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INFID13?CEOFURGE AMPIJ?J?UDES

ONFLEXURALMOTIONS

By George

OFEMSTICPLATTS

Herrmann

Startingwiththefundamentalequationsofthegeneralthree-
dimensionalnonlinesrtheoryof elasticififorthecaseof smallelonga-
tionsmd shearsbutmoderatelylargerotations,a setofplateequations
ofmotionisderivedforanisotropicmaterialobeyingllnearHooke’s
law. Certainassumptionsastoplatedisplacementsaremadeatthe
outset.Theresultingnonlinesrplatetheoryofmotion,validforlsrge
deflections,isdiscussedinthelightofthethree-dimensionaltheory
andothernonUnearplatetheories,inparticular,thestaticVonI&mu%

n platetheory.

In orderto investigatetheinfluenceof lsrge”rotationsin a dynsmicw problem,thenonlinearequationsaresolvedforthecaseofpropagation
of straight-crestedwavesandthewavevelocitiesareccnnputedforvarious

. valuesoftheparametersinvolved.Certainsimilaritiesto freevibra-
tionsofa massona nonlinearspring,governedby Duffing’sequatim,
we estabkl.shed.

In addition,a variantofplateequationsisderivedwhichperaits
tracingbacktheoriginof certaintermsappearinginothernonlinear
platetheories,thusrevealdngmoreclearlytheunderlyingassumptions
ofthosetheories.

INTRODUCTION

A varietyof importsntproblemsofstructuralstrengthandstabili~
ofplates,arisinginmodernaircraftandmissileconstruction,cannotbe
adequatelymalyzaionthebasisoftheclassicaltheorybecausetheplate
deflectionsexperiencedarenotsmall-incomparisonwiththeplatethick-
ness. Severaltheorieshavebeensuggestedtotakeintoaccountthe
influenceof largedisplacementsandlargerotations,themostwidely- knownbeingthestatictheoryofVonM. Itis a cwmon character-
isticofthesetheoriesthattheequationsof eqpillbriumwereobtained

4 by consideringthefree-bodydisgrsmofa deformedplateelementandby
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2 NACATN3578

equatingto zeroalltheforcesandmoments.Thisproceduredoesnot
guarsxrbeea rigorousconsistencyrelativetotheorderoftheterms
retained,doesnotpermita clearidentificationoftheorderofthe
termsinvolved,andprecludesthepossibili~ofoccurrenceofplate
stressestypicalofa nonlineartheorywhichvanishinthelinearized
ca8e.Moreover,sincetherelationshipbetween;forexsmple,the
VonK&&n theoryandthegeneralthree4imensionalnonli.nesrtheoryof
elastici~W beenestablishedonlyasfarasthestrainanddisplace-
mentcomponentsareconcerned,a moreccanpletestudyofthisrelationship
isneeded.h viewoftheseshortcomingsanattempth beenmadeto
derivea l.arge~eflectionplate@eory ofmotion,startingwiththegen-
eralequationsofthethree+imensionalnotineartheoryofelastici~.

Theideaofderivingapproximatetheoriesofplatesandother
bodies,oneortwoofwhosedimensionsaresmallas comparedwiththe
third,fromthegenerslthree-dimensionalequationshasbeen,inrecent
times,repeatedlyappliedwithsuccesstithintheclassoflineartheories,
as forexample,inreferences1 and2. Itisdemmstratedhereinthat
thesameprocedure,offeringanalogousadvantages,maybe usedinthe
caseofa nonlineartheory.

In a firstsectionofthepresentreport,themainequationsofthe .
generaltheoryarewrittendownintheformulationgivenbyBiotin
references3 to5. Thesearefollowedbyplatee~ationsdeducdfrom
thegeneraleqpationsby assumingatthestartthesamedisplacements .

as intheVonK&m& platetheoryandperformingappropriateintegrations
in theexpressi~to obtainthepotentialandkineticenergiesusedin
theformulationofHamilton’sprinciple.

Theresultingstressequationsofmotionappeartobe different
fromthoseobtainedbyVon K&m& andbylove,inthatinertiaterms
havebeenadded.However,theequationspresentedhereinaxereducible
to VonI&m&L’sequationsintheabsenceofexternalmmnents,tsmgential
forces,andccmpressionalinertiaforces.Thepresenttheoryisalso
reducibletotheclassicalplatetheoryforthecaaewheretherotations
aretakentobe smallasccmpsredwiththestrainsandtherotatory—
inertiaisneglected.

Allthenonllneartermsofthepresenttheorywear to
ssmetypeasinthegeneralthree-dimensionaltheoryandmy
nated,usingBiot’sterminology,as “curvature”ternsandas
terms.A “torsion”term,occurringinthethree4hensional
‘absentintheplatetheory.Theplatestressesenteringthe
aredefinedautomaticallyduringtheprocess.

be ofthe
be desig-
‘%uoymcy”
theory,is
equations

Theplatestress+iispl.acementrelationsarealEoderivedby starting -
“ withthecorrespondingrelationsofthethree-dhensionaltheoryand ~
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performingappropriateintegrationssmdomittingcertainterms.They
appeartobe preciselythessmeasthosegiven”intheliteratureWhichy
however,werederivedquitedifferently.

Thepresenttheoryconsists,in essence,justasinthelinearcase,
oftheeqpationsofmotion,thestress+lispl.acementrelations,endbound-
aryconditions. Theroleofthelatter,huwever,isgreatlyreducedin
thenonlinesrca8e.While,intheMes.r”case,theboundaryconditions
areunderstodtobe thoseqy.sntities,innumberapdccmibinations,which
havetobe specifiedattheboundaryin orderto insurea uniquesolution,
theanalogousconditionspresentlyascertainmerelythenonviolationof
theprincipleoftheconsermtionof energy.

As m applicationoftheequationsofmotionofplateswithlarge
deflections,thepropagationofharmonic,strsdght-crestedwavesin an
infiniteplatehasbeenstudied.Theinclusion,inthetheory,ofthe
effectof largerotationsintroducesa coupkingbetweentheclassical
impressionalandflexuralwaves,anda redefinitionofthenormalplate
stresspermitsexhibitingthenatureofthecouplingtermmoreclearly.
If,forthispurpose,therotationis consideredindependentofthe
transversedisplacement,theoperatormatrixofthesetoftwoequations
isshowntobe syuunetric,justasitshouldbe in anyHnear‘theory.

Thetwocouplednonlineaxwaveequationsaresolvedsimultaneously
andcertainsimilaritiestoDuff@’s equationandhismethcxiof solution
arenotedintheprocess.Thebiquadraticveloci~equationdescribes
thepropagationoftwomodes,oneessentiallyccmpressional,theother
flexural.Itcontainstheeffectsoftranswrseinertia,rotatoryinertia,
longitudinalinertia,flexuralstiffness,andcompressionalstiffness.
Theinfluenceofeachoftheseeffectsonthewavevelocityisdiscussed
indetail.

Withintherangeofvalidi~ofthepresenttheory,thatis,for
flexuralwavevelocitieswhicharesmallas canparedwiththeveloci~
of campressionalwaves,theinfluenceofrotatoryandlongitudinalinertia
is showntobe negligible.Itisremarkablethatinthiscasethetwo
coupled,non13nearequationscsmbe solvedexactly.Fora @.venwave
length,thesmplitudehasthessmeeffectonthetie lengthastheplate
thiclmessdividedby thesqqsrerootofthree.

Inorderto gaina deeperinsightintotheassumptionsunderlying.
theplateequationsderivedby Love(ref.6) andthebarequations .
derivedby Eringen(ref.7),a variantofplateequationswasderived,
inthe13ghtofthethree-dimensionaltheory,inthelastsectionof
thisreport.Thessmeplatedisplacementswereassumed,butmorecom-
pleteexpressionsforthecomponentsofstrainwereemployed.

Shortlyafterthemanuscriptofthisreporthsdbeenccmpleted,
Reissner,inreference8,not+ thatKLrchhoff(ref.9)hadbeenthe

- -—_ ——. —
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firstto analyzemotionsofplateswithlargedeflections.Thepresent
equatio&coincide,in essence,withthosegivenby IHrchhoff,who,how-
ever,didnotmakeanattemptto solveanyspecialproblems.Thefirst
to considerequilibriumofplateswithlargedeflectionsappearstobe
Clebsch(ref.10). BothClebschandKirchhoffuseddifferentprocedures
andsrgumentsinderivingtheirtheories,ascanpsredwiththeonespres-
entlyemployed.A detailedanalysisofthesedifferenceswouldreqpire
a sepsratestudyandisbeyondthescopeofthepresentreport.A crit-
icalreviewoftheworkofC1..ebschandICLrchhoffisfoundinreference11.

Thisinvestigationwasc~ied outatColuuibiaUni”versity,themajor
partofitbeingunderthesponsorshipandwiththefinancialassistance
oftheNationalAdvisoqyCcmmitteeforAeronautics.Theinitialphase
oftheworkreportdwassponsoredby theOfficeofNavalResearch.

SYMBOIS

waveamplitudes

phme velocity

phaseveloci~definedbyequation(46)

platestiffness

Young’smodulus

quantitiesdefinedbyequations(3)

I externalDlateforces@moments definedbv

G

h

shearmodulus;G =P

platethickness

J

.,<,

I

.
.

Qn J
fxJfy)fz canponentsoftraction(*ernal force.perunitoriginal

areaactingonplatesurface)inx-,y-,andz4irections,
respectively

———— — . . —.—— .— .— ..—— ————
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K

L

M31*,M32’

W%@9.2

n,s

Q1*,%*

s

so

T

t

u

U,v,w

il,?,f?

Uo,vo,wo

Vo

w

we

X,y,z

7

5

kineticpotential

wavelength

platestresses

platestresses

definedby equations(68)

definedby equations(12)

coordinatesperpendicularto andalongtheplateboundary,
respectively

platestressesdefinedby equations(67)

surfaceofplanefaceofplate

surfaceofplanefaceofplatebeforedefamation

kineticenergy

time

potentialenerw

displacementcomponentsinx-,y-,sndz-directions,
respectively

approbte di~lacementcomponentsofplatetheory,which
arefunctionsof allthreespacevarieibles

platedisplacementcmponentsdefinedby equations(7),
whicharefunctionsoftwospacevariablesonly

platevolumebeforedeformation

elasticstrainener~

workdoneby externalforces

original.coordinatesofparticle(beforedeformation)

wavenumber,2sr/L

. . -——.——. —--- — ——— .-
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cmponentsofstraindefin~by eqyations(4)or (5)

1A’s constantsofelasticity

Poisson’sratio

finalcoordinatesofparticle(titerdeformation)

massdensi~

componentsof stressdefinedbyequations(6)

A primeindicatesdifferentiationwithrespectto
an appro-tion; a dotindicatesdifferentiationwith

EASICEQUATIONSOFTBRIIIZ-DIMENSIONALNONHNEAR!I!BIXIRY

x; a barindicates
respecttotime.

OF lKASTIcm

Thebasicequationsofthethree-ensionalnonMnesrtheoryof
elasticitywrittenduwninthissectionaretakenfromBiot’sworkin
thefield(refs.3 to 5). A mOreextensiveaccountofnonlineartheories

..

of elastici~msybe foundinreferences12and13.

Deformation

Lettheoriginalcoordinatesx, y, and z ofa particleattached
to thematerialbeforedeformationbecmue

E =X+u

v =yi-v

}

(1)

~=z+w

afterdefamation.TheCartesianrectangularcoordinatesystemitself
is consideredtobe fixedduringthisoperation.Thedefamationof an
infinitesimalregionsurroundingthisptiicleisgivenby theMnesr
transformation

—_ ._.——
_.——



NACA~3578

t

.

()d~= @x+ l+*d.y +&z
+

Usingthenotation

(2)

(3)

andassumingtheseninequantitiestobe small,thecomponentsofthe
straintensor,includingtermsoffirstandsecondorder,msybe defined
as

.—..—— ——-. .. ——
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\
’11=*+e* .,- + ;(%2 + 92)

E==%+* - e* +-$(%2 + ~Z2)

’33= ‘Zz+e&-~+$(~2+~2)

> (4)

~23= ~z ‘$%@zz -~)+$+-$~z%x-$~

l~eW-~u&~31= eu+~~(% - ezz) +@!zeyz-2

6U = eW +$%(eyy )- e= + ~ qezx - i%%z- &%% ,

Thesestraincomponentsarereferredto a localcoordinatesystem(1,2,
and3) originallyparalleltothex-,y-,andz-directions,respectively,
andundergoingthesamerotationasthematerialatthatparticularpoint.
Thisrotationisgiven,infirstapproximation,by a vectorwithcompo-
nents~, ~, and ~, whichwillbe adequateifthesecomponentsare
smallas comparedwithunity.

.

Theexpressions(eqs.(4)) forthestraincomponents,whichare
validforelongationsandshearswhicharesmallascomparedwithunity,
contain13nesrandsquaretermsinthecomponentsofrotation.The
lineartermsinthecomponentsofrotationsre,however,third-order
termsasmsybe readilyseenby expressingthequantitieseij interms
of
in

thecomponentsof strainandby
equations(3)areassumedt-obe

Thus,theexpressionsforthe

en =*+

%?2=%Y+

’33= ezz+

‘23= %z -

~31= ‘Zx-

e~=exy”

ranenberingthatallquantitiesgiven
ofthefirstorder(ref.13,“p. 52).

straincomponentsshplifyto
.

+(%2 + 92)

;(u# + UZ2)

~
(#’?Y2+~2 )

> (5)

*%

h %&%

~
z-

./

—.-
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Eventhoughtherotations@ strainsaresmallascmparedwithunity,
theydonotnecessarilyhavethesamemagnitude.Forthisreasonthe
squaresoftherotationareretained.

Thevariation
is givenby

5W=0’ Vo

StrslnEbergy

ofthetotalstrainener~

(‘11%1+ ’22%2 + ’33

in anoriginalvolumeV.

8E33‘%23 8%3 +

(6)

wherethe Tij representthecomponentsof a synmetricstresstensor
takenperunitinitiala.reabeforedeformationwithrespectto locally
rotatedaxes(1,2, and3) andas a functionoftheftiedorigtial
coordinates(x,y, andz).

Theequationsofequi13.briumm~bederivedfrcnutheexpressionfor
thestrainenergybythesameprocessasfollowedinthelineartheory.
Thecomponentsofstrainareexpressedintermsofdisplacementderiva-
tivesandtheprincipleofvirtualwork,the
principle,isapplied,followedbya partial

PLATEEQJATIONS

staticanalogue
integration.

ofHsmilton’s

Considera planeplateof constantthicknessh “referredto an
XYZCartesiancoordinatesystem,thexy-planebeingthemiddleplaneof
theplateandthez-axisbeingdirectednormaltothatplane.The
approximatedisplacanentsti,7, and R characterizingtheplatetheory
withlargedeflectionsaretakenas

&oiz=Uo(x,y) -z r&-

awo
7= Vo(x,y)- z — 1(7)

&

w =WO(X,Y)

. . . —. —— -—— .— _——. .—
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Thesedisplac~ntsclearlyconsistoftwoparts,namely,thetransverse
displacementWo,whichcharacterizestheclassicalplatetheory,audthe
displacements~ and Vo,whichserveto describethedisplacementsin
theplaneoftheplate.Thedisplacementsgivenby‘eqpations(7)are
thoseoftheVonK&m&nplatetheory(ref.14)aswaspointedoutby Biot
(ref.5).

Usingequations(7),thefollmclngapproximationstothequantities
givenin equations(3)areobtained:

Ezz= o

%==0
‘%2=0

(8)

awo
“F

awo
‘-z‘{ )l~o %5z=25—7—h

Platedefomnationsmayproduceonlylargerotations& and ~
butnot &. Thus,in calculatingthecmponentsofstrainfrcnneqm-
tions(5)withtheaidof equations(8),secondatiertermscontaining
~ areneglected.

Theapproximatecomponentsof strainintheplatearethen

.
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.

-r)a. a2wo+l~2
ti‘—-z&22~

.@2+@’)2
=0

= o

(9)

.

Insertingthe
givenin equations
energy(eq.(6))givesthefollcn@gapproximateexpressionforthe

StrainEnergy

approximateexpressions
(9)intotheexpression

forthestraincomponents
forvariationofthestrain

variationofthestrainener~ bfi:

.

bi?=U{[()%-2’115~
o.;(-)()avo a2wo

&
-z5—

&2
awo

‘&- i-

(lo)

.—. — —..- —
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Sincethez~ependenceofallthecomponentsof strainhasbeenmade
explicitby equations(7),smintegrationthroughthethiclmessh of
the

the

the

platefrcm z

result:

=. i! toz= !?can be performedImmediatelywith

integrationbeingextendedovertheoriginalsurfaceSo ofthe

(XL)

platebeforedefamation.Ibthisprocessoneis ledautmnaticallyto
thefollowingdefinitionsofplatestresses:

Jh/2
“2 = T= &

-h/2

I h/2
N=3 -h/2’33h

Jh/2
“12= TM ti

-h/2

Jh/2
‘1 = T~Z dz

-h/2

h/2
“2 ‘J T=Z dz

-h/2
(12)

,

-..—
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()

&l.Notingthat b —

()

a2wo a2
ax =$6+, — ‘—~Wo, andSOforth,it iS

&2 ax2
possible,in expression(11),tobringoutthefactors5U0, 5V0,end
5W0 by partialintegrationobtaining

Herein,usehasbeenmsdeof

13

(13)

(14)

WorkofExternalForces

fz denotethex-,y-,andz-cmponents,respec-Let fx, fy)=d
tively,oftheexternalforce(traction)perunitoriginalareasnting
attheboundary.The(virtual)workdoneby theseexternalforcesis

8we=J (fxbu+ fy5v+ f~5w)as
s (15)

theintegralbeingextendedoverthewholesurfaceofthebo@y.

—.. ._ —
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b thecaseofa plate,thetotalsurfaceconsistsofthetwoplane
faces z =+ ma

expressionforthe

we = [mfx5U

thecylindricalsurfacesboundingtheplate.The

workistherefore

1z=h/2+ fybv + f~b-w)dxw +
z=-h/2

&w+fB awb~+fsblls+fz~w+fn )
—5W d.zasa6 (16)

TheHne integralistobe takenaroundall(externalandinternal)
cylindricalboundariesoftheplate.Subscriptsn and s indicate
componentsreferredto coordinatesn and s measurednormalto and
alongtheboundary.

Substitutingforthedisplacementsu, v, and w theiraPProtia-
tionsii,7, Snd = frm equations(7),theworkof externalforces
actingontheplateisgivenby

( ?w+f’6awo
‘nan )}—Eiwoazasa6

(17)

. —.
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Ji@P10F@3thenotation

()
h/2

Fx = fx
-h/2

()
h/2

%= Zfx
-h/2

Jh/2
Nn*= f~&

-h/2

Jh/2
%’ = fnz&z

-h/2

()
h/2

Fy = fy
-h/2

expression(17) H be

571e=
J[

Fx5~-~

h/2
%= (zfY)-h,2

()= f~
h/2

~ -h/2

h/2

‘*= ~h/2 ‘s2‘z

rewrittena8

15

(18)

L

* awo
—5WO+%

*awo
‘“ an 1—6W0asa8 (19)

—- .—. —. ——- -. --
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Notingthat

(20)

theworkof externalforcesmaybe expressedas

Eie=1[ ( )]2%+*Fx@o+Fy&ro+ q+&
b

6W0 dxay+

KineticEnergy

Thekineticener~ T of a bodyoccupyingbeforedeformationa
volumeV. andhavinga massdensityp isgivenby

(22)

Thed?tindicatesdifferentiationwithrespecttotime t. Using $, $,
and fi inthe~ove expression,anapproximateformofthekinetic
ener~ ~ ina plateis obtdnedas

whichcanbe integratedthroughthethiclmessh oftheplateyielding,
underthesimplifyingassumptionthat p isindependentof z,

..

‘.
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Thevariationofthekineticener~ b~ isfoundtobe

17

By integratingpartiallythedboveexpressionwithrespecttothe smd
setting,asusual,thevariationsatthebeginningandendofthetime
intervalequalto zero,thefollowingeqpationis obtain~:

(2%)

l?.qxationsofMotion

Hamilton’sprincipleisnowappliedtoderivetheequationsof
motion.Theprinciplestatesthatforan arbitr~ timeintervaltl - t2

J-L2
5 Kdt=O ! (26)

tl

where K istheMneticpotential;ingeneral,

K= T-U (27)

U beingthepotentialener~. fithepresentcsse-oftheplate,the.
potentialenergyconsistsoftwoparts,namely,theapproximateinternal
strainenergyR andtheapproximatepotentislener~ ofthe’external
forces-tie. Hence,

T?=T- F+iie (28)

Usingequations(25), (13), and(21)for 5!T,b~y~d 8We,respectively,
thefollowingexpressionforthevariationoftheldneticpotentialis
obtained:

.—— ._ —._ -.r
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(Qn-mn+ ?!!!& b
)1

awo+~*-=+h*— C5W()ds=oaB an as (30)

ThisvariationofthekineticpotentialbK mustbe equal.to zero
forarbitraryvaluesof b%, 5V0,andsoforth.Thethreestress equa-
tions of motionareobtainedfromtheintegrandofthedoubleiptegralin
eqy.ation(30),obtainedby equatingto zerothecoefficientsof b%,
?PJo,and 5WO)are

-.<.,
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1

TheintegrandsoftheMne integralsserveto identitvthest~ed
withthecorrespondingunstarredqu&tities
theestabllsbmentofa relationshipbetween
andotherplatestressesasfollows:

Inaddition,theintegrandofthelast

(such as Nn*~ Nn)~d permit
thetransverseshearforce

& %0
ET

(32)

Lineintegalm~ be employed
to estsblishtheboundaryconditions.Fora systemof lineardifferential
equations,appropriateinitialandboundaryconditimssxethosewhichare
sufficientto assurea uniquesolution.Theclassicaluniquenesstheorem
oftheldneartheoryofelasticity,usingener~ considerations,isgiven
by Neumann(ref.6,p. 176).‘Itsanalo~fora linearplatetheory,
includingtheeffectsofrotatoryinertiaad shear,wasestablishedby
Mindlln(ref.1).

ShX1.arsrgumentsmaybe usedinthepresentnonMnearcase. Since
thesuperpositionprincipledoesnothold,theappropriateboundarycon:
ditionswillascertainnota uniquesolutionbutmerelythenonviolation
oftheprincipleof conservationofenera. Theseboundaryconditionsto
be specifiedontheed&esoftheplate
binationswhichcontainsonememberof
lastlineintegralinequation(30).

,.. .... .!.’,,
,-,

w—edeteminedby &y ofthecom-
eachofthefourprcductsofthe

—.. -— — .- —.—.. —
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.

Thefirsttwoequationsofthesystem(eqs.(31))describemotions
intheplsmeoftheplateandpossessthesameformastheequationsof
theplanestressproblem.Thethirdequationdescribesthetransverse
motionsoftheplate.Thefirstthreetermsarethoseoftheclassical
platetheory.Thefollowingsixtermsrepresenttheinfluenceof large
rotationsandarenonlinear.Eachofthesesixterms,for~ample,the

first,
()

&Nl~, maybe writtenasthesumoftwoterms;thatis,

Inasmuchas &o/& representsa cmuponentof

(33)

rotation,itis
recognizedthatthenonlineartermsinthestressequationofmotionof
thepresentplatetheoryarepreciselyofthessmenatureasthosein
thethree-dimensionalnonhear theoryofelastici~.Followingthe

aNl&o
terminologyofBiot(ref.4) termsofthetype —— my be called

&ax
buoyancyterms,becausetheysrisefromsanekindofbuoyancyduetothe ●

defamationof anelementinitsownst~ss fieldanddependonthestress
a wogradient,whileternsofthetype Nl— havetheiroriginh change .

ax2
ofdirectionof anelementdueto curvaturead maybe calledcurvature
terms.

ThetwotermscontainingthetotaltransversenomnalstressN3 will
be neglectedin conformancewiththetypeofmotionstobe describedby
theplateequationsforwhichthisstressisneglAgiblejjustasin the
classicalplatetheory.Theraminingthreetermsontheleft-handside
ofthethirdequationofmotion(eqs.(30))aretheforcingterms,q
beingthenetnormalpressure,while ~ and ~ aretheexternalmoments,
whicharecustanaxilyneglectedin a platetheory.Theyareretainedhere
merelyforthesakeof

Ontheright-hand
thefirst Ptio be=

~ a%.
theorywhile —

= &2
whicharediscussedin

completeness.

sideoftheequationarefoundtheinertiaterms,
thetransve~seinertiatermofthecl.assicalplate

p@ b’tio
— — me therotato~inertiaterms
= &2

reference1.

Thereexistseveralotherpossiblewaystodeduceplateequations(31)
frcmthegeneraltheory,twoofwhichereotilinedbrieflyasfollows:
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First,thethree-nsional equationscouldbewrittendownusing
thecomponentsofstraingivenby expressions(5),whichwouldyield,
aftersubstitutionofplatedisplacements(eqs.(7))endappropriate
integration,theplateeqyations(31).

A secondalternativeconsistsinfollowingthesameprocedurewhich
leadsto equations(31)buttemporarilyconside~ therotations~
snd ~ asbeingindependentofthetransversedisplacementW. in
perfomnhgthevariationofthee@er~ expressions.Thiswouldleadto
fiveeqyationsofmotion,withfiveunhowns Uo, Vo, %v ~> ~d Wo.
Theequationswouldcontain,in additiontotheplatestressesdefined
by equations(12)jtheplateshears~ and ~. Expressing~ and
~ subsequentlyasderivativesof W. andeliminatingtheshears~
~d ~ fromtheeqwtionsofmotionleadto equations(31),twointer-
mediaterelationshipsinthex- endy-ections beingthosesnalogous
to equation(32).

Comparingequations(31)withtheVonK&& plateequationsas “
found,forexample,inreference15,itisnoticedthattheessential
differenceconsistsinthefactthattheVonK&m& e~ations-donotcon-
tainthebuoyancyterms,butonlythecurvatureterms,asthenonlinear
termsofthestressequations.Thus,a mereadditionofinertiaand
forcingtemnsto theVonK6rm& equationswillnotresultin equations(31).
However,intheabsenceofinertiaterms,equations(31)reducereadily
to theonesofVonK&m&.

Comparingequations(31) withthosegivenby Iove(p.558ofref.6),
theabsence,again,ofthebuoyancytermsisnotedand,inaddition,the
occurrenceofnonlineartermscontainingthetransverseshearforce.The
discussionofthesignificanceoftheselattertermsispos~onedtothe
lastsectionofthisreport.

Stress-DisplacementRelations

Thestressequationsofmotion(eqs.(31))representthreeequations
relating10unknownfunctions,nsmely,the3 displacementssndthe7 plate
stresses.Thereforejjustaainthethree~ ionaltheory,-tional.
equations,herenm?iberingseven,areneededto ccmpletetheproblem.They
shouldrelateplatestressestoplatedisplacements”sadaredeveloped
fromthethree-dimensionalrelations,aswaadonebeforefora Wear
platetheorybyllindlin(ref.1). Assumingthematerialtobe isotropic,
thestress-strainrelationsexpressingHooke’slaware

——. — ..—.——.
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wherethestressesandstrainsarethoseintroducedby expression(6),
and A and P areIam:’sconstantsofelasticity.Thethirdequation
oftheset(eqs.(%)) isnowsolvedfor G33 andsubstitutedintothe
firstandsecond,resultingin

E Ev
’11=

1
-v2%l+l #%2+ &’33

T22 = E Ev A
1
-V2%2+1-V2%1+A+W ’33

Performingtheintegrationsindicatedin equations(12)

J

h/2

J

h/2
againN3 = T33& snd,in addition,

-h/2 -h/2
T33Z

thefollowingplatestress~splactient.rel.ationsafter
thestrain-displacementrelationsin equations(9):

a2wo
‘I-2=-D(l- V) —

&&

andneglecting

@z resultsin

substitutionof

.-

*.

.

(equationcontinuedonnextpsge)

—.—.
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[ () ( )]m %+1%2+/%+,1%2%==- ‘—-v2& z2&
——

F zti “

[ ()
Eh ~o

2 2

( )]
+l~o +V%+V1*ON2 =__ __

.vZ& Zb
.—

1 z 2& (35)

Inrelations(35) E isYoung’smodulus,G istheshearmodulus,
v isPoisson’sratio,and D istheplatemodulusexpressedas

D=
~3 ~3

.12(l - V2) = 6(1 - V) (36)

Thestress-displacementrelations(eqs.(35))coincideh every
respectwiththoseoftheVonK&&n platetheory(ref.lh)ad also
withthoseofthemoregeneraltheoryofIove(ref.6),whichare,how-
ever,derivedina differentmannerwithoutmakinguseofHooke’slaw
fora three-ensionalsolid.

STRAIGHT-CRIHPEDWAVES

As & applicationoftheplatetheoryderivedabove,theproblem
ofpropagationoffreewavesinaninfiniteplateisnowinvestigated.
Assumingthestraight-crestedharmonicwavetobe propagatedinthe
x-direction,theequationsofmotionaresimplifiedby lettingV. = O
and a/by= O.

Intheabsenceof externalloadstheone—dimensionalequationsare,
fromplateequations(31),

Nl‘ = P* 1
1 (37)

Primesindicatedifferentiationwithrespectto x. Thecolzresponti~
stress-displacementrelationsare,framequations(35),

——————__. _— —.—— —.
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‘1

Ml

sothatthedisplacement

m ( “ + Wo’wo11

1
-v+ )

= -Dwo“

equationsofmotiontakethe’form

= Ph&

-moiv+ m L 1

2
“w ‘+ ~’wo“-1-;Wo’’(wo’)

~3+ &;o” = ptic
1
-V2% o

/

(38)

‘ (39)

It isnotedthatthefirstofthetwodisplacanentequationsofmotion
(eqs.(39))describesessentiallytheimpressionalmotionsin a plate,
whichare,however,coupledto thetrsmversemotionsbecauseofthe
presenceofa (nonlinear)termcontainingderivativesoftransversedisp-
lacement Wo. Thesecondequationgovernsthetransverse(flexural)
motions,whichappeartobe coupledto compressionalmotionsby thepres-
enceoftwotermscontainingderivativesofthelongitudinaldisplace-

.

ment ~.
.

Neithertheform(eqs.(37)) ofthestressequtionsofmotionnor
theform(eqs.(39))ofthedisplacementequationsofmotionpermits
clearrecognitionofthenatureofthecouplingeffectcontainedinthese
couplingterms.A deeperinsightintothiscouplingphenomenoninboth
setsofequations(37)and(39)maybe gained,however,withtheaidof
a redefinitionoftheplatestressN1.

Intiewofthe.stress~splacanentrelationcontslnedinthefirst
equationoftheset(38),N1 maybe expressedastheswgoftwocompo-
nents,namely,

where Nx istheclassicalccmponentdefined

~. Eh%
1-V2Z

and Nzx isdefinedas

(40)

SE

(41)

,’

(42)
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Therotationcmuponent~ appearingin
temporarily,asbeingindependentofthe

equation(40)is considerd,
trsmsverse

Theresolutionof Nl,definedbyequation(~), iS
it separatesthetermscontaining~ md Wo. In
introducedplatestresses~ and Nzx,thestress
(eqs.(37))maybe writtenas

aisplacmlentWo.
convenientbecause
termsofthenewly
equationsofmotion

1(43)
~lt,

- $(%) - $yz92) = ~tio -: ~

andthedisplacementequationsofmotion(ew. (39)> ss

Eh Etl
1 - # %“- (2 $*2(1-V)

()
%-woiv - m — -

1 J5&

Thecouplingterms,thesecondtermin eachoftheequationsofthe
set(43) or (44),srethuscle&rlyexhibited.As a consequenceof a
largerotation~, theplatestress~ enterstheequationoftrans-
versemotions,whiletheplatestressN=, whichdependson W. only,
enterstheequationof compressionalmotions.

Thecoup~ngoperatorinequations(41t) isrecognizedtobe the
ssmeinbothequations,namely,

Eh
%

%
1 -v2&@=1m2~+lm2w :-v -v

(45)

thusmakingtheoperatormatrixonthetwodependentvsriables~ and
Wo symmetric.Thus,it appesrsthattheoperatormatrixis symmetric,
in a generalizedsense,eveninthepresentnonlheartheoryjustasit
shouldbe inanyllneartheory,aswaspointedout,forexample,in
references16&d 17. Moreoverjitisobservedthatthecouplingoper-
atorcontainsbotha curvature“termanda buoyancyterm.

--—-—--—— — —-—— —. —— _— __
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I?iaddition,itisnoticedthattheeffectof a Wge rotationis
apparentnotonlyinthecouplingtexm.s,whichcontaintherotationto
thefirstpower,butalsoin a termoccurringinthesecondequation,
whichcontainstherotationtothesecondpower.

Equations(39)-e n~ rewrittenin amore convenientform. The
firstis solvedfor wo’wo andsubstitutedintothesecond.‘%?
denotesthephasevelocityof compressionalwswesinaplatejthen

4’ “=--

andequations (39) q be writtenas

Cp2( )~“ +w~’wo” =i.io

(

2
-q12~ Woiv+ ; lJ’wo ‘

)
- Uo‘We”

Thesolutionofthiscoupledsetoftwo
differentialequationsis soughtinthe

Uo(x,t)=Asin~

wo(xjt)= B COS 7

(46)

h2

1

(47)

+~%wot +=%.” = +0

partial,.hamogeneous,non~nesr,
fom ofharmonicwaves

(x - a) 1(48)
(x - Ct)

where A and B aretheamplitudes,~ and 7,thewavenuiibers,and
C smd c,thephasevelocities.Substitutionofthistrialsolution
intothefirstoftheequationsofmotionrevealsthat,forperiodic
motions,

7 = 27 (49)

E=c (50)

()~2
0A7 l-— = B272

CP2
(51)

Thefirsttermin equation(51) representstheinfluenceof ccnnpressional
stiffness,thesecond,theinfluenceof lo@tudinalinertia,andthe
temnontheright-handside,theinfluenceoftr-verse stiffness.A
sketchofthedeformedplateisgiveninfigure1. Substitutionof equa-
tions(48)intothesecondequationoftheset(47)resultsinthe .
followingequation:
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.

,

.
3A73C2COS 37 (X - et) = O

Inobtainingequation(52),usewasmadeoftherelation

3Cos a=~
4

cos3u+~coslX
4

(52)

(53)

Equation(52)is similarto anintermediateformoftheBuffingequation
whichgoverns,forexsmple,motionsof a singlemassattachedto a non-
linearspringandwhichIsdiscussedindetailinreference18. Discus-
sionofnonldnearproblansgovernedby partialdifferentialequations
maybe foundinreferences19to 21.

Confiningattentiontoperiodicsolutions,theterm(eq.(52))with
Cos37 (x- et) maybe disregardedaEccmparedwiththeterm
Cos7 (x- et),providedthatthesmplltudeoftheformeris smallsa
comparedwiththesmplitudeofthelatter.Thisrestrictionisdiscussed
indetailbelow.Thevelocityequationisthen

(9)

Thefirsttermontheleft-handsideofvelocityequation(~)
representstheinfluenceoftransverseinertiaonthewavevelocity,the
secondterm,theinfluenceofrotatoryinertia,andthethirdterm,the
influenceof longitudinalinertia.Ontheright-handside,thefirst
termrepresentstheinfluenceofflexuralstiffnessandthesecondterm,
theinfluenceof carnpressionalstiffness.

EliminatingA7 inequations(51)smd(~), a singlebiquadratic
equation

(%)Y+%k)2(’+%+iB272)+%+%=’55)
governingthephaseveloci~ c isobtained,whichis seentodependon
twoparameters,nsmely,hy and B7. Since

-- —. . .
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where L is

nesstowave

NA.CATN3578

thewavelength,hy representstheratioofplatethick.

length,while B7 equa~the ho ,maxhumrotation~ = - —.
ax

Tbisveloci~, or frequency,equationrepresentsa +qypical.two-mode
coupledsystemsimilsrjforexample,totheoneofreference2. While
inreference2 thecoupllngbetweenthetwomodeswasestablishedthrough
Poisson’sratioandthusdependedonmaterialproperties,thecoupkbg
is effectedpresentlythrougha Idwanaticalquanti@,nsmely,by taking
into&ccountlsrgerotations.A coupUngduetogrsxi~betweenthe
ssmetwoiiypesofwaveshasbeendiscussedinreference3. Thetwomodes
msybe uncoupledby omittingthetermsinequation(55)contdningBy,
whichyields

(56)

Thus,onemode,whichdescribescompressional.motionsintheplate,has
theveloci~

●

#_
=

21 (57)
Cp .

while thesecond,theflexuralmode,hasa velocity

C2 g
—= (58)

~ + h27%2 2—
12

whichhasbeendiscussedinreference1. Iftheinfluenceofrotatory
inertiaisneglected,equation(58)shpllfiesto

C2 h2~2—=-
%2 w

(59)

Severalgraphshavebeenplottedto exhibitmorecleerlythecoupling
effect.Figure2(a)showstheuncoupledandcoupledveloci~curvesfor
a constsntvalueof.theratiooftransversesmp~tudeB tothewave
lengthL,whichis a measureoftherotationandwhich.hasbeenchosen
tobe equalto 0.1inthecasewheretherotatoryinertiaisneglected. .
Figure2(b)givesthesamecurves,including,however,theeffectof
rotatorytiertia.It is seenthatthecoupledcurvesapproachtheveloc-
itycurvesofuncoupl~motionsforlsrgevaluesof h/L butnotfor.

—
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h/L= O. Thisdeficien~isdue,mostprobably,to thefactthatthe “
equationsderivedarenotvalidforthefullrangeoftheparameters
involved.Theseinherentlimitationsarediscussedsubsequently.

Notingthat ~ = ~ ~,
hL

similarcurvescanbe drawnfora constant

valueof B/h,whichmaybe takenas a measureforthedeflection.Fig-
ure3(a)showsthetwocoupledveloci~~es, drawnfor ‘~= 1,with

theeffectofrotatoryinertiabeingneglected.Thecoupledcues
approachtheuncoupledcurvesfor h– = O butnotforlargevaluesof

L
h/L. Figure3(b)givesthecoupledanduncoupledvelocitycurvesfor
thesameconstantvalueof B/h,butwiththeeffectofrotatoryinertia
included,sndsgaina similarbehaviorofthecoupledcurveswithrespect
totheuncoupledonesisnoted.

Therangeofvalidityofthevelocityequation,however,is Lhnited
to specificrsmgesoftheparsmeter,sinvolvedinviewofthesimplif@ng
assumptionsunderlyingboththeplatetheorymd thesolutionofthe
wave-propagationprobla; TheseImitationsarenowexsminedindetsd.1.

At theoutset,in consideringthepossibledefamations,therota-
tionwasassumedtobe nottoolarge,sothatit copldbe represented
by a vectorwithcomponents~, ~, and ~. Thisis mssible on~ “

ifthesecomponentsaresmallascomparedwithunity.

b thecaseofwaves,describedin equations(48),propagatedin a
plate,themaximumvalueofthecomponentofrotation~ isgivenby

I%insx=‘7
whichhastobe smallasccnnparedwithunity.Moreover,itwasassumed
thattheccmrponentsof straina?esmallascanpsredwithunity,which
imp~esthatintheexpressionsforthestrainsallthenon~ear terms
areofthirdandhigherorder,exceptthesquaresandprcductsofrota-
tion,whichareofthesecondorder.Sucha typicalnonlineartermnot
vanishingintheone-dimensionalcaaeis &

2 yxx> whichoccursinthe

expressionforthestraine31 inihesetof equations(4).Another

suchtermis 1
~ %21 whichoccursintheexpressionforthestrainEn

ifthestrain-arenotassumedtobe small(ref.4, eqs.(1-12)).

Thus,theassumptionof smallstrainreqtiresthesmallness,as
canparedwithunity,ofthecoefficient~ s

2“
Inthecaseofthe

—— .— ——- -——. ..—



30 NACATN3378

presentplatetheory,thecoefficient %z== — is
ax

aii.
ax

andconsistsof a canpressional

au. ~a2wo
z- &2

& a2wo
part ~ anda flexuralpart z ~,

h a%.
themsxhumofwhichis -—. SincethecoefficientEn hastobe

2 ax2
smallthroughoutthethicknessoftheplate,eachpartmustbe smallas
comparaiwithunity.Inthecqe ofwaves,thisimpliesthatboth A7

~ B72 (flexuralpart)shouldbe mall as cm-(compressionalpart)and z

p~ed withunity.

The significanceofthesmallnessoftheflexuralpartisnotqpite
clesryet,inviewofthefactthat By is smallby itself.‘However,
it shouldbe pointedoutthat,intheexpressionforthestrain,the
squaresofrotationcontaintermswith B272 whichareretained,while
termsofthetype ~ @~ whichcontain& B272 areneglected.

Thus,clearly,this@lies that hy is smallasccmparedwith
unity,ad since7 = %/L, where L isthewavelength,that h/L is
SmallasC~~ed withunity.Hence,thesolutionwillbe validonly
forwaveswhicharelongascanparedwithplatethictiess.

To sumnarizetherestrictionsofthewavesolutioninherentinthe
presentplatetheory,thesmallnessofthecomponentsofstrainhp~es
thesmallnessof A7 and hy,whilethesmallnessoftherotations
impliesthesmallnessof B7,allcanparedwithunity.

Attentionisdrawnnext.to Imitationsinherentintheneglectof
thetermwith cos37(x- et) ascomparedwiththetermwith cos7(x- et)
in eqyation(52).Thisneglectis justifiedonlyif’theampld.tudeofthe
formerissmallasccmpsredwiththeamp~tudeofthelatter.Theratio
oftheseamplitudes,whichoughttobe small,is calculatedtobe equal
to 3A7. ButthisrequirementcoincidesWth oneoftherequirements
imposedbythesmallnessof straindiscussedpreviously.Thus,the
approximationsintroducedinthewavesolutiondonotintroduceamyaddi-
tionallimitations.

.

.



.

NACATN3578 31

Thesolutions(51)and(~) arenowexaminedinthelightofthe
limitationsjustdiscussed.Solvingequation(51)for A7 andobtaining

Ay = 1

1.$
Cp

it isnotedthat 1

/
shouldbe small,as

1 2 Cp2-c
fora givenvalueof By. Thecurveof A7,asa
exhibitsa resonancephenmenonof a typesjmilar
of forcedvibrationsof a singlemass. Thephase

comparedwithunity,

functionof c/cp~
to thatinthecase
velociw c should

be eithersmalleror largertb thecompressionalwavevelocityin a
plate cp.

Ih equation(~) thetermswith ~ and 3A7 ontheleft-hand

sidemsybe
theseterms

Thatis,in

L

omitted,in accordancewiththelimitationsimposed,since
me sddedtounity.Thus,relation(~) simplifiesto

(60)

therangeof itsvalidi~,thephaseveloci~,dependsonly
upontransverseinertiasmdtheflexuralandcanpressionalstiffness,
whilecompressionalsndrotatoryinertissareneg~gible.Butithas
alresdybeenestablishedthat h7
unity;hence,fromequation(6o),

Thus,equation(51)simplifiesto

8A7

and A7 aresmallsscmnparedwith
< iS SIIB1lS.SCOIQSXed withULli@.
Cp

= B272 (61)

EliminatingAy fromequation(6o)withtheaidof equation(61)gives
theveloci~equation

(62)

inwhicheachtermhastobe smallas campsredwith-unity.Theresult
isthusobtainedthat,withintherangeofitsvalidl@,fora given
wavelength,thevelocityis affectedinthessmemannerby thedeflec-
tion B asby theplatethictiessdividedby P.

.-. .- .. ..—__ —. ~— .—— . .-— —. —
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Theveloci~
variousvaluesof
rotation.Since

givenby equation(62)ts
theparsmeterB/L,which
BB—=—
Lh

~, equation (62)
h

~2

(
fi2h21+

7=3 L2

plottedinfigure4 for
representsa measureofthe

mq be rewritten es
.(

3$ ) (63)

wheretheparameterB/h M be tqkenas ameasureofthedeflection.
Theveloci~ givenbyequation(63) is plottedinfigure5 forvarious
valuesoftheparsmeterB/h.

lbthetreatment ofnonlinearsystemswithonedegreeoffreedan,
it is custmmxryto studytheso-calledresponsecurves,thatis,curves
relatingthesmp~tudetothefreqyency(ref.18). Since,inthepres-
entcase,thevelocitymqybe saidtoplqytheroleofthefrequency,
B/h wasplottedasa functionof c/~ forvariousvaluesof h/L,
whichisnuwconsidereda parameter.~ese curves,giveninfigure6,
sxequakttativelythesaneastheresponsecurvesofsysbamsgoverned
by Duffing’seqmtion(ref.18)whichdanonstratesstillfurthera cer-
tainreseniblsnceofthepresentnonMnearcontinuoussystemtithinfi-
nitelymamydegreesoffreedcmto anon13.nesrsingle~egree-of-freedam

.

system.
.

Itisworthwhiletopointoutthat,ifthetermscontedqbglongi-
tudinalinertiaareneglectedinequations(47)by letting& = O,
equations(61)smd(62)representexactsohrtionsof e~ati.ons(47).It
shouldalsobe observedthatthecontributionofthebuoyancytermin
thesecondequation(47)is containedonlyinthis
tem.

AVARIAN’IOFPIATEEQHONS

\

h thislastsectionofthepresentreport,a

longitudinalinertia

large~eflectionplate
theoryisderivedtheequationfo~whichin~ludesthe~luence ofterms
containingthefirstpoweroftherotationintheexpressionsforthe
componentsof strain,thatis,expressions(4)forthestrainswillbe
usedandnotexpressions(5). Eventhoughithasbeenrecognizedpre-
viouslythatthesetermsareofhigherorderthsnthesecond,thedevel-
opmentisworthwbi.lebecauseit appearsthatbetterinsightisgained
in apprslshgotherlarge+eflectionplateandbemntheories,particularly
thosederivedbybve (ref.6,p. 558)sndEringen(ref.7).

Inviewofthefact,however,thattheassmnptionsasto displace-
mentsarestill.thosegivenby equations(7),thatis, ~ = ~ = ezz= O
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is small, theinfluenceof llneartermsin w - ~ appes.rs
twocomponentsof strsh,nsmely,ez, and ~OX,whicharenow

’23 = -$4%+$ ?(%-%)

. -i

~31=$%’%e&x@Y+%)

or,usingthedisplacaentsgivenby equations(7),

1.(64)

1(65)

Assuming,aswasdonebefore,thatthederivativesof ~ and V. with
respecttothespacevariablesaresmallascomparedwithunityandusing
thesameprocedurewhichledto theequationsofmotion(31),thefollowing
homogeneousequationsofmotionareobtsdned:

-2+2(’,’2)‘i(l*$)-2=“h% I

%%9‘4-’%++
= -Phf’io J

Intheseequations,Nlj N2~ NW) Ml) ~) ~d Mu me theplate
stressesdefinedby theintegralsin equations(12).Thetransverseshe~
forces‘l*, %* arenowdefinedby

.—- ----———. — .——. — ..— — . ——.
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.

(67)

andno longerby equation(32)askntheprevioustheory.Mmentsof
transverseshearstresses~1 and %2 areautomaticallydefinedas

1h/2
M31=

-h/2
’31Zk

/2
M32=

f-h/2’32Zb

(68)”

anddonotoccurin my Linesrplatetheory.Thestatictermsin eqya-
tions(66)couldhavealEobeenobtainedby a ~ect integration,through
thethicknessoftheplate,ofthecorrespondingthree~ ionalequa-
tions,whichweregivenby Biot(ref.4,

that

that

Comperinge&ations(66) withthose
thefirsttwoequationsof eachset

inreference6 onlyshearcurvature

occur,while equations(66) containboth

ancyterms,thelatterbeingtypifiedby

eqs. (5.4)).

givenby Iove,it is recognized
are almost identical, except

S2Wotermsofthetype Q1*~
ax’

shearcurvatureandshe= buoy-

Oxox
.

Thus,theoriginofthenonlbeartermsinthefirsttwostress
equationsofIove’stheoryisdueto a retentionoffirst-powertermsof
rotationstitheexpressionsforthecanponentsofstrain.Ithasbeen
shownpreviouslyinthisreportthattheyareof a higherorderthanthe
secondandq thusbe mitted. b reference6,itismere~ stated
thatitwillgenerallybe sufficientto omittheseterns.

Thelastequationoftheset(66)contains,in additiontotheterms
foundinthecorrespondingequationoftheset(31),a seriesofterms
contm themmnents%3 and M31,whichsremissinginhe’s equation.
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Ih ordertocmpareEringen’sbeame tions(ref.
Ythepresentstudy,theplateequations(6 )arereduced

by letting~. = O and ~/& = O. Theysxe

Next,Eringen’seqwtionBarereducedtodescribesmall
moderatelylage rotationsby considering&@x tobe
withuni~, lettingthecosineoftheangleofrotation

35

7) Wth thoseof
tobesmequations

I (69)

strahs and
small as Compwed
equal unity, and

aasumingthatthesineequalsthesr@e itself.Theysxe~inthenota-
tionusedherein,

Thus,itis seenthatEringen’sterm %~’ $ isexpressedinthepresent

ColmbiaUniversi@,
New‘York,N.Y.,October3, 1955.

. . . —.—______ . -.—



36 NACATN3578

1.Mindlin,R. D.: ~luence ofRotatoryInertiaandShearonFlexural
MotionsofIsotropic,ElasticPlates.Jour.Appl.Mech.,vol.18,
no.I,k. 1951,pp.31-38.

2.Mindti,R. D.,andHerzmmn,G.: A One-DimensionalTheoryofCompres-
1 sionalWavesti enElasticRd. Proc.FirstU. S.Nat.Cong.Appl.

Mech.(June1951,Chicago,Ill.),A.S.M.E.,1952,pp.187-191.

3. Biot,M. A.: TheoryofElastici~WithLargeDisplacementssnd
Rotations.mot. Fifthtit.Cong.Appl.Mech.(Sept.1938,
Csnibridge,Mass.).JohnWiley& Sons,Ihc.,1939,pp.117-122.

4. Biot,M.A.: Non-linesrTheoryofElasticiwsmdtheLinearizedCaae
fora BodyUnderUtial Stress.Imdon,Dublin,andI&biburghPhil.
Msg.sndJour.Sci.,ser.7,vol.27,no.183,Apr.1939,pp.468-48g.

5. Biot,M. A.: E1.ssbizit~tstheoriezweiterOrdnungmitAnwendungen.
Z.a.M.M.,B. 20,Heft2,Apr.lg40,pp.89-99.

.
6. Love,A. E.IL: A TreatiseontheMathematicalTheoryofElasticity. “

Fourthcd.,DoverPub.(NewYork),1~.

7. Eringen,A. Cmal: OntheNon-hearVibrationofElasticBars. Qpart.
Appl.Math.,vol.JX,no.~, Jem.1952,pp.361-369.

8. Reissner,1.: OnFiniteDeflectionsofCircularPlates.Vol.I of
Proc.SymposiaAppl.Math.,Am.Math.Sot.,1949,pp.213-219.

9. KirChhOffj Gustav:Vorlesungenfi%erMathematischePhys&,Mechanik.
Thirdcd.,B. G.Teubner(Leipzig)j1883.

10.Clebsch,Alfred:Theoriederlillastizit~tFestertirper.B. G.Teubner
(kipzig),1862.

IL Tbdhmter, Isaac: A IHstoryofthe5eory ofElastici@andofthe
Stren@hofMateriabFranGalil.eitothePresentTime.Vol.II,
pt.II - saintvensntto LoraKelvin.TheUniv.Press(Cambridge),
1893.

I-2.TruesdelIL,C.: TheMechanicalFoundationsofElastici~andFluid
-Cs - Jour.RationalMech.andAnalysis,vol.1,no.1,1952,
~. ~-l~; 110. 2, 1952,pp.172-300.

.
13. IbVOzhilov,v. v.: FoundationsoftheNonlknearTheoryofElasticity.

Gr~lockPress(Rochester,N.Y.),1953.



NACATN3578 37

,

14.

15.

16.

17.

18.

19.

20.

21.

VonK&m&, Theodore:Fest@keitsproblemeimMaschinenbau.Ency-
klop&diederMathematis~henWissenschaftenjvol.IV,no.4, 1910,
pp.311-385.

‘I%noshenko,S.: TheoryofPlatesandShellm.Firstcd.,McGrm-wll
BookCo.,hlC., 1940.

Vlasov-, v. s.: BasicDifferentiall@ationsin GeneralTheoryof
ElasticShells.NACATM 1241,1951.

Herrmann,G.: ApplicationofGreen’sMethodinDerivingApproximate
TheoriesofElastici~.Tech.Rep.13,ContractNO~-266(09),
OfficeofNavalRes.andDept.CivilEng.jcowbiau~v., Feb.
1954.

Stoker,J. J.: NonldnesrVibrationsinMechanicalandElectrical
systems. Vol.IIofPureandAppliedMathematics.Interscience
Pub.,hlC., (NewYork),1950.

Gremmel,R.: NichtllneareSchwingungenmitunendlichvielen
Freiheitsgraden.Actesdu colloqueinternationaldesvibrations
nonW&sires. Pub.sci.ettech.dulfinistbrede l’air.”no.281,
1953,pp. 47-58.

Stoker,J. J.: PeriodicOscillations
InfinitelyM~ DegreesofFreedom.
desvibrationsnonlim%ires.Pub.
l’air,no.281,1953,pp.61-74.

—,––

ofNonlinearSystemsWith
Actesdu colloqueinternational
Sci.ettech.duMinist&ede

Mettler,E.: Zw ProblemderNicht-linearenSchwingungenElastischer
Korper.Actesdu colloqueinternationaldesvibrationsnon
lin&ires.Pub.sci.ettech.duMinist&rede l’air,no.281.,
1953,pp.77-96.

--- . -—--— -——. . — —.—— ~—__



%

F@re inplate.Transversedisplacement
Mspl.acemnt~, smplitudeA.



L

1.4

l.:

I.c

.8

%

.6

.4

.2

—

/

.2 ,4 46 .8 i

—

1.4 1.6 I
WL

(a) Classical theory,@ ~lexuralwavesY@ longitudinalWaves;coupledmotioneaccordlmg
totheorypresentsdherein(B/L= 0.1),@ lower bmmh, @ upperbranch.

Figura2.-Plot showing dependenceofwavevelocityonwavelengthandinfluenceoflargerotations. 8

I

I



1.2

1.0

,8

C/cp

,6

4 /

.2

0 .2 .4 .6 .8 Lo 1.2 1.4 1.6 1.8
‘IL

(b7’Claosic@ltheorywithrotatoryinertiacorrectionadded,@ flexuralwaves;classicaltheory, f
@ longittinalwaves;coupledmotions=cordingtot~orypreaente~ H

hereti(B/L. 0.1),@ lowerbreach,@ uppsrbranch.

~@u% 2.-Concluded.
%

.



Lo

24

2,0

1.6

~cp –

L2

1.0“ /

.8“

4 )

o ,2 4 .6 .0 Lo L2 1.4 L6 1.8

‘/L

(a) Claasical theory, @ flexu’al waves, @ longitudinal waves; coupled motions according

to theory presented herein (B/h = 1), ~ lower branch, @ upper branch.

Figure 3.-Plot showing dependence of wave velocity on wave length and influence of large
deflections.

El



2.4*

20

1.6‘

C/c
P

1.2

Lo “

/

.8—
.

.4 /

o .2 .4 - -

(b) (laasicd. theory with

@ longitudinal

+
I

.6 .8 1.0 1.2 1.4 1.6
hj~

rotatoryimrtiaadded,@ Klexuralwaves;clafisical
wavea; coupled motions according to theory presented

herein (B/h - 1), @ lower branch, @ uppm branch:

Figure 3.-Concluded.

1.8

theory,

i5

.



. . ,

.3

C/cp

,2

.1

B/L=J
\

‘/L=.05
\_

9Ls.02

/

/

/

o .1 .2 ,3 .4 .5 .6 .7 ,8 .9 1.0
‘/L

Figure k.- Plot showing dependence of wave velocity on wave length and influence of large rotatione
for various veW.eE of B/L.

E!



.,

.3

.2

C/cp

.1

0

—

/

—

.05

‘/L

Ekure 5.-Plot showing dependence of wave veloci~ on wave length and
large deflections for variouE values of B/h.

influence

cl

of

.



lw

I .0

.8

.6

B/h

4

.2

0
II II

.8 C/cp LO.2 ,4 .6 1.2 1.4 1.6 1.8

Figure 6.-Response cwrves showing de~tince of a&litude on wave velocity and
influence of wave lengbh.


