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SUM4ARY

Theunsteady-liftfunctionsfora wingundergoinga suddenchange
in sinkingspeedhavebeenpresentedfordeltawingshavingaspectratios
ofO, 2,and4 andforrectangularandellipticalwingshavingaspect
ratiosof0, 3,and6. FortheelUpticalandrectangularwingsthe
spanwiseliftdistributionswerealsopresented.Thesefunctionswere
calculatedfromtheliftcoefficientsassociatedwitha wingoscillating
hsrmonicaHyinpuretranslationalmotion,as obtainedfrcmseversl
sources.

Theresultsofthesecalculationsindicatethatthenormalized
unsteady-liftfunctionsaresubstantiallyindependentoftheshapeof
theplanformforelliptical,rectangular,ormoderatelytaperedwings;
however,fordeltawingstheincreaseof11.ft towardthesteady-state
valueismuchmorerapidthanthatfortheaforementionedwingsofthe
sameaspectratio.Theseresultsalsocorroboratetheresultsof other
investigationsinthattherateofgrowthoflifttendsto increasewith
a decreaseinaspectratio.Theshapeofthespanwisedistributionsof
theindicialliftseemstobe,for&U.practicalpurposes,independentof
timeforrectangularandellipticalwings.

INTRODUCTION

Theindicialliftfunctionsdueto a suddenchangein sinkingspeed
andduetothepenetrationofa shsrp-edgenormalgust(hereinafterdes-
ignatedas kl(s) and k2(s),respectively)arefundamental.inthecal-
culationofairplanetransientmotionsmd gustloads.Thesefunctions
havebeen determined,however,foronlya fewwingconfigurationsin
incompressibleflowad foronlywingsofinfiniteaspectratioin COM.
pressiblesubsonicflow. Initialderivationsofthefunctionskl(s)
and k2(s)weremadefortwo-&bnensionaLincompressibleflowby Wagner
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(ref.1)sndK~ssner(ref.2),respectively;inreference3 VonK&m&n “
andSearspointedoutandcorrectedanerrorinreference2. Indicisl.
liftfunctionsforincompressibleflowhavebeencalculatedbyRobertT. w
Jones(ref.4)forell.ipticslwingshavingaspectratiosof3 snd6 and
byW. PrichardJones(ref.~)forrectangularwingswithaspectratios
of4 snd6 andslsofora moderatelytaperedwinghavinganaspectratio
of 5.84.Forsubsoniccompressibleflow,theindicislliftfunctions
havebeendeterminedforinfinite-aspect-ratiowingsin,references6,7,
snd8. No informationappearstobe available,however,onthesefunc-
tionsforwingsoffiniteaspectratioin subsoniccompressibleflow,
sl.thoughcwrentworkonoscillatoryliftcoefficientsmsyintimelead
to furtherinformationontheindicislliftfunctionsforthiscondition.

Theresinpurposeofthepresentreportistoextendtheknowledge
oftheincompressible-flawindicislfunctionkl(s) to a plsnfomnof
currentinterest- namely,thedeltawing- andtomakea cmparisonof
thekl functionsforelliptical,rectangular,tapered,enddeltawings
in orderto assesstheeffectsofplan-formshapesandaspectratios.
An additionalpurposeistopresentsaneinformationonthevariation
ofthespanwisedistributionoftheindicielliftfunctionkl(s) since 8-:
no publishedinformationonthisdistributionhasbeenfound.

,_
Such

informationisofinterestinthedeterminationoftransientstressesin
wingstructures. .-

Themethodusedto obtainthekl functionwassimilartothatused
to obtsinthefunctionsforawing intwo-dimensionalsubsonicccxnpress-
ibleflow,asreportedinreferences6 ad 7. Theindicialfunctions
wereobtslnedfrantheirassociatedoscillatoryliftcoefficients(com-
monlyusedinflutterandfrequency-responsecalculations)bymeansof
Garrick’sreciprocalrelations(reY.9). Theoscillatorycoefficients
weredeterminedbymesnsofthemethodspresentedby LawrenceendGerber
inreference10 endbyReissnerandStevensinreferenceU. (Themethod
ofref.U_ elsosnowscslcul.ationofloceloscillatoryliftcoefficients,
leadingto spanwisedistributionoftheindicialliftfunctions.)

TIEindicislliftfunctionskl(s)werederivedfordeltawi%s
withaspectratiosof 2 and4, andthespanwisevsziationofklfunctions
wasdeterminedforellipticalandrectangulsxwingswithaspectratios
of3 and6. A3.SOcalculatedweretheunstesdy-liftfunctionskl(s)
and k2(s) forelliptical,rectangular,snddeltawingsofvanishingly
smellaspectratioby a methodbasedonsnextensionofthelow-aspect-
ratiotheoryofRobertT. Jones(ref.12). Theunsteady-liftfunctions
previouslyobtainedinreferences1 to 5 srepresentedhereinto show
theeffectsofwingplsn-formshapeandaspectratio.Thelimitations
ofthemethodsusedincslculati.ngtheoscillatorycoefficientsprecluded
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thec~ctitionOrthesp-se variationofthefunctionkl(s) for
thedeltawingand,inasmuchastheproperoscillatoryliftcoefficients
(foran oscillatingairstrea)werenotavailable,thefunction%(s)
wasnotobtainedeither.
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SYMBOLS

aspectratio

Semispanofwing

spanwisecoordinateoftheleadingedge
rootchordofwing

steady-stateliftcoefficient

sectionchord

meangeometricchord

sectionliftcoefficient

rootchordofwing

realpertofthetotalliftcoefficient
wingoscillatinghsxmonica21yinpure
inincompressibleflow

realpartofthelocalUft coefficient
wingoscillatingharmonicallyinpure
incompressibleflow

verticalvelocityofwing

ofwing,measuredfrom

fora three-M3nensional
translational.motion

fora three-dimensional
translationalmotionin

k=
/UXr2V

k,(S) indicial lift functionsfora wingexperiencinga suddenchange
in sinkingspeed,normalizedtounityby its-ste@y.state–
value

k2(s) indicialliftfunctionfora wingpenetratinga sharp-edge—
gust,normalizedto

2(x) liftperunitlength

unity by itssteady-statevalue

. 1 V2~=–2P
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s wingarea

s nondimensionaldistancetraveled,rootsemichords

t time

v forwardvelocity

w~ smplitudeofverticalvelocity

NACATN3639

.

x coordinatealongrootchordofwing,measuredrearwardfrcm
theleadingedge

Y spsnwisecoordinateofwing

P airdensity

u circularfrequency

METHOD

●

Themethodusedto obtaintheklfunctionwassimilartothatused
to obtainthefunctionsfora wingintwo+mensionalcompressibleflow,
asreportedinreferences6 and7. Thismethod,whichavoidssomeof
thedifficultiesassociatedwiththedirectcalculationoftheklfuc-
tion,makesuseofGarrick*sreciprocalrelation(ref.9)betweenthe
kl functionandtheoscillatoryliftcoefficientsforawing oscillating
inpuretranslationalmotion.

A surveyofsaneoftheavailablemethodsforcalculatingoscillatory
liftcoefficientsindicatedthat,asa resultof limits inrangesof
aspectratioandwinggeometryhnpliedbyvarioussimplifyingassumptions,
no onemethodshouldbe appliedto allthewingsconsideredherein.Con-
sequently,twomethodswhichappearedtoprovidea maximumofinformation
fora reasonableeffortwereselected.Thesetwomethods,nsmely,that
ofLawrenceandGerber(ref.10)andthatofReissnerandStevens
(ref.U), donotdirectlyapply,however,to allwingsconsideredherein
and,therefore,theconsequencesofextendingthemethodsbeyondtheir
originallimitswereinvestigated.Theresultsofthisstudytogether
witha discussionofthecharacteristicfeaturesandlimitationsofeach
methodarepresentedinthesectionsthatfollow.

MethodofReissnerandStevens

ThemethodofReissnerandStevens(ref.U) forthecalculationof
oscillatoryliftcoefficientsischaracterizedby simplificationswhich
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involvea basicallytwo-dimensionalanalysisof stripstakenalongthe
spanofthewing. ThesimplificationsutilizedbyReissnerandStevens
reducethesurfaceintegralequationto a single-variableintegraleqm-
tionintermsofthespanwisevariable.Theresultingeqpationisthen
solvedby satisfyingtheboundgryconditionsalongthespanofthewing;
thesolutiongivesvaluesof Fz(k),therealpartofthelocalccmplex
oscillatoryliftcoefficient.ThesimplificationsusedintheReissner
andStevensmethodimplythatthemethodisbestsuitedforwingsofhigh
as~ctratio;infact,thelimitingtwo-dimensionalcaseiscontained
directly.

TheaccuracyoftheresultsobtainedthroughtheuseoftheReissner
andStevensmethodforwingshavingaspectratiosaslowas 3 wasinves-
tigatedforelliptical.,rectgar, anddeltap= fo~, Est~tes of
theaccuracyforellipticalandrectangularwingswithaspectratios of3
wereobtainedby emnparingkl functionsbasedontheReissnerandStevens
methodwitha klfunctionobtainedbyRobertT. Jonesinreference4 for
theellipticalwingandwitha kl functionbasedonthemethodofLawrence
andGerber(ref.10)fortherectangularwing. The”resultsfortheellip-
ticalandrectangularwingsarepresentedinfigures1 and2,respectively.
In”bothfigurestheagreementbetweenthecurvesisconside~dsatisfactory
forvaluesof s greaterthan2. For s lessthan2 theresultsobtained
by useofthemethodofReissnerandStevensandby thatofLawrenceand
Gerberareshowndashedto indicatea regionwhere-thefunctionswere
believedtobe unreliableforreasonstobe discussedina sectiontofol-
low. Theaccuracyoftheresultsobtainedby theReissnerandStevens
methodfora deltawinghavinganaspectratioofk wasestimatedby com-
paringthe~z(k)functionobtainedtherebywiththatobtainedfromthe
LawrenceandGerber”method.Appreciabledifferencesinbothshapeand
magnitudewereobservedand,inasmuchasthelattermethodwasconsidered
tobe themoreaccurate,theReissnerandStevensmethodwaEnotusedto
determineeitherthelocalorthecompletekl(s)functionforthedelta
wing.

MethodofLawrenceandGerber

ThemethodofLsmenceandGerber(ref.10)forthecalculationof
oscillatoryliftcoefficientsischaracterizedby thereductionofthe
surfaceintegralequationto a single-variableintegralequationinterms
ofa chordwisevariablebythechoiceofa spanwiseweightingfunction.
Theliftingequationisthensolvedby satisfyingtheboundsryconditions
atvsriousstationssl.ongthechord.Themethodcarriestherestrictions
thattheplanformhavea straighttrailingedgenormaltothestresm.
ThesimplifyingassumptionsinthemethodofLawrenceandGerberimply
thatthemethodisbestsuitedforwingsoflowaspectratio.
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TheaccuracyofresultsobtainedthroughuseoftheLawrenceand
Gerbermethodforwingshavingaspectratiosashighas4 wasestimated
by comparingtheklfunctionfora rectangularwingwithanaspectratio a

of6 basedoncoefficientscalculatedbytheImrenceandGerbermethod
withthekl functionobtainedbyW. PrichardJones(ref.5)fortheSame _
wing. As isindicatedinfigw?e3,inwhichthetwokl functionsare

—

presented,thereisonlya differenceofapproximately3 percentbetween
thetwofunctionsforvaluesof s greaterthan2. As infigure2,the
functionbasedoncoefficientsobtainedby theLawrenceandGerbermethod
is showndashedina regionwherethefunctionwasbelievedtobe
unreliable.

—

Applicationof,Wthods

IrLviewoftheresultspresentedinfigures1 to 3,theklfunction
forthedeltawingwascalculatedfromoscillatoryliftcoefficients
obtainedby useofthemethodofLawrenceandGerber;consequently,the
spanwisevariationoflocalklfunctionswasnotdeterminedforthedelta &
wing● Loca3klfunctionsatvariousspanwisestationswereobtainedby
useoftheReissnerandStevensmethod,however,forrectangularand
ellipticalwings. ●.

.
Lackofinformationprecludedthecalculationoftheindiciallift

functionk2(s) forgustpenetrationofwingsoffiniteaspectratio.
Althoughitis showninreference9 thatthefunctionk2(s) canbe
obtaineddirectlyfromtheklfunctionforwingsintwo-dimensionalflow,
therelationusedis onederivedfrcmclosed-formexpressionsforthe
liftresponseto sinusoidalsinkingoscillationsandto sinusoidalgusts;
thisrelationisnotvalidforwingsoffiniteaspectratio.Thedeter-
minationof’thek2functionreqtiresa knowledgeoftheliftdueto sinu-

--

soidslgustsorduetoharmonicallyoscilktingflapsforallvaluesof
flap-chordratio;thisinformationisnotavailableforwingsoffinite
span. Thek2 andkl functionsforsevers.1-w~sofv~s~ng~ =
aspectratioweredetermined,however,to aidintheillustrationof
trendsofthesefunctionswithaspectratio.A derivationofexpressions
forthesefunctionsforvanishinglysmallas>ctratioisgiveninthe
appendix,andtheindicial.liftfunctionsforrectangular-,elliptical-,
anddelta-wingplanforesarepresentedintableI.

MethodofCalculation

Theindicialliftfunctionfora wingundergoing
sinkingspeedcanbe calculatedfromthereal part of

.

a suddenchamgein
theccmplexlift .
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coefficientsfora wingoscillatinginpure
● ofthereciprocalrelation(ref.9)

translational

7

motionby means

(1)

Theindicielliftfunctionskl(s) fordeltaandrectangularwingswere
calculatedfromequation(1)by usingthe~(k)coefficientspresentedin
reference10togetherwithadditionalcoefficientswhichwerecalculated
inincrementsof k = 0.2 by themethodofreference10forreducedfre-
quenciesk ~ 2. Thevslidityofthemethodofreference10forvery
highreducedfrecpencieshasbeeninvestigatedandthemethodhasbeen
founqtobe inapplicabledirectlyforhighfrequencies.Conse~@ly,
theF(k)coefficientswerefairedfor 2< k< M to a valueof F(co)= 1.
Thisvaluehasbeenchosenbecausethemethodofreference10 isprimarily
a low-aspect-ratiotheo~,andforvanishinglysmellaspectratiosthe
startinglift kl(0)jwhichhasbeenshowninreference7 tobe equal
to ~(m),ispresentedintheappendixandisequalto 1.0. Thefairing
of ~(k) wasintheformof a partofa hyperbola,-asusedina similar
problemreported-inreference6. Reference6 providesa meansofesti-
matingtheerrorduetofairingas itaffectsthekl function,andfor
thepresentcalculationsit isindicatedthattheerroris significant
only forwingtravels (semiChords) lessthan2;hence,inthisregion
thecurvespresentedaxeshownby dashedlines.Eqyation(1)wasevsJ.u-
atedby numerical_integrationfor k S 2 andby analyticalintegration
for k > 2. Theklfunctionsforrectangularwingswithaspectratios
of 3 and6 (theformerbeingpresentedinfig.2)sreinagreementwith
~hosederivedfromreferenceU.,sndit is concludedthereforethatthe
F(k)coefficientsas calculatedfrcmreference10 sxeaccurateforvalues
of k atleastaslargeas 2.0.

Theprocedurefollowedinthecalculationofthe“local”kl functions
forellipticalandrectangularwingswasthessmeasthatfor kl(s) for
thedeltawingexceptthattQeoscillatorycoefficientsusedineqw
tion(1)werelocalvaluesFz(k) as calculatedby themethodofrefer-
enceU, andthe!?’2(k)curveswerefairedto thetwo-dimensionalvalues
of ~t(m)= Z/CL,whichwasconsistentwiththemethodofreferenceU.

~ klfunctionsforthecompleteellipticalandrectangularwings
wereobtainedby spanwlsegraphicalintegrationofthelocalkl functions
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at sixequsd.lyspacedstationsalongthewingsemispsm.Sixstations
wereusedratherthanthefourusedinreferenceH.becausethelift “
distributionsobtainedfromfourstationswerebelievedtobe i.nsuf- 4
ficientlydefinedforthepurposeofthisreport.Oneofthesixsta-
tionschosenwasatthewingtip,wheretheliftwasassumedtobe zero.

RESULTSANDDISCUSSION

Delta-Plan-FormklFunction

Theindicialliftfunctionsfora suddenchangein sinkingspaed
kl(s) weredeterminedfordeltawingsofaspectratios0, 2,snd4 and
srepresentedinfigurek. Itmightbe notedthat,forthedeltawing
as inthecasesofwingsofotherplainfonns,a decreaseinaspectratio
resuitsina morerapidgrowthoflifttothesteady-statevalue.

IndicislSpanwiseLoadingDistributions P

Thelocalindicislliftfunctionsfora suddenchangeinsinking
speedwerecalculatedforsixstationsslongthewingsemispanonboth .
ellipticalandrectangularwingsofaspectratios3 and6. Thesedata
forrectangularwingsareprese~tedinfigure5 intheformofspauwise
localliftcoefficientsperunitwingliftcoefficientforseveralvalues
ofwingdistancetravekd.As indicatedby figure5,thespanwisedis-
tributionsaresubstantiallyindependentoftime,withthepossibleexcep-
tionoftheverytiginningofmotion.No indicationoftheinitialspan-
wisedistributioncambe given,however,sincethetheoryisnotv&lid
inthisregion.Thedataforthee~pticalwingsexhibitedcharacter-
isticssimilartothosefortherectangularwingsinthattk spanwise
distributionswere,forallpractical purposes, equsltothesteady-state
liftdistribution,whichinthiscaseiselliptical.

EffectofPlsxL-FormShapeonthekl Function

Theeffectsofplan-formshapeontheklfunctionsforelliptical,
rectangular,moderatelytapered,anddeltawingsareshowninfigure6.
TIEkl functionsforthefirstthreewingsofaspectratio6 (aspect
ratioof 5.84fortaperedwing)aregroupedtogetherinfigure6(a)
whereinitisindicatedthattheklfunctionssmealmostidentical.The
resultsforellipticalandrectangularwingsofaspectratio3, although -
notplotted,showsimilarcharacteristics.

.
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T’bekl functionsforrectangularanddelta
areplottedinfigure6(b).Inasmuchasithas

9

wingsof aspectratio4
been establishedthat

thefunctionkl(s) fora rectangularwingissubstantiallythesame
asthoseforelUpticsJ_andmoderatelytaperedwingsofthessmeaspect
ratio,itmsybe concludedfromfigure6(b)thatthedeltawingexhibits
a morerapidgrowthoflifttothesteady-statevaluethandotheother
threeplanformsconsidered.

Thefunctionskl(s) presentedinfigure6 wereobtainedfromthe
followingsources:Theindicialfunctionsfortheellipticalwingwere
reproducedfromreference4,whereasthosefortherectmgularandtapered
wingswerereproducedfromreference5. Thedelta-wingindicialfunction
wasreproducedfromfigure4.

EPfectofAspectRatioontheklFunction

Theeffectofasgectratioontheklfunctionfordeltawingshas
alreadybeenindicatedinfigure4 andforelliptical,rectangular,and
mderatelytaperedwingsthiseffectis indicatedinfigure7, inwhich
klfunctionsareplottedforrectangularwingshavingaspectratiosofO,
3,4, 6,& W. Thecurvesinfigure7were obttinedfromthefollowing
sources:Thefunctionforzeroaspectratiowasdeterminedby themethod
presentedintheappendixofthepresentreport.Thefunctionsforaspect
ratiosof 3 and6 werecalculatedbymeansofthetithedofreference10.
Thefunctionsforaspectratiosof4 smd m wereobtainedfrcmnrefer-
ences5 and1,respectively.As shownpreviously,theresultsforthe
rectmgularwingsarerepresentativeofthoseforellipticalandmoder-
atelytaperedwings.Thegenersleffectofdecreaseinaspectratio .
fortheplanformsconsideredisa morerapidgrowthoflifttowardthe
steady-statevalue,as indicatedby figures4 and7.

Inasmuchastheindicialfunctionspresentedhereinarenormalized
to unityatthesteady-statecondition(s= W or k = O),theapplica-
tionofthesefunctionsrequiresa knowledgeofthesteady-statelift-
curveslope.Althoughthenormalizedindicialliftfunctionskl(s)
havebeenshowntobe substantiallyindependentofmethodof calculation
(atleastforelliptical,rectangular,aadmoderatelytaperedwings),
the associatedsteady-statelift-curveslows canbe showntovaryappre-
ciablywithmethodof calculation.l?ecausea choiceofa rangeofvalues
ofIift-curveslopefora givennormalizedfunctionmustbemade,the
choicemightaswellbe froma sourceoneconsidersmostreliable.
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EffectofAspectRatioonthek2Function

Theeffectofaspectratioandshapeofplanformonthek2function
is indicatedinfigure8. Infigure8(a)isplottedthek2functionfor
rectangularwingsofaspectratiosO,&,-and6,andinfigure8(b)is
plottedthek2functionforellipticsJ.wingsofaspectratios0,3,snd6.
Thezero-aspect-ratiofunctionsforbothwings~pesarethosecalculated
bymeansofthemethodgivenintheappendix.Theremaining~ functions
fortherectangulxmsmdellipticalwingswerereproducedfromreferences5
and4,respectively.TheeffectofaspectratioisgeneraUythessmeas
itwasfortheklfunctions.Althoughnotshownhere,itmightbe inter-
estingto notethatthek2 functionsfortheellipticalandrectangular
wingsofaspectratio6 aresJ.mostthesane,a~ isthecaseforthe
kl functions.However,foraspectratiosof 3 orlessthe~ functions
differsignificantly,sothatforlowas~ctratiostheeffectofplan-
formsham appearstobemoresignificantforthek2functionthanit is
forthekl function.

CONCLUSIONS

Theindicial:iftfunctionsfora wing
speedinan incompressiblemedim havebeen

undergoinga changein sinking
calculatedfromtheoscillatory

l-titcoefflcients~fora wingoscillatingharmonicallyinpuretranslational
motion.Thesefunctionsarepresentedfordeltawingshavingaspectratios
ofO, 2.and4.amdthelocalaswellasthetotalfunctionsarepresented
for&lfiptical’andrectemgular

Thepresentinvestigation
casesconsideredherein:

1.Thegrowthofliftfor
forellipticalmd rectangular

wingshavingaspectratiosof0,3;and6.

indicatesthefollowingresultsforthe

deltawingsismuchmorerapidthanthat
wingsofthes- aspectratio.

2.Forellipticalorrectangularwings,thespanwisedistributions
oftheliftme substantiallyindependentoftime.

3.Thenormalizedunsteady-liftfunctionswe relativelyindependent
ofplsn-formshapeforellipticeljrectsngulsm,ormoderatelytapered
wings.

.

.

.

-.
—

.—

#-

.

.



NACATN 3639 U.

4.Thegrowthoflift,forsllwingsinvestigated,ismorerapid
astheaspectratioisdecreased.

LangleyAeronauticalLaboratory,
NationalAdvisoryCcmmitteeforAeronautics,

~eY Field,Vs.,JanuaryU, 1936.

.
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APPENDIX

INDICIALLIFTOFWINGSOFZEROASPECTRATIO

Theliftper unit length &Longa slenderbodyora wingofvery
lowaspectratioundergoingpuretranslational.motionisshowninrefer-— —
ence13tobe

(2(x)= $+V

b(x) i6designatedas R(s)where 2

Forpuresinkingmotio~

h(t)=

.

.

a)[ 1b2— fip$X)L
ax

inreference13.

Wo.z(t)

(Al)

wherel(t) istheunitjumpfunction.Thetotalliftcoefficientcan
thenbewrittenas

W. J’CrqSC~~ kl(s)= l(x)dx
o

(A3)

.

where Cr isrootchord,x* = 2X/Cr,S = 2Vt/Cr,S.lld5(s) isthe
unitimpulsefunction.

Fora wingpenetratinga shsrp-edgegust

it(t)= ()I@-; (Ah)
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so that

13

k2(s)= 1

J

where ~ isdefinedby b(~) = b.

Theseexpressions(eqs.(A3)and(A5))maybe evaluatedforany
specificplanform.Forinstance,theresultsforrectangular,ellip-
tical,ad deltawingsaregivenintable1.
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TABLEI

IJ!IDICJALLIFIFUNCTIONSFORRECTANGULAR,ELLIPTICAL,AND

DELTAWINGSOFVANISKZNGLYSMALLASPECTRATIO

PurlfOrm [1b(s)2 =
b 1b(x*) 2

b

Rectangular 1

Elliptical l.(s .-1)2

Delta IS2 4

kl(s) k2(s)

l(s) + 25(s)
I

1(s)

2(s) + $ 5(s) S(2 - s) 0sss1
d(s) s >1

1(s)+ ; 5(s) Is240~s~2J(s) s >2

●

✎

.
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