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SUMMARY

General equations for the linear responses of inner- and outer-
spool speed to change in turbine-inlet temperature and exhaust-nozzle
area are derived and evaluated from hypothetical two-spool-engine char-
acteristics at design speed. The resultant equations of response are
corroborated with experimental data. At design speed the response of
inner-spool speed to turbine-inlet temperature approximated a first-
order lag specified by the time constant of the inner spool. The outer-
spool speed response to turbine-inlet temperature was found experimen-
tally to be identical with the response of inner-spool speed, in that
it approximated a first-order lag specified by the inner-spool time con-
stant. The analytically derived response of outer-spool speed to
turbine-inlet temperature was a lead second-order lag that could result
in the experimentally determined response by cancellation of terms in
the response equation. With respect to changes in exhaust-nozzle area,
the design-speed response of the outer-spool speed approximated a first-
order lag specified by the outer-spool time constant, whereas the inner-
spool speed response approximated a second-order lag, but of negligible
amplitude.

INTRODUCTION

Knowledge of the dynamic characteristics of a turbojet engine is a
prerequisite to the design of a control system. Linear dynamics are
useful in stability and control parameter considerations, and nonlinear
dynamics are required for determination of surge limits and maximum ac-
celeration potential.

Considerable effort has already been expended on the determination
of the linear dynamics of single-spool turbojet engines; these engines
are generally accepted as first-order lag systems characterizied by time
constants (response of speed to fuel flow or exhaust-nozzle area). In
the two-spool engine each spool acts as an energy storage element, and,
hence, the two-spool engine is inherently a second-order system. Pub-
lished information relative to the dynamics of the two-spool engine has
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thus far been scarce. In order to facilitate consideration of control
systems for two-spool engines, a brief analysis of the linear response
characteristics of this type of engine is presented in this report.

The analysis presented herein is concerned with the linear responses
of the two spools to changes in turbine-inlet temperature at constant
exhaust-nozzle area and to changes in exhaust-nozzle area at constant
turbine-inlet temperature.

General equations of response are developed from linearization of
functional relations. The general equations are then evaluated at design
speed by means of representative engine thermodynamic relations.

Corroboration of the results of the analysis is indicated by the
use of experimental data.

ANATYSTS
Development of General Equations of Speed Response

The response of each spool to changes in either turbine-inlet tem-
perature or exhaust-nozzle area may be obtained from linearization of
the functional engine relations. (Termlnology is in accordance with
appendix A and fig. 1.)

The torque of each spool is assumed to be a function of four
variables:

Q = Qo(No, Wy, Ty, A) (1a)

]

Qi Qi(No; Ni; T4: A) (lb)

The functional relations of equations (la) and (1b) can be expanded as
follows:

an, 3, 3, 2, 3,
AQO:IOAE:G—_=IOPANO=§ﬁ;ANO+WiANi+W4AT4+E—AA
(2a)
an; R R Q4 oQ;
AQi:IiAat—zlipANizaNAN*-rAN +T4 -a—A——AA

(2b)
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Response to turbine-inlet temperature at constant exhaust-nozzle
area. - Solution of equations (2a) and (2b) for AN,/AT, and AN, /AT,
at A =0 gives

oQ, (& aQi) Q3 AQ,
o = +

N U 3T, 3,

am,| = {321

4, (1 aQi) (1 aQO) Q; oa
.p - - =
= 7w J\oF T )T W, o

3Q; (I BQO) oQ; oQ

- +
Al o, o ON AN, T, -
o 9Q; Q) Ny R,
G Y e Ny i = N, ) T W, W,
Equations (3a) and (3b) can be rearranged as follows:
0Q; 9,
I T, oN;
= p+l =
aQo 551 SQi 8Qo
AN o, Ny oN; oT, e
el = - 4
Aﬂé A aQ'o aQ'i aQo %
Sﬁ; T I ON_ ON;
- —SQ;_ DECER _Bég— P+ 1 _SQE_EQ;—
oN; oN Sﬁ; SN,
3Q; 4,
I N, T,
- Prshee cles
aQi 5Qo SQo EQi
AN o, AN, oN, oT,
= X S )
A
N, I ON_ 3N
B e "Sé__ L N g L D 4o AR _5-9_5_£.
it Qo Q; Qg
N4 N, AN; AN,
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1.,
Let T, = =pewee BRGET = ﬁ?__ so that equations (4a) and
i

(4b) become

R,

T
R,
ON,

32

&
2
gﬁ

R (53»)

O |0 |
}_J
o

and
Ry RNy

oN, T,

% (re ) - m2my

o aT‘l a\i(’) Slf; (5b)
= X,

Wi (L-ip + l)('rop 5 l) - WWO?

AN
Ay

A

Response to exhaust-nozzle area at constant turbine-inlet temper-
ature. - If equations (2a) and (2b) are used to determine speed response
to exhaust-nozzle area at constant turbine-inlet temperature (AT4 = 0},

the following equations are obtained in a manner identical with the pre-
ceding development:

aQi BQO
OA ON;
” (o ) - %, 5,
e W,
Ty o Ry, R R,
e W, &,
(’tip + l)(’rop + l) - W

2 O

ON, ON _
Theg

(6a)

TCOF
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aQi aQ'o
ot et St
i o GO e
S S oA ON, e
LA . aQi gQi BQO
4 < e 3N, 3N,
ip+ Top+l ——W
3N, SN,
or, rearranged
BQi aQ"IL aQO
= oA (r P + l) + _§§§_§§:_
5Qi " Qi Q'o
S W, X, e
e IT4 aQ:i_ BQ'O

(Tip 1 l)(Top 1 l) - _gg%_ggg_

Simplified Equations of Speed Response at Design Conditions

The general equations for the responses of outer- and inner-spool
speed to changes in turbine-inlet temperature and exhaust-nozzle area
are represented by equations (5) and (6), respectively. The forms of
the equations are such that the responses appear to be much more com-
plicated than the first-order lag responses of a single-spool engine.
The possibility exists, however, that the general responses might be
considerably simpler if the magnitudes of some of the partial deriva-
tives are small enough to be neglected. In order to explore the pos-
sible simplification of responses, the partials of equations (5) and
(6) must be evaluated. This evaluation of the partial derivatives is
presented in appendix B for a hypothetical two-spool engine at design
conditions. The method of evaluation is based on engine thermodynamic
relations and is limited to design conditions in order to eliminate the
need for component maps and to justify assumptions that minimize eval-
vation procedures.
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3, %, /3, A, -
As indicated in appendix B, the quantities S 5§ SN SH and
o il at o

3; 3, /%, 3, o L oAy ea fea. By
Bﬁg STZ Sﬁg BTZ are negligible, and the quantities SA ENi BNi SA
Q4

and SKE are equal to zero. Equations (5) and (6), therefore, simplify

as follows:

3
Q; dQ, H
( 3T, 5,
BQO TP + l) - —?iigjiig—
AN, oT, dN, o,
S ) 1 e VR
T:p + 47 + 1
*la &f (110 )( of )
aQi k:
AN oTy o0
A,| T, el (%)
A N
E]0
3,
OA ]

(8a)
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Under the assumptions made in the evaluation of the partial deriva-
tives (appendix B), the response equations have now been simplified con-
siderably. The response of inner-spool speed to turbine-inlet tempera-
ture (eq. (7b)) and the response of outer-spool speed to exhaust-nozzle
area reduce to first-order lags. The response of inner-spool speed to
exhaust-nozzle area (eq. (8b)) reduces to a second-order lag, but the
percentage magnitude of this response is so small (0.043-percent speed
change for a l-percent area change) that the net response is probably
negligible despite the dynamics involved. The response of outer-spool
speed to turbine-inlet temperature (eq. (7a)) simplifies only slightly
and remains a lead second-order lag because the value of the grouped
partial derivative term in the numerator is too large to be considered
negligible.

EXPERIMENTAT, CORROBORATION OF ANALYSIS

In order to obtain experimental corroboration of the responses in-
dicated by equations (7) ana (8), transient data from a two-spool engine
were analyzed and the experimental transfer functions thereby obtained
were compared with the derived transfer functions. Only the dynamic
elements of the responses were compared because the equilibrium magni-
tude of the responses would be a function of a specific engine. Figure
2 shows the transients in inner- and outer-spool speeds for a change in
fuel flow at constant exhaust-nozzle area. Figure 3 shows the transients
in inner- and outer-spool speeds for a change in exhaust-nozzle area at
constant fuel flow. Both sets of data were taken near maximum engine
speed in order to be consistent with the limitations imposed upon the
responses derived analytically.

Response to Fuel Flow

Although the data shown in figure 2 are for a change in fuel flow
rather than in turbine-inlet temperature, the responses are expected to
be very similar. These responses are similar because the transfer func-
tion of turbine-inlet temperature with respect to fuel flow is approx-
imately unity in the top speed region. Transfer functions obtained from
the data with respect to a change in fuel flow are therefore applicable
for comparison with the transfer functions derived analytically for a
change in turbine-inlet temperature.

From a harmonic analysis of the data shown in figure 2 the frequency
responses of the inner- and outer-spool speeds to a change in fuel flow
were obtained, and are shown in the amplitude-ratio and phase-shift plots
of figure 4. The amplitude ratio at zero frequency was normalized to
unity. As can be seen from figure 4, the frequency response of the
inner-spool speed closely approximates a theoretical first-order lag and
therefore corroborates equation (7b).
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The frequency response of outer-spool speed, also shown in figure y
4, appears to be identical with the inner-spool response; that is, the
response of outer-spool speed appears to be a first-order lag specified
by the time constant of the inner spool. The fact that the experimental
response of outer-spool speed seems to be virtually the same as the re-
sponse of inner-spool speed implies that the second-order system of equa-
tion (7a) must degenerate into a first-order system by cancellation of
terms. It is assumed that this simplification occurs in the following
mannex:

@
BQi BQ'o &
(w0 + 1) T,
%, \iP 3, 4,
| I ] (72)
AT4 939 (Tip + 1)(1 D + l)
A SN 0
o
This equation can be rearranged to 1
3R, Q; OQ, !
AN, T, N dT, ON; TP s
oo [P > wp - +
AT4 0 BQ'i aQo 6Qi aQ'o
A oN oN; T, oT, oN;
TRy 3,
dN; oT,

(’tj_P + 1)(Top Y 1)

However, in order to obtain a cancellation of the term.(rop b 1) in the

ils
denominator and thereby obtain a first-order lag of the form G T+ vp’
the following relation must apply: =
T
i
e B e 9
Sar 545 = o (9
1 - 5T4 BNi
3Qi 9Qo
ONi T4
(From appendix B, T; = 1.6 TO.) Therefore,
dQo 0Qi 0Qo
AN, OT4 | OT4 ONi i 5
BTg|, =7 T |~ T 31 M [\TiP * 1

SNo \  oNj oTa
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On th tion that = Py P
Ty -
e assumption a . o b 6T4 BNi BNi 8T4 the lead

second-order lag response of equation (7a) can therefore be simplified
into the first-order lag response that was determined experimentally.
Because the time constants are functions of engine speed and moments of
inertia, and since these physical engine characteristics are not assigned
to the hypothetical two-spool engine assumed in the analysis, the can-
cellation of terms based on the relation between T; and T, could not

be predicted analytically. However, for actual engines, the analytical

relation required between T4 and Ty for cancellation of terms in the

derived equation (7a) has been found to correspond with measured values
of these time constants.

Response to Exhaust-Nozzle Ares

Examination of the traces in figure 3 shows that although a change
in outer-spool speed resulted from the change in exhaust-nozzle area,
there was no perceptible change in inner-spool speed. Figure 3 therefore
indicates that the dynamics of the inner spool, with respect to a change
in exhaust-nozzle area at constant fuel flow, are negligible. The fact
that essentially no dynamics were obtained for inner-spool response cor-
roborates the small gain term determined analytically in equation (8b).

In attempting to determine the response of outer-spool speed to
exhaust-nozzle area, it was found that the traces of figure 3 could not
be used for harmonic analysis. The exhaust-nozzle area was actually
indicated by measurement of the exhaust-nozzle position, and the posi-
tion did not bear a linear relation to the exhaust-nozzle area. If the
exhaust nozzle had been positioned rapidly enough to approach a step
change in area, this nonlinearity could have been neglected, but, as
shown in figure 3, the change in the exhaust-nozzle position was quite
slow.

If the response of outer-spool speed to a change in exhaust-nozzle
area is a first-order lag, as indicated by equation (8a), the speed trace
remaining at the conclusion of the ramp change in exhaust-nozzle area
should be exponential and should plot as a straight line on semilog
paper. With zero time considered as the point at which the exhaust-
nozzle area reached a constant value, the outer-spool speed trace was
plotted on semilog paper as indicated in figure 5. It can be seen that
the plot is essentially a straight line, and it can therefore be con-
cluded that the response of outer-spool speed to a change in exhaust-
nozzle area is a first-order lag.

It is to be noted that the time constant of the outer spool, as
obtained from figure 5, is significantly smaller than the time constant
of the inner spool, obtained from figure 4.
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DISCUSSION OF RESULTS 3

Engine responses to changes in turbine-inlet temperature and
exhaust-nozzle area are indicated by equations (5) and (6), respec-
tively. Under the assumed conditions of linearity, the responses to
simultaneous changes in both independent variables are obtained by the
addition of the separate responses (principle of linear superposition).

Response to Turbine-Inlet Temperature

JR(0)7

The design speed response of inner-spool speed to turbine-inlet
temperature at constant exhaust-nozzle area (eq. (7b)) approximated a
first-order lag specified by the time constant of the inner spool.

It is a characteristic of two-spool engines that near design speed
the thrust is essentially a function only of the inner-spool speed (in—
dependent of outer-spool speed and exhaust-nozzle area). Because thrust
control may therefore be achieved by regulating the inner-spool speed
and because the inner-spool speed response is first order, it appears X
that thrust control of a two-spool engine is a problem only of con-
trolling a first-order system just as it is in a single-spool engine.

Analysis (eq. (7a)) shows the design speed response of an outer-
spool speed to be a lead second-order lag. However, experimental evi-
dence indicates-that cancellation of terms results in reduction of this
response to a first-order lag, again specified by the time constant of
the inner spool. This cancellation of terms is based upon a required
relation existing between inner- and outer-spool time constants that has
been verified on actual two-spool engines, but could not be predicted
analytically without a more specific description of the hypothetical
two-spool engine assumed for analysis. It has been noted that the time
constant of the outer spool, obtained from figure 5, is significantly
smaller than the time constant of the inner spool, obtained from figure
4. This relation between inner- and outer-spool time constants, which
was obtained experimentally, tends to verify the analytical relation of
equation (9) and therefore indicates the validity of cancellation of
terms.

The fact that the two spools respond to a change in turbine-inlet
temperature in accordance with the inner-spool time constant implies
that the inner spool represents the driving impetus of the two-spool
combination. This reasoning can be borne out by the fact that the ef-
fect of outer-spool speed changes on inner-spool torque is very small
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compared with the effect of inmer-spool speed changes on outer-spool
torque. That is,

BQ- W C H2 H5
i e
N _N. ik D k
N, 5 e
= =+0..048
BQO W DHZ
oN. N _N. Mot i)
% (©rygk j-5-=
@ e

(from appendix B).

The relation between inner- and outer-spool responses also implies
that the steady-state speed correspondence between the two spools will
be closely maintained during transients caused by changes in turbine-

inlet temperature.

“ CN-2 back

Response to Exhaust-Nozzle Area

The outer-spool response (at design speed) to a change in exhaust-
nozzle area at constant turbine-inlet temperature, indicated in equation
(Ba), is a simple first-order lag specified by the outer-spool time con-
stant. The response of inner-spool speed is a second-order lag but of
extremely small magnitude, so that for a change in exhaust-nozzle area
the dynamics of the outer spool determine the engine response. From the
control standpoint, these response characteristics imply that there will
be little effect on the inner-spool speed (and, hence, engine thrust)
during initiation of afterburner operation.

Restrictions of Analysis

Evaluation of the general equations of response is based on the
assumption of choking at both turbines and at the exhaust nozzle. This
assumption is reasonable only for engine operation near top speed, there-
fore, evaluations and conclusions would be valid only near top-speed con-
ditions. However, it is a characteristic of two-spool engines that vir-
tually the entire useable thrust output is attained within the top 10
percent of the speed range (for subsonic operation).

The design details of the hypothetical two-spool engine assumed
herein do not materially affect the results inasmuch as similar results
have been obtained for a diversity of assumed engines. The engine used
for experimental corroboration of the analysis was, in fact, considerably
different from the hypothetical engine used for analysis. It is noted

] that many assumed values for engine characteristics cancel out in the
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evaluation of the partial derivatives. The assumed compressor charac-
teristic specifying corrected air flow as a function only of corrected
engine speed has been found valid for many compressors at, or near, the
top-speed condition for fixed inlet conditions.

SUMMARY OF RESULTS

General equations for the responses of inner- and outer-spool speed
to changes in turbine-inlet temperature and exhaust-nozzle area have
been derived. These general equations have been evaluated on the basis
of hypothetical two-spool engine characteristics at design conditions;
and the design-speed response characteristics obtained and corroborated
with experimental data are summarized as follows:

1. The response of inner-spool speed to turbine-inlet temperature
was found to approximate a first-order lag specified by the inner-spool
time constant.

2. The response of outer-spool speed to turbine-inlet temperature
was found analytically to approximate a lead second-order lag. However,
experimental evidence indicates that cancellation of terms causes the
response of the outer-spool speed to the turbine-inlet temperature to
appear as a first-order lag, again specified by the time constant of the
inner spool.

3. The response of outer-spool speed to exhaust-nozzle area approx-
imated a first-order lag specified by the outer-spool time constant.

4. The response of inner-spool speed to exhaust-nozzle area approx-
imated a second-order lag specified by the time constants of each spool.
However, the magnitude of the inner-spool speed change for a change in
the exhaust-nozzle area was exceedingly small so that it can be assumed
that the inner spool gimply does not respond to a change in the exhaust-
nozzle area.

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, March 21, 1956

TeO7
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APPENDIX A

SYMBOLS
The following symbols are used in this report:

A exhaust-nozzle area (other areas designated by station subscript)

W"/Tl
d|\1n AP

=,

N
d(}n = )

VI
c specific heat at constant pressure, 0.24

o 205)

AoPs

= )

f assumed functional relation between and

AP

sl /T,

G gain term
g assumed functional relation between 7 and

Rpte /T2
H total enthalpy
A moment of inertia
J exponent for polytropic compression, outer compressor
K constant corresponding to mass-flow parameter EJZE under

o AP
choked conditions

k exponent for polytropic compression, inner compression
Z exponent for polytropic expansion, outer turbine

N engine speed
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B total pressure

P differential operator, d/dt

Q torque

JE temperature

W air flow

wg air flow plus fuel flow

i ratio of specific heats

n efficiency

T time constant

Subscripts:

C compressor

i inner spool

o outer spool

Ak turbine

1 outer-compressor inlet

2 outer-compressor outlet or inner-compressor inlet
5 inner-compressor outlet

4 inner-turbine inlet

5) inner-turbine outlet or outer-turbine inlet
6 outer-turbine outlet

Transfer-function notation:

transfer function of outer-spool speed for a change in turbine-
inlet temperature at constant exhaust-nozzle area

o
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APPENDIX B

EVALUATION OF PARTTAL DERIVATIVES AT DESIGN CONDITION

Inspection of equations (5) and (6) indicates that the speed re-
sponses may be simplified considerably if some of the quantities are
negligible. Evaluation of these quantities can be approximated by ref-
erence to a hypothetical two-spool engine and general thermodynamic re-
lations between engine variables.

Assumed Engine

A two-spool turbojet engine is assumed, with the following design
point characteristies:

R T W e R it T e e
By B e e, e o B e e e ol L
S BN SRR S IR I e B N T
wg/w 45 el R S IS S o PR el R e I e s N S e L oL
S DRECRIIC . . o C R S wa e e Tl e atam enl e e eliRE e Tl 0T 018D
Nos OETREEIANT G & S5 G o b aee e oS BRI S TR e ol ol o B8
et TR R ST Gl WP S TSP R e
R e B SR T h et e e I i S
Yl,Z,S LR gl Tl mae e oot o e L RSl e T A i G 1.4
Y4,5,6 S g 1.35

Choking is assumed at both turbine inlets and at the exhaust nozzle
for the design condition.

The following quantities, required for evaluation of the partial
derivatives, are calculated from the assumed design conditions:

-1
i P H
- 48 &_(P_Z) I
i ¢ i L
i) H
@é = 1.435 & ﬁ§
2 o
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T

= = 2.160
i

T

o = 3.850
1

T

= = 0.560
4

At equilibrium, compressor work equals

NACA TN 3274

R

1k

12

turbine work for each spool:

N.Q. W W H
Ryl g g )
W :O:w (HLL_HS)_(HS_HZ)zWH4<1—H4)_(H3_H2)
H Hy (Hz - H,
S Wikl 3 ik i
e 37'35-<—_—75f—_) = 1 = Teos Xomias (2.160 - 1.505)
4 g 4
Hs
— =1 - 0.168 = 0.832
H4

5 _w_<f{_2. ) )
—==1 - = =1 -
He Hs
Hy
Be o 98§
H 0.832

x 0.505

285 9018
0.832

0.156 = 0.844

malat
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From H5/H4 and H6/H5, the pressure ratios PS/P4 and P6/P5 can be
Obtained:

0.433

"UI"U
& o
Il
1
aF
S
i_l
]
f—]liﬂ
e
~—=)
—<
&
Il

0.455

"dl dJ
(92 o]
Il
FEEat)
1
|
e
]
I—:II =
(9210 (o)}
e
B
Il

P

gi= 2.315
5)

P

8. 2%
Pg

For choking at both turbines and at the exhaust nozzle (exhaust-
nozzle area constant), P4/P5, PS/PG’ H4/H5, and H5/H6 are constant.

Certain functional relations are also useful in evaluation of the

partial derivatives of equations (5) and (6). These are derived as
follows:

= constant = K (for choked turbine)

=1&f?
e D
(The preceding relation assumes that the corrected air flow through the
outer compressor is a function only of corrected speed, so that a con-

stant corrected speed line on the compressor map would be a vertical
line. )
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If it is assumed that P,/Pz = constant = 0.950,

T kA1 Py
i, P, T j?( o ) "A; 0.950 P, \|Ty

Ay P \| Ty K
But
P T =
§=<T—3> (k = 3.075)
1 i
so that
VT Ty

T ) T T A \[T,
1/ k(o.950) —= |1
il
The logarithm of both sides of the equation gives

il
k(ln Tz - In T{) = In £ + = (InTy - 1InTy) - In [%(0.95)

il

At constant T; the derivative of this equation gives

. dTz _af N 1 aT,
T 3 2 Ty
No
/T N
Let C=-—————l—— 28 and if at constant T,, C = 8,45
N f X f
0 @
gt
Pe BT N

TeOV
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In a similar manner, an expression for dTZ/Tz is obtained:

e Ni
=%
AxPo VT

The preceding relation assumes that the corrected air flow is a function
only of the corrected speed for the inner compressor.

wq/Tl
willign . & ., A1 5 e
APy
el
s but
& J
g} P2 Ty
1 o .
B j = 3.04)
S s <Tl> (
j-1/2
g Al Tl
inf -1ng= ‘-i(LnT -1nT)+1nﬁ
gf__d_g__(J_;>_dT2
£ g 2 TZ
Let

and as previously stated,
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No/+/T1 ar N /Ty g

The terms C = T and D = E; represent
a(w,/~/T;) a(;/+/T5)
the slopes of the air-flow-speed curves at constant pressure ratio (on
a log-log plot) for the outer and inner compressors, respectively. Upon
substitution of the values of gt and 95, the quantities C and D
become £ &

d (ln WW/§1>

APy

a <1n jT_)

W-“/Tz
G\ A_P
ale

N.
d(].n = >
Ve
The quantities C and D correspond to the reciprocal of the quantity

B plotted in figure 3 of reference 1. From reference 1, values of
C=1=D are selected as representative in the design-speed region.

and

Inner-Spool Torque - Partial Derivatives

Energy available for acceleration of the inner spool is the differ-
ence between compressor and turbine work of the inner spool:

N;Q; W H
o B SR . BOY e
— = =¥ Hy (1 H4> (Hz - Hp)

AR{0)7
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The differential form of this equation is

Nj dQj + @ Ay = wd |2 Hy l'E: - (Hz - Hy)| +

[2%}14 (1 - %) - (H3 - HZ)]dw
4

If this change is considered to be around a steady-state operating point,
H
5

\Y
Q; =0 and :% Hy (l - ﬁ;) - (H3 - H2) = O and, therefore,

or

From the functional relation Qi = Qi(Ni, No, Ty, A)

aQi aQi BQi BQi
in:gN—i_dNi+5N_O_dNo+§rIsz4+EdA

and
(T) dQl—:(V)(Wl d‘Ni-{-FNC;dNO-Fde‘L—Fa—dA

From derivations shown previously,

H dT N

- 2 (3t o 1)

4 o

dlN, dlN

H2<cﬁ—-DN—->

SHEne O ok
2 ; ol WD
o
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Solution for oQ;/ON;. - At constant N_, T, and A,

and therefore

dH, = 0
dN -
zy
e
He=-T_I_D
d=2 "z
Therefore,
N; Ry 2 Ny
== dN. = -
W ON. 1 1L D
h e
and
2
IEaQi_ DHp
w oN, ., 1 D
tood-zoe

Solution for OQ;/dN,. - At constant Nj, T4, and A,

i
W i~ w §NO o
and
g i _Ygfy 3 X 1
= Sﬁg dNo Shet (l H4 dH, dHz + dHs

Eralat:)
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di, =0
CHz dN
A e
O
CH dn
ay = g °
RN
Gl
Therefore,
Ny Qg s CHz dN, CHy AN,
Wl e L TR TN
O (6] J——Z—-EO
and
. e ; at B ak
5 e

Solution for 0Q;/dT,. - At constant N,, N;, and A,

N N; 0Q;
£ 8 + i
ke S 5
and
N: Q. W H
s it g S
T dT4~7(l —ﬁz>dH4 - dHz + dHy
But

W H,
aHy = cp dT,
Hz 4T
dHS:l_Zz_it
2 8
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Therefore,

i i
E?ZdTAL»—O.l? C:p dT4 -;-Z“Yﬁ—

and

Therefore

and
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Outer-Spool Torque - Partial Derivatives

The energy available for acceleration of the outer spool is the
difference between the compressor and turbine work of the outer spool:

N W w H He H
0 i g _ g S 6 do
w % =7 (B - Bg) - (Bp - Hy) = I%»(IM:_ H H4) - (B - Hy)

w
Hs
But — = 0.832
Hy
Hg
- = 0.844 (at constant A)
5
so that
No

—Q, = 0.132 Hy + H - Hy

Linearized expansion around a steady-state operating point (QO = 0)

gives

N
(©]
—> dq, = 0.132 QH, + af; - dp

From the functional relation Qg = Qo(Ni’ No’ Ty, A),

N, R Ry, R Ry
_‘N—*-dQO: TdN +TdN +WdT +§A—dA

Solution for OQ./AN;. - At constant Nj, T,, and A,

o Ry
8, = =2 Bﬁ— N, = 0.132 dH, + dH, - dH,

<|&

dff, = 0
df; = 0 (for fixed flight conditions)

- DHp  aNj

dHp = D=y




26 NACA TN 3274

Therefore
1& BQQ iy DHp dNy
W ON. i~ ., 1 D N;
al, == n s
2 2
and
NN; 9@,  DHp
w oN; . 1 D
Jd -5 - 5
2 7

Solution for OQ,/oN,. - At constant N;, T,, and A,

To e = 0.132 dH, + dH; - dH;
—w—dQO——VW.SdNO— . dHy + 1 - 2
aH, = 0
dHl =20
- CHB dlNg
dHy = —7 D §
JR=A=RCR =0
2 2
Therefore,
¥9 Ry, N = - CHp dlNg
w o, To T T D I,
J 7272
and
N 3, - CHy
W ON - il D
°© Jd-3°3

Solution for 0@ /OT,. - At constant N, N, and A,

=

0 N, oQ
= aq, = — Sﬁi ar, = 0.132 dH, + di; - di

T
v

W (

TEOF
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di; =0
di, = 0
dH, = o dT,
Therefore,
Ny 0Qg f
p 6T4 dT, = 0.132 p dT,
and
N, 0Q
QA EE s
= BTZ = 0.132 °p

Solution for BQO/BA. - Solution for BQO/BA differs slightly from
the preceding solutions in that H6/H5 is not constant for variations

in exhaust-nozzle area A.

No

Vg
= Q.= S (HETS 0 Y Cill, - H)
Linearized expansion around a steady-state operating point (QO =0)

gives

=

o w
—> aq, = 4 [f (Hs -H6)j] - dH, + aHy

The functional relation Qy = Q4(Nj, N, T4, A) gives

N o _(Yo 3R, i Ny % 3R s Ry, o
¥ o T\ A&, Tatm, VetEp et
At constant N, Nj, and T,

N N, oQ W
L0 st o0 20 5 e . g
—ga s — e [w (Hs HJ dH, + dHy
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But -
dH, = O
dHl =0
dH5 =0
Therefore,
N, O 5
5?39“:’%%6 v

With the assumption of isentropic adiabatic flow downstream of the
outer-turbine,

L ; 8 _P5)|Ts
— (o) —_— e — o=
APy, ~ APg As ~ Pg \[Ts
But
P 7\’ 3
5
—PTS = (T—) and 1 = 4.650
6 6
so that
1/2-1
He

In A - 1n

Therefore,
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Evaluation of Terms

From the solutions obtained for the individual partial derivatives
the following terms present in equations (5) and (6) can be evaluated
at design speed:

W 1 Hs W DH,
Ry R W, °p <O°17 2K H4>j] N T
o, oN; L * e,
= = = =0.6
1t o) W DHp W 132
3N, 3T, T e °p
2l NlJ_E—-g O
(not negligible)
BQ- BQ W o Hp b §§ W DHB
i Sl N T NN . b
W, &, [°f \U-3-3 e
o Ny ok 2 e o
gg} ggg " DH2 w CH2
N. oN Vit T pit oo 1T 0
It [e) N N N T
e T2 B9 go T g WD
(negligible)
H H
2 3
3Q; 9@, NWN_ o st ot - <-§’— 0.132 cp>
Ul A :
- ='-0.08
9Q, 9y W CHp W <o . 1 Hs)
o it Y Ao 7 - o= ==
AN, T, Ngj_%_g N; P 2k H,
(negligible)
aQi aQo
oA Sﬁ; aQi
—Wzo,because -aT=
B@SA
H
3
s g e C Hi 1 1'0121\11% 11
& |0 \i-z-3 o i & W,
" = 0005~
?9} BQO W DH2 i CHp 4
ON. ON G T Iy Mo w2 1~ =B
i 0 NS e N -
lJ 2 2 OJ 2 2
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Figure 1. - Two-spool engine.
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Figure 2. - Transient data for change in fuel flow at constant exhaust-nozzle area.
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Zero time, for start of outer-spool speed change
following completion of exhaust-nozzle area change
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Figure 3. - Transient data for change in exhaust-nozzle area at constant fuel
flow.
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Figure 4. - Frequency response of inner- and outer-spool speed for a change
in fuel plan at constant exhaust-nozzle area.
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Figure 5. - Semilog plot of outer-spool speed
response to exhaust-nozzle area at constant
fuel  Flow.




