* b	 (pb*)2(Ta*)2 

where

-	 Rl/2waT	 (1 - k )y 2 a	 0.796(1 - kKa (U =	 =	 = 
apa(Twa)h/'2	 k	 Rewa 

using equation ('i-i).

a
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The fuxictions Xa*, Xb*, Za*, and Zb* are obtained from equa-
tions (75) to (78) by. use of equations (80) and (8i) and are 

a2X 
x * a --a	

RTwaU 

= - –	

—

d	 u -
- (5.167 -

d 9/dT*	 *\ 

\dr,ia L ia - i'a a 

T * a r*	 d fu* 1	 - 

[	 dr*
5(1	 \	 +	 7M•

d fu*1 
dr)	 6

a

a2X 
Xb*

RTwaU 

T*{* d u - = - –	

—	
- (5.167 -	 I* d u*	 9(dT* 

15)dr*)b L	 -	 - 
ID	 b 

r* 
15	 [p*

>(c6) 
a2; 

Za*
RTwa2

d	 'i dT*\ e1yM2T* E* 
d l2*1 2

+ e,-T (— — I + 7t8T E*	
_I	 a \r* dr*Ja 

=	 —(—+ 
a	 a 

I'	 r\Ir*\2 - -- 
T

a	 +	

11*')L dT*1 a e8 -	 a	 + 7 \	 a 

a2Zb 
a

RTwa2

2 

e'7*E d

	 1 
– YMWa2TID*E* __

i : 1 +	 ( 1 dT' =	 *_(_1I +

	

dr*r*Lj	
e6Tb*_ )b + 

	

i1*\r*Lj 	 2 

	

ID	 ID 

(e - \/dT*\2	
T 8	 11 ,1I AD -	

b 
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On using equations (89), (90), (91), and (C5), equations (ci) 
to (c).i-) become, respectively, 

O.796a(l - k)()	

e + a 1 e2	 (c') Ua*=l+	
1/2 d 

kiii(Ta*)

)l/2 
O.796a1(l - k)(Tb*	

()	
+	 ( c8) 

	

Ub*O_	
a**	 d 1 

O.796c(1 - k)f*)	

e	 a	 e2	 (c9) Ta* = 1 +

	 (Ta*)l/	 d

1/2 

	

O.796c(1 - k)(Tb*) 	

()	
+	 (do) 

	

Tb* = Twb* -
	 a*pb*	 d 1 

where

Kne = VKnwa	 (cii)
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and 

Xa
0.6336 ( 1 -	 - ______________ _______ --	 -	 - -- - 

-- ---------	 k2112(Ta*)2 

= 0.6336(1 - k)2 1I^ T*	 - (4.63k -	 -	 T*	 --- (log p*) - 
k2m2(Ta*)2 L 6	 d2	 \	 6 Jd d	 15	 d d 

Uy - 
dT* 5 dT	 5	 2 * 

o.6336(l - k)2(*)2Xb* 
Xb

k2112(Ta*)2 (*)2 

= 0.6336(1 - k)2 r T* d2w* (.63 - g	 - 15	 d d 
_____________	 5 \* dT*	 -s-- (1og p*) - 
km2(T *)2 ( *)2 L	 - 

9b*W* dT*l 8j 

= 0.6336(1 - k)2(1a*)2Za*
	 (c12) 

a -
	 k]2(T*)2 

= 0.6336(1 - k)2	 f\2	 /dT*)2 -	 T*	 + 
k?m2(Ta*)2	 Wa a '\d ) 

+ e8(_._	
d2 

d	 \1	
6)T*	 + 7a2(! i8	 dTl YMwa2Ta	

dw* /1	 " dT *w*_+ (_+ e
2 7 IdjJ 

0.6336(1 - k)2(.1b*)2Zb*	 I a	
k2(Ta*2 (*)2	

:	
I 

= 0.6336(1 - k)2 r	 2 fdT*)2 -	 k*	 + 
k2m2(Ta*)2 (*)2 1.:'

	

+ k e8—__	 11	 d2	 -	 -	 I 

*	 I	 dT __+(_e6)k2T*_1	 I 
JI=1	 I 

because of equations (c6), (89), (90), (91), and (95).
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From'equations (102) and (98)

	

()fl+1	
(c13) F' () = f'.( ) =	 ______ 

n=1

n-i 
F"() =	

()fl+1 k2(
	 [n '() -	 )]	 (ci) 

n n=1 

where the prime denotes the derivative with respect to 	 . Equation (93)
gives

(cis) 
11 

Therefore

F'(0)=0 1
(ci6) 

F'(1) = 0 J 
F"(0) = m2(	 -' )	 1

(cri) 
F"(l) = )4.k2m2(_ - ) j 

and from equations (io4) and (lao) 

= g'() - g(i) + g(0) 

= 2mf() - g(1) + g(o) 	 (ci8) 

G"() = 2inf'()	 (C19) 

whence

G"(0) = G"(l) = 0	 (c2o)
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From equation (101), using equations (ci6) and (c17), 

_waT*_(%*__p2m3 - 

\d)0	 1-k2 -F(1) - 

( *\	 Wa* Wb* (-2k)


= 1 - k - F(l)

8i 

(c21) 

	

/ da	 U)	 - 

d2 ) = 1 - k2 - 

/ d2w*'	 Wa* - (Db* 

d2 ) = 1 - k2
 - F(1) (k2m2b*I) 

while from equation (103), using equation (c20), 

-	 (7-l)	 M 

	

(Ta* - Tb*) -	 wa wa -	

k2F(12 

(dT*	 (71)wa 
- Tb*) - ______________________ 

k2F(l2 

	

(7- 1 ) Prwa	 a2(wa* - 

d2 )° = -	 -	 - F(	 2	
(m2) 

(d2T* = - (7 i ),a Mwa2(wa* -*)2 (k2m2) 

\d2)i	 [1_k2_F(1I12

'(c22)
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Putting equations (C21) and (C22) into equations (C7) to (cio) 
yields

Wa - Wb* 
= 1 - l.592a1 (Ta*)"2

1-k
+ Xa Ke2 

- k2 -

(c23) 

) 1/2 
(wa* -	 *)(Tb*	 k2(l - k)	

e + kXt	 2 (c2) = 0 + l.592a1	 T *	 1 - k2 - F(l) a 

1-k 
Ta* = 1 - O.796c1

km(Ta*)V2	
- Tb* + 

____________	
2 lk2-G'	

Ie+ZaKfle (y - 1 )wa ia2(wa	
*)2	

- k2 - F(l2 j
	

(c25) 

(1 - k)(Tb*)1/2 r 
Tb* '= Twb* + O.796c1	 *	

Ta* - Tb* + 

a	 L 

1 - k2 - 2k2m - G t (1)1
b (7-	 a2(a* -	

- k2 - F(l2	
+

(c26)
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It is convenient to express ffla* w*, Ta* Tb*, Ua* Ub*, 
and	 in ascending powers of the effective nudsennuberJç1 

T1s wri€

wa*owa*(	
w*KJ-1 + 

	

la	 e 2a	 e 

(Db* QWb* + lwb* e + 2(b* e

(c27) 

Ta* = OTa* (i + lTa* e + 2Ta* e) 

Tb* = oTb*(l + lTb* e + 2Tb* e2) 

Ua* = OUa* (i +. lUa* Kne + 2Ua* Kfle2) 

+	 ,.*	 2 Ub = Oub + f Lb* Kfle 2b	 e

(C 28) 

=	 (i + lpb* e + 2 * 1e2) 

=	
(1 +
	 J	 +	 2\ 
1	 e 2	 e) 

where the subscript 0, 1, or 2 written in front of a symboldenotes 
the order of the approximation to the boundary values.
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Equations (C23) to (C26) give in successive steps the zero-order 
approx iinat ion:

* = 1 Oa 

o * = 0

r 
T*=1 Oa 

T*=T * 0b	 wb 

the first-order coirection terms: 

1.592a1(1-k) 
1(a*	

k_k2_ 0F(i

2 i.592a1(1- k)k (TWb ) 
1* =
	 _k2_0F(1o*	

(c3o) 
___________	

1_k2_2m_OGI(0)l 0.796c 1 (1 - k)	
Twb* +(y - 1)waMwa2	

- k - 0F(12 j 
lTa*=	 km	

L

1-k2- 2k2m_0Gt(1 
2 0.796c1(1-k)	

_Twb* +( y_1 ) Pr 3	 a	
_k2_0F(12

lTb* =
m p* (T \ w1
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where 0F(i), 0G'(0), and 0G'(l) are obtained from equations (102) 

and (ci8) using the zero-order approximation, equation (c29), to deter-
mine rand i and_the scondordercorrectionterins	 --	 - - 

1.592a1(1-k)	
-	 T	 + X ___________	 * 

2 a
kk2_0F(l(	

2 la) Oa 

1.592a1(1_k)k2(TWb* 1/2 
=	

1ia - 1 * - ia + 
- k - F(15] Opb
	

V 

lTb* -	 *) + k OXb 

0.796c 1(1- k) r1 T
	 T * T *- T *	 + 2T a* = -
	 km	 1 a 2 1 a wb	 wb

(c31) 

1-k2 -
( y - i)	 a2	 2 2 

lwa*_ 2	 1T*) + OZa 
_k2_0F(1 

0.796c 1(1-k) [ 
2Tb* =	 T	 T *+1 _3TWb*) lTb* - 1/21 wb la	 2' 

m p*(T	 L 0 b wb /

1 - k2 - 2k2m - 0G t
 (i) '2 w * - (1 _ TWb*) lPb* ( y - i) M 2 __________________ 

wa • la 

Ob 2	 *+ lTb* - lTa* - lPb*)} +
n * -wb

I
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From equations (012) and (c29), with i* = T*, 

0.6336(1 - k) 2 5 d*\	

( 63	
\ (*	 /dT*\ 

oXa =
	 k2	 [	 -	 - g ) 

8
 ()

(d 1og P\	 m [7 dT*\	 dw*hl 
o \	 d	 Jo +	 -	 +	 a 

0.6336(1 - k) 2 ______________	 I _____________	 I\ /dT*\ 
OXb= ______________ 

km2 (p*)2	
T	 (.634 -	

) 

T * 
Idu*\ (d loge P*)1 

15 w1	 d

(c32) 

0.6336(1 - k)2 r	 2 dw* 2	 (\2	 1 (+\ 
(\ + OZa =

	 k2m2	 t17Mwa 0d Jo	 ) -	 o\o + 

m 1 i	 2

	

1	 yM 2\ f\11 

	

wa	 + (e6 +	 +	 wa )d )jf 

2	 2 0.6336(1 - k) 2	 I&&\	 dT* 
QZìJ =	 T * I	 I + k2e8 (—'i wb k2m2 (p*)2	 0	 '1	 '1 

	

_______	 dT* –1 
-	 (	 +	 (ec+ 

/ d'T*\	 k2nLwb*	
)Twb* 

()j b\%,11	 h1	 1
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8 

Also equations (C21) and (C22) give, on using equations (C29), 

(dw*'\	 2m 

0d)0	 l-k2-(i) 

/ dw*\	 2k2m 

= l - k - 0F(l)

(c33) 

d2 ) =.
	

-	 - 0F(l 

-1-k2m2ii * 

c

____	 wb 

d2 ) =	 - k - 0F(l 

(dT*'\	 (7 - l)Pr	 M 2 
= - (1 - TWb*) -
	 wa wa	

- k2	 2m - 0G' (o 
- k2 - 0F(l2 

2 (y - l ) Prwa Mwa.	
- 2k2rn - 0G t (i 

OIl = _(
i - TWb*) -	

- k2 - 0F(l2

(c31) 

(d2T*\	 (7 - l)Pr Mwa	 (1m2) 
0d2	 - k2 - 0F(l2 

I d2T*\ = - (7 - l ) Prwa Mwa,
(1ik2m2) 

(d 2 )	
k2 - o\	 /1



1sIs1 
[S1•] NAA TN 2895 

APPENDIX D 

DETERMINATION OF APPROXIMATE EXPRESSIONS FOR DISTRIBUTIONS 

From equations (90 ) and (91) 

1 
=_J	 *d 110 

The kinetic theory of gases (reference 1) gives 

1 
that is,	 (D3) 

Experiment shows that for most gases the value of f3 lies between 0.5 
and 1, and it varies slightly with temperature. Substituting equation (D3) 
into equations (Dl),. (D2), and (93) yields 

	

fl T* d	 (p4) 

=	 T	 d
	

(D5) 

) =P	 - i) d	 (D6) 

(Dl) 

(D2)
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It is customary to assume 	 constant and for most gases its value is 
quite close to unity. While the calculations can be carried out for any 

- - cQnsitant Lalue _Qf 3, it is. much simpler to take	 = 1 as is done in 
the text from equation (l2 11)' on.	 - 

Substituting equation (103) into equation (D5) and taking j3 = 1, 

=	 T	 - (TL* - T*\t2

	 (7 - l)Pr 

L
- k -.F(l2 

[	
1 

where I() =	 G() d. 

Substituting equation (103) into equation (D 1 ), with f3 = 1, gives 

=	 + Tb*) + (y	 l)wa	 a	
(a* -	 *)2	

+ k2 ) - 
- k2- F(l2L. 

1 - k2 + i(i 
2m	 J 

On neglecting the rarefaction correction to F(l) and 1(1) and using 
equations (C27), (C28), and (C29), this yields as successive approxima-
tions to r 

= (i + TWb*) + (7 - 
l)wa a2	 + k2) - 1 - k2 + 

[l_k2_OF(1IJ22	 2m

x

(D7) 

(D8) 

(D9)
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(y-l)Pr 

o	
= ( T * + T *\ + 21 * -	 a2	

(i + k2 ) - 
la	 ib)	 1a	 1%[2 2L 

k2 1 -	
+ i(i)I	 (nb) 

2m	 Oj

*_	 + 
O 2 = (2Ta* + 2Tb*) 

+	

2 
1a	 ib) 

( y - i)	
a2(i + 

k2) - 1 - k2 
o 1 -'	

-	 - 0F(12

(nil) 

iow	 (o) = ( i) = 0 and, for 0 < < 1, 	 << 1. As a 
first approximation assume (superscripts denote order of approximation 
to solutions of the differential equations regardless of the boundary 
conditions)

	

L) = l) = 0	 (D12) 

It follos from equations (98), (100), (102), and (iou) that 

= 1g() = 1F() = 1G() = 0	 (D13) 

Substituting these into equation (ioi), (103), (Dl), and (D8) gives 

lf = U)a* - a -
	

(i -. k2)	 '	 ( n i) 
1-k
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(7 - 1)Pr2(wa*.w*)2[	
- k2j 

2(1-k2)

(D15) 

(7 - 1)Pr Mwa2(wa* - ='T*	 ____________________	 _____ a + Tb*) +	 _____ 

2(1_k2)2	

(l+k2_lk2)

(D16) 

= (Ta* + Tb*)	
1 

+ _(y - 1 
12	

)Pr ia2 (wa*	 *)2(i + € + 

19 2	 9 3^ -E +-
60	 •	 •) 

where

E = 1 - 

and

(nii) 

(D18) 

1 =	
- (Ta* - Tb*) 2 + 

(7 - 1)Pr Mwa2(wa* 

(1 - k2)	

-	 *)2[	
ei- k2)2 - 1

(D19) 

For the second approximation, equation (D6) gives 

2()	 f1T*j3	 \ 
=	 (	 -11d f0\1
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which, upon using equations (D15) and (D16), yields for 13 = 1 

11 
2) =	 (Ta* - Tb*)(l -	 + 

2 l L 

(7 - 1)	 (* -	 2	

-	
1 -	 + k	 - k2	

(n2o) 

(1 - k2 ) (l-k2)m	 _Ii 

where	 is given by equation (D16). It is noted that 2 (0) = 2 (1) = 0. 

Neglecting the second and higher powers of 	 ('), equation (98) yields 

2f() = m2 fk2 2) d 

which, upon using equation (D20), gives 

=	 (Ta* - Tb*)	 +(l - m) + rn	 + 

(7 l)Pr Mwa2(U)a* -	 2 [

	 -	

1 + k2 - k2} 
ml	 )+	 + 

	

(i - k2 )	 2(1 - k2) 

Constant	 (D21)
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93 

It follows from equation (102) that 

(1k^	 m)2+2k2^ 

( - i)	 a2(wa* -	 - (1 - k2 )(k2 - k21 

1-k2	 Lm1c2	 2(1-k)2

(D22) 

and

2F(l) = 'i (Ta*_ Tb*)(1 + k2	
1	 k2) -
	 (D23) 

____	 1	 19 2	 3	
.) 

(2) - +-	 .. b 
l2	 2	 60 

where € = 1 - k2 as before. 

Substituting equation (D21) into equation (100) yLelds for 
-	 Pr/cr = Constant 

2g(C) = 

=	 [(T	 r3_-	 1 ( -	 a2(wa - 
a - Tb*)I	 + (2 -	 _____________________ 

L	
+m]	

1-k2	
x 

____________	

k2 - k2 + 2k 
+ (i -	 + 

2 - 4(1 - k2jJ 
+ gCO +	 (D25) 

L2(1 - k2)m
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From equations (D25) and (iO1i) 

=	 ((Ta* - Tb*)fE3(1 - k
2 )	 +

+ 1+ k 
2m 

(	 -	 - k2) - (2 - m)k2 - m 2k2	 +
\2m) 

(y - i)Pr Mwa2(wa* - 	 *)2	 1 -	 1 + k2\ 
+ 

1-k2	 )+ 

'1	 k2 \( - k2) - (i - m)k 2 + 
2m 1k2) 

1 k1\ 
m 2k2 -	 -	 I I	 (D26) 

H	
)#(1-k2)JJ 

	

The integrals I() defined in equation (n7) for	 and 1(1) in 
equation (D8) for i can now be found from equation (D26). They are 

I () =	 d 

T*_ - a Tb*( +

	
+	 (l + k2)	

3(1 - k22 

- ________ 

3(1	 )(' - k2) -
	

-	 k2 + 1 2k2	 + 
2m\2m\	 2 

(y - 1)Pr	 a2(,* -	 *)2	 1 - k2 + h1 + 

1 (1-k2 )	 LL41k2	 j 

(
1 + k2 1 - k2'2 .:_ /1 - 3k2 -	 - k2 ) -
8 - 1m I	 Im(1_k2	 mj 

( - !')k + l2k2 +	 1 - k	
1 - 

16(1 - k2)j	
(D27)
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1(1)	 2G() d	 - 

- Tb*)[!(1 k2)	
- ____ 

- i)	 a2(wa* - *)2L1 + 8k
2 - k	 9(1 + k2) - 

	

8(i - k2 ) 2	 16(1 - k2)m ,m

(D28) 

1(1) = -
	 3	

a* - Tb*)(1	 € +	 •	 + 120111 

(y - 1)Pr	 a2 (wa*	 *)2(o +	 E +	 ( D29) 
i68 

The derivatives G t (0) and G'(l) needed in the coefficients 
lTb*, 2Ta*, and 2Tb* in boundary conditions ( C27) are also found from 
equation (D26) as follows: 

= ---

=	 fT * - Tb*)[ + k2 - 3(1- k2) + (1 - m)k 2 + a 

2m(l - m)k2 + 22k2 + 

(7 - l)Pr Mwa2(wa* - *)2j k2 1 - k2 1 + k2 2 
+ 

1-k2	 L	 -	 1-k2 

- )k2 -	 m kl .( D30) 1k2 jJ
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1 r	

)+k2	

3(1_k2l 
-rn-	 1+ =	 1Ta* - Tb*	

2m j 

2T1_+ k2	 k2rn 
(7 - 1)Pr	 a2(wa* -	 *) 

L' - k2)	 (i	 k2 ) 2 -	
(D31)  

= E3 t(Ta* - Tb*)(	
11	 21 2	

•) + 1 + - € + - € + 

	

2 iL	 10	 20 

	

- 1 )	 a(wa,	 *)2 (i +	 +	 • •	 () 

1	

*)E	 2	 2	
3(1 - k23l 

= _Ta* - Tb	 + 2k + k m -	 J + 

+ k2	 ki (7 -. 1)Pr	 a2(a,* -	 *)	
( i - k2 ) + (i - k2)2 -	 (D33) 

=	 3 
T * - Tb*)(1 +	 € + 3 2 

10 

Thus 

and

- 1)Pr	 a2(a* -	 * ) 2 (1 +	 € +	 (D3) 30
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Using equation (D22) . for 2F() and equation (D20) for 2(), the 
integra1s J1 and J2 in equations . (128) become 

j1 ( ) = 2F( ) + rn	 2F( ) d 

= -	 f(Ta* - Tb*)[2(1 - m) +	 -	 - k2 ) + 

(3 - m)k + m2k2 + ( y - i)	 a2(a* - *)2r2k2 

1-k2 

1(2 '3k2 1 

	

2\rn - 1 - k2)( - 
k2 ) + m2k2 + (2 - 

m)k2I	 (p35) 

- = -	 (T * -	 _______ 

L a	 2mj 

[1+k2	 2k2m (7 - 1)Pr Mwa 2 (wa* - *) 2 I	 + ________ 

(1-k2 )	 (1k2)2	
(D36) 

2 
€	 T*_Tb*)(1+E^?LE2+3^...)_ 

i2 111 t	 2	 12 

1	 12 E+-E + ( y - i)	 a2(wa* -	 *)2(	
20	 (D37)
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= 4k m2	 k_2 2() d 
LJO

Tb*)E(1 + )(k 2 -	 + (1 + m)k 2 - m2k2+ 

(7 - 1)Pr Mwa2 (U)a* -	 1'3 - k2 + \ (k_ 2 -	 + 
1-k2	 k2 -	 - k2 rn) 

	

(2 + rn)k 2 - m 2k 2	 (D38) 

	

k2 C 	 __ 
j2(i) -	 (Ta* - Tb*)(1 + k2 - 1 rnk ) + 

	

(y -	 * -	 -	 i + ______ -	 (D39) 

	

*)2L(1 + k

2\	 2k2rn 
aa	 1-k2) (1-k2)2 

2	 60	 120 
= E2 i pa* - Tb*)(1 - 1	 11 2	 11 3 E--E --C + 

12 

( - i)	 -	 *)2	 (1 +	 C +	 ( Duo) 
30	 2
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From equation (127), when use is made of equations (C29), 

= 0j1() + 0j2() - 2k22 

and so

=	 + j(i) - 2 2F(i) 

	

=_f(1_TWb*)+ 2k2_k_	
- (1- k2)(7_k21 

	

2k2m	 1 - 21 
(7 - i)	 a2	 (i +k2) +
	 - k2 -	 m	

(D1) 

= 2O	
-. TWb*)(1 +	 € +	

.	 -, 

•	 2 1	 1!i3	 2 +	
(D14.2) +	 €+ ( y - 1)Pr Mwa	

12	 1512
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Figure 1.- Coordinate systems.
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Figure 2.- Burnett terms correction to pressure ratio pb* against 
diameter ratio k for various values of Mach number Mwa. 
Pr = 0.715; y = 1.1400; f3 = 1; Twb* = 1; a = 0.900; a = 1.
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Figure 3.- Variations of	 and	 with diameter ratio k for 
various values of Mach number Mwa. Pr = O.7l5 y = l.1i OO; 3 = 1; 
m * 
wb -
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k 

against k. Dashed curves neglect M terms. 

Figure Ii. . - Variations of zero-order pressure ratio with diameter ratio k 
for. various values of Mach number. Pr = 0.715; y = 1.1100; 3 = 1; 
m * 
'wb -



106
	

NACA TN 2897 

7
Ms3 I 

6 

5
M=2 

4 

3 

2
MI 

I	 .2	 .4	 .6	 .8	 1.0 

k
against k. 

Figure 1l . Concluded. 

/ 

/



NACA TN 2895	 107 

0	 -___ ____ 
- 

-15 

-2C

0	 .2	 .4	 .6	 .8	 1.0 

Figure 5.- First-order slip velocity at inner cylinder against diameter 
ratio k. Pr = 0.715; ' = 1.1400; 1 = 1; Twb* = 1; a = 1.
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Figure 6.- First-order slip velocity at outer cylinder against diameter 

ratio k. Pr = 0.715; y = 1)4-00; 3 = 1; T wb* = 1; (1 = 1. 
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Figure 7.- First-order temperature jump at inner cylinder against diameter 
ratio k. Pr = 0.715; y = l . IOQ; 3 = 1; Twb* = 1; cx. = 0.900. 
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Figure 8.- First-order temperature jump at outer cylinder against diameter 

ratio k. Pr = 0.715; 7 = 1J100; 3 = 1; Twb* = 1; a. = 0.900.
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Figure 9.- First-order correction to parameter r against diameter 

ratio k for various values of Mach number Mwa. Pr = 0.715; 

y = 1. 1 O0; 13 = 1; Twb* = 1; a. = 0.900; a = 1. 
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Figure 10.- First-order correction to pressure ratio ].pb* against 

diameter ratio k. Pr = 0.715; y = 1. Ii-OO; 3 = 1; Twb* = 1; 
a = 0.900; a = 1.
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Figure 11.- Zero-order friction coefficient at inner and outer cylinders 
against diameter ratio k. Pr = 0.715; y = 1i0O; 3 = 1; Twb* = 1; 
a = 0.900;	 = 1.
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Figure 12.- First-order correction to friction coefficient for both 

inner and outer cylinders for various values of diameter ratio k. 
Pr = O.715 y = 1J-OO 13 = 1; Twb* = 1; a. = 0.900; a = 1. 
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k 
Figure 13.- Zero-order heat transfer at inner cylinder against diameter 

ratio k. Pr = 0.715; y = l.1-OO; 13 = 1; Twb* =1; a. = 0.900;	 1. 
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Figure 1 J.i-. - Zero-order heat transfer at outer cylinder against diameter 

.ratio k. Pr = 0 . 115; y = 1.1400; 13 = 1; Twb* = 1; a = 0.900; a = 1. 
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Figure 15.- Variation of function 0.6336(1 - k) 2 (2 ± k2)/2k21og 

against diameter ratio k.
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Figure 16.- Parameter	 against effective Knudsen number. Pr = 0.715;
= 1. 1i-OO; J3 = 1; Twb* = 1; a. = 0.900; a = 1; k = 0.5; Mwa = 2.
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Figure 17.- Friction coefficient against effective Knudsen number. 
Pr = O.715 y = 1. Ii.00; J3 = 1; Twb* = 1 a = 0.900; a = 1; 
k 0.5; Mwa = 2.
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Figure 18.- Slip velocity against effective Knudsen number. Pr = 0.717;
7 = 1.400; f3 = 1; Twb* = 1; a = 0.900; a = 1; k = 0.5; Mwa = 2.
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Figure 19.- Heat transfer against effective Knudsen'number. Pr = 0.715; 

= 1i4-O0; 3 = 1; Twb* = 1; a. = 0.900; a = 1; k = 0.5; Mwa = 2.
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Figure 20.- Temperature jump against effective Knudsen number. Pr = 0.715; 
y = i. )i-0O; 3 = 1; Twb* = 1; a = 0.900; a = 1; k = 0.5; Mwa = 2. 
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