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ON E?OA!ITKELBODIESOFREVOLUTIONHAVINGMINIMMWAVEDRAG

ByKeithC.HarderandConradRennemann,Jr.

Theproblemofdeterminingtheshapeofslenderboattailbodiesof
revolutionforminimumwavedraghasbeenreexamined.Itwasfoundthat
minimumsolutionsforWard’sslender-bodydragequationcanexistonQ
fortherestrictedclassofbodiesforwhichtherateofchangeof cross-
sectionalsreaatthebaseis zero.In orderto eliminatethisrestric-
tion,certainhigherordertermsmustbe retainedinthedragequation
andisoperimetricrelations.Theminimumproblemfortheisoperimetric
conditionsofgivenlength,volume,andbaseareaistreatedasanexample.
AccordingtoWard’sdragequation,theresultingbodyshapeshavesldghtly
lessdrsgthanthosedeterminedby previousinvestigators.

13WERODUC!l!ION

An approximateexpressionforthewavedragof slenderbodiesof
revolutionhavingzerorateof chmgeof cross-sectionalareaatthe
basewasfirstgivenbyVonK&r&n (ref.1). ~ usingthisexpression,
togetherwiththecalculusofvariations,severalinvestigators(refs.1
to 3)havedeterminedminimum-wave-dragbodiesforvsriousisoperimetric
conditions.Later,Ward(ref.4)derivedtheslender-bodyapproximation
forthedragofbodieswitha nonzerorateof changeof cross-sectional
areaatthebase.

Inreference5,Adamsconsideredseveralminimum-wave-dragproblems
onthebasisofWard’sequation.Ineachcasehe concludedthatthe
minimum-dragbodyhadzeroslopeatthebase. Thisconcl&ionimplied
thattheminhumshapesforWard’sequationarethesameasthosefor
VonK&rm&’s. Recently,Parker(ref.6)presenteda differentexpression
forthewavehag of slenderbodiesandshowedthattheoptimumbody
havinggivenlengthandbaseareahasa finiteslopeatthebase. Clealy,
thisresultisnotinagreementwiththatobtainedbyAdams.

Inthepresentpaper,theproblemofdeterminingminimm-dragboat-
tail.bodiesofrevolutiononthebasisof lineartheoryisreexamined
withparticularemphasisonthechoiceofdragequation,isoperhetric
relations,andmethodof calculatingthebodyshape.Theminimumproblem
fortheisoperimetricconditionsofgivenlength,volume,andbasearea
istreatedasanexsmple.
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2 I?ACATN 3478

DIEX!U3SIONOFMINIMUM-WAVE-DRAGPROBLEM

Withintheapproximationsoflineartheory,thesupersonicflow
pastslenderbodiesofrevoltiioncanbe representedby a distribution
of sourcesalongtheaxisofthebody. Thewavedrag D ofthebody
maybe relatedtothesourcedistribution(ref.1)by

41iD
Z-L

—=- Jv f’(x)f’(~)lo& X -“~ dx d~
p@’ 00

(1)

providedthesourcedistribtiionf(x) is zeroatthenoseandthebase
(i.e., f(0)= f(l)= O) where p isthestreamdensityand U isthe
streamvelocity.Thecoordinatesystemisshowninthefollowingsketch:

r

1<,R(x) >X

I +
p~ z -;

Intheslender-bodyapproximation,thesourcestrengthisrelatedto the
,bodycross-sectional-sreadistributionA(x) by

,.
f(x)= := 2@x)R’(x) (2)

andtherestrictionthat f(Z)= O irgpliesthateitherthebodyis
closed(R(Z)= O) orthatthebodyhaszeroslopeatthebase
(R’(Z)= O).

-.——c —. ——— ———



NACATN3478 3

Severalinvestigators(refs.1 to 3)havedeterminedminimum-wave-
dragbodiesforvariousisoperimetricconditionsby applyingthecalculus
ofvariationsto equation(l). However,asa resultoftherestriction
that f(Z)= O,theseshapescanbe consideredoptimumonlyforthe
restrictedclassofbodieshavingzerorateof changeof cross-sectionsl
areaatthebase.

An equation
proposedbyWsrd

kD__

p13

which
(ref.

Ward’sDragEquation

doesnothavetherestrictionthat f(Z)= O was
4) onthebasisof slender-bodytheoryas

z-lH f’(x)f’(g)logex - g dx~ +
00

J’za(l) f’(g)loge(2~ ~R(2)
E)U - f2(z)10ge~

o (3)

where P=/~@M istheMachnumber.Thesourcestrengbhis
againrelatedtothebodygeometrybyequation(2).

Theproblemofdeterminingthesourcedistributionwhich.minimizes
thedraggivenby eqution(3)forgivenisoperimetricconditionswithout
specifyingthevalueof f(Z) attheoutsetisa variableend-pointprob-
lemofthecalculuEofvariations.In appendixA thisproblemis consid-
eredfora generaltypeof isoperimetricconditionwhereit isshownthat,
ifa mathematicalminimumexists,itsatisfiestheconditionf(Z)= O.
Thesignificanceofthemathematicalsolutionobtainedby thevariational
procedurewarrantsfurtherconsiderationsincethevariationalprocedure
assumestheexistenceof a solutionattheoutsetand,consequently,can
leadonlytonecessaryconditionsfortheattainmentof anetiremum.
Threemutuallyexclusivepossibilitiesmustbe considered:

(1)A
havingall
f(z)= o.

(2)A

minimumforWard’sequationexistsfortheclassofbodies
valuesoftheslopeatthebaseandsatisfiesthecontition

minhumforWard’sequationexistsonlyfortherestricted
classofbodiesforwhich f(Z)= O.

(3)NO btim existsforWard’sequation.

.—._——- .— - ~ . .—_. .- ——. —.—



4 DACATN 3478

A singleexsmple,notsatisfyingtheconditionf(Z)= O buthaving
lessdragthantheshapeobtainedby thevariationalprocedure,issuffi-
cientto eliminatetheftistpossibility.Perhapsthesimplestexsmple
istheconewhich,forgivenlengthsndbasearea,haslessdr~ thanthe

‘(2)> 0.164.However,variationalndnimm(VonK&r&n’s ogi-ve)for ~ ~ _

“amoreilluminatingexampleisgivenby thebody

where A(Z) isthebasemea, 2’,. 2 + ~,and e isa parameterrelated
totheslopeatthebase R’(2) by

Forthisbody,
small e,

R(2)loge~
R’(Z)=’

( )
22+ Elo&:

*

Ward’sequation(eq.(3))givestheresultthat,for

whichapproachesminusinfinityas e approacheszero;thatis,asthe
slopesndcurvatureatthebasebothapproachinfhity. (Themathematical
s~ol 0( ) define-stheorderof a fiction.)The~ody-shapefor e = O
is showninthefollowhgsketch:

I

-.. — .



NACATN 3478

w

Inordertodecidebetweenthesecondandthirdpossibilities,it
wouldbe necesssrytoprovetheexistenceornonexistenceof a minimum
solutionforVonK&rm6n’sdragequation(eq.(l)).Sucha studyisbeyond
thescopeofthepresentpaper;however,itshouldbenotedthatthemin-
imumsolutionsobtainedforVonK&m6n’sequationhaveprovideda useful
guideinthesearchforlow-dragshapes.It isinthissameveinthat,
laterh thepaper,minimumproblemssreconsideredonthebasisofa
differentdragequation.Sinceexistenceproofssrenotattempted,the
mostthatcanbe claimedisthat,ifa eolutionexists,itmusthavea
certainmathematicalform.However,inorderto avoidtherepetition
ofthisqualifyingremsrkintheremainderofthepaper,solutions
obtainedby thecalculusofvariationsarereferredto ssminimum
solutions.

TheproblemunderdiscussionhasbeenpreviouslyconsideredbyAdams
(ref.5)WEOcorrectlydeterirhedthenecessaryconditionsfora minimum.
Hisinterpretationoftheseconditionswasthattheoptimumboattailbody
haszerorateof changeof cross-sectionalareaatthebase. However,
theproperinterpretationisthat,ifa minimumexists,itexistsonly
fortherestrictedclassofbodieshavingzerorateof changeof cross-
sectionalareaatthebase.

Parker’sDrsgEquation

lRromtheprecedingdiscussion,itisclesxthatWard’sdrsgequa-
tion(eq.(3))ctiotbe usedtodetermineminimum-dragboattailbodies.1
Parker(ref.6)hasshownthatapplicationofthecalculusofvariations
tothedrsgequation

%EssentiaXlythesameargumentscanbe usedto showthatLighthill’s
dragequation(ref.7),whichwasderivedforslendershapeswithdiscon-
tinuitiesin slope,cannotbe usedto determine~-drag bodieswith
corners.

. ——_.—.— -_ -—-— —. .—-—— — — .-
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~= (-’R(’)~’-’R(z)“(~)f’(x)cosh-’

NACATN 3478

(z-g)(z-x) - $%2(1)~ ~g
~R(2)(x- ~)

(5)

whichhe obtainedonthebasisoflineartheory,yieldsa minimumwithout
therestrictionthat f(Z)= O fortheisoper-ktricconditionsofgiven
lengthandbasesrea.Thebodyshapesodeterminedhasa finiteslopeat
thebaseendlessdragthanthemathematicalmhxhnumforequation(3).

Equation(5)containssomehigherordertermswhicharenotincluded
intheslender-bodyapproximationtothedrag(eq.(3))sinceParkerdid
notmaketheslender-bodyapproxhnationtothevelocitypotentialinthe
derivation.Apparently,theadditionaltermsarenecessaryinorderto
obtainmininnxa-dragshapeswithouttherestrictionthat f(2)= O. How-
ever,itshouldnotbe Merred thatequation(5)necessarilygivesa
betterestimateofthedrsgofbodiessatisfyingtheassumptionsof
slender-bc.dytheorythanequation(3). Lighthill(ref.8)hasshown
thattheslender-bodyequations(eqs.(2)and(3))-arefullyasaccurate
asthelinearizeddifferentialequationsofmotionforsufficientlysmooth
bodies.Consequently,theslender-bodyresultswe theoreticallyequiv-
alenttothoseobtainedwithoutmakingtheslender-bodyapproximation.

IsoperimetricConditions

Theisoper~tricconditionsmostcommonlyconsideredhavebeen
thoseoffixedlength,volume,andbasearea.Inorderto carryoutthe
mathematicaldetailsofdet.ermLningthesourcestrengthwhichminimizes
thedrag,theisoperimetricconditionsmustbe directlyrelatedtothe
sourcestrength.Thesimplestrelationswouldappeartobe thosegiven
by slender-bodytheory.However,inorderto carryouttheanalysison
thebasisof-Parkerrsequation,certainhigherordertermsmustbe
retainedintheisoperimetricrelations.Inparticular,thelimitsof
integrationintheisoperimetricrelationsmustbe thesameasthosein
thedragequation.Furthermore,theanalysiscansometimesbe simplified
by includingcertainadditionalhigherordertermsintheintegrandof
theisoperimetricrelations.

.

Therelationbetweentheisoperimetricconditionsandsourcestrength
usedintheexsmpletobe treatedinthepresentpaperisobtainedby
approximatelysatisfyingtheboundaryconditionson a conepassingthrough ~
thenoseandbase.Thelinear-theoryexpression,forA’(x) iS

.-
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Jx-pr
A’(x)=

o

where r isonthebodysurface.

(X- ~)f’(~)d~

~

Equation(6)isapproximatelysatisfied

(6)

by evaluatingtheintegralonthecone r = R(2):.Thenj

A’(x)- J’[’-’?1 (X- ~)f’(~)d~
(7)

0-

R(2)
fromwhich,with 8 = p —

2’

and

J2(1-5)
A(2)$=

“(’)-d’
(8)

o

whereusehasbeenmadeoftheconditiorif(0)= O. Similarly,the .
volumeV isgivenapproximatelyby

(9)

Inthederivationofequations(8)and(9)fromequation(7),termsof
theorderof b210&8 havebeenneglected.Theslender-bodyapproxi-
mationtotheisoperimetricrelationsisobtsinedby equatingb to zero
inequations(8)and(9).

_.. —.. .. —-—— .———— —. —-— ----——-—— —.— .— —



8 NACATN 3478

CalculationofBodyShape

Whenthecalculusofvariationsisappliedto thedrsgequationand
isoperimetricrelations,theresultingsourcestrengthforminimumdrag
containsseveralconstantstobe determinedfromtheisopertietriccon-
ditions. Thecalculationoftheseconstantsandthebodyshapecanbe
treatedindependentlyoftheminimizationprocess.

Sincehigherordertermshavebeenretainedinthedragequation
andisoperimetricrelations,thequestionsrisesastowhethersimilar
termsshouldbe retainedinthebody-shapecalculation.Theoretically,
theinclusionofthesetermsdoesnotaffecttheaccuracyoftheresult
forshapessatisfyingtheassumptionsofslender-bodytheory.Evenso,
itisinterestingto compsrethevariousbodyshapesobtainedfromthe
sourcedistribution

‘(’)=‘m (lo)

foundby Parkerto giveminimmdrsgfortheisoper~tricconditionsof
givenlengthandbasemea. In‘equation(if)),K isa constanttobe
determinedfromtheisopertitricconditio~.Thenumericalvalueof K
dependsonthemethcdusedto calculatethebodyshape.

ParkercalculatedthebodvshaPefromt~s so~cedistrib~ion~th-
outmakingtheslender-bodyap~roxi%ionby numerically
integralequation

Thebodyshapecalculatedfromeqwtion(10)bymeansof
expressionA’(x)= f(x) is

r 1

A(x)=
F

~2 tl
tp+ Cos-1(-t)

2(1+ C)2

solvingthe

(U)d~

theslender-body

-.— — -— .——
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where

x l+t.=— ~22 =

z l+C 2(1+ C)2

9

WhentheexpressionA’(x)= f(x) isalteredtotakepartiallyinto
accountthefactthata givenpointonthebodyisinfluencedonlyby
sourcesintheupstreamMachconeby equating

(-lst<2c - 1) (14)

([ 1)

&= fxl_p*

thebodyshapeisgivenby

A(x)=4c:c)[tF+cos-’(-t]
where

.

z2Jf

4-C(1+ c)=

A(Z)

(13)

2(2C-‘v= ‘ CoS-’(’-2C)
Thebodyshapescalculatedbymeansof equations(U), (12),and(14)

for ~ ‘(~)— = 0.2 me comparedinfigure1. Thedifferencesbetweenthe

R&. ~orsmallers~peswe smallevenfort~s ratherlargevalueof ~
2

—---- —..—---— -.—- ——— . . . . —. —c . . . . . .—--— —--— —— —
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R(z),thevaluesof ~ —
z

coincidentas ~ R(Z)
z

basedonequations(2)

.

NACATN 3478

differencesareevenlessandtheshapesbecome

approacheszero..Similarbody-shapecalculations

and(13)’forthesourcestrengththatisderived
intheex~le (fixedvolume,length,and.basearea)wereperformedfor

~m) _ O.0~ andseveralvaluesof’f32X; where V isthevolume.
z .. 23 .

Tl& comparisonisnotpresentedsincethebodyshapesobtainedbythe “
twomethodsarealmostidentic&l.Evidently,thedifferenceinbody
shapeisappreciableonlyforshapesthatcannotbe consideredslender.
Consequently,thesimplerslender-bodyrelationispreferable.

Thediscussionconcerningtheinclusionofhigherordertermsis
brieflysumarizedasfollows:Higherordertermsmustbe retainedin
thedrsgequationinorderto obtaintheminimum-dragboattailbody;
havingdonethis,higherordertermsmustalsobe retainedintheiso-
perimetricrelationsinordertoperformthesnalysis.Oncethesource
strengthforminimumdraghasbeendeterminedwithinseveralundetermined
constants,higherordertermsneednotbe retainedinthecalculation
oftheshapeanddragofbodiessatisfyingtheassumptionsof slender-

. bodytheory.

. PRO13!XMOFIiENGTH,VOLUME,ANDBASEAREA

Theproblemofdeterminingthebodyshapethatgivesminimumwave
dragforfixedlength,volume,andbaseareaistreatedinorderto
illustratetheideasdevelopedintheprecedingsections.Theminimum-
dragbodyhavinggivenlengthandbaseareaorgivenlengthandvolume
canbe obtainedas specialcasesoftheproblemunderconsideration.

Thesourcedistributionforminimumdragisobtainedby apply~
thecalculusofvariationsto equations(5),(8),and(9),andas shown
inappendixB, thisleadstothesourcedistribution

i

f(~)=(a+b~) ,~[Z-~+13R(Z~ (15)

where a and b areconstantstobe determinedfromtheisoperimetric
cotitions.

—— — -. .——



NACATN 3478 U

As discussedintheprevioussection,thebodyshapeisdetermined
onthebasisoftheslender-bodyequations.Integrationof A’(x)= f(x)
gives

A(x)=
,lYc)2[:EF+’0.-’t]t; 1_t2)”2”2

}

(-lstsc)

where

x l+t.=— C=LJ3E(Qz l+C Z + j3R(Z)
B–z+BR(z~b

2

A=a+ 1 + ~R(Z)b
2

Thebasesreaisgivenby

1- >

A(2)= ‘2
[[ 1
A J==+ Cos-+(-c)-$1- C’)’f’

(1+ c)’ 2 }

Thevolumeisobtainedfromequation

J

(16)as

(16)

(17)

v= 23
[[
A C COS-l(-C) + ~~ - H$1-c’)3/2

2(1+ C)3
-: $(1 - c’)3/’+

1}+=+cOs-l(-c) (18)

-— ...— —.—-—..— ____ — .——. .— —.



12 “ NACATN 3478

Equation(16)for A(x) (withtheuseofeqs.(17)and(18))reduces
to.theminimum-dragbodyshapegivenby Haack(ref.3) andAdams(ref.5)
when C=l. Inthiscase,A(x) isgivenby

where

(qstsl) (19)

x—=z

Thisbodywasobtainedby Haackon
tion(eq.(1))smdbyAdsmsonthe

l-l-t

2

thebasisofVonK&&n’s dragequa-
basisofWard’sdragequationandis

referredto intheremainderofthepapersstheHaack-Adamsbody.

TheconstantsA and B intheequationforthebodyshape
(eq.(16))aredeterminedfromeqyations(17)and(18)intermsof Z,
f3, R(Z),and V. Thesolutionmaybe expressedas

~2A= Al - A$2 ~
23

.

p2B=~_B#2L
23

snd

where R(Z)Al, A2, “~, and ~ me functionsof p —.
2

A2, Bl,and B2 sregivenintableI forvaluesof p

and0.10.

(20)

(a)

Valuesof Al,

‘(z) between0.01
2

.——. ————— —.



NACATN3478 13

A directcomparisonofthedragofthebodyofthepresentpaper
‘withthatoftheHaack-AdamsbodyismadeonthebasisofWmd’s drag
equation.Wornequation(3),thedragofthesourcedistribtiiongiven
by equation(15)is

bl 22
——

(( }
[ - 12+‘+=Cos-’(-c)-(1-C2)-A’ co~l(c)

P
#=&(1 +c)2

,~(1-c’)[c+ccos-1(-c)]+:[’-5-4+

‘.+= (2C’-
1

l)cos-q-c)+ (Cos-+-c))’-1-

2(A+ Ec)2(1-
[ 1)

C’)loge4(1+ c)

ThedragoftheHaack-Adamsbodyis

Theformof

isa functionof

32 (Vv—.2323 )A(Z)
22

(22)

(’3)

~41)
equations(20),(21),and(22)indicatesthat .—

puv

‘(z) Infigure2,thedragoftheHaack-B’; and ~ —..
~> L

Adamsbody(eq.(23)) andthedrsggive+by equation(22)sreplottedon

‘~. To helporientthea logarithmicscaleforseveralvaluesof j3
1

— --—-. .-.. ——— -—
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,,

reader,severalbodyshapesareshownfor ~ = 1, m . ‘O.(yj.Thedrag
z

givenby equation(22)is somewhatlessthanthatoftheHaack-Adamsbodyfor

mostvaluesof ~2 ~. Forexsmple,for ~
23

whichrepresentsa fuselage-typeshape,the

hasapproximately7~percentlessdragthan

dragcurvebeginsata particularvalueof

R(l)_ 0.05 and ~2~ =. 0.01,L X3

bodygivenby equation(16)

theHaack-Adamsbody. Each

P2 ~ > O; fora givenvalue
13

of p ‘Q, smallervsluesof $2~ giverisetonegativebodyareas.
z 13

R(2)Fora givenvalueof ~ ~, theslopeatthebaseofthebodyis

positivefor

Thetwodrag

L

smallvaluesof p2~ andisnegativeforlargevalues.
73

curvesbecomenearlytangentatintermediatevaluesof

p21 forwhichthebodyslopeatthebaseisnearzero.Actually,the
23

Haack-Adamsbodymusthavelessdrsgforthisconditionsincethisbody
givesminimumdragforWard’sequationfortheclassofbodieswhichhave
zeroslopeatthebase.

Thevalueof ~2~ forminimumdragisobtained,fora givenvalue
~3

of P ‘(z),by equatingB to zeroinequations(17)and(18).This
z

proceduregivestheoptimmnbodyhavinga givenlengthandbasearea.

In figure3 thebodyshapeofthepresentpaperiscomparedwith

R(Z) 0.05 - ~21. 0.003ando.02.theHsack-Adamsbodyfor ~ —=
z Z3

Thebodiesareplottedtoan expandedverticalscale(expanded5 times)
to illustratethedifferenceswhichforthemostpartaresmall.Themost

.

. -— ———._ ._ ——— ——.
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significantdifferenceoccursnearthebaseforthelargervalues~f

$2~ wherethebodygivenby equation(16)
23

shapeoftheafterbodycharacteristicofthe

TheeffectofMachnumberonbodyshape

doesnotexhibitthereflex

Haack-Adamsbody.

is illustratedinfigure4

wheretheoptimumshapes
( )
verticalscaleenlsrged2~times for

R(Z)_ 0.05 and v—= 0.02 arecompsredfor M= ~ and M=fi. “The
7. 13

bodyshapeofthepresentpaperexhibitsa smaIldependenceonMachnum-
ber,whereastheHaack-AdamsbodyisindependentofMachnumber.

CONCLUSIONS

Theproblemofdetermdninntheshapeof slender
revolutionforminimumwavedraghaEbeenreexamined
conclusionsareindicated:

boattailbodiesof
andthefollowing

1.MinhIumsolutions.forWard’sdragequationcanexistonlyfor
therestrictedclassofbodiesforwhichtherateof changeof cross-
sectionalareaatthebaseis zero.

2.In orderto eliminatethisrestriction,certainhigherorder
termsmustbe retainedinthedragequationandisoperimetricrelations.
However,ld.gherorder,temnsneednotbe retainedinthecalculationof
dragandbodyshapefromthesourcedistribution.

3.AdamsinNACATN25X correctlydeterminedthenecessaryconditions
fora minimmnforWard’sdragequation.Hisinterpretationofthesecon-
ditionswasthattheoptimmnboattailbodyhaszerorateof changeof
cross-sectionalareaatthebase. However,theproperinterpretationis
that,ifa minimumexists,itexistsonlyfortherestrictedclassof
bodieshavingzerorateof changeof cross-sectionalareaatthebase.

—..— -—— ...-—— — — -- .—— —. ——.
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4.
problem

Applicationoftheideasexpressedinconclusion2
ofRivenle@h, volume,andbasesrealedtobody—.

haveslightlylessdrsgthantheHaack-Adamsbody.

LsngleyAeronauticalLaboratory,
National.AdvisoryCommitteeforAeronautics,

LangleyIlel.d,Vs.,June8,1955.

NACAm 3k78

totheminimm
shapeswhich
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APPENmXA

APPLICATIONOF CALCULUSOFVARIATIONS
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TOWARD‘SDRAGEQUATION

InthisappendixthecalculusofvariationsisappliedtoWsrd’s
drsgequation(eq.(3)) fora gener~twe of isoper~triccon~tion
to determinethesourcestrengthforminimumtisgwhenthesourcestrength
atthebase f(Z) isnotspecifiedattheoutset.l?romequation(3),
Wsrd.’sdragequationis

Jz“
2f(2) R(2)

“(3)10ge(2- ~)d~- ‘2(2)10ge~ p
o

(Al)

Theusualisoperimetricconditionsconsideredmaybe relatedtothe
sourcestrengthby expressionsoftheform

12
Ii= f(~)gi(~)d~ (A2)

o

Fore=wle, dE.)= 1 forfixedbaseareaand g(~)= (2- ~) for
fixedvolume.~ thesubsequentanalysis,itiSass~edthatoneoft~
isoperimetricconditionsisthatof fixedbasearea.Thisassumption
simplifiestheanalysiswithoutrestrictingitsgeneralJ.ty.

In.thederivationof equation(Al)itisassumedthat

f(o)=o (A3)

Equation(A3)givesoneoftheend-pointconditionstobe satisfiedby
theminbizingsourcedistribtiion.At theotherendpoint,x = 2,the
valueof f(x) isnotprescribed.

—. .—..——— . — .— .._.__ ..— .— .—..——— __ . . .
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NQCATN3478

Thesourcedistributionforminimumdragisobtainedby considering
variationofthefunction

(A4)

wheretheLsgrangemultipliersxi aredeterminedfromtheisoperimetric
conditions.Thevariationofequation(A4)isobtainedby consideringthe.
one-psrameterfsmilyof comparisonfunctions(seeref.9,forexample)

f(x)= F(x)+ G~(X) (A5)

where F(x) isthefunctionwhichminimizesequation(A4), e isthe
psrameterofthefamily,and q(x) is anarbitraryfunctionwithinthe
condition

q(o)=o

Thisconditionarisessinceallthecomparison
thesaneend-pointconditionastheminimizing
pointconditionisprescribedat x= Z, ~(z)

(A6)

functionsmustsatisfy
function.Sinceno end-
isarbitrary.

llromequations(A4)and(A5),J is a functionofe andthesource
strengthforminimumdragisdeterminedfromthecondition

[

q(2) Mm F(Z)lo~Zk.iL
~+z $R(Z)‘1 (A7)

wheretheequationhasbeensimplifiedby severalintegrationsby parts
anduseofequations(A3)and(A6). .

..__ ——— — — .—— -. -. .-—. _——
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(A7)~tkldfor ~choices of q(~) consistent

m 3k78

Sinceeauation
equtio~(A6),itmustinparticularholdforthosechoicesof q(~)

forwhich q(Z)=0. Forsuch q(~),

J

andfromthebasiclema ofthecalculus

Withthisresult,
necessarilyequal

d
J

z F(x)dx_
z ox-g I

andforgeneralq(~)
to zero,theend-point

ofvariations(ref.8),

oncesgain,thatis, q(.2)not
conditionobtainedisthat

1
F(2)loge2(2- ~) GO

f3R(2)
J

(JL9)

Inorderto satisfythiscondition,F(2) mustequalzero.Consequently,
thebodyshapeswhichgivea.mathematica.lminimumforWard’sequation,
iftheyexist,musthavezerorateof changeof cross-sectionalareaat
thebase.

—. . —.-.—. ..-— .._._ .._ _______ -—. —
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APPENDIXB

APPLICATIONOF CALCULUS

TO P~*S DRAG

OFVARIATIONS

EQTJNTION

Thesourcedistributionforminimumdragfortheisoperimetriccon-
ditionofgivenlength,volume,andbaseareaisobtainedby considering
thevsriationofthefunction

~ 4fiD= — + XIA(Z)+ A2V
pU2

(Bl)

where D, A(Z),and V aregivenby equations(5),(8),and(9),respec-
tively,and Al and A2 sxeLsgrangemultipliers.Byproceedinginthe
samemannerasinappendix.A,thevariationof equation(Bl)isobtained
by consideringtheone-psrcuneterfamilyof comparisonfunctions

f(x)= F(x)+ 6~(X) ,“ (I@

where F(x) isthefunctionwhichminimizesequation(Bl),e isthe
psrsmeterofthefsmily,and q(x) is ansrbitraryfunctionwithinthe

.

conditionV(O)

Thesource
contition

= o.

strengthformh.imumdragisthendete?mdnedfromthe

.-

.!

— — -.—
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wheretheequationhssbeensimplifiedby severalintegrationsby parts
anduseoftheconditions

%

F(0)= q(0)= O

Sinceequation(B3)mustholdforaU.choicesof ~(~) consistent
with q(0)=!, itmusstinparticularholdforthosechoicesof q(~)
forwhich q12- pR(z)l= O. Forsuch ~(~),

L -1

(

J’Z-fIR(Z)
I

J

HR(2) F(x)
V(H$ 2

0 0 x- 5
do-E)2- I+R2(2)

J
andfromthebasiclemnaofthe

J2-N(2)F(x)2 .—
0 x- E

calculusofvariations,

d(z - E)2- @R2(2)

2- X)2- @?R2(2)
dx+

[ ‘2-ii====”Ali-&2

ax-+

(B4)

where N isa constant.Withthisresult,andforgenerslq(g),the
end-pointconditionisobtainedas .

.

—— .——— —
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‘1 JWJR(Z)~(x)
2 V(2 - E)2- @R2(z)

&+2-~R(Z) O x-
1 -x)2 -&R2(2)

dx+

(B5)

Sinceequation(M) mustholdforallvaluesof ~,andinparticular

for ~+2 - ~R(2),fromequation(B5),N = O.
canbe canceledfrom
equationisobtained

eachtermof equation(~)
forthesource-strength:

Hence, V(2 - 3)2- p%a(z)
andthefollowingintegral.

J’MR(2)~(x)
.

2 dx .-+2+ (E-6)‘
o x- 7,- X)2 - @R2(2)

Thesolutionof eqwtion(E6)satisfyingtheconditionF(0)= O is

(B7)

where a ~d b’ areconstantsrelatedto Al and X2.

.

.,

——. _. —— __
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TABLEI

COEFFICIENTSOFEQUATIONS(20)AND (21)

~2A= Al”- A2~2~ #B = B1 - B2p2~
12

p ~+
(eq,(20)) (eq.(21-))

I
Al

I
A2

I
B1

I %

0.10
.09
.08
.07
.06
.05
.04
.03
.02
.01

0.080572
.064852
.050946
.038807
.028390
.019652
.012554
.0070607
.0031450
.00079066

0.76164
.66854
.57666
.48644
.39843
.31338
.23231
.15669
.088843
.032849

0.26804
.21938
.17531
.13590
.lola
.071357
.046443
.026623
.012091
.0031002

18.0291
18.1466
18.2780
~8.4255
18.5919
18.7809
18.9973
19.2482
19.5439
19.8686

.—— -—__ —. .—— ._
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[

— Pal-r (eq. (U.))
— —— Sletir bcdy (eq. (I-2))
.— __ _ Mcxllfted slender bdy (eq.. (14))

.2 —

.1 -,

0 .1 .2 .3 .4 s .6 .7 .8 .9 1.0

&d@.1. coordinate, x/l

Figure 1.- Comparison of body shapes calculated from source distribution

R(2)given by equation (10) by various methods for 13~ = 0.2.
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.
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Equaticul(22)
——— Eaack-Adsms

1

I

I

I I I I
.035 .(ILO .Ou .020 .C25 .030 .035

2V
Volum ~~> B —13

Figure2.-ComparisonofdraggivenbyWard’sequationforHaack-Adams
bodyandbodygivenby eqmtion(22).Bodyshapesshownarefor
R(l)

P7 = o.o~.
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~lgw?e3.-Comparison of H.sack-Adam body with that given by equation (22)
R(Z)for B -= 0.05.
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Figure k.- Effect’of Mach number on bdy shape given by equation (22)

w= O.ofj.for J-= 0,02 and ~
13


