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SUMMARY

A summary of exact solutions of the lamlnar-boundary-layer equations
for wedge-type flow, useful in estimating heat transfer to such arbitrar-
1ly shaped bodies as turbine blades, is presented. The solutions are de-
termined for small Mach numbers and a Prandtl number at the wall of 0.7;
ranges of mainstream pressure gradients and rates of coolant flow through
a porous wall are considered for the following cases: (1) small tempera-
ture changes in the boundary layer along a constant- and along & variable-
temperature wall, and (2) large temperature changes in the boundary layer
along a constant-temperature wall.

Dimensionless forms of heat-transfer and friction parameters and
boundaery-layer thicknesses are tabulated. The results indlicate that cool-
ant emission and increased stream-to-wall temperature ratios diminished
the friction and heat transfer for a constant wall temperature. For a
varisble wall temperature with small temperature differences in the bound-
ary layer, the friction was unaffected, but the heat transfer was greatly
increased for increased wall-tempereture gradient. Heat-transfer results
in the literature reveal that transpiration cooling is much more effective
for Prandtl numbers of the order of 5.0 than for 0.7.

INTRODUCTION

The cooling of structural psrts in propulsion systems such as gas-
turbine blades, combustion-chember walls, and rocket nozzles has become

] increagingly important with the growing demand for higher-powered and more

efficient systems. Such cooling may be accomplished by either convection
or transpiration methods. Convectlon cooling 1s obtained by passing cool-
ing air along the coolant side of the wall; transpiration cooling is ac-
complished by forcing the coolant through a permesble wall. Methods pre-
viously used to predict heat transfer had to be extended to include
transpiration cooling for the different types of appllication. The NACA
TIewlis laboratory has initiated a program to extend such methods in the
laminar-flow region.
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2 NACA TN 3588

Exact solutions of laminar-boundary-layer equations for wedge-type
flow have been found useful in predicting laminar heat transfer to bodies
with impermeable walls (ref. 1). (Wedge-type flow is flow for which the
mainstream velocity is proportional to a power of the distance from the
stagnation point.) However, only a few solutions for heat transfer ex-
isted for transpiration-cooled wedges (ref. 2); these were determined for
conditions of constant wall temperature, constant fluid properties, and
a Prandtl number of unity. In order to apply this method to the cooling
of such structural parts of propulsion systems as turbine blades, wedge
solutions were required for conditions applying to such components. These
conditions include the simultaneous effects of flow through a porous wall,
large pressure gradients in the masinstream, small Mach numbers, smaell tem-
perature differences through the laminar boundary layer (constant property
values or a stream-to-well temperature ratio near unity), and large tem-
perature differences through the lsminar boundary layer (variable proper-
ty values or stream-to-wall temperature ratios appreciebly different from

unity).

Exact solutions of the laminsr-boundasry-layer equations for a range
of flows through a porous wall, for a range of pressure gradients, and
for several stream-to-wall absolute temperature retios are presented in
references 3 to 5 for a Prandtl number at the well of 0.7. In these solu-
tions the wall temperature was assumed constant, and the range of stream-
to-wall temperature ratios was chosen to include the cases both of con-
stant property values and of property values that varied with powers of
the absolute temperature. Wedge solutions are presented in reference 6
for comnstant property values and a variable wall temperature. Again the
Prandtl number was chosen as 0.7. Solutions for isothermal impermeable
flat plates are contained 1n reference 7 for various Prandtl numbers;
the results are extended to wedge-type flow in reference 8. Solutions
for impermesble wedges that 1llustrate the effect of Prandtl number, pres-
sure gradient, and surface temperature variatlion are presented and sum-
marized in reference 9. Reference 10 presents analytical heat-transfer
results for an 1sothermel permesble flat plate with fluids of different
Prandtl numbers.

Wedge solutions can be utillized to obtaln approximate information
on heat transfer to bodles of erbitrary shape. A first approximation can
be obtained by stipulating that the heat-transfer coefficient at any loca-
tion on a body of arbitrary cross section 1s ldentical with the heat-
transfer coefficient on a wedge for which, at the same distance from the
stagnation point, the stream velocity and the stream-velocity gradient
are the same as those on the arbitrarily shaped body. (Such use of wedge
solutions is made for an impermeable cylinder in ref. 1. The method is
described for permeable bodies in appendix C of ref. 11.) This approxl-
mation satisfies local stream conditions only, and does not properly ac-
count for the development of the boundary layer shead of the point under
conslderation. Taking into account the development of the boundary layer
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upstream of a point under consideration leads to a second and better &p-
proximation for heat transfer to a body of arbitrary cross section. In
this method it 1s assumed that the rate of increase of the boundary-layer
thickness is the same at & location on the arbitrarily shaped body as at
the position on a wedge that has the same boundary-leyer thickness, stream
velocity, end stream-velocity gredient. This method is proposed for im-
permegble bodies in reference 8, 18 extended to tramsplration cooling with
small temperature differences in reference 12, and to transplration cool-
ing with large temperature differences in reference 11. Reference 11 al-
80 contalnse a complete summary of.other types of lawinar-boundary-layer
solutions. The calculetion of a transplration-cooled turbine blade using
the method of reference 11 is presented in reference 13. A review of some
of the avallable laminar-boundary-layer solutions is glven in teble I in
chronological order.

The two methods that employ wedge solutions for predicting heat trans-
fer to bodies of arbitrary cross section are compared with aveileble ex-
perimental data in reference 11. For an impermeable clrcular cylinder,
heat-transfer coefficients determined directly from wedge solutions agreed
within 15 percent with the results of experiments. Use of the secand ap-
proximation lmproved the agreement to 8 percent. Direct use of wedge
solutions Tor predicting heet transfer to a symmetrical alrfoll with an
8-foot chord resulted in agreement within the experimental scatter of the
data (ref. 14).

Prom the foregoing discussion, it is apparent that lemingr-boundary-
layer solutione for wedge-type flow are useful in calculating heat trans-
fer to bodles of arbitrary shape, such as cylinders, airfoils, turbine
blades, and so forth. It is also apparent that the literature contains
many lnvestigations on wedge-type flow, including results for fluids with
different Prandtl numbers flowing through porous flat plates. It is the
purpose of this report to collect and summarize these wedge-type flow
analyses for use in predicting heat transfer to bodlies of arbitrary shape,
and to compare heat-transfer results for flulds with different Prandtl
numbers flowing through porous flat plates.

SYMBOLS

The following symbols are used in this report:

B,C constants of proportionality
Cf,w " local skin-frictlon coefflclent based on properties at wall
T
temperature,
pWUm

ot
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local skin-friction coefficient based on properties at stream
T.
W
temperature, —%
p U

0 oo

————

2

epecific heat at constant pressure

-X

Euler number, .ax; U, = me for wedge-type flow
p U

(=2l -]

. dimensionless stream function, pW/A/TU puiyX

first, second, and third derivatives of f with respect to
M

‘loca.l heat-transfer coefficient

thermal conductivity

local Nusselt number, Hx/k
wall-temperature-gradient parameter, -T-W—E{_—T— gw_;
T, - T, =Bx" i

CpH
Prandtl number, ——

static pressure

Ux
local Reynolds number, ‘{,‘ci"

W
temperature

fluld velocity at edge of boundary layer

fluid velocity in boundary layer parallel to wall

fluld velocity ln boundary layer normal to wall
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distance along surface
distance normal to surface

exponent of temperature for specific heat, Cp = i

boundary-layer thickness

® u
displacement-layer thickness, (l - EP—U_ dy
o«
0

T-T
convection-layer thickness, oL <Tw ;i ) dy
0]

momentum-layer thickness, -9%—- 1 -~ f}-l— dy
0 pco 0 @,
T-T,
thermal -layer thickness, -1—;-:-@-’ dy
O .

exponent of temperature for thermal conductivity, k o i

/ U
dimensionless boundary-layer coordinate, y -E—gf

T- T,

temperature-difference ratlo, 'T_—:——T;
[=2]

first and second derivatives of 6 wilth respect to ¢
absolute viscoslity of fluid

kinemetic viscosity, p/p

density of fluid

shear stress

stream function
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w exponent of temperature for viscosity, p o e
Subscripts:
W wall
« mainstream, outside boundary layer
ANAT.YSTS

Solutions of the laminar-boundaxry-layer equations for small tempera-

ture changes in the boundary layer along constant- and verlsble-

temperature walls and for large temperature changes in the boundary layer
along a constant-temperature wall are discussed. Detalls of the analyses

and calculstion methods are not contained herein, but are available in
references 3 to 6.

Boundary-Layer Equatlons

The equetions of the laminar boundary layer for steady-state flow
of a viscous fluld with heat transfer are as follows:

Momentum:
pu%+w%=%(u%§-)-% (1)
Continuity:
& (o) + 2 (pr) = 0 (2)

Energy: If the temperature differences between the wall and the
mainstream are assumed large compared with tempersture changes caused by
compression and frictional heating, the energy equation may be written

pcP<u%+v%)=%(k%‘ (3)

Equetions (1) to (3) include transpiration cooling for the case when

the same medium as that in the outside flow is used as coolant and the
following boundary conditions are defined:
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u=0,v=v, and T=T, for y=0
and (4)
u-»U @and T->T for y-+ o
o] «©

The property values 4, kK, cp, and p appearing in the equations are as-
sumed to be either constant or functions of temperature only.

Change of Variables

A transformation of the partisl differential equations is accom-
plished by changing the independent varisbles x and y into new in-
dependent varisbles x and 17 where

P

n=y A (5)

In addition, the dependent variables u, v, and T are replaced by the
new dependent variebles f and 6 (refs. 15 and 7), where

[ 4

Y e
(6)

The continulty equation is satisfied by the stream function V¥, and hence

ol ¥)
pu = —5-—

3o ¥) 2
V=

Application of these changes in variables to equations (1) to (3)
results in a set of equations that, in principle, can be solved for two-
dimensional flow about any arbitrary shape. For engineering purposes,
however, obtalning such solutions is not feasible. As a consequence, ex-
act solutions for wedge-type flow will be presented herein that can be
used by the two methods explained in the INTRODUCTION to approximate heat
transfer to bodies of arbltrary cross section.

~ e e —_—— e e e e S = e e e ¢ e e e & e
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Ordinary Differential Equations for Small
Stream-to-Well. Temperature Differences
(Constant and Varisble Well Temperatures)

As already stated, for constant property values including density
(small temperature differences), both constant and variable wall tempera-
tures are considered herein. For varliable wall temperature, it is as-
sumed that the difference between the wall and stream temperatures is
proportional to & power of the distance from the leading edge; that is,

T, - T, = Bx" : (8)

where n and T, are constants (refs. 16 to 18). Differentiation of’

equation (8) yields the following expression for the wall-temperature-
gradient parameter:

x 9Ty
Ll e ol (9)

For wedge-type flow the stream veloclty veries as a power function
of the dlstance from the stagnstion point measured along the surface:
m
U, =Cx (10)

It is customary to refer to the exponent m in this equation as Fuler
number. The Fuler number can be expressed by the Bernoulli equation

_9p
‘5]_{' XdIIoo
Eu:-p———:—.[z'a-—xf- (]_l)

Agsuming that £ and & are functions of 17 only and using equa-
tions (5) to (11) transform equations (1) to (3) into the total differen-
tiel equations;

fll!=wgz_&2;’-._¥ffn_Eu (12)
o" = - E2 L prrgr _ pgprei(L - 0) (13)

2 -
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with the boundary conditions
£ = fw’ f'=0,and 06 =0 for =0
and (14)
f'+ 1 and 6 +1 for 1 -+

Equation (13) is identical to equation (12) of reference 6 when the sub-

T - T
stitution Y =1 - 6 is made, where Y = m——g -
w 0

The veloclty at the surface (y = 0) is

/uU
Eu+ 1 ©
Vo=~ 2 px fw (15)

The transformation, therefore, prescribes a certain variation of the cool-
ing veloclity v, along the surface, since the function f, has to be

constant (independent of x). Because the stream velocity is described
by equation (10), the coolaﬁg {glocity Ve is also proportional to some

power of x, namely Vi, <X 2 . Reference 2 shows that such a varia-

tlon of the coolant velocity leads to a constant wall temperature when
heat transfer by conductlon and radiation may be neglected. Only conduc-
tion along the wall, or radiation, or both may lead to the case of a wall-
temperature variation if £ 1s constent.

Ordinary Differential Equations for Large Stream-
to-Well Temperature Differences
(Constant Wall Temperature)

In order to account for changes in the fluld properties, the follow-
ing property variations with absolute temperature are employed.:

po T, koo T, ¢ o 1%, p o< Tt (16)

P

Use of equations (16) and equations (5), (8), (7), (10), and (11) trans-
forms equations (1) and (3) into the total differential equations:
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a-e

Fu + 1 T Too T -1
o" = - ==t = pr (—) e'f-e<——-1 —\ g2 (17)
2 w \T,. T, T,

sl Y (Y e

(o + 2)<—:§- - 1)(%;>-l "9 - o <%°3 - l)z <_TT;)—2 £19'2  (1g)

The boundary conditions are
f=f,f"'=0,and 6 =0 for =0

and (19)

!> T and 6+ 1 for 71 -+ «
o

The velocity at the surface 1s now glven by

v = Eu + 1 l""1-:!’Uc’c:f
w 2 px W

Boundary-Layer Thicknesses, Heat Transfer, and Friction
From equations (5) to (7) it follows that

pu

L P

PyUs
The specific-weight-flow ratio is therefore expressible as

T
pul oy ®
0 L N ._Tw (20)
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end the velocity ratio is expressible as

u ;. T
—_ = Pl = 21
T G (21)
From equations (5) to (7), (20), and (21), and the definitions of
the boundary-layer thicknesses given in the SYMBOLS, dimensionless forms
of the displacement, momentum, convection, and thermal boundary-layer
thicknesses may be expressed as follows:

g¥* Tuo

—_— A,Re = 1 -fr* 2 a: 22

> k/“ < TW) 1 ( )
0

5 LN A |
’x‘/\/Re = ﬂ . g (l - T f)dn (23)
5, S

< ~JBe = T . £1(1L - 0)dn (24)

%’5,\/@: V/O\ (1 - 0)an (25)

Equating the convective heat transfer H(T; - Tw) to the conductive

heat transfer kw(aT/ay)w and using equations (5) and (6) yield the
dimensionless form of the heat-transfer parameter

u
= 0! 26
== % (26)
With the wall shear stress given by
du
o C 'a?)w (27)

and friction coefficients defined as
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or

Cf,co = >

the dimensionless forms of the friction parameter are

Cf W Re "
2 =Ty
or
C Re T
C,eon/Fe _ on Do (28)
2 . W'Tw

Assumptions for Numerical Calculations

The numerical solutions were obtained for a Prandtl number at the
wall of 0.7 (appropriate for air), pressure variations represented by
values of Eu of O, 1/2, and 1, flow rates through the porous wall rep-
resented by values of £, of 0, —1/2 and -1, and wall-temperature varia-

tlons represented by values of n Zfrom the value corresponding to & zero
wall-temperature gradient to unity.

For large temperature differences, the exponents in equation (18) are
required. These exponents, determined by logarithmic plots of the proper-
ties of alr against temperature (600° to 2400° F) using the property val-
ues given in reference 19, are as follows:

Ixponent in viscosity-temperature reletion, w . . . . e e o o o o 0.7

Exponent in thermel-conductivity - temperature relation, € . ... 0.8
Exponent 1n specific-heat - temperature relation, o« . . . . . . . . 0.19

RESULTS AND DISCUSSION

The heat-trensfer and friction parameters and boundary-layer thick-
nesses are presented ln table IT. In addition, values of n +that result
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in 8} =0 (for small temperature differences) and values of Eu that
result in fG = 0 (for constant wall temperature) are also given. Val-

ues of f, 6, and their derivatives may be obtained from references 4 to
6 except for cases where f_ =0, n =0, and Eu< O. For these cases,

only f' and 6 are listed. Representative profiles are shown in fig-
ures 1 to 4 herein. Unless otherwise noted, the source of the distribu-
tion is given in table II.

Boundary-Layer Profiles

Figure 1 presents veloclty distributlons in the boundary layer.
Parts (a), (c), and (e) are for the flat plate alined with the mainstream
(Bu = 0); parts (b), (d), and (f) are for the plate perpendicular to the
stream or stagnation flow (Eu = 1). Figures 1(a) and (b) illustrate the
effects of coolant emisgion or blowing through the porous wall for con-
stant property values. Distributions for additional blowing rates are
obtalned from references 20 and 21.

Because equations (12) and (13) are independent, the distributions
in figures 1(a) and (b) apply for either a constant or variable wall tem-
perature and for all Prandtl numbers. Increasing coolant flow (lfwl in-

creasing) reduces the velocity at a given value of 1n; this amounts to a
reduction in local shear stress. The distribution for fw =-1.2 1n

figure 1(a) ylelds very small values for the velocity gradients (e.g.,
£"(0) = 0.0035575). When f_ = -1.23849, the velocity gradient at the

wall becomes zero, according to reference 20.

The S-shape of the velocity profiles, undesirable with respect to
stabllity, is quite marked in figure l(a) for all nonzero values of £,.

Inspection of figure 1(b) for stagnation flow reveals that even for large
values of blowing there is no inflection point inside the boundary layer.
This stabilizing influence of the pressure gradient is discussed in con-
slderable detall in reference 22.

Figures 1(c) and (4) show the effects of veriable property values
on the velocity distribution when the wall temperature 1s constant. The
different values of 'I'm/TW do not appreciably affect the shape when

Eu = 0; for stagnation flow (Eu = 1), however, there is a marked effect
of Tw/Tw on the distribution, which actually results in velocity over-

ghoot (%L > l) for Tw/Tw-< 1. For the case of a favorable pressure gra-
[+
dient and a heated wall (Eu = 1, T /T, < 1), the density is lowered so




14 NACA TN 3588

that the flow inside the boundary layer is accelerated more than the ex-
ternal flow is accelerated by the pressure forces; overshoot results.
For large temperature differences, the main stability criterion is

g% (D g;)- Figure 1(c) shows there are no inflection points in-
side the boundary layer regardless of temperature ratio.

Figures 1(e) and (f) illustrate the combined effects of a porous wall
and veriable property velues for a constant wall temperature. The veloc-
ity gradients (and, hence, shear stress) are decreased by increasing

T /Ty end ||

Comparison of the curves for BFu = 0 with those for Eu = 1 shows
that in all cases the pressure gradient tends to reduce the boundary-
layer thickness and to increase the shear stress.

Figure 2 contains plots of the temperature-difference ratio
(T - T,)/T, - T.) = 6 egeinst the dimensionless boundary-layer coordi-
nate 1. Figure 2(a) shows these temperature profiles for various coolant-

flow rates through a porous flat plate (Eu = 0) for constant property val-
ues and zero temperature gradient at the wall, that is, for T, Tw s 1

and 9&(0) = 0. The values of n corresponding to the various coolant-

flow rates are indicated in the figure. It can be seen in figure 2(a)
that increasing the flow rate through the porous plate (i.e., increasing
|fwl) flattens the temperature profile appreciaebly and increases the
thickness of the temperature boundary layer. Similar profiles for stag-
nation flow (Bu = 1) are shown in figure 2(b). Here, the effect of an
Increase in lfwl is not nearly as pronounced as for the flat plate (fig.

2(2)). A comparison of figures 2(a) and (b) reveals the effects of Euler
number on the temperature profiles for the case under consideration. In-
creasing the Euler number increases the temperature gradient in the bound-
ary layer for each value of fw’ resulting in decreased thickness of the

temperature boundary layer.

Figures 2(c) and (d) present temperature profiles for Eu = 0 and
Eu = 1, respectively, for various coolant-flow rates and both constent
property velues and wall temperature, that is, for Tw/Tw = 1 and n = 0.

Curves representing profiles for Prandtl numbers of 0.7 (ref. 6) and 1 and
2 (ref. 10) are also given for Eu = 0. Results for Pr = 1.0 wlth stag-
nation flow (Eu = 1, fig. 2(d)) are taken from reference 2.

For flat-plate flow (fig. 2(c)) the different effect of Prandtl num-
ber for fw = Q0 and -1 is noteworthy. For the impe?meable plate, in-

creasing Pr steepens the temperature distribution. For the strongly
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cooled plate (f = -1), increasing Pr reduces the temperature near the

wall. It should also be noted that in figure 2(d) the curves for Pr =1
with £, = -3.1905 and -4.3346 resulted in a zero temperature gradient

at the wall (6'(0) = 0).

Curves for the flat-plate (Eu = 0) and stagnation flows (Bu = 1) are
plotted in figures 2(e) and (f), respectively, for constant property val-
ues, a Prandtl number of 0.7, and a linear wall-temperature distribution
(n = 1). The effects of increased coolent flow and of increased Euler
number are similar to those for a Prandtl number of 0.7 and a constant
wall temperatuie, as shown in figures Zécg and (d). Comparison of fig-
ures 2(c) and (e), or figures 2(d) and (f), or both shows the influence
of increasing the well-temperature-gradient parameter n Irom O to 1.

An increase in the temperature gradients in the boundary layer can be
Observed as n increases from O to 1.

From the preceding discussion of figure 2, the following general
trends can be noted: An increase in lfw| results in a decrease in the

temperature gradients in the boundary layer for all values of n; an in-
crease in n or in Eu, however, results in an increase in these tempera-
ture gradients. These increases due to wall-temperature gradient are
similar to those encountered in the velocity boundary layer due to maln-
stream velocity gradient (see fig. 1). The veloclty boundary layer is
affected by velocity gradients in the mainstream (outer edge of the bound-
ary layer); the temperature boundary layer is influenced not only by the
velocity gradient but also by the temperature gradient along the wall
(inner edge of the boundary layer).

Temperature profiles are given in figure 3(a) for an impermeable flat
plate (fw = 0, Bu = 0) of constent temperature (n = 0) for various stream-

to-wall temperature ratios (large temperature differences). Corresponding
profiles for stagnation flow are shown in figure 3(b). Both figures show
that increases in the stream-to-wall temperature ratio Tw/Tw reduce the

temperature-gradient parameter 6' in the boundary layer but have slight
effect on the gradient at the wall. Euler number effects are similar to
those noted in the previous figures.

The effect of variatlons in fluld properties and of flow through a
porous well are illustrated for a flat plate and stagnation flow in fig-
ures 3(c) and (d), respectively. For the flat plate, figure 3(c) shows
that, over the range of 1 plotted, the influence of increased coolant
flow through the plate exceeds that of increased temperature ratio; when
Fu = 1, this situation is valid only for 17 < about 2.Z.
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Examples of specific-welght-flow distributions for variable property
velues are given in figure 4 for constant well temperature and stagnation
flow; figure 4(a) is for an impermeable wall (f, = 0), end figure 4(b) is
for a large blowing rate (f, = -1.0). For these cases, overshoot

( pg > l) is encountered when T_/T. > 1. The meximum overshoot occurs
o~

for the permeeble wall with maximum temperature ratio.

Friction and Heat Transfer

The dimensionless skin-friction parameter Cf’wA/Re/Z is shown as

& function of pressure-gradient parameter in figures 5 and 6 for lmperme-
able and permeable walls. It should be recalled that for small tempera-~
ture differences the velocity distributions are independent of n; there-
fore, the same friction parameter will obtain for all wall-temperature

variations. For large temperature differences (Tw/Tw % 1), however, the

results apply only for constant wall temperature.

The influence of FEu on the friction is8 qulte marked, especially
for T./T, <1. For example, when T /T, =1/4 and f_ =0 (fig. 5),

an elghtfold increase in the friction results when Eu 1s increased from
O to 1. Although T_/T. does not change the friction much for the flat
lmpermeable plate, large changes are wrought Tor stagnation flow (Eu =1).
(Similar results for Eu = 1 are given in ref. 23. Some of the Mach num-
ber aspects in ref. 23 are discussed in ref. 24.) The curves for differ-
ent temperature ratlos cross at Euler number near zero. The results in
figure 5 are compared with an approximate and simpler solution in refer-
ence 25 (p. 47). The approximetion 1s poorer for Eu < O +than for

Eu > 0. ILarger adverse pressure gradlents can be tolerated for strong

T
cooling (i.e.,<E§j> 1) before the boundary layer separastes from the wall;
separation, therefore, is delayed.

Coolant-flow emlssion greatly reduces the friction for both small and
large temperature differences (fig. 6). In contrast to the flat imperme-
able wall, a change in Tm/TW from 1 to 4 reduces the friction by about

one-third when fw = -1.0.

Dimensionless local heat-transfer resulis are presented in figure 7
for small temperature differences and variable wall temperature. A par-
ticular wall-temperature varlation results in a zero temperature gradient
at the wall for each Fuler number and coolant flow in figure 7. These
values of n are given by the intercepts of the various curves wlth the
horizontal axis and more accurately in table II.
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For fixed values of Eu and f_, increases in n yileld increases

in the local convective heat-transfer parameter as a result of the in-
creased gradients in the temperature profile. Figures 7(a) and (c) show
that, for a linear wall-temperature gradient (i.e., n = 1), a coolant
flow represented approximately by f, = -0.5 1is requlred to obtain about
the seme heat-transfer coefficient as for a solid well with constant
temperature.

As Eu increases from O to 1, Nu/r/Re increases considerably when
n and £ are fixed. Exceptions can be noted, however. The curves

for stagnation flow (Eu = 1) and a cooled wall (f, = -0.5 and -1.0) are
essentlally the same as the corresponding curves for Eu = 0.5. This
similarity emphasizes that the primary pressure-gradient effects occur
as Eu changes from O to 0.5.

In figure 8 the dimensionless local heat-transfer parameter is
plotted agalinst the Euler number for large tempersature differences and
a constant-temperature wall. The curves group themselves according to
the coolant-flow rates considered, maximum coolant flow ylelding minimum
heat transfer. These curves indlcate the inadvisability of increasing
the coolant flow much more than that represented by a value of £ of
-1.0. Reductions in heat transfer accompany lncreases in temperature
ratlo Tm/Tw; these reductions are especially marked when the wall is
porous. Comparison of figures 5 and 8 shows that both friction and heat
transfer are affected more by temperature ratio for stagnation flow than
for flat-plate flow.

Heat-transfer results are shown in figure 9 for fluids with different
Prandtl numbers and smell temperature differences flowing over permeable
and impermeable, isothermal flat plates (n = O = Eu). Prandtl number
ranges for several flulds are Indlcated along the absclssa. The results
are converted from those given by Mickley and associates (ref. 10), by
Eckert (refs. 2 and 8), and by Pohlhausen (ref. 7). There is good agree-
ment between the present results, those of reference 2, and the compar-
able results of Mickley for f,; <O0. Common values are also obtained by

the investigators for fw = 0 when calculations were made for identical
Prandtl numbers.

The formula of Pohlhsusen

M__ g.332 (pr)Y/3

1s indicated on flgure 9 and shows good agreement with the results when
fiy = 0. Vhen f, <0, the results do not follow a simple power law. For

fw‘E'o the heat transfer is lncreased; for £, <O the heat transfer is
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decreased, as already shown in figures 7 and 8 for Pr = 0.7. Reference

6 notes that the heat transfer is the same for £, = -0.5 when Pr is
0.7 and 1.0. From figure 9 it may be concluded that this similarity holds
quite well for 0.6 <Pr <1.5. The marked reduction in heat transfer
with coolant emission is especlally striking at the higher Prandtl num-
bers. At a Prandtl number of 5.0, Nu/A/Re is reduced by the ratio
1/8250 when £ changes from O to -1. This behavior may be due to the

increased heat capacity of fluids with larger Prandtl numbers. In con-
trast to results for the lmpermeable plate, the heat transfer decreases
with increasing Prandtl number when £, < O. (The case f, = -0.5 is

exceptional over part of the range.)

3791

SUMMARY OF RESULTS

Solutions of the laminar-boundary-layer equetions were summarized
for ranges of malnstream pressure gradient and rates of coolant emlssion
through a porous wall. For small differences between the wall and stream
temperature, the wall temperature was allowed to be either constant or
variable; for large differences between stream and wall temperature only
g constant wall temperature was considered. Solutions obtalned herein
were restricted to a Prandtl number at the wall of 0.7 and negligible
temperature changes caused by compression and frictional heating compared
with the difference between the wall and mainstream temperstures. Dimen-
sionless forms of heat-transfer and friction parameters and boundary-layer
thicknesses are tabulated.

The results of this analytical study are summarized as follows:

1. The veloclty and temperature distributions near the well indicated
reduced gradients for increasing coolant emlssion and for increasing ratio
of stream-to-wall temperature. These gradients increased for increasing
mainstream pressure gradlents. For small temperature differences between
wall and stream, the velocity gradients are unaffected but the temperature
gradients are increased by increasing wall-temperature gredient.

2. For stagnation flow over an impermeable wall, the boundary-leyer
velocity exceeded the mainstream velocity for stream-to-wall temperature
ratios less than 1. For stream-to-wall temperature ratios greater than
1, the specific weight flow in the boundary leyer exceeded that in the
mainstream for stagnation flow over elther a permeable or an lmpermeable
wall.

3. Stream-to-wall temperature ratios sbove 1 and coolant emission
diminished the friction. This effect was more marked for stagnation flow
than for flat-plate flow.

4. Increased convective heat transfer accompanied larger wall tem-
perature gradients. The heat transfer wes reduced, however, by coolant
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emission through the wall. These results are applicable for flat-plate
and stagnation flows with smell temperature differences (constant property
values). For large temperature differences and a constant wall tempera-
ture, the heat-transfer parameter was reduced for increasing stream-to-
wall temperature ratios. Thls effect is especlally pronounced when the
wall is porous.

5. Results were found in the literature for flow of different fluids
with small tempereture differences along permeable and impermeable lso-
thermel flat plates. These results indicated much greater reductions in
heat transfer due to coolent flow for Prandtl number of the order of S
than for Prandtl number of the order of 0.7. In contrast to results for
the impermeable plate, the heat transfer decreased with increasing Prandtl
number and transplration cooling.

Lewls Flight Propulsion Laboratory
National Advisory Commititee for Aeronautics
Cleveland, Ohio, October 11, 1955
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TABLE I. - LAMINAR-BOUKDARY-LAYER SOLUTIONS
Iavestigatar Ref, Type of Preasure Prandtl Wall Type Property
solution gradisnt number tempera- wall variation
ture

Pohlhausen 7 BExacet Fo 0,74Pr< 15 |Constant | Imperm=able | Conatant
Falkner and Skan 15 Bxact Yee ——— —— Impermsshle | Constant
Fage and Fallmer 18 Exact Yasn 0.77 Varieble | Impermedble | Constent
Eckert and Drewite 1 Exact Yes 0.7 Constant | Impermeeble | Constant
Eckert 8 | Exact end approx. Yos 0.8<Pr<10 |Constant | Impermeeble |Constant
Schlichting end Bussmann | 21 Bxact Yeos ——— —— Parmeable Constent
8chuh 17 | Bxact and approx. Yes 0.7 Varisble | Impermeabls | Constant
Eckert 2 Exact Yes 1.0 Constant | Permaable Constant
Brown and Donoughe 14 Exact Yes 0.6<Pr=1l.l | Constant | Imparmeabls | Constant
Brovn 3 Exact Yes 0.7 Constant | Permeable Variable
Brown and Donoughe 4 Bxsct Yosn 0.7 Constant | Permeable Variasble
Btaniforth 12 Approx. Tes 0,71 Constent | Permeabls Constant
Brown and Livingood 5 Exact Yea 0.7 Constant | Permeabla. Variasble
levy 18 Exnct Yes 0.TSPr 220 |Variasble | Impermesble | Constant
Eckert and Idvingood il Approx. Yes 0.7 . Constant | Permeable Variable
Eckert snd Iivingood 15 Approx. Yes 0.7 Constent | Parmeable Variable
Tifford and Chu® 9 Exact Tes 0.3€Pr<10 | Varlable | Tmpermeable
Emucnas and Ieigh 20 Exact No -— ---~" | Permeable Constant
Thurston® 25 Approx. Yes 0.7&1.0 Constant | Impermeeble | Variable
Donoughe and Idvingood ;) Exact Yes 0.7 Varisble | Parmeeble Congtant
Mickley 10 Exact Yo 0.6<Pr =5.0 | Conetant | Parmeable Constant
Tevy 23 Bxact Yes 0.7&1.0 Congtant | Tmpermesble | Varigble

8Gummary report.
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TABIE II. - SUMMARY OF HEAT-TRANSFER AND FRICTION PARAMETERS AND
BOURDARY-LAYER THICKNESSES
(a) Small temperature differences '_T; -1
fy | Eu n ¥ | Cz,uVEe | g% /Re | ®1n/Re | 8on/Re | Bya/Re | Additional
— 5 2 < = < informatitn
ARe
Refer- | Page
n
9"r fw ence
0 -0.0904 | © 0.1993 | © 3.498 | 0.888 | 0.626 | 2.737 4 11
-.0868 | o .2215 | .0581 2.971 .852 .692 | 2.505 4 4
-.082 | © .2510 | .o870 2.763 .838 .720 | 2.415
-.0141| o .2435 | .1296 2.510 .812 .752 | 2.307 4 12
-.0654 0 .2528 .1637 2.336 .788 113 2,233 ‘ ‘
-.0476 | © L2673 | .2202 2.092 747 .80L | 2.128 -
) -0.500 | © 0.3320 1.7215 | 0.665 | 1.861 | 3.417 6 24
) .2927 .835 | 1.959 4,6 13,24
.500 .4059 .578 | 1.562 6 24
1.000 .4803 .458 | 1.363 6 24
0.5 -0.750 | © 0.8998 0.854 | 0.377 | 1.6075 | 2.403 6 25
0 .4162 .792 | 1.407 4,6 14,25
.500 .5426 .620 | 1.186 6 25
1.000 .6350 .518 | 1.0515 6 25
1.000 | -1.000 | o 1.2326 0.648 | 0.292 | 1.409 | 2.0175 6 26
-.500 .3228 .9185 | 1.440 6 26
) .4958 708 | 1.187 4,6 15,26
.500 .6159 .586 | 1.036 6 26
1.000 .7090 .506 .936 6 26
-0.5 | -0.0418 | © .0.1029 | o 4.212 | 0.954 | 0.807 | 3.677 4 28
) -0.3702| © 0.1645 2.4595 | 0.829 | 1.921 | 4.134 6 27
0 L1661 974 | 2.6495 | 4,6 29,27
.500 .2611 .623 | 2.047 6 27
1.000 .3211 .472 | 1.763 6 27
0.5 -0.5356| © 0.6974 1.034 | 0.444 | 1.743 | 2.708 6 28
-.500 L0272 1.651 | 2.593 6 28
0 .2594 994 | 1.778 4,6 30,28
.500 3834 738 | 1.445 6 28
1.000 .4711 .599 | 1.258 6 28
1.0 -0.6789| 0 0.9692 0.7805 | 0.344 | 1.5535 | 2.288 6 29
0 .2934 .918 | 1.530 4,6 31,29
.500 .4132 .7265 | 1.292 6 29
1.000 .5030 .609 | 1.145 6 29
-l.0| -0.00712 | © 0.0251 | © 6.398 | 1,116 | 1.072 [ 5.997 4 39
) -0.2384| © 0.0355 4,392 | 1.072 | 1.909 | 5.880 6 30
) .0516 1.150 | 4.414 4,6 40,30
.500 .1052 .650 | 3.338 6 30
1.000 .1383 .465 | 2.871 6 30
0.05 0 0.0881 | 0.1410 2.796 | 0.911 | 1.241 | 3.317 4 41
.15 0 .1129 | .2703 2.008 .750 | 1.280 | 2.806 4 42
0.50 -0.3585| o 0.5345 1.260 | 0.523 | 1.905 | 3.0718 6 31
0 .1392 1.270 | 2.2714 4,6 43,31
.500 .2528 .889 | 1.783 6 31
1.000 3314 .700 | 1.524 6 31
1.0 -0.4235| o 0.7565 0.945 | 0.405 | 1.731 | 2.622 6 32
) .1457 1.208 | 1.995 4,6 44,32
.500 .2553 .910 | 1.627 6 32
1.000 .3360 740 | 1.411 6 32
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TABLE II. - Concluded. SUMMARY OF HEAT-TRANSFER AND FRICTION PARAMETERS AND
BOUNDARY-LAYER THICKNESSES

(b) Large temperature differences with constant wall temperature (n = 0)

f, T Eu Bu Ce w¥Fe | g% vge | By #Re | B 4Fe | By 4Re | Additional

T, Ve 5 X = s X joformation
Refer- | Page

e f; ence

o 0.25 | o 0.288¢ | 0.3556 | 2.031° | 0.182 | o0.246 |1.482 4 62

.50 .4801 | 1.9299 1.033 | -.081 .270 .919 ; 64

1.00 .5812 | 2.7842 .820 | -.064 .248 .764 65

0.5 | -0.06 0.2062 | © 3.043 | 0.442 [o0.348 | 2.215 4 57

-.04 .2554 1735 | 2.309 .408 .420 | 1.846 58

o} .2900 .3462 | 1.898 347 .457 | 1.645 59

.50 4412 | 1.2754 .980 218 .460 | 1.109 60

1.00 .5298 | 1.8000 .768 .085 .415 .929 1 61

2 -0.1178 | 0.18%0 | © 4.582 | 1.663 |1.076 | 3.721 4 16

-.09 .2522 1634 | 2.430 | 1.500 |1.408 | 2.928 17

-.05 .2756 2434 J1.882 | 1.378 |1.478 |2.713 18

0 .2944 .3125 | 1.537 | 1.271 | 1.495 | 2.547 19

.50 .4020 .6836 .622 .838 l1.372 [1.904 5 18

1.00 .4760 .9090 .433 693 [1.215 [1.611 5 19

4 -0.1351 | 0.1794¢ | © 6.950 | 3.109 |1.83¢ | 5.596 4 22

-.09 .26842 1934 | 2.297 | 2.719 | 2.595 | 4.053 23

-.05 .2790 .2397 |1.810 | 2.582 |=2.651 | 3.863 24

0 .2952 2874 | 1.438 | 2.455 | 2.663 | 3.678 25

.50 .3940 .5541 .22 | 1.676 [2.399 | 2.790 5 24

1.00 4662 .7220 .081 | 1.403 {2.133 | 2.370 5 25

-0.5 |2 0 0.1602 | 0.1476 |2.381 | 1.605 [1.778 | 3.456 4 32

.50 .2304 4770 772 | 1.044 | 1.771 | 2.476 5 20

1.00 .2560 .6415 .507 .880 |1.638 | 2.151 5 21

4 -0.0844 | 0.0796 | © 7.219 | 3.485 |2.620 |[ 7.329 4 35

o) .1506 1263 | 2.460 | 3.100 | 3.257 |5.012 4 36

.50 .2088 3448 .318 | 2.155 | 3.142 | 3.870 5 26

1.00 .2252 4465 |0 1.867 | 2.932 | 3.233 5 27

-1.0 | 2 0 0.0406 | 0.0242 | 4.972 | 2.134 | 2.167 | 5.94 4 45

.05 .0892 0892 | 2.985 | 1.911 | 2.299 | 4.625 l 4€

.15 .0886 1678 | 1.989 | 1.704 | 2.343 | 3.959 47

.50 .1062 .3228 965 | 1.310 | 2.298 | 3.236 5 22

1.00 .1052 .4445 .608 | 1.148 | 2.228 | 2.891 5 23

4 0 0.0262 | 0.0125 | 6.409 [ 4.160 | 4.002 | 9.007 4 51
.05 .0510 .0542 | 3.405 | 3.881 | 4.247 | 6.995 I 52 .

.15 L0656 L1030 | 2.040 | 3.620 | 4.309 | 6.054 53

. .50 .0780 .1959 202 | 2.882 |4.256 | 4.954 5 28

1.00 .0728 2611 | -.117 | 2.602 | 4.147 | 4.448 5 29

Tele
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{e) Flat-plate flow over constant-temperature wall.

Eu, O; n, 0; Pr, 0.7.
Figure 1. - Velocity distributions in laminar boundary layer.

wall. Eu, 1.0; n, O; Pr, 0.7.

(r) Stagnation flow over constant-temperature
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(e) Flat-plate flow for linear wall-temperature

variation. Eu, O; n, 1.0; Pr, 0.7.

(£) Stagnation flow for linear wall-temperature

variation.

Pigure 2. - Temperature distributions in laminar boundary layer with small

temperature differences

(Tm/Tw = 1).

Eu, 1.0; n, 1.0; Pr, 0.7.
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(c) Flat-plate flow. Eu, O. (d) Stagnation flow. Eu, 1.0.
Figure 5. - Temperature distributions in laminar boundary layer for large temperature

differences and constant wall temperature. Wall-temperature-gradient parameter, 0;
Prandtl number, 0.7.
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Figure 6. - Skin-friction parameter for laminar boundary layer for
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temperature-gradient parameter, O. .
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