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SUMMARY 

This paper treats the kernel function of an integral equation that 
relates a known or prescribed downwash distribution to an unknown lift 
distribution for a harmonically oscillating finite wing in compressible 
subsonic flow. The kernel function is reduced to a form that can be 
accurately evaluated by separating the kernel function into two parts: 
a part in which the singularities are isolated and analytically expressed 
and a nonsingular part which may be tabulated. The form of the kernel 
function for the sonic case (Mach number of 1) is treated separately. 
In addition, results for the special cases of Mach number of 0 (incom-
pressible case) and. frequency of 0 (steady case) are given. 

The derivation of the integral equation which involves this kernel 
function, originally performed elsewhere (see, for example, NACA Technical 
Memorandum 979) is reproduced as an appendix. A second appendix gives 
the reduction of the form of the kernel function obtained herein for the 
three-dimensional case to a known result of Posslo for two-dimensional 
flow.

INTRODUCTION 

The analytical determination of air forces on oscillating wings in 
subsonic flow has been a continuing problem for the past 30 years. 
Throughout the first and greater part of this time, efforts were directed, 
mainly toward the determination of forces on wings in incompressible flow. 
These efforts have led to important closed-form solutions for rigid wings 
in two-dimensional flow (ref. 1), to solutions in terms of series of 
Legendre functions for distorting wings of circular plan form (refs. 2 
and 3), and to many approximate, yet 'useful, results for wings of elliptic, 
rectangular, and triangular plan form (see, for example, refs. 4 to 12).
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Although these results for incompressible flow play a highly signif-
icant roll in applications of unsteady aerodynamic theory, the advent of 
higher and higher speed aircraft during the last 15 years has brought a 
growing need for knowledge of the effect that the compressibility of air 
might have on unsteady air forces, or for analytically derived unsteady 
air forces based on a compressible medium. The transition to results 
for a compressible fluid from those for an incompressible fluid is not 
likely to be accomplished by applications of simple transformations or 
correction factors, such as the well-known Prandtl-Glauert factor for 
steady flow. This difficulty is associated with the fact that the time 
required for signals arising at one point in the medium to reach other 
points gives rise not only to changeè in magnitudes of forces but also to 
additional phase lags between instantaneous positions, velocities, and 
accelerations of the wing and the corresponding instantaneous forces 
associated with these quantities. In order to obtain results for the 
compressible case, it therefore appears necessary to deal directly with 
the boundary-value problem for this case. 

The boundary-value problem for a two-dimensional wing in compressible 
flow has been successfully attacked from two points of view. First, by 
consideration of an acceleration or pressure potential, Posslo (ref. 13) 
reduced the problem to that of an integral equation relating a prescribed 
downwash distribution to an unknown lift distribution. The kernel of 
this integral equation, which is a rather abstruse function, was reduced 
to a form that, except at singular points, could be evaluated. Schwarz 
(ref. lii. ) later isolated and determined the analytic behavior of the 
singular points of Possiots results and made fairly extensive tables of 
the kernel function. These tabular values were used by various investi-
gators (for examples, refs. 15 and 16) to obtain, by numerical procedures, 
initial tables of force and moment coefficients for oscillating wings in 
compressible subsonic flow. 

The second successful approach to the solution of the boundary-value 
problem for a two-dimensional wing (see refs. 17 to 19) is achieved by a 
transformation to elliptic coordinates followed by a separation of vari-
ables that reduces the boundary-value problem from one in partial-
differential equations to one in ordinary differential equations of the 
Mathieu type. The solutions turn out as infinite series in terms of 
Mathieu functions. Numerical results obtained recently by this proce-
dure agree with results previously obtained by the numerical procedures 
using the kernel function (see, for example, ref. 20). 

With regard to boundary-value problems for finite wings in compress-
ible flow, it appears that the procedure of separation of variables could 
be a feasible approach only for wings of very special plan forms such as 
a circle or an ellipse. In any case the development of the appropriate 
mathematical functions for a particular plan form would become highly 
involved. On the other hand it appears that approximate procedures 
similar to those used for two-dimensional wings might afford an approach
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to solutions of these problems which though laborious might be handled 
by routine numerical methods. 

The kernel function of the integral equation relating pressure and 
downwash for the three-dimensional case appears as an improper integral 
that can be reduced and tabulated. Furthermore, its singularities can 
be isolated and determined so that use, similar to that made in the two-
dimensional case, could be made of tabulated values of this function to 
obtain, by numerical procedures, aerodynamic forces for finite wings. 
The purpose of this paper is, therefore, to treat and discuss this 
kernel function.

SYMBOLS 

c	 velocity of sound 

Hankel functions of second kind of zero and first order, 
respectively 

10,11	 modified Bessel functions of first kind of zero and first 
order, respectively 

J0	 Bessel function of first kind of zero order 

modified Bessel functions of second kind of zero and first 
order, respectively 

K(x0,yo )	 kernel function of integral equation 

K'(x0,y0 )	 singular part of K(x0,y0) 

k	 reduced-frequency parameter, lw/V 

L,L1	 modified Struve function of zero and first order, 
respectively 

L(,TI)	 unknown lift distribution 

reference length 

M	 Mach number, V/c 

p	 pressure
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r=y02+z2 

S	 region of xy-plane occupied by wing 

t	 time 

V	 forward velocity of wing 

(x,y)	 amplitude function of prescribed downwash, 
- 

w(x,y,t) = e iU)tw(x,y) 

xyyyZAA	 Cartesian coordinates 

xo = x - 

Yo = y - 

= l - 

y	 Euler's constant 

= ix +

velocity potential 

acceleration potential 

P	 fluid density 

circular frequency of oscillation 

=

ANALYSIS


Integral Equation and Original Form of Kernel Function 

The main purpose of this analysis is to treat the kernel function of 
an integral equation that relates a known or prescribed downwash distri-
bution to an unknown lift distribution for a harmonically oscillating 
finite wing in compressible subsonic flow. The integral equation referred 
to can be obtained by employing the Prandtl acceleration potential to
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treat linearized boundary-value problems for oscillating finite wings by 
means of doublet distributions. Derivation of this integral equation 
from the linearized boundary-value problem for a wing is a preliminary 
task that has been done elsewhere (see, for example, ref. 21), but is 
reproduced herein as an appendix for the sake of completeness. 

In keeping with the concepts of linear theory, the wing is con-
sidered a plane impenetrable surface S which lies nearly in the 
xy-plane as indicated in sketch l

z

Sketch 1 

The x,y,z coordinate system and the surface S are assumed to move in 
the negative x-direction at a uniform velocity V. 

In terms of these coordinates the integral equation may be formally 
written as

(x,y) = .ffL(ii) K(x0,y0 ) dt dli	 (i)
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where (x,y) is the amplitude function of the prescribed downwash, 
K(x0 , y0 ) = K(x - , y - ) is the kernel function and physically repre-

sents the contribution to downwash at a field point (x,y) due to a 
pulsating pressure doublet of unit strength located at any point 
and L(,1) is the unknown lift distribution or local doublet strength. 

The kernel function may be mathematically defined by the following 
improper integral expression (see eq. (Al2), appendix A): 

	

2	 iwx0	 0 eM22y022z2) 
K(x0,y0) = urn	 e V r	 ______________ dA	 (2) 

	

z-->O 6z	 -002 	
+	 + 2z2 

where M is Mach number, 3 = \/l - M2, 	 = U)/V132, U) is the circular

frequency of oscillation, V is the velocity, and ? is the variable of 
integration. Evaluation of this integral constitutes a main difficulty 
in obtaining aerodynamic coefficients for oscillating finite wings in 
compressible flow. The present analysis is therefore devoted to reducing 
it to a form that can be accurately evaluated by numerical procedures 
combined with the use of tables of certain tabulated functions. The form 
and order of all its singularities are determined and an expression for 
the kernel function is derived in which the singularities are isolated. 

Reduction of the Kernel Function 

In considering the reduction of the kernel function K(x 0 ,y0 ), the 

integral involved can, for convenience, be written as the sum of two 
integrals, namely 

e M 22 )	 eM22)	 o eM2+r2) 

J	 d?=J	 d7+J 

+ r2	 2 + r2	 0	 R + r2
(3) 

Therefore,

	

2	
iwx0	

2 
K(x0 , y0 ) = urn	 e V (F) = urn	 e V (F1 + F2) 

	

Z­4 0 z	 z—)O z
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where

r	 _J(J)(i 
F1	

M2+r2) 
=	 e _____	 cI7..	 (7) 10	 2+r2 

and

pX0 e(?\_M\2+12) 
F'2	 I 	 (6) 

LJQ	 +r2 

and where r = Jyo + z2. 

The integrals F1 and F2 are treated separately in succeeding 
sections. The final forms are given in equations (17) and (19), 
respectively. 

Evaluation of Fl,- The integral F1 can be converted to a form 
that can be more easily handled by writing 

_iS?\22 

r 
F1	 -i e =	 e	 _______ d7 

0	 /2+r2 

and introducing the following relation (see p. 416 of ref. 22)


_r\JT2_M2ä2 
e ____ =r J(Th)e T dT 

2+r2	 Jo	 _M22 

CO	 r/T2M2ã32	 MT)	 \/M 2T2 

	

= J	 0(m) e	 T dT - r ±	 J(m) 
e1r 

________ 	 T dT 
22T2

(7) 

In the first integral of these last two integrals make the subsitution
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and in the second integral make the substitution 

Then

e_iM2+r2	 1 
e ___ = 1	 J0(iT2 + M22)dT - 

+ r2
_

Jo

r	 e_irT J0(JM22 - T2)dT	 (8) 
Jo 

(it is of interest to note, in the expression on the left of eq. (8), 
that ? and r appear in the same manner. The roles of these two quan -

tities could therefore be interchanged in the expression on the right.) 

With use of equation (8), the equation for F 1 can be written as 

F1 = f e' d[f eT	 , M22)dT - 

-	 i	 - T2)dTl	 (9) 

Changing the order of integration in each integral (which is a legitimate 
step because the integrands involved satisfy the continuity conditions 
required for such operations) leads to the following expression for F1: 

F1 =	 e_rT dT	 ) M22 d - f
o	 Ifo

	

[fo- r erT dTe'
Jo

- T2)d	 (io)
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The integrals within the brackets in equation (10) may be evaluated from 
tables of Fourier or Laplace transforms as (see, for example, pair no. 55 

of appendix III of ref. 23) 

foo 
e12' J0(4T2 + M2i32)d7\ = 

0

e r  

	

-1ä	 - T2)d7 = 

0	 VT  

so that

	

(CO	 eT	
d.T	

vk:is 

	

__	 _________ d-r	 (11) 

	

_	 ______ 

	

JO T2 - 22	 - 10 T2 + 22 

The first integral in equation (11) can be written as 

rT	 e_rT	 1&T)	 e'T e	 __	 ___________ 
_ dT lr ______ 

	

fo '	 d-r	 __	 _________ 
T2 - 22	 - 22	 O	 - T2 

or

-rT 

	

e	 dT =fo
e_0O d	 e_CO5O de	 (ha) [

J0/72 - 22 2 

The first integral on the right of equation (ila) is given on page 181 
of reference 22 as

C' co 

	

 

I	 e_' cosh 0 dO = Ko(t3)r) 
Jo 

where K0 is the modified Bessel function of the second kind of zero 

order. The second integral on the right of equation (ila) is given on 
page 338 of reference 22 as 

	

! 
r/2 

e	 cos 8 dO = -o(r) - L0(r 
2J,2
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where 10 is the modified Bessel function of the first kind of zero 

order and LO is the modified Struve function of zero order. Then, 

the first integral of equation (ii) can be written as 

rT 

f000

e	
dT = K0 (j3cTr) - r) - Lo (I3dirIJ /T -

KO(y02 + 2 ) - LIO(2(y2 + z2)	 2 
VYo + 

Note that the end result indicated in equation (12) is independent of 
Mach number. The second integral in equation (11) may be written in 
another form as

-irT	 M e	
dT	

e_o2+z2)T
(13) 

0 T2 + 22	 = 10	 + T2 

This integral has not been reduced to closed form; however, it is non-
singular and can be readily handled by numerical methods. 

Combining equations (12) and (13) gives the following expression 
for F1: 

Fl = K0(y + z2) - 	 [10(y02 + z2 ) - i ( yo2 +	 - 

e( Y2+z2)T 

Jo	 j1+T2dT

(12) 

By performing the differentiations Indicated in equation ( if), there is 
obtained for the first part of equation (if) the following expression:

(IA)
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zO	 vIyoI	 —
	[jl(^2v 	 I) — Ll(IyoI	 + urn __ =	

fKl(iYoI) 
i 

— iIkoIyoI 
e	 f311 -yo1Io i _+ T2  e 

YolT 
dT(l7) 

All terms of this expression other than the integral may beevaluated 
at small intervals of y 0 from existing tables, except at y0 = 0 where 
the function is singular. The integral is well-behaved and can be accu-
rately evaluated by numerical or approximate procedures. The type and 
order of the singularities at y0 = 0 are discussed in a later section. 

Evaluation of F2.— In order to reduce the integral F 2 , equation (6), 

it is convenient to make the substitution 

7=rsinhe	 (16) 

so that

sinh o • 1x— 

F2 =\[	 1'	 e_M cosh e )de	 (17) 
Lb 

Noting that z appears only in r and performing the differentiations 
indicated in equation (4) yields 

IoI _________ 

=	 I 	 (s inh 	 ej(x0_MO2) 

	

z2 /,
0

I 	 + 32y02 
Jo

Cs1rth1Q_ 
_______	 21y01	

hO) 1 
_ 2

102Y.2 x̂ol
 0	 ex0_M2y02)_	 0- (cosh 0 -MsIth e1 IYOI(b0h 0-Mc 	 dO

2 	 oI
 +	 Jo 

	

________	 I,oI 

cosh0e =	 [X0	 1	 I	 iIYoI(s10_Mcosho)de 
2 2	

} 
.1 2	 2 2 

YO xo + yo 	 Myo2L

(18)
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or, by reverting completely to Cartesian coordinates through equation (16), 
there is obtained

riM1XO2+2YO2)	
1 rXOxo e + O2) - ___	 I_( 6z 

2 

 

)	

=	

x0 -i y022 + 2y02	
+ 

eN y0 -
	 fXo iCO(X_MR+02yo2)" 

]oo	 J 
This expression vanishes, as it should, for x0 = 0 and like that 

in equation (15) has singularities at y0 = 0 which, also, will be 
handled in a later section. The integral that remains, like the integral 
remaining in equation (15), is nonsingular and simple in form and can be 
readily evaluated by numerical procedures. 

Expression for the kernel in terms of nondimensional length variables. - 
Equations (15) and (19) can now be combined to give a reduced form of the 
kernel function K(xo,yo). However, in application, the variables x0 
and y0 are employed, for convenience, in nondimensional form. This is 
accomplished by considering these variables in a new sense to mean that 
they have been referred to some chosen length 1 and by introducing the 
reduced-frequency parameter k = lw/V. The variables will be used in this 
new sense throughout the remainder of the paper. The kernel can be written 
in terms of these nondimensional variables as 

-ikx0 2 
K(xo,yo) = e	 _-(F1 + F2)0

iNk 

=	 e1	 Kl(ky0) -	 - Li(kIyo	 +	 + e 
12	 k1yol 2kIyo

	

M(ky0)2

MkX0
M/3	 _____________________0 2 [kx 
f1 + T e_ Y0IT dT -	 + (c)2 + 2()2 

	

___  
0)2(kx0)2 + 2()2 e
	 + 

0	 M( 

rM?\2+I32(ky)	 1 
M(ky0)2 Jo

kxO e
	 d7f

(19)

(20)
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Note that this expression for K(x 0 , y0 ) can be considered as a 

function of only three parameters, namely, ky 0 , kx0, and M. To 

be more specific, the first two terms are functions only of k(y 0 ( the 

next two terms are functions of klyol and M and the last two terms 
are functions of klyol, kx 3 , and M. 

Equation (20) constitutes the principal result of this paper. Some 
partial checks as to its correctness are: (1) For k = 0, it reduces, 
as discussed subsequently, to the downwash of a pressure doublet in 
steady flow and (2) an integration with regard to the y-direction between 
the limits -co to +co yields Possio's result for the two-dimensional case. 
This integration is carried out in appendix B. Other special forms of 
the kernel function for M = 1, M = 0, and k 0 are derived in subse-
quent sections. In the section Immediately following, the orders and 
types of the singularities of the kernel function are discussed. 

Discussion of the Singularities of the Kernel Function 

As previously indicated, the kernel function becomes singular or 
indeterminate at y0 = 0. The 

forms that the kernel function 
takes when it becomes singular	 0 = -TT/2 

are of particular importance in 
applications to lifting surface 
theory. It is therefore desir-	 C	

- able to extract and treat the	 - :'_Ie	 - 
singularities separately. 

This extraction can be 	
I 

conveniently made by con- 	 = 
sidering the value of K(x0,y0),	 x0	 Sketch 2 
equation (20), at points on the 
semicircuniference of a small 
ellipse (see sketch), the polar equation of which may be written as 

xo =€ sin el
(21) 

yo=* Cos 0J 

where, because of the symmetry of K(x0 , y0 ) with respect to y0 , only 

the limits -Ti/2 0 it/2 need be examined. Note that in these equa-
tions values of 8 in the range -it/2 8 < 0 correspond to field 
points ahead of or upstream from the doublet position and values of 0



14
	

NACA TN 3131 

in the range 0 < 0 5 ic/2, to field points behind or downstream from the 
doublet position. In particular, 0 = ic/2 corresponds to points directly 
behind or in the wake of the doublet. 

After substituting these expressions for x 0 and y0 into equa-

tion (20), the results may be written as 

2e_ikE sin 8 r k€ COS8 	 cos0 
Z2€2cos2G	

(kE
	

) -

ikMecos 0 

iirk€ cos 0	 fk€ cos 0	 /k€ cos O\1 e  
2J3	 lil^	 I	 M 

ike(sin 0-M)	
ilcJvI€ cos 0 

e	 ik€ COS 0 -	 2 +	 e 
M

ik€(sin 0-M)	 ______ 
_______

 

(ikc cos 0T 
sin e e	

2	 - k2e2cos20 rMI j1+ T2 e	 d + 
Jo 

fo
-'° 2d?

(_M2+€2co52o 
ik	 e	

} 

M 

With the use of the following series expressions for K1(z) and 

[11(z) - L1(zI1	
(which can be obtained from ref. 22 - for K1, see 

p. 80 for I, see P . 77; and for L1, see P. 329): 

K1(z) = ( + log	 +	 +	
+ . . .) + 

_(z 
+	

+ 5z7 +	

•	 (23) 
z	 64	 1152

(22)



NACA TN 311	 15 

where y is Euler's constant (y = 0.5772157), and 

	

[Ii(z) - L1(zz 2z2 + z3 - 2z	 z5 

	

= -  
- 
-- 	 ^	 +	 (21i.) 2	 3 :m 16	 )3it 

it is found that for vanishingly small values of € the limiting value 
of the expression for K(€,O) in equation (22) is for M < 1 

_ik€ 

sin 

O

	
- 0 2
	

ik k2	 kc(1 - sin e) - 
+---log 

2(1 - sin e)	 €	 2	 2(1 - M) €	 )

1 (M k2[
- sin 8 -
	

0(n)	
(25) 

2 )] 

where O(€') represents terms of order € for n ? 1. Expressed in 
terms of x0 and y0, equation (25) becomes 

(Xo + x02 + 22)	
ik K(x0,y0)	

2 f	 + 2 2	 x02 + 0 2y02
Yo 

k(Ix02 + 2YO2 - xo) k2 r 1 --log	
2(1-M) 

—1 (M-	 xo	 - i2 + 

x2 +	
2	 (26) 

Examination of equation (25) shows that the kernel function K(€,e) has 

singularities with respect to € = Jx02 + 02y02 as follows: 

f1(e)	 •	 ik 

	

2 k2Ff2(a) + log	 (27) , T' 2
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where, from equation (27),

+ sin a) 

= 1 - sin a =	 cos28	

} 
f2 (0)	 log	 log 

k(1 - sin a)	 k cos20 
=	 -=  

2(1 - M)	 2(1 - M)(l + sin a) 

Although being of no particular significance in applications, it is 
of interest to note that the quantities f 1 and f2 each have minimum 

/	 2 
values	 = - arid I2I	 = log k I ) at a = -A/2, whic

0
h 

\	 mm	 2	 mm	 1-M 
corresponds to points directly ahead of the doublet position; and, as 0 
increases from _it/2 to +it/2, the values of these quantities continu-
ously increase from these minimum values to infinite quantities as 
follows:

L
+ sin 

f	
lim	

( - 8	
=lim II l()H

	

60 J 	 cos2( -	 8062 I	
(29) 

k cos2( 
f2() = urn Lo	 him log 

2(1 - M)[l+ sin( - 8)	 - 8O	
(l - M) 

- 8)	 -	 k62 

Thus K(x0,yo) is singular for 0 = it/2 even when the distance € from 
the doublet is not necessarily of zero order. This implies that the 
doublet produces a wake of discontinuous downwash that extends downstream 
from the doublet position to infinity. 

With knowledge of the singularities involved in the kernel func-
tion K(x0 , y0 ), an expression can be written in which the kernel is 

separated into a singular part and a nonsingular part (as was done by 
Schwarz, ref. 14, for the two-dimensional case) as follows

(28) 

K(x0) y0 )rn [K(xo.,yo ) - K'(x0 ,y0 + K'(x0 , y0 )	 (30)



k(x2 + 22 - 
x 0)] 

2(1-M)	
I

k2 
-p- log (31) 
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where K(x0,y0 ) is defined in equation (20) or (22) and 

K'(x0,y0) 
= 

e

	

_ikxor.v/xo2+ 
f32y02+x0	 1k 

2	
YO 2

^xO2 + 202	 x02 + 

or in terms of € and e, introduced by equations (21),

ik 
+	 log 

-lk€ sin 0 [2

	

2	 - k2	 k€(l - sin 
K'(€,e) = 

e 
	 -	

€	 2	 2(1 - M) (i - sin	
] () 

The term [K (xo, yo , ) - K'(x0,y0	 in equation (30) is a continuous func-

tion for all values of k, x0, and y0 and for values of M in the 

range 0 -!^ M5 1. The term	 '(x0,y0 ) is discontinuous at the doublet 

position (x0 = 0, y0 = 0) and at all points in the wake (x 0 > 01 
Yo = 0). It is to be noted, however, that each term of K 1 (x01 y0 ) is 
integrable with respect to y0 or with respect to n = y - y0, a fact 
that may be useful in some numerical methods. 

Treatment of the Sonic Case 

Because of its special nature, the borderline case, M = 1, between 
subsonic and supersonic flow deserves and requires separate treatment. 

As M —3 1, the expression for the kernel function given in equa-
tion (20) becomes indeterminate. It Is possible, however, to obtain con-
ditional limiting values for the kernel by considering the integral F, 
equation (4), and breaking it into two integrals, F1 and F2, as was 

done for the general case. 

With regard to F1, its limiting value and the value of its deriva-

tives with respect to z at z = 0 can be shown to be zero as M —3 1. 
From the form of F1 given by equation (hi.),
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Ai [ l	 F = 1	 o(y02 + z2 ) -	 + 2) - ( y02 + 
z2 —	 —	 )1 

M1	 M31 

L
i(^2 2+z2)T 1 
-+T 

dT 
Jo	 i2	

J 

V ŷ -  Ko  2 + 2 ) r 	 2 L0(y02 +Z2- 

2 +	 sinny2 + 

fo
COSVyo	

dT + 
fo	

____ dT (33) 
co	

1+T2 l+T2 

But since (see ref. 22, p. 172) 

CO5
di- = -K0()	 (34)

7

 
 

and (see ref. 22, P. 332) 

'sin T
dT =	 - L(	 (3) 

JO	 T2 	
2 

it may be concluded from equation (53) that 

(ÎF

1
 

l	 F1 = l	 = o 	 (36) 
M—1	 M_lz2 )
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The total contribution to K(x0,y0 ) at M = 1, therefore, arises from 
the limit of F2 , equation (6), as M - 1. The limiting form of F2 
may be written in terms of nondimensional coordinates as 

[̂,_M J -A2,  2 (y02+z2j 
(	 2 

lini	 urn /	 e 	 dA	 (37) 
M1	 MlO 

X 

	 2 +	 + z2) 

In approaching the limit M = 1 (from the subsonic side) in equation (37), 
it is convenient to replace M by 

M= 1- € 

where c is infinitesimally small so that 

= (i - M) (1 + M) = €(2 - €)	 2€ 

With this approximation, equation (37) may be written as 

ik AIAI(1€)E+€ (YO 2+z2l IL	 A2 

lirn F2= "Mrn	
2€ 

 fo 	
dA

c_3O 	 A2 + 2c(y0 2	 2) + z  

ik 'A- 

fo 
X02 A?' 

=	 dA	 (for x0 > 0)	 (38) 

From physical considerations, the right side of equation (38) is to be 
considered zero for x0 0. This is in keeping with results that would 
be obtained if the limit under consideration were sought from theory of 
supersonic flow, M> 1.



F2' 

=fow

 
eCT

dT = 
 iT + ( y02 + z2)

ri(kyQ2+Z2)T 
/	

e	 dT 
JO

(11.2)
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The integral in equation (38) cannot be completely expressed in 
terms of known functions. Furthermore, since it is singular at its 
lower limit, further treatment is required to reduce It to a form such 
that its derivatives with respect to z can be numerically evaluated. 
For this purpose the integral may be written as two integrals, namely 

(F2 ) 1 = F2 ' + F2"	 (3) 

where

[2+z2	
( - 

YOZ\ik 

F21=	
e2	 ? )

d?	 (14°) 

Jo 

and

fi	

e 

xo	 ik(yo2+z2\ 

F2 -	 _ 2
	 ? I 

____________ d?	 (141) 

-Jyo2+z2 

The limits of integration in equation (140) are so chosen that the inte-
gral in this equation can be reduced to a known forniby making the 
substitution

= /T2 + ( 02 + z2)
f2+2 

or T— 

Thus,



___	 ___ I 2	 k	
+ – 

) = - L2Y2 k 

rlx0 1k 

e


JIyol
2

(11.5) 
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Equation (142) may be written in terms of the Integrals involved in F1 

(see eqs. (34) and (35)), nsrneiy, 

F2 ' = K0(ky02 _+Z2 - LIO(ky02 + z 2 ) - (ky02 + z2)] (3) 

Differentiating this result twice with respect to z and then setting 
z = 0 gives 

(2!F
__	

k2 r 1 

	

=	 kJ yo K(kJ Yo 1) - 2k jy [Il(klyo l) - Ll(k IYo I) -
fl) 

z=0

(44) 

Differentiating equation (ii. i) twice with respect to z and setting 
z = 0 gives

After performing an integration by parts and, collecting terms, equa-
tion (15) may be written as 

4 2 ____	 - k2 l r  
)z	 —2 - i2[22 -

2	 2 (kxO - kx) 
e	 + 

o2) d 

k2y2 Jk I yo 

Equations () and (6) are combined to give (2). Then, in 

accordance with equation ( Ii. ), there is obtained for

(11.6)
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For x0>O,

r 
K(x0 , y0 )	 = k2 e	 1

tktY0I Ki(kIyoI) - 	
(k I 	 Li(ky0) 2 + 

___	
\ k2y2	

fklyol

'o i(k2Yo2
) 1	 2 e	 )+ i	 2 

	

k2y02 - k2y02	 k02 
	 (7a) 

and, for x0 < 0,

K(xo,yo)Ml = 0	 (47b) 

The integral appearing in equation (47a) is finite and proper and can 
be evaluated by numerical procedures. 

Treatment of the Steady and Incompressible Cases 

It is of interest to consider the form of the kernel function given 
in equation (20) for some particular values of M and k. In the fol-
lowing sections a discussion is given for the steady case (k = 0) and 
the incompressible case (M =0). The two-dimensional case is handled 
in appendix B. 

Reduction of the kernel for the case of steady flow.- In order to 
obtain the reduction of the kernel for the case of steady flow, consider 
the expanded form given by equation (26). As k - 0, there results 
the following expression 

	

K(x0 , y0 )	 = _J.fJ._ +	 xo	
(8)Y.

=	 y0202 + 202)  

which represents the downwash of a pressure doublet for steady flow. 
This result serves as a partial check as to the correctness of the 
expression for K(x0 , y0 ) given by equation (20). 

By replacing y0 in equation (48) by y - T) and integrating 
from -1 to 1 with respect to i, there is obtained 

1

	

K(x0 , y0 )d = - i 1 x0 + Vxo 2 + 2(y - 1)2 x0 +	 + 2 (y + 1)2 

x0 (y - 1)	 -	 x0 (y + i)

(1.9)
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where the symbol	 indicates that the principal value or finite part 

of the improper integral must be taken. (See, for example, ref. 24 for 
a discussion of finite parts of such integrals.) This result corre-
sponds to the downwash produced by a simple horseshoe vortex two units 
wide. An equivalent expression for incompressible flow is given, for 
example, in reference 27, where in contrast to the present notation, 
x0 has been chosen as positive forward. 

Reduction of. the kernel for M = 0. - In order to effect the reduc-
tion of the kernel for the incompressible case, the expressions for F1, 

equation (15), and F2, equation (18), will be examined for the limit 

M .- 0: 

From equation (17) 

urn 
M0	 =
	 j-Kl(k j yoj)-(k Iyot) - L1(kyo + i}	 (70) 

z -)0 

and from equation (18)

fosinh1 
X0

lim
=ik 

	

y° sinh 0 
e ik Io I sinh 0 dO - 

	

M-40 z2	 10I 
z-0

y02jx02 + 

Integrating by parts yields

(51) 

urn 62 
F2 1k -	 + 

___ = - 
Z. —02	 2 

z	 y0	 Yo

;JXO f
yo2 + 2 e' d? -

	

xo	 ikx0 
e 

	

y2I 2	 2 0 + YO

(52)
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Combining the results from F 1 and F2 gives for the kernel function 

K(x0,y0)	
e°O r k	 ____ 

c (
	 I)	

lick 
0 =
	 12	 I ° l	

- 2IyoI[Il(kiyol) - 

L1(k'yJ

x0 	 e ilcx 
0+ 

ik/x02 + y02 e ikx
0+ -

 Fy2 	
+ 2	 YO Y0 

k2 2 

fo
xo 2	 2ikA 

	

(53) 
 

+ y0 e 

By setting x0 = 0 in equation (53), a form is obtained which can be 

shown to agree with results derived. by KUssner for the case M = a, 
x0 = 0 (ref. (26)). 

Some Remarks on Evaluation of the Kernel Function 

In regard to evaluating the kernel function for specific values 
of x0, y0, M, and k, an approximation for the function 

[K(xoyyo) - K'(x0,y0 

can be obtained by making use of the series expansions for K 1 (eq. (23)) 

and for ( Ii - L1) (eq. (24)) and expanding all other terms of K(x0,y0) 

(eq. (20)) into a power series in terms of k. After performing these 
expansions and collecting terms with respect to powers of k, there is 
obtained.
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[K(xo,Yo ) - K'(x0 , y0  -"ok2 [ 
 -
	 XO	 1 j21 

z22 [2	 2+22	 -)-J+ 
0 

ik3 [2m3xo + (i - 3M)x02 + (2 - 3M2)2y02 

+	 J + 
k4

L 	 - 20M30 2 + 156	 - 32M3x02 + 
192!3  

+ 6M2 -	 + 122( + 2M2 - 

+ 

log

	

k( X02 +02y.2-	

- 166Yo21 + 2(1	 M) 

1k5+ 10M2 - 1)x02jx02 +	 4M3(5 + M2)x03 + 
360f36 L 
____	 221 __________ 12M 3 x0y0	 5t3 _________	

5 2 2 -
	 - 1)Y022x02 + yo 

J. } + 2 02 -

(54) 

For values of the parameters that satisfy the following inequalities 

kyo 

k 
(xo - Mjx + 02y 2) <
	 (55) 

equation (514) yields results that are correct to within 2 percent. For
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values of the variables x0, y0 , M, and k that do not satisfy the 

inequalities (57), values of the function [K(XO) yo ) - K'(xo,y0	 are 
perhaps most easily and economically obtained by numerically evaluating 
the two integrals in equation (20) and making use of available tables to 

evaluate other terms of [K(xo l yo) - K1(xo,yoJ. 

It is pointed out that extensive tables of the Bessel functions 1(1 

and I may be found in reference 27. A table of the Struve function L1 

with second and fourth differences for interpolation purposes may be found 
in reference 28.

CONCLUDING REMARKS 

The main purpose of this paper was to present the kernel function of 
the integral equation relating the downwash to the lift distribution in 
a form that can be computed. This purpose has been achieved by the pres-
entation of the kernel in a form given in equation (20). This equation 
has been converted to a form more suitable for calculation by isolating 
the singularities as shown in equations (30) and (31). The special case 
of M = 1 is given in equations (47). The forms of the kernel function 
for other limiting cases, namely k = 0 and M = 0, are given in equa-
tions (48) and (53), respectively. 

Langley Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Langley Field, Va., September 18, 1953.
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APPENDIX A 

DERIVATION OF THE INTEGRAL EQUATION THAT RELATES THE DOWNWASH 


AND LIFT FOR A FINITE WING BASED ON REFERENCE 21 

In keeping with the concepts of linear theory the wing is considered 
as a nearly plane, impenetrable surface. Let this surface S lie nearly 
in the xy-plane, as indicated in sketch 1 of the body of the paper, and 
let it and the x,y,z coordinate system to which it is referred be assumed 
to move at a uniform speed V in the negative x-direction. At the same 
time let each point of the wing be assumed to undergo harmonic transla-
tions of small amplitude z(x,y ) t) at circular frequency w and let c 
represent velocity of sound in the medium. 

The problem for an oscillating wing consists in solving the wave 
equation subject to certain boundary conditions. The wave equation in 
rectangular coordinates is 

a2 (Al)


	

C)X2 6Y2 6Z2 c2 \. x	

)2*

The independent variable i in equation (Al) is regarded herein as 
an acceleration potential; as such it Is directly proportional to a per-
turbation pressure field and is related to a velocity potential 0 as 
follows:

	

LA + V—	 (A2) 

In order to complete the boundary-value problem for the wing, it is 

desirable to calculate the downwash w(x,y,z,t) =	 associated with r. 

Assuming this downwash to be. rmonIc with regard to time implies that 
both potentials 0 and ir are harmonic with regard to time and can be 
written, therefore, as

(x,y,z,t) = eicot Ø(x,y,z)

(A3) 

'4r(x,y,z,t) = e t (x,y,z)
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With these expressions for 0 and 4', equation (A2) becomes independent 
of time and reduces to an ordinary equation with one dependent variable, 
namely

-	 -	 dØ
(A14.) 

dx 

This equation can be integrated with respect to x to give 

iwx

Ixe 	 ?y,z)eVd?	 (A5) 
V	 03 

where the lower limit of integration is chosen, for later convenience, 
so as to satisfy the condition that P vanish as x - -. 

The boundary-value problem for the wing may now be expressed mathe-
matically as follows: Under the assumption of harmonic motion the dif-
ferential equation, equation (Al)., becomes 

2_ 2_	 2 
+^- +	 )= o	 (A6) 

In order to insure tangential flow at the wing surface, the potential 
must satisfy the downwash condition 

- 
w(x,y) =(VZ=0 = (v	 + iw)m(x,y)	 (A7) 

where w and Zm are amplitudes of velocity and displacements, respec- 
tively, and are assumed to be known from the motion of the wing. At 
z = 0, the pressure

P = P(4') z=o	 (A8) 

must be zero at all points (x,y) off the wing. At all points on the wing 
4' is allowed to be discontinuous and the value of p at a given point 
is determined by the magnitude of the discontinuity in 4' at the point. 
In the neighborhood of the trailing edge, p must go to zero, corre-
sponding to the Kutta condition.



iwrt+li_(x) R 
c 2	 -;j

'VI 0 -A	
e 

az
(A9) 
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One other condition, that 0 vanish far ahead of the wing, is 
inherently satisfied by the relation between 0 and ii given in equa-
tion (A5). 

The potential	 at point (x,y,z) due to a harmonically pulsating 

doublet located in the xy-plane at (,rI,O) that satisfies equation (A6) 
is

where

2 
+ z2 

and the factor A is a strength and dimensionality factor that makes 
possible different uses and interpretations of the potential 	 • If 

is considered as an acceleration potential and substituted into equa-

tion (A7), there is obtained a corresponding velocity potential Ø 

which may be written as 

iU)(x-)	 iw(t+	 R 

00	

\ 

e = —e	
R	

d	 (AlO) A 

where

RJ
2 + 2,	 2	 22 =	 7'.,	 3 y - ii) + f3 z 


The downwash 00. associated with ii may be written as 

+r2)
60062- V 

	

A 
2 

e	 r 
O 

e	
d2	 (All) 

6z	 3z J_ 	 W+ r2
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where x0 = x -	 = w/Vf32, and r = 13J(y - )2 + Z 2 . With the use 

of this equation and the concept of solving linear boundary-value problems 
by means of superposition of elementary solutions to the governing dif-
ferential equation, the boundary-value problem under discussion can be 
written as an integral equation, namely 

iwxo 

(x,y) = lim AffL(,)e V d dTj 
z --> 0 S

2	 x0	 (	 ir) 
e d? (P12) 

+ r2 

where S represents the surface of the wing and L(,i)) represents an 
unknown lift distribution or doublet strength on S. Equation (P12) may 
be seen to correspond essentially to equations (1) and (2). 

If the distribution function L(,r) in equation (Al2) is deter-
mined in accordance with the boundary conditions discussed in the pre-
ceding paragraph, equation (P12) can be considered 

as a complete solu-
tion to the boundary-value problem for an oscillating finite wing in 
compressible flow. It is also to be noted that equation (Al2) can be 
considered to represent a solution to the so-called "indirect" problem, 
that is, that of finding the downwash distribution associated with a 
given lift distribution.
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APPENDIX B 

REDUCTION OF THE KERNEL FUNCTION FOR THREE-DIMENSIONAL 


FLOW TO THAT FOR TWO-DIMENSIONAL FLOW 

The purpose of this appendix is to show that integration of the 
kernel function K(x0 , y0 ) from - to +oo with respect to i = y - y0 

leads to a known result for two-dimensional flow. The kernel is first 
modified to a form that, for the present case, is easier to handle. 
Then, after performing an integration by parts on the modified kernel, 
the form of the kernel for the two-dimensional case is given (eq. (B18)). 
In addition, the special cases of M = 1 (eq. (B23)) and M = 0 
(eq. (B3 0 )) are also shown. 

The integration under consideration with respect to rj is equiva-
lent to an integration with respect to y0 , namely 

co K(x0,y) d = if K(x0 , y0 ) dy0	 (Bi) 

It is remarked in advance thit since z has been made zero in the 
expression for K(x 0 , y0 ), equation (20), it is necessary to employ the 
concept of "finite parts of infinite integrals ?? when integrating this 
function across the singularities at y0 = 0. Use of this concept gives 

the same results that could be obtained by the more arduous task of 
performing the integrations before setting z equal to zero. 

Modification of the kernel.- In order to effect the desired modifi-
cation of the expression for K(x 0 , y0 ) given by equation (20), consider 
the first integral of the expression, namely 

r	 13 
-k2	

M/ 
/ 	 V'l + ,.2 e_lkIYoIT  di	 (B2) 

JO 

This integral can be written as

2	 .iI,TOIT 
lim -k 

O 
2 r ji-+T 2 e_T(8 kQ) dT + k2 fml 1 + T e	 dT 

J  13

(B3)
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but according to page 331 of reference 22 

_T(5+ikIYoI 

	

e	 )d =	
+ ik l yol) -	 + ikIyoIj J	 l+ T 

0	 2(8+ikIyoI)

(Bl) 

where Hi is the unmodified Struve function of first order and y1 is 
the Bessel function of the second kind of first order. In the limit as 
5 - 0 these expressions have the following values: 

For the first expression in the bracket (see ref. 22, P. 329) 
urn H1(5 + ik p yol) = Hi( ik l yol) = _Ll(k I yo)	 (B5) 

5---)0 

and for the second expression (see ref. 22, pp. 77 and 78) 

	

lim	 + iklyol) = lHl (l) (iktyl) + iJi(ikyoI) 
5—) 0

= ! Kl(k l yo() - Il(klyol)	 (B6) 

where H1(1) denotes the Hankel function of the first kind, of first 
order. With the use of equations (B3) to (B6), expression (B2) can be 
written as 

-k2 fo

M/13	 ik - T2 e	 dT = k2 r	 \Il+ T2 e_ikI20IT di- + 
 JM/13 

Iy0I {l0D + i(k I yoI) - Ll(kjyO( 

(B7)
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Substituting this result into equation (20) of the text gives the modi-
fied form of K(xo,y0 ) sought, namely 

	

-lkx r	 _IYoI	 iMkJyoj

ik K(x0,y0) = e	

L 	

e	
+ 1 

e 
2	

MWO 

Mx  + xo + 
22 !(xo_MIxo2+2y02) 

e	 ^


Myo 
2 x 2 + 32y02

ik (7-M/72	 1 
-ik lyoIT	 ik Po
	 2	

2 
O2 ) I 

k2 1	 1+T2 e	 dT
+	 2J	

e

(B8) 

Integration of modified kernel.- Since the expression for K(x0,y0) 

is, symmetrical with respect to y0, that is, K(x0 ,_y0 ) = 

the integration under consideration can be expressed as 

1 f K(xo, I y0 ) dy0 = 21 10 K(x0,y0 ) dy0	 (B9) 

where, on the right, the absolute-value signs on y 0 can be dropped. 

After performing an integration by parts by letting 

-ik.x	 -ikx0 

dv = 2 e
	

° dy0	
-2 

e	
(Blo) 

1
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and

	

iky - iMky0 	 - iMky0 

u =	 e	 e	 -	 +	 2 + 132y	
(xo_Mrxo2 02 

+	
x +132Y02) 

13	 M	 e13 
Mx02 +02Y02 + 

Ik (^, _M2+13y02) 

k2y02 r	 + T2	

M fo 

-iky0T 	 ik
X0 132 

e	 dT + -e	 d	 (Bli) 

or

2	 ^Lk (x 

	

du 

=	

yoxo	 + ikc0y0 +	 iIo 1eo_MO2+13o2) 

tl 

(X02 -l-132y02)3/2 x02 + 132y2 I2+ 02y02 + 

co	
MV!7.2+132YO2) 

	

-ikyT	 0 e13
dA k2y0	

e	 dT+k2YOr 

1 + T2	 0	
dy0	 (B12) 

-I 
There is obtained for uv

J i o 

	

•00	
e 
-iIQc0f 

1	
-	

1  uvI = 2 e	 +—e	 - 

	

Jo	 1	
L	

M 

ik (I	 x0	 \	
x0_MX02^132y02)

ikyoT 
+k2Y02r	 1+T2 dT+ 

ik /0	
(A_M2+1302) 

bTo= 

	

e	 (B13) 

Jyo=O
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This expression vanishes at its upper limit y 0 = co and is singular at 

its lower limit y0 = 0. However, by not making z - 0 in the deri-

vation of K(x0,y0 ) until after this stage is reached, this singular 
value is canceled by other terms that have otherwise been dropped. Thus, 
the expression (B13) may be considered to be zero, which is the value of 
its finite part. The integration under consideration is then reduced to 

the value of -J v du which is 
0

	

-ikxor 	 e	 f	 2x0	 ikMx0 

-J vdu=2	
+


	

0	 x02 ^ 202)3/2 x02	
+ 

+ 

ik (,o 
ik 

e P 
2	

0 702yo2)

 
\JxQ2 + 2 21 

Yo] 

Lk (?^_M f^ +̂ 02yo2) 

k2 rx0 e
+

f	 -iky0T 
+k2 	 e	 dr+ 

M/13 l + T2 

ik ( 4 02+	 2) 

= 2 
e	 fii +	 ik	

X0	 + 

1 f I\ °	 2^ 22) 

	

L	 ___ 

ik (^'_M	

1 

	

-iky0T	 x
e 

k2f e	 dT + k2
	 ddy (B1) 

/	 + T2

	 f	 2 +	 02	 ° 
j
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The terms of this expression are treated separately in the next 
three equations: 

First (see ref. 22, p. 180) 

r'/1kM	 1k	
iX0_MX02	 )	 11x0 +2y02

21k 2	 Mcoshe+ ) 
_lxoI cosh e 

2 Jo	
)e	 dy0 =	 e	 1 e 

lkx0 1 

=	 .eM	 01 H1(2)(20l)^ 1 (2)(kM I xot

 

XO

(B15) 

second.

-1kyT 

fml^

 e_l0T	 _______

002k2 / do
co  
	 dT - 2k2

dT 

	

Jo + T	 -	 + T2b0 
e	 dy0 

=_2ikr
dT 

UM/13 Tl + T2 

13 = -21k log 1+ 

M	
(B16) 

and third (see ref. 22, p. 180) 

flXc 

Lk  (M2+YO2)	 ik?

002k2 	 dy0 	
e	 = 2k21 e	 e ________ dy0 

+	

_ 

0	 fo	 2 + 

o ikA	
-lIcoshe 

e	 dA r e 2
dO 

13	 Jo 

= _!!	 rx0 e	 Ho(2)(i,AI)d?\	 (BrI)

13 Jo



	

NACA TN 3131	 37 

Substituting the results in equations (B15) to (B17) into equation (B]A) 
gives

I f 00 K(x0 , y0 ) dy0 = _	 e0

 ikx

______ (2 )(kM Io I'\ 2 LMIX0I Hl 	 2 ) - 

	

to	 0 

)	
l+ Ho(2''0I

	

log	 + 
ç32 	 -	 M 

P o 

	

1k!	 e	 HO(2M1)d	 (B18) Jo 

This result is a form of the expression for the kernel function of 
Possio's integral equation relating pressure and downwash for a two-
dimensional oscillating wing in subsonic compressible flow. It checks 
the results given, for example, in reference 29. 

Reduction of kernel for M = 1.- The kernel function for M = 1 may 
be written as (see eq. (47a)) 

k2 _0 r 1 __	 2 1 "' l(k I yoI) - Ll(kIyol) 

	

K(x0 , y0 ) 1 = - e	

tT 
Kl(kIyoI) - 

21 0J	 -	
+	 - 

2	 2° x0 +	 e2	 ?	 d?	 rkIYoI e
2 	 d?	 (B19)


) 
-e

lk(	 3t2)	
(	 (k2Y2) 

	

k2y02	 k y0 22 0	 - k2y02 0 

The second integral appearing in this equation can be shown to cancel 
several of the terms so that the kernel becomes 

e	 01 2 e0_7 2' 	 (B20) 
Yo	 YO	

? 

r	 1k ( y02 \ 

xo

- k2y\ 

K (x0 ,y0	 = - 2	 - 	
jkxo e 
0
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so that the kernel for the sonic case in two-dimensional flow may be 

written as

( ikx 
_ikXo(  2x0 r 

\2e	 J	 2 dy0 f	 1 i	 K(xo,yo)M d = _e
	 2	 e 

\	 -	 yo 

ik2y02	 \ 

2? 

	

f	 e2 dr e
	 dy0j 

	

Q	 -	 y 

Integrating equation (B21) by parts with respect to y0 , retaining only 

finite parts of the integrated results, and making use of the relation 

'	 iai2

	 fo
-22 

e	 dT = 21 	 e	 dT =	 yields 
 a 

	

ikX	 ikyol	 iky02	 \ 
O 

- 

i	
1	 2xO	 1k dy = _e	 e	 e	 f e 2x0
yo 	 xo-

	 / 

D, /	 - ik2y0	 ik2y02 fO	 1 	2N	 -	 2 dYo)} 

	

e d)\	 e	 ] 00
0	

\YO

17 

2k	 -ikx0 
(-2

ikx0

	
d)	 (B22) e	 1(J e	 +	

0 e 

Finally, the kernel for the sonic case in two-dimensional flow may be 

written as

ikx

) 
K(x0 ,y0 ) 1 dy0	 e0 --- e	 -	

NO-
lk3r	 e 2 d7 11  

.It may be noted that the integrals in this equation are readily express-

ible in terms of Fresnel integrals 
X 

C(x) 
=	

cos t2 dt f0 
and

S(x)= X sin t2dt f0
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Reduction of kernel for M = 0. - For M = 0 it is convenient to 
modify the kernel function before integrating with respect to y0. For 
this purpose use is made of the relation (see eq. (B7)): 

iick 
_	 Ki(kIyoI) - 21y01 i( k lyoI) - Ll(kIyoJ	 = k2f 	 i + T e_1ktY0IT dT YO,

o 

k2j-2-X2  -1k7 
= -_-J e 	 ciA	 (B211-) 

and the relation 

k2 
fo 0x

22ikA	 k2
-+ y0 e	 dA =
	

+ A2	 dA	 (B25
Yo 

With these relations the expression for K(x 0 , y0 ) 0, equation (53), can 

be written as

e 0 /	 xo	 -ikx 
4 

=	 2	
+ yo2

ik!/x02 + Y02 

0

ikx 
e 0+ 

k2 

P 

fiO2 2 -ikA 

Yo U _0

	

	
dA) +? e 

But

(B26) 

_____ 
y2f	

2 +	 e 
2 -ik?	 1kx02 +	 e0 1k P	 7	 e11'dX	

-	 J_xo / 02 + 0	 YO

-ik - - 1kx02 + 02 e'
	

+	 _________ elkXo - 

 -	 y02Ix02 +

(B27)
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therefore,

-ikA	
(B28) 

-ikx0	
e 

K(x0,y0)0 
= _e 

i2	 -Xo (y2 + A2)3/2 

Integrating with respect to y 0 gives

-ik? e	 dAdy0
lrK(X0 Y0 ) 0 dY =_e 0	 j	 0	 -x0 (y2 + 2)31'2 

	

e °0 r 	 e1'd r	 dy0 

1	 J-0	 ? (y02 + 2)3/2 

.-ikxO 
pU 

e' 
=-e 

1	 j -xo 

2 -ikx	 e	 d?	 r e	 d7l	 (B29) 
1	

°(
^- -1k7 

e
	 J0 2 

Integrating each integral in e 
parts yields

2-o if K(x,y) 0 dy0 
=	

e 

= - e11°

quation ( B29) and retaining only finite 

/ ikxO  

ç 
e	 1k [	

ik? 
.- d - ikr ---. d7) 

X0 

/ e1°0 - 2k r sin k d? - 
xo	 JO	 ' 

1k r 	 k	 + k r sin k 
Jxo	 J0 ?	 ) 

k / 11	 ikxo() 
+ +Si(kxO ) 

+	

(Bo) + — e
	 c	 2]1) kxO

2i
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where - C1(kx0 ) and Si(kx0 ) denote, respectively, the "cosine integral" 
and "sine integral?? functions defined as follows: 

P
  
Ci(x) = 

- J 	
costdt 

Si(x)-	 fx sifltdt 
2 	 t 

The results in the braces of equation (B30) check with results given 
for this case in reference ]A.
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