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SUMMARY

This paper treats the kernel function of an integral equation that
relates a known or prescribed downwash distribution to an unknown 1lift
distribution for a harmonically osclllating finite wing in compressible
subsonic flow. The kernel function 1s reduced to a form that can be
accurately evaluated by separating the kernel function into two parts:

a part in which the singularities are isolated and analytically expressed
and a nonsingular part which may be tabulated. The form of the kernel
function for the sonic case (Mach number of 1) is treated separately.

In addition, results for the special cases of Mach number of O (incom-
pressible case) and frequency of O (steady case) are given.

The derivation of the integral equation which involves this kernel
function, originally performed elsewhere (see, for example, NACA Technical
Memorandum 979) is reproduced as an appendix. A second appendix gives
the reduction of the form of the kernel function obtained herein for the
three-dimensional case to a known result of Possio for two-dimensional
flow.

INTRODUCTION

The analytical determination of air forces on oscillating wings in
subsonic flow has been a continuing problem for the past 30 years.
Throughout the first and greater part of this time, efforts were directed.
mainly toward the determination of forces on wings in incompressible flow.
These efforts have led to important closed-form solutions for rigid wings
in two-dimensional flow (ref. l), to solutions in terms of series of
Legendre functions for distorting wings of circular plan form (refs. 2
and 3), and to many approximate, yet useful, results for wings of elliptic,
rectangular, and triangular plan form (see, for example, refs. 4 to 12).
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Although these results for incompressible flow play a highly signif-
icant roll in applications of unsteady aerodynamic theory, the advent of

" higher and higher speed aircraft during the last 15 years has brought a

growing need for knowledge of the effect that the compressibility of air
might have on unsteady air forces, or for analytically derived unsteady
air forces based on a compressible medium. The transition to results
for a compressible fluid from those for an incompressible fluid is not
likely to be accomplished by applications of simple transformations or
correction factors, such as the well-known Prandtl-Glauert factor for
steady flow. This difficulty is associated with the fact that the time
required for signals arising at one point in the medium to reach other
points gives rise not only to changes in magnitudes of forces but also to
additional phase lags between instantaneous positions, velocities, and
accelerations of the wing and the corresponding instantaneous forces
associated with these quantities. In order to obtain results for the
compressible case, it therefore appears necessary to deal directly with
the boundary-value problem for this case.

The boundary-value problem for a two-dimensional wing in compressible
flow has been successfully attacked from two points of view. First, by
consideration of an acceleration or pressure potential, Possio (ref. 13)
reduced the problem to that of an integral equation relating a prescribed
downwash distribution to an unknown 1lift distribution. The kernel of
this integral equation, which is a rather abstruse function, was reduced
to a form that, except at singular points, could be evaluated. Schwarz
(ref. 14) later isolated and determined the analytic behavior of the
singular points of Possio's results and made fairly extensive tables of
the kernel function. These tabular values were used by various investi-
gators (for examples, refs. 15 and 16) to obtain, by numerical procedures,
initial tables of force and moment coefficients for oscillating wings in
compressible subsonic flow.

The second successful approach to the solution of the boundary-value
problem for a two-dimensional wing (see refs. 17 to 19) is achieved by a
transformation to elliptic coordinates followed by a separation of vari-
ables that reduces the boundary-value problem from one in partial-
differential equations to one in ordinary differential equations of the
Mathieu type. The solutions turn out as infinite series in terms of
Mathieu functions. Numerical results obtalned recently by this proce-
dure agree with results previously obtained by the numerical procedures
using the kernel function (see, for example, ref. 20).

With regard to boundary-value problems for finite wings in compress-
ible flow, it appears that the procedure of separation of variables could
be a feasible approach only for wings of very special plan forms such as
a circle or an ellipse. 1In any case the development of the appropriate
mathematical functions for a particular plan form would become highly
involved. On the other hand it appears that approximate procedures
gimilar to those used for two-dimensional wings might afford an approach
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to solutions of these problems which though laborious might be handled
by routine numerical methods.

The kernel function of the integral equation relating pressure and
downwesh for the three-dimensional case appears as an improper integral
that can be reduced and tabulated. Furthermore, its singularities can
be isolated snd determined so that use, similar to that made in the two-
dimensional case, could be made of tabulated values of this function to
obtain, by numerical procedures, aerodynamic forces for finite wings.
The purpose of this paper 1s, therefore, to treat and discuss this
kernel function.

SYMBOLS

c velocity of sound

Hy(2),H;(2)  Hankel functions of second kind of zero snd first order,

respectively

Io, 17 modified Bessel functions of first kind of zero and first
order, respectively

Jo Bessel function of first kind of zero order

KosKq modified Bessel functions of second kind of zero and first
order, respectively

K(xo,yo) kernel function of integral equation

K'(xo,yo) singular part of K(xo,yo)

k reduced-frequency parameter, lw/V

Lo, 1g modified Struve function of zero and first order,
respectively

L(&,n) unknown 1lift distribution

1 reference length

M Mach number, V/c

D pressure
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r = deog + z2 \\\

S region of xy-plane occupied by wing

t time

\'f forward velocity of wing

w(x,y) amplitude function of prescribed downwash,

: fost—
w(x,y,t) = e L5 (x,y)

X,¥52,8,7M Cartesian coordinates
Xg = X - 3

yo =y -1

B=V1-M

y Euler's constant

€ = \/xoe + Bgyolz

velocity potential

< o

acceleration potential

p fluid density
w circular frequency of oscillation
w = w/V82

ANALYSIS

Integral Equation and Original Form of Kernel Function

The main purpose of this analysis is to treat the kernel function of
an integral equation that relates a known or prescribed downwash distri-
bution to an unknown 1lift distribution for a harmonically oscillating
finite wing in compressible subsonic flow. The integral equation referred
to can be obtained by employing the Prandtl acceleration potential to
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treat linearized boundary-value problems for oscillating finite wings by
means of doublet distributions. Derivation of this integral equation
from the linearized boundary-value problem for & wing is a preliminary
task that has been done elsewhere (see, for example, ref. 21), but is
reproduced herein as an appendix for the sake of completeness.

In keeping with the concepts of linear theory, the wing is con-
sidered a plane impenetrable surface S which lies nearly in the
Xy-plane as indicated in sketch 1:

Sketch 1

The x,y,z coordinate system and the surface S are assumed to move in
the negative x-direction at a uniform velocity V.

In terms of these coordinates the integral equation may be formally
written as

7eoy) = &= [[106,m) K(xorvo) at an (1)
S
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where w(x,y) 1s the amplitude function of the prescribed downwash,
K(Xgs¥5) = K(x - &, ¥y - ) 1is the kernel function and physically repre-

sents the contribution to downwash at a field point (x,y) due to a
pulsating pressure doublet of unit strength located at any point (&,m),
and L(&,n) is the unknown lift distribution or local doublet strength.

The kernel function may be mathematically defined by the following
improper integral expression (see eq. (Al2), appendix A):

K(x05¥0) = an (2)

o _loxo 16(>\-M/>\2+132y02+32z2)
1im 9 7V Jf &

2
z2—>0 Oz —oo \/)\2 + By 2+ 22

where M 1is Mach number, 8 = Vl - M?, o = w/VBa, w 1s the circular
frequency of oscillation, V is the velocity, and A 1s the variable of
integration. Evaluation of this integral constitutes & main difficulty
in obtaining serodynamic coefficients for oscillating finite wings 1n
compressible flow. The present analysis is therefore devoted to reducing
it to a form that can be accurately evaluated by numerical procedures
combined with the use of tables of certain tabulated functions. The form
and order of all its singularities are determined and an expression for
the kernel function is derived in which the singularities are isolated.

Reduction of the Kernel Function

In considering the reduction of the kernel function X(xq,¥q), the

integral involved can, for convenience, be written as the sum of two
integrals, namely

%o eiE)()x-M\l;2+r2) o e-im(7\+M (2,2 %o eim(x-M \2ir?)
Jf dA =\/F dA +‘jF
0

aa
- A2 4 r2 N 4 2 0 A & re
(3)
Therefore,
luxg Tawx,
) Y ¥ N
K(%os¥o) = lim 2 e (F)= lim e (F1 + Fp) (%)

z—>0 oz z—>0 Oz
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7
where
w -1 (?\+M ?\2+r2)
Fp = f A (5)
A 4+ 1
and
%o 15 (A-MH2+r2)
Fy = f ax (6)
0 N+ 2
and where r = B\/yoa + 22,

The integrals Fy and Fo are treated separately in succeeding
sections. The final forms are given in equations (15) and (19),
respectively.

Evaluation of Fy.- The integral F; can be converted to a form
that can be more easily handled by writing

2, .2
— -1OMYA +T
Fy =fm e-iw?\f—'_____d)\
0 Xa + r2
and introducing the following relation (see p. 416 of ref. 22)
o-1BMNEr? o e-r\/Tz-M2&2
— = JO(Tx) —_— T 4T
2 4+ 2 0 T2 - M2GR
- o-TVT2 MR MD e-ir\/MecBE—Tz
= f Jo(TN) T 4T - if Jo(TA) T 4T
I P - 1P ViR - 12
(7)

In the first integral of these last two integrals make the subsitution

VT2 - M2 = 1
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and in the second integral make the substitution

1ez? - 12 = «

Then

s = 2,.2
~iOMYA=HT o
s _ =\/p e TT Jb(KUTe + M?&?)dT -
0

1 f " et JO(NMQJ? - Tz)dT (8)
0

(Tt is of interest to note, in the expression on the left of eq. (8),
that A and r appear in the same manner. The roles of these two quan-
tities could therefore be interchanged in the expression on the right. )

With use of equation (8), the equation for F; can be written as

. () . o
Fp = Jf g~ 10 dkk/n e T JO(%JTQ + M?&e)dT -
0 0

- %ijﬁ e:irT Jb(dea&Q - T2)dT (9)
Y0

Changing the order of integration in each integral (which is a legitimate
step because the integrands involved satisfy the continuity conditions
required for such operations) leads to the following expression for Fy:

[+] v} ' -
Fy = JF e TT dT\jF e~ 10N JO(KVT2 + M?&?)dk -
0 0
Mo T 1252 - -2
if e~ITT gr f e~ 10N JO()\ M7 - T )d)\ (10)
0 0
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The integrals within the brackets in equation (10) may be evaluated from
tables of Fourier or laplace transforms as (see, for example, pair no. 55
of appendix III of ref. 23)

L TN JO()\\/TQ + M2c32)d)\ s .1325;2

" omtan 1 (M\hRaR - 12 -1
L e J'O(?\ MG T )d?\ ———m

so that

o -rT M -irT
Y (S S I R

The first integral in equation (11) can be written as

(11)

dt =

© e TT e e TT BJ) e-TT
f ——ree—e f — 4T - if ———— 4T
0 \’-r2 _ 32532 BDd \’1.2 - 525)2 0 \182&2 _ T2

or

® - . px/2 -
dt = f e-&l}r cosh 6 ae - _;_f e-B(DI' cos 6 ae (lla.)
0 -n/2

f‘” e TT

The first integral on the right of equation (1la) is given on page 181
of reference 22 as

f e-B(T)r cosh 6 do = KO(B(I)I‘)
Yo

where Ko is the modified Bessel function of the second kind of zero

order. The second integral on the right of equation (11a) is given on
page 338 of reference 22 as

_ifﬂ/e e-BJ)rcose

2 e 0 = -2 [zo(8ir) - To(pir )|
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where I, 1is the modified Bessel function of the first kind of zero
order and Ly 1is the modified Struve function of zero order. Then,
the first integral of equation (11) can be written as

f;m ar = Kolpe) - S [To(par) - 1o(par)]

(12)

Note that the end result indicated in equation (12) is independent of
Mach number. The second integral in equation (11) may be written in
another form as

- (W
Mb e—irT M/B e—l<v y02+22)'r
f —_— 4T = f dr (13)
0 @ + BT 0 1+ 12

This integral has not been reduced to closed form; however, it is non-
singular and can be readily handled by numerical methods.

Combining equations (12) and (13) gives the following expression
for Fq:
ln

M/B :
f/ v ar (14)
O .

By performing the differentiations indicated in equation (4), there is
obtained for the first part of equation (4) the following expression:
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FF, _
in - 8@ - S [l ) - (ol

_iMa)|yo[

. M/B -i®
% e BV - %)‘yolk/q / Vl + T2 e ivlyolT ar > (15)
0]

All terms of this expression other than the integral may be evaluated
at small intervals of y, from existing tables, except at y, = O where

the function is singular. The integral is well-behaved and can be accu-
rately evaluated by numerical or approximate procedures. The type and
order of the singularities at y, = 0 are discussed in a later section.

Evaluation of Fp.- In order to reduce the integral Fp, equation (6),
it is convenient to make the substitution

A=r sinh 0 (16)

so that

: . -1Xo
sinh™—  _ .
Fo =D T .i@r(sinh 6 -M cosh 8)4¢ (17)
#"Jo

Noting that 2z appears only in r and performing the differentiations
indicated in equation (4) yields

-1 %o
sinh
B|¥ol
3%r, &0 188|yo| (sirh 6 - Mcosh 0) X0 13 (xo-M{xo2+ yo2)
— = 2eb (sinh 0 - M cosh B)e 40 - —————— @
022 Jemo  |Yo] Y202 + 82y 2
0
N 'sinh~1.Xo
B|¥ol
_ ) - 13 inh 6- he
= g2 _ X ei‘“(xo-Mon + ycz)_ - o Ea?cosh 8 - (cosh @ -Msinh aﬂe ®B|yol(s Meos )de
19%02%2 + 82,2 Bl |

— -1 Xg

sinh
_ Bl¥ol
2| % eu»(xo-M\[;;02+B2y02) .1 |Ei(3(x°-M fxo2_ﬁ2y°2)_ e-nmalyo] _1ap

10B|yo | (sinh 6- Mcosh e)de
2 2 My
6%y.2 SN w2y, | ol»

cosh@e

(18)



12 ‘ NACA TN 3131

or, by reverting completely to Cartesian coordinates through equation (16),
there is obtained

< 32F2> ) %o ei&) (Xo-de02+ B2y02 ) 1 | 16 (xo-M ﬁ 024+p2y02 )
=0

= - + e -
32

yo2lfxo2 + B2y,2 My o2
e'icT)MBIYOEl | 1% f A ei‘I’(x'MWE’“BzYOE\)d)\ (19)
0

My 2

This expression venishes, as 1t should, for x5, = O and like that
in equation (15) has singularities at y, = O which, also, will be
handled in a later section. The integral that remains, like the integral

remaining in equation (15), is nonsingular and simple in form and can be
readily evaluated by numerical procedures.

Expression for the kernel in terms of nondimensional length variables.-
Equations (15) and (19) can now be combined to give a reduced form of the
kernel function K(xq,yp). However, in application, the variables xqo
and y, are employed, for convenience, in nondimensional form. This is
accomplished by considering these variables in a new sense to mean that
they have been referred to some chosen length 1 and by introducing the
reduced-frequency parameter k = lw/V. The variables will be used in this
new sense throughout the remainder of the paper. The kernel can be written
in terms of these nondimensional variables as

-ikx, 32
K(Xo,yo) = e ° -:2'—2(}?1 + F2)z=o
2 _ikx iMk|y |+ B -1Mk|y°|
= K ol L Ki({kly [ k|y -L k Yo :I ° p
22 ¢ K[Yo | 1( %6 gkly l | OI l | ' MB(k.YO

RS N RN | CNEEIONE

M(7)2 (x4 £2(19,)2

o ZarubesE o
ej; eP da (20)

M/B -
f V1 + 7_2 e 1k|yo| T ar -
o]
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Note that this expression for K(x,,y¥,) can be considered as a
function of only three parameters, namely, k|yo|, kxg, and M. To
be more specific, the first two terms are functions only of klyo[; the

next two terms are functions of k|yo| and M; and the last two terms
are functions of k|y0|, kx,, and M.

Equation (20) constitutes the principal result of this paper. Some
partial checks as to its correctness are: (1) For k = 0, it reduces,
as discussed subsequently, to the downwash of a pressure doublet in
steady flow and (2) an integration with regard to the y-direction between
the limits - to +w yields Possio's result for the two-dimensional case.
This integration is carried out in appendix B. Other special forms of
the kernel function for M=1, M= 0, and k = O are derived -in subse-
quent sections. In the section immediately following, the orders and
types of the singularities of the kernel function are discussed.

Discussion of the Singularities of the Kernel Function

As previously indicated, the kernel function becomes singular or
indeterminate at y, = O. The

forms that the kernel function
takes when it becomes singular o = -n/2
are of particular importance in
applications to lifting surface _
theory. It is therefore desir- €

able to extract and treat the

€]
singularities separately. —_—:Zfi///

This extraction can be
conveniently made by con- - Le = /2

sidering the value Qf K(X0sY0)s X Sketch 2
equation (20), at points on the

semicircumference of a small .

ellipse (see sketch), the polar equation of which may be written as

X0 € sin B
' (21)

Yo cos 6

£
B

where, because of the symmetry of K(xq,¥o) with respect to y,, only

the limits -n/2 <8< n/2 need be examined. Note that in these equa-
tions values of © 1n the range -n/2 S 6 < O correspond to field
points ahead of or upstream from the doublet position and values of 6
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in the range 0< 6 £ n/2, to field points behind or downstream from the
doublet position. In particular, 6 = ﬁ/2 corresponds to points directly
behind or in the wake of the doublet. .

After substituting these expressions for xo and y, into equa-
tion (20), the results may be written as

ze-ike sin®@

K(e,8) = B _kecos b Kl(ke cos e) )

12¢2c0s20 B B

ixke cos 6 <ke cos e) <k<—: cos e) e
I Sg(Reces O, e
2B B B M

ike(sin 6-M)

1kMe cos ©
e B2 ike cos 6 - 2
+ e P
M 52

ike(sin 6-M) ike cos 6

22 o, NM/B -<———)'r
sin 0 e B2 _Mf \,l+72e B it +
0]

B2

resin @ 2'5(7\-MV?\2+<-:2COSEG)

ik N an (22)
MJg

With the use of the following series expressions for X;(z) and

Eil(z) - Ll(zﬂ (which can be obtained from ref. 22 - for K;, see
p. 80; for I, see p. 77; and for I, see p. 329):

3 5
- z2\z .,z 2 _
Kl(z)_(7+log2)(2+l6+381++° . .>+

z 5z3 525
-(E'i' a—‘{' ll52+ .« » ¢> (23)

W |-
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where 7 1s Euler's constant (y = 0.5772157), and

_z 222 ) 2zh 2
El(Z)—Ll(ZH—E—-BT+l—6-E5;+S-8—-)+-+... (214-)

it is found that for vanishingly small values of € the limiting value
of the expression for K(e,8) in equation (22) is for M < 1

-ike sin 6 _B2 ik k2

ke(l - sin 6
K(e,0) ~ & + — -~ — log ( sin 0) -
12 €2(1 - sinp) € 2 2(1 - M)
2 2
k 1 1 inp
—|y - = - =IM - sin 8 - + 0(en 2
27232< )1 ofen) (25)

where O(e®) represents terms of order €@ for n 2 1. Expressed in
terms of xo and y,, equation (25) becomes

. 2, 2
e-ikxg '( o* on2 + P, )+ ik
2
J o2k + BBye2 2 + Prg?

— log

2 2(1 - M) 2

K(X05¥0) =

7’_

|-
!

2
X
1 M - o) _ inp

2
B Vo2 + B2y, 2

+ 0(en) (26)

Examination of equation (25) shows that the kernel function K(e,8) has

singularities with respect to ¢ = onz + Beyo2 as follows:

£1(6) 11 K2
- s = -Elee)+1 2
2 L > [é( ) og %] (27)
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where, from equation (25),

£ (6) = g2 _ p%(1 + sin 8)
Y71 —sine 0820
> (28)
k(1 - sin 0) k cos2e
£5(8) = log .= log
2(1 - M) 2(1 - M)(1 + sin 0)

Although being of no particular significance in applications, it is
of interest to note that the quantities f; and f, each have minimum

2
values (Ifllmin = % and |f2|min = log ) at 6 = -n/2, which

1-M
corresponds to points directly shead of the doublet position; and, as 9
increases from -n/2 to +1/2, the values of these quantities continu-
ously increase from these minimum values to infinite quantities as
follows:

~
£ g -]
lfl<£) = lim e ) = lim 28°
271 s—0 cos?(% - o) 5—>0|82
|  (20)
k cos?(X - &
le(E)' = 1lim [log ~ (2 ) = 1lim |log ——EQE——-
21 >0 M)EL + sin(% - a)] s—>of 41 - M)
</

Thus K(xo,yo) is singular for- 6 = n/2 even when the distance € from

the doublet is not necessarily of zero order. This implies that the
doublet produces a wake of discontinuous downwash that extends downstream
from the doublet position to infinity.

With knowledge of the singularities involved in the kernel func-
tion K(xq,¥,), an expression can be written in which the kernel is

separated into a singular part and a nonsingular part (as was done by
Schwarz, ref. 14, for the two-dimensional case) as follows

K(%0s¥0) = [%(xo’yo) - K'(Xo’yoi] + K'(%X05¥0) (30)
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where K(X,,¥,) 1s defined in equation (20) or (22) and

-1kxo Von + B2y + X ik

, e
K (xo:yc)) = > - + -
1 YRI2 + By 2 |xo2 + B2y2
K2 k(Vx02 + Beyo - x0>
- log (31)
2(1 - M)
or in terms of € and 6, introduced by equations (21),
-1ke sin 6 2 2 i
e ik -
K'(e,0) = > - B + = - %r log ke(l - sin 6) (32)
l €“(1 - sin 8) € 2(1 - M)

The term [%(xo,yo) - K'(xo,yoi] in equation (30) is a continuous func-
tion for all values of Xk, Xy, and y, and for values of M in the
range 0< MS 1. The term K'(xq,y,) 1is discontinuous at the doublet
position (xo = 0, yo = 0) and at all points in the wake (x5 > O,

Yo = 0). Tt is to be noted, however, that each term of K'(%0,¥5) 1is
integrable with respect to y, or with respect to n =y - y,, a fact
that may be useful in some numerical methods.

Treatment of the Sonic Case

Because of its special nature, the borderline case, M = 1, between
subsonic and supersonic flow deserves and requires separate treatment.

As M —> 1, the expression for the kernel function given in equa-
tion (20) becomes indeterminate. It is possible, however, to obtain con-
ditional limiting values for the kernel by considering the integral F,
equation (4), and breaking it into two integrals, F; and F,, as was

done for the general case.

With regard to Fj, its limiting value and the value of its deriva-

tives with respect to z at 2z = 0O can be shown to be zero as M — 1.
From the form of Fy given by equation (14),
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f ar + if ar (33)
0 V1 + 12 Y V1 + 12
But since (see ref. 22, p. 172)
® cos &1
- dr = -KO(C) (34)
0 1+ +2
and (see ref. 22, p. 332)
® gin t7
[T gt - 1) (35)
0 1+ 72
it may be concluded from equation (33) that
82
lim F, = lim< Fl> =0 (36)
M—1 M—>1\92°
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The total contribution to K(xp,y,) &t M = 1, therefore, arises from
the limit of Fp, equation (6), as M —> 1. The limiting form of Fp
may be written in terms of nondimensional coordinates as

;—125 )\-Md)\2+62(y02+z2£|

lin B, = lm | 8 an (37)
2

M—1 M—1Y0 J}@ + B2y 2 + 22)

In approaching the limit M = 1 (from the subsonic side) in equation (37),
it is convenient to replace M by

M=1-¢€
where € is infinitesimally small so that
B2 = (1 -M)(1+ M) =c(2-c¢€)m2e

With this approximation, equation (37) may be written as

2.2
el Yy 5+2
Ik Joo|nl(2-€) 1+-(_‘i—-—)
. L% 2¢ )\2
im Fp= lim | ° % an
M—1 oJo
- €= \/?\2 + 2e(y02 + z2)
ik< y02+22>
-
%o . 2 A
=f = : an (for x4 > 0) (38)
A
0

From physical considerations, the right side of equation (38) is to be
considered zero for x, < 0. This is in keeping with results that would
be obtained if the limit under consideration were sought from theory of
supersonic flow, M > 1.
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The integral in equation (38) cannot be completely expressed in
terms of known functions. Furthermore, since it is singular at its
lower limit, further treatment is required to reduce it to a form such
that its derivatives with respect to z can be numerically evaluated.
For this purpose the integral may be written as two integrals, namely

- 1 F "

(Fa)y, = F2' + Fo (39)

where
\Iy02+z2 ik.< y°2+22>
. ==\~ —_—_—
e 2 A
Fy' = = aa (ko)

0

and

2 A
Fo" = 2 an (41)

A
Y02+22

The limits of integration in equation (40) are so chosen that the inte-
gral in this equation can be reduced to a known form by making the
substitution

Thus,
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Equation (42) may be written in terms of the integrals involved in Fy
(see egs. (34) and (35)), namely,

o = ol ) 2 ol ) - el )|

Differentiating this result twice with respect to =2z
z = 0 gives

and then setting

3°r,! K2 1 i 2
ﬂ .
2 T2 -kly | Kl(k'yol) - 2k |y IEl(klyol) - Ll(klyol) -;:l
oz 1 o o
z=0
(44 )
Differentiating equation (41) twice with respect to z and setting
z =0 gives
—~ -
2
xo 1k< y0 >
32F " 2 -2_ _T
2 Sk L1 e aA (45)
22/ _ 12 k2y°2 k G
2=0 [Yol
L ]
After performing an integration by parts and collecting terms, equa-
tion (45) may be written as
2
o i(#x k2yo )
=lkxg -
OF")  _¥®| 1 o 2 %/,
2 212, 2 2
aZ z=0 19|k yo k%o
- —
o 1( i k2y02>
2; 2 2V N (46)
k
° JX|yol
—

Equations (44) and (46) are combined to give (_5;§> . Then, in
z=0

accordance with equation (4), there is obtained for K(xo,yo)M=l:
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2
ool = 5 ¢ 00 g (epol) - = (eiol) - ma(epr)- 2

i(}{x ) k%,02> kx, i<}\ K °2>
L2 AV e, 2V (47a)
k2y02 k2y02 k2y02 . ' | a
yO
and, for x4 < o,
K(XOJyO )M=l =0 ()'I"Tb)

The integral appearing in equation (47a) is finite and proper and can
be evaluated by numerical procedures.

Treatment of the Steady and Incompressible Cases

It is of interest to consider the form of the kernel function given
in equation (20) for some particular values of M and k. In the fol-
lowing sections a discussion is given for the steady case (k = 0) and
the incompressible case (M = 0). The two-dimensional case is handled
in appendix B.

Reduction of the kernel for the case of steady flow.- In order to
obtain the reduction of the kernel for the case of steady flow, consider
the expanded form given by equation (26). As k —> O, there results
the following expression

K(xoro),_, = -A< L, X ) (18)

0] 2|, 2 ’

which represents the downwash of a pressure doublet for steady flow.
This result serves as a partial check as to the correctness of the
expression for X(xo,y,) given by equation (20).

By replacing y, in equation (48) by y - n and integrating
from -1 to 1 with respect to 17, there is obtained

jpl- ( ) 1 |%o + J;;2 + B2(y - 1)2 Xg + ¢;02 + B2(y + 1)2
K(xq,y5)dn = - — -
e 12 xo(y - 1) xo(y + 1)

(49)
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where the symbol f indicates that the principal value or finite part

of the improper integral must be taken. (See , for example, ref. 24 for
a discussion of finite parts of such integrals.) This result corre-
sponds to the downwash produced by a simple horseshoe vortex two units
wide. An equivalent expression for incompressible flow is given, for
example, in reference 25, where in contrast to the present notation,

Xo has been chosen as positive forward.

Reduction of the kernel for M = 0O.- In order to effect the reduc-
tion of the kernel for the incompressible case, the expressions for Fy,

equation (15), and F,, equation (18), will be examined for the limit
M — 0:

From equation (15)

O°F
im k= g (o) L [a(epol) - m(spol)]s i G0
z—0

P Ty
T o 1k |y |sinh 6
1im a . ik sinh 6 e F 1ol s -
M—>0 922 |Yo]
z—0 Jo
X ikx
° e © (51)

y02|/x o2 + yo2

Integrating by parts yields

lim P ¥o [ . .2 x 1kx
M—0 2=}E—-}E+—k—f y02+7\2eik7\d7\- — e ©

2—0 %2 Y2 Yo Vo°
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Combining the results from F; and F, gives for the kernel function

°© k ink
K(xo’yo)Nbo = £ 3 -lyol Kl(klyol) - ZWSEJ—E;(kIyol) -
ikx  1k|x.2 2 gkx
Iyol:] e ° 4 %o 2+ Yo e 94
Y62 xo + y02 Yo

2 X .
E—Ekjh © sz + y02 e¥N an (53)
0]

o = O 1in equation (53), a form is obtained which can be

shown to agree with results derived by Kussner for the case M = O,
Xxo = 0 (ref. (26)).

By setting x

Some Remarks on Evaluation of the Kernel Function

In regard to evaluating the kernel function for specific values

of X5, Yo» M, and k, an approximation for the function

[%(xo,yo) - K'(xo,yoi]

can be obtained by making use of the series expansions for Kj (eq. (23))
and for (I; - L1) (eq. (24)) and expanding all other terms of K(xq,¥o)
(eqs (20)) into a power series in terms of k. After performing these

expansions and collecting terms with respect to powers of k, there is
obtained .
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-1kx
° |y Xo 2 1\ ixp@
B(7-§ -

COER PO Pt N S
198 Vo2 + g2y, 2

1K) M. + (l - BNP)XOE + (2 - 3M2)Bay°2

X
) (o]
68 [x,2 + g2y 2

i+

(1282 - 200362 + 1566 - 12857)y,2 - 3203x,2 +
192p4

Lo+ 612 - 1)xg3 + 126208 4 22 - 1)xy, 2

%02 + B2y 2

(one + B23’02 - xo)

2(1 - M)

K
12862 1og - 168852 +

ik56 (150 + 10M® - )xo2fxo2 + 8272 - 4M3(5 + M2)x3 +

3608

oL
387y,
i N ]_2M5B2x0y02 - 534(31‘«12 - l>y02 /xoz + B2y02 .
[x.2, g2, 2
o o

(54)

For values of the parameters that satisfy the following inequalities

Ko b
T <1l

> (55)
é%(xo - deoz + B2y02) <1

J

equation (54) ylelds results that are correct to within 2 percent. For
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values of the variables Xoy Yo» M, and k that do not satisfy the

inequalities (55), values of the function [%(xo,yo) - K'(xo,yoi] are

perhaps most easlly and economically obtained by numerically evaluating
the two integrals in equation (20) and making use of available tables to

evaluate other terms of {%(xo,yo) - K'(xo,yo}].

It is pointed out that extensive tables of the Bessel functions Ky
and TI; may be found in reference 27. A table of the Struve function Iy

with second and fourth differences for interpolation purposes may be found
in reference 28.

CONCLUDING REMARKS

The main purpose of this paper was to present the kernel function of
the integral equation relating the downwash to the 1ift distribution in
a form that can be computed. This purpose has been achieved by the pres-
entation of the kernel in a form given in equation (20). This equation
has been converted to a form more suitable for calculation by isolating
the singularities as shown in equations (30) and (31). The special case
of M=1 1is given in equations (47). The forms of the kernel function
for other 1limiting cases, namely k= 0 and M= 0, are given in equa-
tions (48) and (53%), respectively.

langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
langley Field, Va., September 18, 1953.



NACA TN 3131 27

APPENDIX A

DERIVATION OF THE INTEGRAL EQUATION THAT RELATES THE DOWNWASH

AND LIFT FOR A FINITE WING BASED ON REFERENCE 21

In keeping with the concepts of linear theory the wing is considered
as a nearly plane, impenetrable surface. ILet this surface S 1lie nearly
in the xy-plane, as indicated in sketch 1 of the body of the paper, and
let it and the x,y,z coordinate system to which it is referred be assumed
to move at a uniform speed V 1in the negative x-direction. At the same
time let each point of the wing be assumed to undergo harmonic transla-
tions of small amplitude Zp(x,y,t) at circular frequency o and let c

represent velocity of sound in the medium.
The problem for an oscillating wing consists in solving the wave

equation subject to certain boundary conditions. The wave equation in
rectangular coordinates is

¥=0 (1)

2 2 2 2
Ty, v, 1<Va a>
x°  ¥° 32 P

The independent variable V¥ in equation (A1) is regarded herein as
an acceleration potential; as such it is directly proportional to a per-
turbation pressure field and is related to a velocity potential ¢ as
follows:

= gg + V ég (A2)
t ox

In order to complete the boundary-value problem for the wing, it is

desirable to calculate the downwash w(x,y,z,t) = gg associated with V.
' Z

Assuming this downwash to be.hhrmonic with regard to time implies that
both potentials P and V¥ are harmonic with regard to time and can be
written, therefore, as

¢(x,y,z,t) = eiwt SZ(X,y,Z)
: (83)

\V(X:YJZ:t) = ei(nt -\F(X)Y;Z)
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With these expressions for § and V, equation (A2) becomes independent
of time and reduces to an ordinary equation with one dependent variable,
namely

_ .= _ap
= iwp + V — Al
¥ P el (Ad)
This equation can be integrated with respect to x to give

Toxx
T X 1wh
= f V(A,y,2z)e ¥ dn (A5)

E=e

where the lower 1limit of integration is chosen, for later convenience,
so as to satisfy the condition that @ vanish as x —> -e.

The boundary-value problem for the wing may now be expressed mathe-
matically as follows: Under the assumption of harmonic motion the 4if-
ferential equation, equation (Al), becomes

o 2. 2 2
OV , 3V, 0y _ 4£_< 9 . ) -
o2 HR aR AVETVTY (26)

In order to insure tangential flow at the wing surface, the potential
must satisfy the downwash condition

2=

= (v 2+ 10)Znlxy) (A7)
g

where w and Zm are amplitudes of velocity and displacements, respec-

~ tively, and are assumed to be known from the motion of the wing. At

z = O, the pressure
p = -p(¥),-0 (A8)

must be zero at all points (x,y) off the wing. At all points on the wing
¥ 1is allowed to be discontinuous and the value of p at a given point
is determined by the magnitude of the discontinuity in ¢ at the point.
In the neighborhood of the trailing edge, p must go to zero, corre-

sponding to the Kutta condition.
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One other condition, that ¢ vanish far ahead of the wing, is
inherently satisfied by the relation between ¢ and V¥ given in equa-
tion (A5).

The potential V¥, at point (x,y,2) due to a harmonically pulsating
doublet located in the xy-plane at (&,7,0) that satisfies equation (A6)

is
in L (x- g)-——]
e cB cB

Rl

V=82 (A9)

where -

I T

and the factor A 1is a strength and dimensionality factor that makes
possible different uses and interpretations of the potential Vo If

Wo is considered as an acceleration potential and substituted into equa-
tion (A5), there is obtained a corresponding velocity potential P
which may be written as

‘ A,MN R
i - io(tt —+ —— = —
d _l_a)(_i__g_)_ A=x-¢ ew( Vv CB2 CBE)
=A=—e dA Al0
po-ne 7 [ _ (10)
where
2 2 2.2
R=\/7\2+B (y - 1) + g%
P
The downwash —— associated with V¥, may be written as

Z

) imxo -M 1% +r2>
o _ A f an (A11)
Oz -® V + r2
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where x5, =x - &, O©F= w/VB2, and r = B\/(y - n)e + 2z°. With the use

of this equation and the concept of solving linear boundary-value problems
by means of superposition of elementary solutions to the governing dif-
ferential equation, the boundary-value problem under discussion can be
written as an integral equation, namely

_ 1oxg 82 X id')(?\-M )\2+r2)
w(x,y) = lim AL[7\L(§,n)e V 4t dn S"Ekjp g an (a12)
7, -0
S

z—0 W + r°

where S represents the surface of the wing and L(§,n) represents an
unknown lift distribution or doublet strength on S. Equation (Al2) may
be seen to correspond essentially to equations (1) and (2).

If the distribution function L(&,n) in equation (Al2) is deter-
mined in accordance with the boundary conditions discussed in the pre-
ceding paragraph, equation (Al2) can be considered as a complete solu-
tion to the boundary-value problem for an oscillating finite wing in
compressible flow. It is also to be noted that equation (Al2) can be
considered to represent a solution to the so-called "indirect" problem,
that is, that of finding the downwash distribution associated with a
given lift distribution.
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APPENDIX B

REDUCTION OF THE KERNEL FUNCTION FOR THREE-DIMENSIONAL

FLOW TO THAT FOR TWO-DIMENSIONAL FLOW

The purpose of this appendix is to show that integration of the
kernel function K(xo,y,) from -w to +eo with respect to 1 =y - yo
leads to a known result for two-dimensional flow. The kernel is first
modified to a form that, for the present case, 1s easier to handle.

Then, after performing an integration by parts on the modified kernel,
the form of the kernel for the two-dimensional case is given (eq. (B18)).
In addition, the special cases of M=1 (eq. (B23)) and M= 0

(eq. (B30)) are also shown.

The integration under consideration with respect to n 1is equiva-
lent to an integration with respect to y,, namely

(-]

lf K(xg,y-n) dn = 1f K(x0,¥0) 4y, (B1)

It is remarked in advance that since 2z has been made zero in the
expression for K(xo,yo), equation (20), it is necessary to employ the
concept of "finite parts of infinite integrals" when integrating this
function across the singularities at y, = O. Use of this concept gives

the same results that could be obtained by the more arduous task of
performing the integrations before setting 2z equal to zero.

Modification of the kernel.- In order to effect the desired modifi-
cation of the expression for K(Xg,¥o) given by equation (20), consider

the first integral of the expression, namely

M/ -1k
_kzkjp Vi+ t8 e ol ar (B2)
0

This Integral can be written as

5—0

*® -T(5+1ik e ik
lim -k2k/“ 1+ 12e ( [vol) ar + k2\/n Vi+ 2 e Yol ar
0 M/B

(B3)
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but according to page 331 of reference 22

Ji i eebeller « (o sal) - a(o 1ol )]

2(5+ ik|yo|
(B4)

where Hj; 1is the unmodified Struve function of first order and Y; is

the Bessel function of the second kind of first order. In the limit as
® —> 0 these expressions have the followling values:

For the first expression in the bracket (see ref. 22, p. 329)

Jm (o txfyol) = my(tejyo|) = -Ta(xlvol) (35)

and for the second expression (see ref. 22, pp. 77 and 78)

1in (o + ikl ) -1y (D (tkfyo|) + 17y (1k|yo])

Z x1(xlyol) - Tu(x[vol) ~ (B6)

|

where Hl(l) denotes the Hankel function of the first kind of first

order. With the use of equations (B3) to (B6), expression (B2) can be
written as

M/8 -1k © 1k
.kzh/1 Vi+ 12 e YoIT 4 - kak/‘ Visr2 e Yol™ ar +
0 M/B

o el 2t ool

(B7)
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Substituting this result into equation (20) of the text gives the modi-
fied form of K(xo,yo) sought, namely

~1kx, _ iMk|yo| _ 1Mk |y, |
e ik 1
K(x0,¥0) = =[5 e B + 5 e B -
1 Yol Myo

ik I,
Mx, + \/xo2 + B2y02 —2(X0‘M Xo2+52}’02)

eB +

My, 2 ‘[Xoe + 2y 2 ‘

© -ik|y,|T X
k2f Vl+1’2e |o| (11'+~—ik2k/ﬁoeB
M/B 70

(B8)

Integration of modified kernel.- Since the expression for K(xq,¥o)
is symmetrical with respect to y,, that is, K(Xo,-yo) = K(xg,+yq),
the integration under consideration can be expressed as

zf K(%0,|¥0|) o = 2zfo K(%05¥0) @Y (89)

where, on the right, the absolute-value signs on y, can be dropped.

After performing an integration by parts by letting

° dy
e 9 =& 1 (B10)
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and

i i ik I, 2,52, 2
iky, - Nﬂgyo - Mo Mx. + ‘/xo2 + B2y02 _( o~M{xo"+Byo )

B _ (o} eB2

M\}xo2 + [323102
X5 e;_;(?"Mv}‘z*'Bgyoz)

an (B11)

+

© -iky T
kayoef l+1'2e °d1-+EME
M/8 0

or

ik ’
Beyoxo ikMxoyo 1}W0 B_2'<XO_M X02 +Bzy02 )
+ + e +
(x,2 +82y 2P/2 2+ g2y 2 [xo2+ p2y 2

Lk(x-MJx2+ 8%y,2 )

[ —ilQ’oT Xo [32
K%y, f & dr + K%y, f c an >dy,, (B12)

du =

-~

-/
(-]
There is obtained for u{l
0
o ~1kx, L g, - iMky o - iMky,
ux]=2e - ,oe B+le B -
0 1 Yol B M
Xo B\ ;_g(XO'vaoa"Bzyoa) o 5 [ -1ky T
—_—t e + k7Y, f \}l+1-2e ar +
<\/X02+62y02 M) M/B

1k ‘{ 2 2) Yo=°
1k fxo eB—2<)\-M A +B2‘y0
0

s an | (B13)
¥o=0
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This expression vanishes at its upper limit Yo = « and is singular at
its lower limit Yy, = O. However, by not making 2z —> O 1in the deri-
vation of K(xo,¥,) until after this stage is reached, this singular
value is canceled by other terms that have otherwise been dropped. Thus,

the expression (Bl3) may be considered to be zero, which 1s the value of
its finite part. The integration under consideration is then reduced to

00
the value of -L/“ v du which is
0

- 2
fwvd p e P o pe
- u = ——
0 : o (X02 + 52y02)3/2 on + 32YO2
1k %(xo-mixo2+52yo2) © _-lkyoT
B 2 e
e + k \/p dr +
X2 + By 2 M/B V1 + T2
< lh(%-MV%2+82y02)
K2 f ° &P an >dy,

) -ilwo'f X ‘
ka e ar + sz °e an|dy, (BLN)
M/
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The terms of this expression are treated separately in the next
three equations:

First (see ref. 22, p. 180)

[ 2,22, 2 1kx
. i_k(xo_M x02+62y02) 1XXo ikM|xo|cosh 8
1kM ik g2 . _ 2tk g2 [Tfl%l p2
2 x___+—_.e dyq —-?— > Mcosh6+1je de
o \*o [ 2s pBy 2 o ‘%

Ikxo
ixk g2 {%o| 2) KM%, | (2)[kM|xo |
e Mo g, ( 7 + 11, 320
(B15)
second
—iky )
2k° f ) f ) 2 = 2K° f f T dyo
0 M/B\/l+'r M/B \/1+T
[vo]
= _gikf _ar
M/B qu + T2
= -2ik log 1 ; B (B16)
and third (see ref. 22, p. 180)
()\ M{AZ+ B2y, 2 ) . ik i—kMd?\2+B2y 2

p2
ef > (o] 52 e
ok dyof — dA = 2K f e da
0 ‘[7\2 + Bzyoz \{ + B2y 2

¥o 1kA o -EM|n|cosh B
i 2 B2

= ef” d)\f e de
B 0 (e}

. 130\
L Lk
. ™k f © (B2 Ho(z)(g|?\|>d7\ (B17)
0 B2

B
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Substituting the results in equations (B15) to (B1l7) into equation (Blk)
gives

ikx,,
[ee] . I .
nk ~ikxg ] g2 [iM|Xo| . (2)/KM|xg|
1 K(x ) dy. =-— e e —_—
f-m ( osYo Yo 8 X l 52 '

2)/kM|x ;
Ho( )<__l_21) + %} B log 1 ; B +

BE
Xo 2
ikf M HO(2)<kM—I)\—I>d7\ A (B18)
0 B2

This result is a form of the expression for the kernel function of
Possio's integral equation relating pressure and downwash for a two-
dimensional oscillating wing in subsonic compressible flow. It checks
the results given, for example, in reference 29.

Reduction of kernel for M = 1.~ The kernel function for M = 1 may
be written as (see eq. (47a))

2 ikx
. K o 1
K(Xo:yo)M:l = 1—2 e kly | ( |yo| gk,y I[ Iyo - Ll( |y0|) :| K2y,2 )
2
ik(}(o_yi>‘ nkx l( _k2Y°2> kly I l<)\_%> )
_2_2\°"% /., 1 f o 2 N _1_f oF g2 M ans (pi9)
k?y°2 ¥y 2Y0 K2y 2Jo

The second integral appearing in this equation can be shown to cancel
several of the terms so that the kernel becomes ’

. 2 2, 2
-ikx, 1k <xo 7o ) if, K
e 2 X0 Jf 0 2 A

g |2 .
2 2

K(%0,¥o ey = - dA [ (B20)
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g0 that the kernel for the sonic case in two-dimensional flow may be
written as

iky 2
-] -ik.xo ] - 2x
e 2 e 0
zf K(%o»¥o )y W = - S \2e f S dy, -
~0 ’ M=1 ° 1 —00 y02 °
ik2y 2
KXq ir w o)
if e? dxf sy, (B21)
0 o Yo

Integrating equation (B21) by parts with respect to Yo, retaining only
finite parts of the integrated results, and making use of the relation

© .22 © . 22
1f e~18°T d¢=21f e 8T dT=-—V§;{- yields
o 0

1kxg e iky 2
* ¢ %o 7 1 2% 1k 2o
1 K{Xqy Yo hy1 &g = - 2e -—e -= e dy -
f-oc 0770 M=1 ° 1 y0 xO -0 °
. ey
o e
ML 1k2ys2 . 1k2y 2
— - —— 00 -
o
if e2 dAa Le 2A S e 2A dy,
0 Jo A o
PO

ikx, iA

; o kx, D

2k -ikx —_ > 2

I e P BT - +1Jif °e_ a (B22)
1 2k, 2Jo

Finally, the kernel for the sonic case in two-dimensional flow may be
-written as '

dA (B23)

o " e 1kx, "kxo 11002
ni -1 k n 2
zf K(%0s¥o e Vo = ;\E e\ =e?® - ikﬁf e

It may be noted that the integrals in this equation are readily express-
ible in terms of Fresnel integrals

X

c(x) =\jp cos X t2 dt

2
0]

and

X
s(x) =f sin -’% £2 at
0
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Reduction of kernel for M= 0O.- For M= 0 it is convenient to
modify the kernel function before integrating with respect to y,. For
this purpose use is made of the relation (see eq. (BT)):

@
k2f 1+ 2 e 1klol™ 4,
0]

-1y a(klvel) - ;lf; Ty(lvol) - Ta(xlvol)]

2 00
:—2\/‘0 |/y°2 + A8 e'ik}\ an  (B24)
o

and the relation
2 Yo [ 5 ik 2 0 T i
—5 N+ ¥ e d7\=——2-f \/y0+?\e an (B25)
yO 0 yo _XO

With these relations the expression for K(xo,yo)Mzo, equation (53), can

be written as

-ikx
e 0 X0 ~ikxg

ikdx 2+ yo? ikx
K(XO’YO)M:O = 5 - e + o > ° e o +
1 yOQVxO2 + Y52 Yo

2 o0
K \/ 5 12 _-ikA
y02\/CXO Yof + A= e d%) (B26)

But

e'im\ dA

KB [T+ 8 e thifx 2 + ¥y 2 ikxg ik [ A
= Yoo+ N e dn = - R — e -5 _—
Yo~V -%g Yo YoV -x4 \/yoz + A2

2 2 .
ikao Yo dkxy Xo ikx, « e 1EA
_—2 b —_—— e - —_— dA
Yo Vo2 %02 + ¥o2 o (yo2 + A2)3/2

(B27)
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therefore,

e—ikxo 0 e-ikk .
K(xo,yo)M= =-——f an (B28)

Integrating with respect to y, gives

o —ikx o © -ikA
zf K(%0,¥o )M=O dy, = -% e of f e e ax dy,
® 0 Y -xq (y02 + xg)

Nlm

1% f - 1K f°° dye
° (y02 * )\2)3/2

~1kx L -ikA
=—§e oj" e2 dA
l -Xg A

~ |

—ikx w ~ikA ® kA
e °fe2 d?\—f - an|  (B29)
cw N xg M

Integrating each integral in equation (329) and retaining only finite

" x( ) R g [T e [T g
1 f K(xq5,¥, dy, =~-— € - - f - f
o 02Y0 'M=0 [o] 1 xo . A X A

_ bk 1 1 -ikx,
R R {Ei(kxo) + 1 51 :I} (B30)
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where -Ci(kxo) and Si(kxo) denote, respectively, the "cosine integral
and "sine integral" functions defined as follows:

o0
_u/‘ cos t dt
x t
oo .
e _y/" sin t dt
2 x t

The results in the braces of equation (B30) check with results given
for this case in reference 14.

ci(x)

Si(x)
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