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This paper deals wish ‘the liniting case of the bend-
ing~torsion flutter problem which cecurs: whed thie fivtter
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‘The purpose of the present paper is to investigate
the effect of this eimplifying assumption by giving a
procedure for the analysis of the torsional-divergence
problem which takes into account the. aerodynamic ;span

- TR

‘effect. The developments are based on ‘the theory of tor~

sion of straight rods and on lifting-line theory for the
spanvise digtridbution of bt A SR i3 5

A raptdly convergent process of iteration is devised
for the solution of the eaquations of the twa theorles for
an elastically twisted wing., ' The method is applied to
some typical examples and it is found that for a wing
with an aspect ratio of about six the aerodynamic span
effect modifies the torgional—divergence velocity obtained’
with the assumption of air forces of the two-dimensional
theory by 17 to 40 percent, depending on the elastic and
plan-form characteristics of the wing. b s g b 8

This investigation, ‘conducted at the Massachusetts
Institute of Technology, was sponsored dy, and conducted
with financial assistance from, the National Advisory ..
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where ¢ 1s the chord of the wing, b is fhe density of

~is to be
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angle of attack .4 takes place due to the torsional flex-
1bility of the wing. (See fig. 6.) The relationship be-
tween the additional angle ‘0f ‘attack and the 1ift per
unit span is given approximately by the differential

equation _ . o

ety —— =G e (1)

TSI

{

where y 1is a spanwise coordinate measured from the wing

. root in units of half span b/2, e ‘is the distance

between the center of pressure and the elastic axis, and
GI 1is the torsional rigidity. It is known that this ap~
proximate equation neglects the effect of the spanwise
variation of twist on the stresses and deformaticns of
the wing, and .that in a more accurate theory equation (1)
would be replaced by a fourth-order differential egquation
for Y. Since, however, all.calculations of .the diver-
gence velocity dy means of the -section~force theory of
which the authors have knowledge are based on eauation
(1) and the main purpose of this paper is the estimation’
of the aerodynamic span effect, it is thougat that satis-
factory results may be obtained if the present calcula~
tions.also.are based on this equation. It may de stated
that there are no esgsential difficultiesg in extemding the
work of this paper in the direction of refined procedures

for the determination of the elastic .deformatiang.

‘AAﬁ additional relatibnship is. afforded by .the 1ifting-

‘line integral equation

o e 2 " 1. y él d‘\'\ ..
l(y_) = mc(y){%pv: . baig + 8) = mif:f d—;;—_—; (a)”

S

b . oy Ve
pila oS B

air, V 1is the velocity of flight, and m 'is a profile
constant., - The notation ¢ - is used in-equatiom (2) to
indicate that the Cauchy principal value of the integral
taken, according to the definition .- $
Bamas il eed S s e RIS RS 1T
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I1f an auxiliary 1ift function F(y) is defined as «

4

F(y) = Wy) ., °()')"'c'1(y) . (.'s)
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where o1(y) 18 the conventional section-lift coeffi-’
cient, equations (1) and (2) can be written- 1n the ‘form-
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In .these equations ¢ represents the root chdrd while
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4(0)

[Ig—‘z = Q
Ay lr =%,

while vanishing. of the 1lift at the wing tips leade to-the
boundary conditions S !

(8)

F(x1) = O _ (9)

-

The determination of continuous functions T and
9 satisfying the simultaneous equations (4) and (5),
together with the boundary conditions of equations (8)
and (9), constitutes the basic problem of torsional di-
vergence, It should be remarked .that unless 8 4s an
odd function of y the three boundary conditions of
equation (8) do not,in general,permit a regular solution
for ¢, The physical explanation of this ‘occurrence lies
in the fact that unless the wing loading is antisymmet-
rical with respect to the wing root the restraint offered 3
by the’ fuselage, in this formulation of the prodlem, is . s
equivalent to a concentrated twisting moment, so that

) f =

the function I %— muat have a discontinuity at the , e
v : o

root (y = 0). 'Also, since it is necessary that the

function F(y) have a continuous derivative at inte-

rior points of the spen in order that the left-hand side

of &quation (5) be continuous, it follows that the func-—

tion

' v
. ©ung bt SR AN te
Sy .-%5. V0N $

A5 e : S _ o R AR
Y LT YT IR ORI AR T
w f an v | LT e R e

=7

SRl =

which represents the so-called "induced angle of attack®
must have a discontiguous first derivative at the wing

e

) « root. Sk . v
8 v ' N TaRA LERid IRel. ARCTOFSNS Lu?A

& , Equatione (47 and (5) can be Gombinedinto a single :
L integro-differential equetion by the *linination’of the
¥ funotion : 9. = Thuw,® 1f' eguation (4)<1s integrated twice @

- and ‘the boundary*oondition: of “equation’ (§)° arel 1mpoged;,” St
. _an expression for 9. can be detcrmined in the-farn L

N



-,.iqs; vclocittoe~nt which, a very. large - (theoretically ine -

yh_finlto) twisting force i experionced by the wing.> Thus

<. an ascurate determination of the smallest eritical value
of B 1is desiradle for purposes of structural wing de-

?fan 1nit1c11y untwl:tod airfoil Séﬁb gio) _may . booonc;_
"forloa.. ‘In ‘the present lineariaoa.thcozy the' nacnituaa

~
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If the function a, 1is not identicully iiro equﬁ—'

tion (11), together with the boundary conditions of e ua-
‘tion (9), possesses,;in general, s -unfqus igolution ‘I¢$%

It ia known, however, that there exists an infinite set
of critical values of the parameter B  for which no- A
“solntion to-.equation (11) ‘exists. In addition, s B e AN
approsaches one- ;of these critical values, the magnitude quujx
the corresponding functions F(y) and ¢(y). increases s -
without limit, Since B 1is proportional to the velocity
of flight, the eritical values of " B correspond t0 orit-
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slgm. The value of V. gerresponding:to the smallest
eritical valuerof B ie designated as the torsional-
divergence velocity. '
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: ‘dooording to the theory of’ 1ntegro-d1fferontial equa-'
tions the critical values of § for which no golution to
- equation (11) exists are .identical with the values of 8
~for which the honogoneous oquation, ‘with @y - 1denticallyi

: féﬂh. poscos.oo a solution. That is, &. orltical value of

B ocorresponds to such .a cuuciLvuocuy of flight that
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"section=force theory," which disregards the aerodynamic
effect of finite span by neglecting the integral repre-
gsenting the induced angle of attack in equation (5) (ref-
erence 1), In what follows,a bdrief treatment of the
section-force procedure is first given, after which a
method of successive approximation is presented for the. .
&etqrmination of the torsional-divergence flight veloc-,
ity and of the form of the corresponding deflection an&
1ift curves, according to the lifting-line theory of’ :
equations (4) and (5). Since the magnitude of the
torsional-divergence velocity 1s independent of the ini=:
tial angle-of-attack distridution, it will ‘be assumed"
that the wing is initially at a zero angle of attack

(ay(y) = 0).

SOLUTION OF THE PROBLEM ACCORDING TO SECTION-FORCE TEEORY

B
A3

If the integral in equation (5) is neglected and an
initial zero angle of attack ie assumed, equations (4) :
and (5) decome -

s [z?(y) éi} £ a0 (g FoiGy) B 0228 IR gy
F(y) = "GRGy Kimy e

o R

These equations, together with the boundary conditions
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are taken as the’ basisﬂof the aralysis of therprovlen 0f=

" toraional divergence’ accordingital tu"section-tdrdb«tho&

ory. The boundary conditions of oquation (9) are nmt
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which together with ﬂb opqgenioui %oundary :onditionaA)
of equation (14) is -‘&fﬁ.cient‘ t% determine the eritical
values of the parameter £ and the- corre-pond!ng critioal_

deflection modes,’ (See reference 1.) iyt e 1T o
g " M MR Sy
: A Class of -x;:pncft ‘soluuon'-

The integration of oquation (15) in closed form 1:
possible, in particular, in oaess: when the: ghord md
aoction stiffness vary aecordlng to the laws :
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. where :ZZ:,, is the geperal, Bessgl f@ncbion}q?\order v
“‘and LR AR SRR R R L s

1 =Y ;
V. ~—~~w~-3 it -z2adiand f?égp)

ot Ea gl L8 W SR hd ] Sl B 2
3 B A NY WS LR 2 1.7 Ya'f 3 7 e gt A Ao
EERE T e i L o JOME TG £ -,'*-—1 2 bl R AL Bl L 343 1T zenian
and L, e . @0nanuYan. aal) Janpam goliceilan
2v
s i e , (21)
- L ¢ TN rfhn) 1IN 3 J
h.ya
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“In the'speeial chses” when . To.i3f I P
2,008 3 - - i -~ 3 R - N - -
oe L ¢ e <~ 2 e - o oa - N ~ s a L

Ya = 23 (Y, + 1) (22)

= w1 Y e b e Wk

~ ot v = N %

tie solution can be expressed in the form

Y 1 F1- .
iy )= 47w A ‘f" "‘{”Asin (?\ Iog y1)+Bco- {eN logvl)}
. o )
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‘_vyhere A and B are arbitrary constants and

The solution ia evalgafed expliqitly i

"ing four casee G g b ety e
=0 \.ﬁl s ;‘f,b g j
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1. Uniform chord, uniform stiffness- (Y, = Y = 0}.=

In this case equation (15) becomes '_§t‘ﬁna

§
3 <
1 ¥ 8

. (fad Y ‘} . L

; : : ¥ Ll o T ey i ._j A (25)“
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a
LR O ;5‘ To afol: *“'"5 aé u'ﬁa ax

and the general continuous aolution having;continuous
derivativee except at ¥ s
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a(y) = A;stn Bf&l ¥ﬂ’*;§n 33:
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' seotlonmforcd theory the ‘symmetrical and: antdsymmetrioal i
"deflection modes ccrrespond to the same eritical flighb i -
velooity., Yor this reason it will be convenient in thie oo
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where the first term has a d;ocoatinuoua~deriyatjie.ét‘thilf;‘
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that D LR A St

S e
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and dad i el 7
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Bquation (28) indicates that equationms (25) and (14)

possess solutions only when ; e
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| B = 1—9—-2——2-— - (peh

b
e

where n 1s an integer; The smaLlesﬁlofhyhese valuea;
B = m/2, then corresponds to the torsional-divergence
velpo;ty. and tpe corrosponding.dgflection mode is of -the

s B el

form'
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where A and - B are arbdbitrary eonstanfs:

» Touation (30) showe that this mode-may have both .
symmetriocal and ‘antisymmetrical components, o that ac~
cording to this theory the two halves of the wing deflect

independently of each other., Moreover, according to the

section to qoneidirﬁon&ﬁsone—hnlf;of.%hQaying. The solu=~ -
tion of the problem for the first deflectlon mode then. -
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| | (17)
| and
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| TS
\ 4
) . The boundary conditions of.equation (14) then require
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B =0 (34)
| and \ _ '
| L e [hves G ]EE T sy
\ Equation (35) has an infinite hﬁm"bé‘; of s'oi'ut‘io'ns' ﬁ'hilc'h;
in conjynction with eaquation (33) determine the critical
/ values of B for .which a solution to- the problem exists,
| A numerical evaluation of the solution is presented for e
| two degrees of taper: - _ ey
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| 1s found by a conventional methad"'of Yuccessive approxttts
‘ mations to be : o
| £eg) A = 29,546 - : R R
¥ Rl e
g and equation (33), than gives th’a»mrrqamdlng critical
J } value of B, : £ :
| b |
| %
| |




WRAT
ook

S SRR IR The n‘ofdt’toﬁ G‘equg,;,gg,a 163

NKOA TechniGal Make/dd, 938

S : . B‘L.,u%"a-,- R
' (36) i

Nﬁr) FA e it astvgrt 472 isw :Eo‘fg %y)] jém-x:?i{. ;

nget g SHHUR
1_11 el g SH YR
2
& 5 e T T (‘,{“4"
28 tip stiffness 3 ( 5
yi o Seroaf y h»)— = —— AR B T

: MES : i root stbffﬂsih 3¢ g"J’*rig'*: : »
-?AG - : -\, S Besds doiv Fod ?;n{van
IR “*“-‘“‘*“ I cheamdtiiuw i ¢ Exonk

Ior this cascw;whioh(van evaluated in reiarenoe,lg ﬁ?gkgs
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: P ='1.015
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functiona of ovrder +1/2 are expressible in terms of tHe
,ﬂi, lar—tunq&ions. a0 that the goneral}solption,af cana- £
1o @ﬂB)"énn'bS written fnlifhe Tord? */ Sg*; ”'s}?? :
18 B e

.,...,_.,h..a. a
3(y)in l (A eihi "x‘, + B cos ;n)
gx.\ e : }?\‘n -'-—: ; g

g N \‘-} -g~

i h bdo ry condition #(0) = 0 ig im oaed 1t fol~
n 5!! 3& ??%’ imlw,a;c ?a gra»7'nm<a guvy=§§¢ a; :ﬁ?
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Sanis +1—:’-i B =0 (40)

lqvationa (13) and (59) uetenminu-the auxiliary 1ift
function F in the form .

F(y) = A sin By (41)

In particular, if ‘a = 1/2 a0 that tXe tiv chora is
one-half the root chord and the tip stiffness is one-
fourth the root stiffness, the first deflection modo or
half the virg 18 descrfbed bv the eaﬂationn B 2 R

S0
&

532039 W‘
|

F(y) = A .1n 2,029 y }

« A

(42)

8ly) = “*JL-Tz.oip,s,Ozg_yJ.;

ki“-f%y

308 gfotno;r.cberd quartics .
CYI = 1iNa % 4)y= The eciution o£~¢quiftqn jNEZjlg ;iven

vy - .qtstion (33) in the forn Cwe anndw YLl Ieiimure of

L »n 1 4. e
t“Iv* Yo ssailvayl

-0(§)'?‘ {y» {l lta (N lospzal + chona(&,lo; y;)} (43)
71 @
wvhere s & £ e
~ .'( (44)
iyt b ! nt 3. ar '(\’ roreibagad g1
while the boundary conditions of oquation (1&7,;ea lQle-
fied if
£ =y ¢ ‘N’I'} f/ vl n\r-_ofl 2 Jl!‘ —— & (45)
S j : - 5 i
and the parameter x i¢ a solution of the Oquution
CLaerttws edr pucviypateds O = LiMe  sefs t5ya s faasu;sf g 5%

Ui g e




In the case a = 1/2,

half the root chord and the tip stiffness ig one-sixteenth
the rost stiffness, the following data are obtained for
the first deflection mode: of half, the wingl. .. e h e e

%

a =

oMy) = —hes otn [a 946 Log (1- 7)] ‘,( 47)

o

et i g o o iMNant sosnass FestNT e SO g 2 i
3y)= — sin [2.945 log (1 - 35;)] G s
' . o) 3

(1-%+9)%,

Solqtion.by a Method of

. 3 4y

$ oo vt ®

and o from equations (12
solution of equation (15)
obtained,. is conveniently:
cguccessive approrination:
‘with the names of Stodola
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where the tip chord is one-

88 JCHRE S S e ¥
- &3 j.;
3 AERHAG- LR -

1 653 i A
. » N

+
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< = %% ol 4 -

asAd G ixpllaeldd ; s
v

o o
y »

agsSaw Lot L0

§ VY ontm o
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Successive Approximations _.f

e s 3 pesern i "

THe dBtermination’of the smallest oritical: value.:of
the parameter B.-and.of the corres

ending functions ..F
) and 1% in cases when the
in cIOsed form is not readily
ragcomplished by a method of
similar to a method asscciated

,ctz 5t 2 3.0
S ” . ﬁ~3 B, B Y Apliv iﬂa Iun b aliiady ed

A convenient function 93{y) 1is first chosex in
such a way that it satisfies the boundary conditione of
dquation’ (14)3i¢ A funetion ¥F{f{y). is-then~ ;determined by
iptroducing this fupction,into, equation (13) P 3bv'

13 LT 4 2t B ’
4 P,(y) = o'(y) 6 (y) "_;,.& “5 )

sawFERF i edy I

If:the function T, 1is, introduced ints equation (12),,,,
the ronultant equation™’: n‘ b g, e
et A 5 ‘ 4 -
Xy e 4

[1 i )\“G]'3 oy Lo B fer(y) r;(y)
ay

for 9 by airect integration.s Supse -
or . fying the bound:

and vian.llo. $ { z
Sk |
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¥
- a
o, (y) = B oy (y) (50)
If 6,(y) werc the exact golution of the problém corre~
gponding to a critical value of B, it would be possible
L to choose P so that the functions 9, and 1 are
jdentical. When this i1s not the case, an approximation

can be determined if

to the desired critical value of =P
agree as

it ig required that the functions v, and T,
well as possible over the interval |y‘ < T tesdever=
mination is usually accomplished by requiring that the

two funotions coincide at a suitadly chosen point ¥y = ¥q»

go that a first aporoximation to B 1is given by

"2 9,(y,)
By = 251 (YQ) (e

A more accuraté procedure proposed here consists in re-
quiring that the integral, over the span, of the differ-

ence between the functions ¢, and 9 vanish, so that
a firatigbpfdx}matioh_to B is given by
1 :
I 9,(y) dy R
S Bl 2 1
By, = (53)

3 ek :
{1 @1(7) dy

If 4 econvenient multiple of . 34dy)- 1s treated 8s.8

second approximation, da(y), the process can now be ré-

. _peated indefinitely, and it can be shown that the limit=~
ing value e * el e

-t o5 '1‘\:1\ .

wrls adey eshiep  ywf e W i
DA R iy AT (Q‘-!. 3!0}_:"";{

RTINS WS WA TN VY

%ﬁ : g

< .
i : &
s s #A AR A

p° = lim Ly %alyddy.. fupph WAS

¢ 2 n—>om fl

B ; Vet L Lns ' RN b Svb e

) , g g WL R ne SR T S RS

£ '\, ‘gives the smallest critical value of B  whils the limit- "= " .-

§ e S indMeBE o SO LT iRR Tl et Eh NG b wok hewiah wd KR 3
G ant pebite iy« ae Linrpw. sBTE T0 ke dEike e Sl Al




‘”-{§§}adnlytid. Ll@lgfprgi it 1|ﬁqu{§;ctpnﬁ to consider oaly

o &éﬁl?!‘gs&‘%t'\ @3 Y BRI TIgN 7 L5 A ¢ eiF :Q\"‘:z's. apdis £y

NAOA Teghnigal; Note Fou- 926 -

A eaad sl 2R *;; v 5 81 ?“X‘) R? ]."\-'L!i "41-)“
U ,,H,;a.a‘: P j

£ Wk e b TR
3 -3 ."."’"? BAAL . Gasy

i §
4.2 ¥4 g

PR R Tt 4
i X 5H f

& l";; A} d

;represents the corroapgndia‘ twisting mode of thé wing, : S
"Since the amplitude of the function 9 is indeterminate ' T
'within the framework of the linear theory, it 3! soaven- . o
ient at the beginning ot*!iSKOSyoliﬂtoiii&h!!i>iiﬁ#ﬁﬁiﬁ%~AJu g
proximation F,., given by the preceding eycle eso that:
‘the initial approximstién” 8;) -in“eachi¢ycle has » maxi~ .
mum amplitude of unity. 4 : i
o i Lo CSET syt sgpaaagad (kT T coa Teeesdd el e ET s
Rapid convergence of the process has been:found 147" R
‘the initiasl epproximation &,(y) is defined as a suita- .« - SR
_ble multiple of the solution of equation (13) correspend- ARSI,
‘{72 to a uniform dietribution of 1iff: along the span, 80 . Sy
that e : 0

s ‘;:.‘I e :',,‘.“_ -(:_"“_ t:' ":»«,.‘,‘;4':,_..,”‘:4 l--."'. v‘ii""\"' )
2 f__l[t’(x) "'"l ® (con\'t').§;?.(y23 'ﬂ;t:’:\’(§§)

‘ﬁfuy - SR 2 L

$m

¥ S X R

case of a uniform ving foriwhich:/ Kl

g e eYie e8(y) = I )= 1 shdriba )

one~half the wing. The initial approximation to & is et
determined dy replacing ¥(y) dy a constant in eqaation .

2 ¢ 5
3 £R
Y . .
,'E---—-l = constan MRS €1 8
{883 1 . Rt : i el
The solution of this equation satisfying the conditions

4#‘aff-;*:éff,é‘Aé(dirékti(1)Td5o$£f*f?%'3353?154 o
A A S LT e s RgeneR

ki M et s RN
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The constant ls arbitrary and i conveniently chosen 80
that 8,(1) = 1, It then follews that

S L e homesigen)

\ i o

rron equation (48) therp fellovs o e st e i | el
GEBE @ TAd ad. Tl(y) = 01(?) = 2y o AETE HRE (59)

.

and the introduction of rl(y) into equation (49) yinlds
the equation .

L a— B 4 ”Zf’ iy
g 61.,3 Ba(ya- ay) . . s (60)
dy e

~Integrating equation (60) twice and 1mpoain§>the bYoundary
conditions of equation (56), the function ¢, 1e deter-

mined as

v 2, ,
R R IR (-

13"
The condition . N L R
.\ 1 _
.‘fh(y)_ ,ay,g-g‘/Ai’;-‘(?)‘:dy"---“ ‘-j‘._~.~‘:"(63?>

then gives the first approximation to the criticaI vaiub
ofiesi g, o

By:= 3.8 Hip

(63)

2o satewles adl

v

o
¢

¥

S wad ant tegria TRSERYL el

‘which differs from the exactiyalueg::,B = %‘* 1.6708, by
0,65 percent. :

If the cycle is repeated, ctarting_vibk ;u.é}x&tti;~
approximauon 73 SN e B R s AL
; S Y

: ‘z(b') it e

(64)
) {64)

i e
5 (8’ 4
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1t is found that i

¥ . DT i M i
= 216 . Sigtme sy s LGt P o g %
and the Ebﬁdiﬁlqﬂ” it < by Sk d 5 i
Fond gl : e B RPN LR & B AR e i o
TORONBIN RO - U A '
ik hab e d Yy : 0 R s O A 5 e TR Saos L N » : A
] gives a second approximation to £, . S S e
i T le TR A
ai; = T o iR aXs3 e -v:__.

_ . (87)
- By = 1,6718 ‘

which differs from the exact value by less than 0, 07 pers
cent.

Since the initial assumption for 9 in each ocycle.
was 80 defined that its maximum value (at y = 1) is unity,

PITRETII SR A 1 S e R SERS FRGE PPI A RIS A MO TR 15c - RV FELVE B P L

\ an sstimate- of the rate of convergence is afforded by ;
! comparing with unity the maximum values of the approxi- 2
e mations 3, "6btained after successive cycles, Thus, in , i
7 tho pracont ox;mplc. oquation- (61) and (83) give i g
BT <Y I U WY N ki |

, and equations (66) and (67) give

.

_ §2:8L Brs
.;?-;:__54‘}.A % Tz(l) = - 150 - l 005 . :' e ‘:_..:.. _;."::_‘A,'.‘ : 5

il o Py =
IR i & répvvg o ad

ie 4. $
% ¢ v ' & ¥ oA

£ the successive lpproxinationl te B‘:ierc d‘%?ﬁl f?
ninod by the conditionc- .

7S 3

0(1)-0(1):1

Ay X ;N
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51 = 1.54921 Wt b
(59)
g; = 11,6681 | e

which differ from the exact value by 1.38 percent and
0,17 percent, respectively, would bde obtained.

A further illustration of the advantage of the in-
tegral condition (equation- (52)) over the condition
usually imposed (equation (51)) 4s afforded By,.a 091
slderation of the fourth case treated in the earlier part
of this section (equation (47)). In this case the ini-
t1al approximation %o 9 18 of the form

=B

6:(y)=-%5(y??-3y§ + 2) (70)

where

vy = 1 -'%'y (71)

and, using eduation {(48), eauation (49) becones

. e

el [yi—]g RO It 61 & (72)
iy, dy, j ? o YRt .

gubject to the boundary con-
together with
(52) the first

1f equation (72) is solved,
ditions of equation (56), and the result,
equation (70), is introduced into equation

approximation to B is obtained as

By = 1.664 (73)
This value differs'from'théféxaﬁt value B = 1,653 glven
in equation (47) by about 0.66 percent, If, in place of
equation (62), the equation. . . . P

32 e p R SR ERR RS e ()
is usged for the determination of §, an approximation ..
RS R AR we s e ’ :_:BI;' 1-’ ‘1\.:61 3 e _ e ' ;’::,_ ; 1,5,3&»@75) A~ ,.: ,.‘.

1 obtained which differs from the axitt velue by mboatic ok
2,48 percent, , ; R Ot S
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PRGG!DUR! TOR SOBU!IOF OB TEI,PROBZIN AGCORDI!GF

ot $OL0N SR B A

70 anno-un "monr»'

‘.-‘Qr,s -

Vhilo a. direct treatnent of oquation (117 Sy an FOx- o
indte utthodd 1¢ possible, it is dore’ ‘sonveénient, ‘ii’d% %
hx arly ip dealing vith the oritidal defledtion m&#ém L
® ”d'!‘k with equatfons (4) and’ (5) ‘and t¢ procesd by & ¥

o0d "of guccessive avﬁ‘rntqniéﬁ" $imiYar 6 the

‘given in the preceding section.” “Adedrding tu the: mg-.».

“1line theory the synnotrtcal nn¢ anttcy-motrtcal deflestion

modés dorre tpcnd ‘in ‘general, Yo different orit’ dal flight.

“yeélocittes.  In ihaﬁ !ol}dvn,~%hd ‘troatment -ye régt 5%!4 ki

40 the symmetrical case and treatment of the antisymgetri~

_¢al case is left for future work, Attention then may Ve

{iréstricted as before to one-half the spani (0 <y < 3

~Algo, ag in the ‘preceding sectionm; it is _assumed that th‘_

_wings considersd are initially at a gero anglé ot attcok.}:;4

._n’-r." pn 7,\) ; PGS o

s 2

T
Ple ks bl

4Ty
L3N

x r (A%
e SRl i 0 s e T o i it Sl

i Stqrhng vith an “{n{tfal auunption ¥ (), ‘deters

5 niﬁcd”ld Vefore ‘as the ‘deflection corresponding ‘to & uni- 3
sform distridution of ‘11 slong uu spany; sccord.t.uc A7 SR 4
tho di!fercntial equgtion.: - NoEar sn Baatwpadagy.

“ . o . -e- Z ,' 1. E " ) - (76 P

ERRg o [I.‘,_,(rl'-.—--dy ]- (const,) x e ‘(y) | ‘ )=

'n%ﬁthg bounuw conditiaml 2,(0) = 12(1) 0;.'(1) = 0,
' ; x1¢z next defined 'by oquatifm (5);’ s ,»;

5 By ‘_.. » ' £ Ea A%

bhoundtry oonditton




subject to the boundary conditions of equatiOn (82 can be

'. of operations. That is, the initial approxinntionz

\

S NACA ?echnicalgﬂppe,No.,sasg

__—

S o i : DAL
¥, (y) = Bya log IINSSY |1~1 ) }; Aan v2
: v o T

A

(79)

and the parameters B, Ao.._. . Ae' are determined by a

iimethod of least eouares. The firet term of the approxi-

mation of equation (79). 1is inclnded since, as. is shown'in

..referenoe 5, the contribution of that term to the indncod

angle~of attaok has: the. required discontinuitx An its
firﬂt dsrivative at the root. (y = 0). e i)

-

P If the function Pely) determined from aquation,l
(77) 4s dntroduced into squation (4), the resultant equa-

tion s AP 4 3 3 b o 3

; o T e e
o] ef(yu,(‘y) ‘;.ff‘.iw)

R

.golved -for ,Q1, by.direct integration. after which the.
first approximation B, to the critical v&lue ot B
determined as before by the condition: b aua

1 T

“f’%(i) ay =/'3,(y') 51 5 (81)

o] o}

A check on the accuracy of this approximation can be
had by ‘comparing thé maximum values:of the: ‘functione® €,

and 9,. Thus if 9, is cho;en in such a way that

%

o AD = o - (82)
‘the degree of approximation attained is indicated by the
closeness of the approximation” SRR N 2
: 3,0)="1 : ~ (83)
_ Ig necesanry. thg proqeag c;g“be regeaf éij’ 2 5
nitely. w30vever. in. all tpe prohlema cpusfd Q L ﬁi
_paper gsatisfactory resulta are afforded by a' & a,&?ﬁl

'0,
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determined from equation (76) is sufficiently eimilar to
the exact deflection mode jhat. 1 the condition of e§na-
tion (81) is eatisfied, the two functions N snd
agree closely over the entire span. _

In case onl§: first approximation is required, tho

1

3;(1);1; which iivnoedod igA

vaiue of the integral
the determination of B, can be found without éxplicitly

determining the funotion . 3,(y). . If. eguation £4) 1., 0
integrated twice and the boundary ‘conditions

#(0) = 171) o ') = o e i G

aly 3
'3 v f W, ; - i
AN R A sk w7 N -$UR2s o5 £y AR Y ¥

are satisfied, the resultant'expfoaaion for ® can de

. written in the form

ch

LEi y) = p* [ q(_,;,'\{-) e*(n) F(n) an (86)

0
,who;o -the Groon'swfunotgpgﬁﬁgﬁJ;s\definad‘thtpg%pqgation:.
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1 n oL

f G(y,n) day =/ gly) ay + glm) / dy

() 0 . A |
n

=f (1 -t) g'(t) at

(o]
Ul

'
= St ) (39

’

equation (88) can be written in the form

1 1

J/n 9,(y) dy = B?J/n H(y) e'(y)lFl(y) dy (90)

o] o

where Y
E(y) =/ 1,_ 2aw %y (91)
g L (n)

If equation (90) e tntroduced into éqﬁation (81),
the relationship determining the first approximation to
B can be written in the form

) {; 4,(y) ay

B; ~ (92)

1 & >
fo E(y) e*(y) Py(y) dy

B4uation (83), which afferds a check on the accuracy
obtained, can algo be expressed in terms of the function
P, 1if it is noticed that, from equation (85),

3
(1) = sff 6(1,n) e*(n) F,(n) an
= o S,

e g SRR . 5
: SRR p? 27" Xf BT 1
1 . b & b ,‘ »wk ¥

3

- a?f g(n) em(n) ¥y(nyan ' - (98).
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gnv 5 25 2. L8 %
S B e B G S I A 5 X, 1568

n"79) Qbﬂ Farns

g§ 'sva.sLS £ ¢bmw1 9"~ i f}‘ Bit,
YL w3 ﬁ» " 0k'e Cn'v1bftaﬂn*"' ﬁos -;a Nbsqmzﬁ
Jﬁo e noti n- & 1 f ed ? q¥- e?— e,
'!i Kl "HSI‘ ¥ r‘f “u 7,?”9.}1 SONY " o0 S'm‘obt.m g

—.t{";.jq 3/4,- ) 9:.0«5'
1 ur'e’ r riobthining Poximbtd

to'the mE"I 1 bt'% @ r'}t‘ &1 fbﬁ.\; ol ] s ?; E'o ij‘i;%nai n’f .&&
synmetrical defled%i mode cah’ be” sdnmaryzed’

(1) Determine 9, (y) from equation (76) and the
boundary conditlome 3,(0) s I7(1) #4%) wD,T Endvdeter-
mine the multiplicative constuntqu that ¢,(1) =0, >

(ag ) (3), Do!crnigw r_,(y) 5 Exop eapation (77) and the
boundary oondﬁtion‘ 7,(£1) = 0 dy the procedure of

8. P - \ i L.,
mvm~ &% '..',;3 e s nl .4,0 AR LAY & W e

P A |

(3) Determiné $1°%Fron’ equation (92): -A"ehéb«ls o
the aocuracy of the deternination is provided by equation
(94)§ ~ X 4 av ,_.’:. - AP -?.. s A -._I'.._.. TR . ) 7.‘-_~::.~ &<

v < » 4.

«\ = Y 34
gaer« If greater accuracy is desired, the function 3 ()
is next dotnzq}ne¢ tr equation (80)_ and :the ngundary
conditione ¥, (0) 31) ¥ ' (1= 01" A function da(y)

io thcn defined as

e-..& ;:?33’94'3‘{..‘. o Ea g agvtg il e (3-' i:.:; w 55 gead Pasl T

in RS ﬁ“fceﬂ 9$£n gk £ o T M Al s S
it 3( yua %+ :

: ¥R : oo taloy s5A&Y

,( 1)

”-5 that m,’-e&ar.,@zw sesponding fusstion- Fa(y) s

dctorninod as in ‘step (2) of the preceding peragraph, and
& |0nondalpprux1mation to B s determined 28 in ntop_
wAG ST §a awrfasvy pift p¥ETresilE aF gEdey wf O

. o nieedo dhat AbiTey San: Poray <
s By IR g .Mm_gﬁmu:% q&:

rE Wa- “ﬁ??#*vw«ffﬁﬁf Siattfenvad’ @# BaE  asdtoun: 55! ;

v d




26 NACA Technlcal Note No:~ 936

values of the function TF, at the same nine points are =
then determined from the data presented in reference 5 by
a purely numerical procedure requiring less than two hours
of time, If the values of the functions e*, H, and g
are tabulated at these points, the integrals needed in
equations (92) and (94) can be readily evaluated by
Simpson's rule, modified if necessary so as to take into
. account the fact that the function ¥F,(y) has an infi-
nite derivative at the wing tip..{y.=. 1), .I1f the approx-
imation of equation (79). is used, such a modified formula,
derived in the appendix, is of the form . o R

d f o(y) T, (y) ay = Z ox o{xx) ¥, (xk) 2 I
0" KmoinsloToe pibeog By -
3 CH

'+ .0,00506 {B.f’ Z.’A‘,n}‘ép‘(l)' "t (g8

v U3 das SNETIRNY

where. yx = k/8 and 0O, 1is the Simpaon's-rulb»ﬁeightihg
coefficient associated y;gpvthetpoint Thiaxs Sk

1 L s ot i
Fons oy gyl Y N N TOTGe
2 S Lk _..‘_:_' a S PR - y X 1 (96)
gt AR Sol Reiraios JESS (paLatped JEpr
9e. % 264 32 7 CER <T@ J >

The last term of equétiou (95) gives the correction due
to the fact that F,(y) has an infinite derivative at
the point y = 1. G i

LIFPING-LINE AWALYSIS OF EXPLICIT cas¥s ~°~ 7
< ‘ i : PSR B 2t TR ARG T . Ag LesafaXed sl
] P ¥ i gd rodlosaiTenoos DUy A

In order to illustrate the procedure of the preced-
ing section. and to investigate the importance of the " °
eerodynanic spen--effest, the vases analyved 1o a: preced-
-4ng section according to- the section=force theory 'sre now
recohsidered on the basis of the Yifting=line $hEoy.. wid

~Binge only synwetrical deflections wre o WU Stremtedsisord

 attention' will ‘be Tres trioted o onerhalf Waemingiv sl

-

!

<Yy Y

L SN TR £ Lol T L B ir waefs ataYey Bavagy ilensE wals yp o
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In the numerical calchlations it is assumed that
m c 2k -
B = ...._E'- = - (97)

4 v 4

For an untapered wing this value of u corresponds to an

aspect ratio = . .., . .. ol L SR R e iyt e
.._ ._“l Tie ; 2 it BESTD T8 5 SR T Bt
E =m (=6): ' e T S (o < -'(98-)‘
P .

while for the general case the corresponding aspect ratio

3 : . N L e P
b /S, where § 4is the projected wing area, is given by

— (99)
% ti c‘(y)dy"

3
b
S

.In pafticulaf. for a squetrica}\ving.with.linearly v; o
tapering chord, i

1t 2P v (100)

it followg that

: - W e R Bk
i o, s q.%;v'i;frjkﬁ;*. et mareil a-K103d)

5 0 v Adeget add ok agleroie T2 aps satznisd
It should be remarked that the calculations contained
in this section'were made by retaining a larger number of
significant figures than are included in the data presented.
Thus 1f the caldhlations'are repeated oh the;basis of the
tabulated data, the results may differ slightly .from the

resulte given here, y :
da £QC; Nodtaopy e apidric al egledde 2L 20G286 A& Sus
©1 14 UAiforn’ ShoFL uRl forn SEFRese (0¥ W ¥ S IMe 1S

P B € pvammp v o 15 N0 2-oap BNGR T RIS ) YO 3R @R R Ry T 2 Y 2 g s v 2 A
The auxiliary functions K Pandf & :ro,dcte;ninod from '
equations (91) and (87) in the form 3 i




28 NACA Technieal Note No, 926

E(y) =y - ¥y (102)

and

gly) = yA (103)

As in a preceding section, the initial approximation 9,
to the first symmetrical mode (for 0L y £ 1) is deter-
mined from eouation (76) as

3,(y) = 2y - y? " (104)

Next the function F, 1is to be determined from equation
(77) which becomes
1
ar,
¥,(y) + 2 bouale T 1 = 2y - ya (105)
4w, dn y-n

If the approximation of equation (79) is assumed, the pro-
cedure of reference 5 determines the constants as follows:

A3= 1.2950 3
(1086)

A°-1.8286

B=0,4298 Ag = 0,2680

AL = -2.3442

-

The data needed for the computation of B, according to
equation (93) and for the check calculation of equation
(94) are listed in tadle 1(2). Thus, -according to equa-
tion (92), the quaniity B,® 1s the ratio of two integrals
of which the first is obtained by Simpson'’s rule as the
wveighted sum of entries in the fourth column:

» ELE 2 8

f."'x(Y) dy ®
° k=0

second ‘¢ dota'ned in virtue of equation (95) as
¢f-welzhted pyuivets of corresponding entries in
¢34 =& fiv7th columne, pius a correction term:

Oy 9:(y,) = 0.6667 (107)

gnd

- 4
3]
lh l’ °

L g
'

Q By
by
4}
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wd gy
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+ (0.00506)(1.4773)(0.5000) = 0,1854 ~ ~ ~ (108)°

lgg;@ioh-(S?) then' gives: - - : Rt
. = | a’la- 4;0'3'8‘ i 808 L N :' s A "‘
& . “ seor A e pr e : : ‘ £y ) (109)
g R o Gl oo
Lt D S USHE L& BxeR

In the same way, the ih%ié&alicSHtaiﬁé&“1$ equation (94)
i3 evaluated as the sum of weighted products of corre-
sponding entries in the third and fifth columns of tabdle

. :

IC@)..plua a co:rppt;opwféyng" T

\

1

8
: .Zj-s(y)Ar;(y)‘dy ® -}Z Ty 87y Ta (7). o

v
“ k=0

+ (0.00506)(1.4773)(1.0000) = 0,2479 - (110)

L)

Equation (94) then gives

(v Ty A LA 3 LT ol L

"8 pAnpRtsn e q ,.é-l;(j,x).;.-;o;ggg":" _..'-“,_, Pl g g _ . (111)

WD

-

(Vhile in the preosent capdthe:integrals in equations

(to7), (108), and (110) can easily be evaluated directly,
the numerical method of dvaluation ‘just ocutlined is par-
ticularly convenient in ¢ase the integrands have compli- s A
cated aualytical expreg!*gggrfgfgxqwgatprp;nqd&gggggkfgiig-) i B

3 Since ecuation (93) requires that the integral of
theg difference betyoon=%ﬁt&;uoc$(|£gg approximations
~ and . 9; Ye zero and equation (111) shows) that the two 23
.0 outves agves ‘almiet oxdutipiat Aheid lpiand,AfuriHeR ) kR
0 einae hothfonatlonsceandel St Yhe rookiand have R8E8aves

03 2 —
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glope at the tip, it would appear that the agreement be-
tween the two functions over the span is such.that the
process need not be continued. The functions 4, and
F, would then be considered as the deflection and 1ift
modes corresponding to the critical value By given in
equation (109). '

In order to verify the accuracy of this approxima-
tion the second approximation is now determined;: The >
function 9,(y) 1is obtained from equatien (80) by direct
integration and is tabulated in the gsixth column of table
1(a). If the values of this function are divided dy the
value of the function at the tip, the corresponding values

of the function 95(y) = 3,(y)/9,(1) are obtained and

listed in tadle 1(b). The parameters specifying the
function Fz(y) which satisfies the equation

1 .
aF,_, dn
1 2
Paly) +— L;P —_— — = 95 (y) (112)
2 4m o, 4N y-M b

are then found by the procedure of reference 5 as fol-
lows:

B = 0,3884 A, = 0,2624 A, = 1.4074
' : ‘ ' (113)
A, = -2.4319 Ay = 1.8538

The values of the function ¥, are presented in tadle
1(bd). From equation (92) the second approximation to P

is found
<,

3
1Bgr o Q8o rxovg 9 st oa kW)
i 2 ifnen ke N FQLRI B PRI 5%« 3 |
v Bglie OO 1o Lvdigs iF RS R
. ' O o id g v gxRfnsTaey mivslonky
*‘and equatlon (94) ‘gives “the'Weeul P T EHE SEIITLLIY fas ey
3 *TaAR : C ) &a% L HNg f, oK ) g2 dfnroy ¥ ot :":. ;
‘g (1) =1 ;0008 ‘,'«:“ P b - 'f;“.'.‘(ill&'),' :
T aa9 woada (ELE0 mULEseRd BAK Y 2F - % Lk

, For final comparison, ‘ﬂwf:v:‘luws’nﬁ-&hcddﬂtq;ggmu )
determfned ‘frod Fa(y) By dd eqdarton énslogdus $0 #hi a
equation (80), are included 13 %lb}l,l(b)q B




NACA Technical Note N6 '926.7 3%

. cerseslt mMay be gafd: ‘th&t | ‘contrary ‘td. expeqtatiang, a less

rapid rate.of. conzargcnog,o{ the gtex;t;ycrgzoco-n ocours

12 in-tuad ‘of taking as the~initial approximation-to- ‘the
deflestion modd “the solutics of equafion-(76); thé golu="

tion of :the prodlem 'agcording to the»uoot;qn—torco theory
is taken as the in{tilal ‘approximation.  The" ‘results of &
calculation based on“tyinAppggggg;q, vith*,?, T

gf A1: DpRaga

Lo e

LA 2 4 ;
\ BT R- B L e T W O T . '
A3 aa - PR X k3¢ @ B4 o ..3,

’ 6;(9>;;7q HORES

.ani L

are preconted in table l(c) WAixg gpé;fglﬁq;oﬁfgiiéi‘jﬁ
for. BI' . LD : o 5 B9 CA A0S

B, = 2.004 & (117)
and the values of the function 93;(y) agree closely with

the preceding results, appreciadle differences are pres-
o ; 8nt between the successive approximatione "9; and. ¥,

in this procedure, .. Anhgndiaation of the fact that the.

tunction given in. equation (116) does not afford an ac-
’ curate approtination to 'the actual criticel deflegtion "

mode would be afforded, without a complete explicit” eval-

uation of tho function 61. by *%he readily calculuted
value.of 983(1) for this. golution,

\ 9, (1) = 0.9582 (118)
R B ree j - 3 b 3 .
‘ Sl From thano results three usoful conclueionl. wvhich

will be further substantiated in the follewing treatment,’
may be drawn:

sezy (1) The approxinate dgfloction node determined as -

&(l

the solution of equ.tion (76) ia more nearly in agraqunnt

vith tﬁc actuul modo than is the mode prcdicted by the
. Y P Th DBIRS, P s L .t'_ T 4 9°%3 e

P

W HEER S F IR ﬂ‘f‘ '\ ;i "&"’*Or'.&"’l
.u’

i%%f‘d?“iial“

wss ’
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(3) 1f By is determined by equation (92) the degree
ation attained in equation (94) affords a

arate estimate of the agreement between ‘the
and -the actual &eflection mode,

of apprOxim

reasonably ace
initial approximation ¢,

If the results presented in equations (31) and (114)
are compared,.it is seen that the aerodynamic span effect
is responsible for an increase cf about 28 percent in the

predicted value of the torsional-divergence velocity. In
tigure 1 there is presented a comparison of the successive
approximations é,, 85, and 95 to the deflection mode,

and of the successive approximations ¥, and TF; to the
corresponding lift- distridbution function. The mode

!\ d,0 = Fge = 8in % y predicted dy the section-force theory

ig also included.

2 Uniform chord quadratically decreasing atiffneas

[c‘ =e* =1, I*= (1 - ay) |-~ The functions 8. B,
und g are odtained from equations (76), (91), ana (87)
in the. form

8, (y) = 2 Yog = vkl a) (ﬁ: - 1>((119)

log< 1 )-a 71
l - &

F(y) _— W loghﬁr - -.a)<§: - 1) ¢ (120)

a3
PER I S 1} cews 368 L2 (181)
Ja Ny

Theue functians. eogither with tho
77), are- evsl-
B, 5/6

x where Yy, = 1 - ay.
. : function® F,(y) determined from equation  (
~ xs uated: for a = 1/2 in tsola 2(:) and tor

table z(b)e L
‘,‘(ﬁz

§ v -
"} B i 1'!1- intoguh ntalno& An aquntmél 32,
: : “;_u;to( L She puq’;;qir"ncsno "?],

N4 W 3 VH

ol LS i o in e S iin
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o3 #TaTTE 26w N.‘Z
s FJINA ID thyai%al K 'K‘.}""q.ﬁ‘ §

vzarrvz;@»flv(lazdi

23 '-‘”:*7;33-

‘ Py 01(1) = O 99 . (}3$X
' LRI ARTROG Bl ‘f.": .. 1‘ ;’;-‘; -?i\v“: ) !

and -fors al -rﬁ}s( MR BT Ao U N e

sl isant addy CAVY xoinaans g o' fE S < E
1(1) = 079877 b .(i‘zs)u |

: B k. ; 'v"
L =
stass Oqua@&én. (134) and (128)" indicato g satisfaotor?

agreement between the functions 9, and $5  1n both .’f:v'J
0&'0!.‘1t 1: oonclgded that the functionq 011 and, ":u.a ; ,;1f:.

fford gcfs%?'b H appvoxinatiqna to, the,q:it cal &ef}pq-
tion an modés and that the computed Jve ueu of B

ar@?suffi ¢feufly ‘daduratie/” AuTr i X 83 5794 .
waay XY 0T X elfal ol FLEIES ST W (P Gvnﬁ‘ﬁﬁﬁgﬂ“ s%} ﬂﬁk WA

-#0218§ YwWRevgdee=7d W 1/2, “the iuféwr‘éqé&uqa 0&,
is teken to be proportional to the deflection ode¢ ’03 x4
‘predicted by the section-force theory (equation (36)).
tlagtuluo

e “"\Q‘:;

~

31 (‘!

LA 3 .
e {:‘t % :‘,

1.703

(1aslf

i cowtn (BR): sy finuve . axtﬁw
is obtaino& nn& ig ‘seen to be in good agreement with the

given in eguation (122). HQ!AV » bhe. uhock cal-fh-

c; ou*in thit étse giv““'fho reosi ﬁ? : %
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which reeult.»if-compared‘with,ehuation (134); again in- "
dicates that the deflection mode af does not 2fford =0

accurate an approximation ¢o the true deflection mode as
does the funrction defined by eauation (78),

The functions 9, and F, "are represented graphi-
cally in comparison with the function 9, = Toe PEe- -

dicted by the section-force theory, for the cases & = 1/2
and a = 5/6, in figures 2(a) and 2(b). If equations
(122) and (123) are compared with equations (36) and (37),
1t is seen that the aerodynamic epan effect is responsibdble
for increases of about 32 and 39 percent in the values of
the torsional-divergence velocity for the cases a = 1/2
and a = 6/6, respectively. :

3. Linear chord, quadratically decreasing stiffness

L‘ = * = 1 - ayliI. = (1 - ay)zl.- The functions H
and g 1in this case are identical with the corresponding
functions in the preceding case and are given in equa-
tions (120) and (121). TFrom equation (76) the function
%, 1ig determined in the form

0 (y) = {(1 -v1) - (1 - a) <i—- >} .(128)

where vi' =1 = ay. ‘The values of the Nidotions JS';'H,‘;
‘g, and ¥, a8 well as the values of 11' deétermined = -

from equation (77) are listed at the nine points needed.-
for the approximate integration in tadble 3 for the case

a = 1/2, - Equation (93) then determipe. the - fzrot spPTOX-

1mation L P e e o TR
s v:-hq*v A5

travie! *a;‘ = 5.637) 713
(139)

B, = 2,374

while equation (94) gives
3¢ nahe st -bpd SeNI2080

AL - QLI & PR A

lquation (130) indicates that the results of the fir.t
approximation are suf!icientiy sccurs&o to Ju'$1£y tcr-
minating the process. A

"%, (1) = 0.9953 AL "f'(xso)‘~

I FER I ML S Rlie 6 S DR WIS e (U7 PP SCRE S i e
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~xed gi¢omparigow of ‘equetdons ~(43) and (129) ‘showsthat

the WPt ing-like theory prediots Acdivergencs v el ot by dm

{4%i's case which ‘ds sbout: 12 percent Dbighsr tham the velosr -

1ty preditted by the -sestion=forgs theoryu:. aMrMM“Mw SNy
tion and 2if% ,aod;nacpqqlhu 1o ;the, wo tpecqp gqq.h,\, A g
comp‘r.d» in fi‘ur‘ 3. (¥ iocisy '5“,_:5‘:\"\""..*_““3 Tansy sy : o

vg Sarglde (ads & 226 ';"Hf »&6 b i
c®. \a. !_ 2 l Fors ‘ﬁ* X (.f 3:»‘? e " ‘J'ftgg'w . b o
& g &’tterlﬁncd_ f‘r‘q_u & u‘a:ﬂonln; ‘(75)’- 6‘9!)" '5‘.‘9\ SEEE e
(B‘?) as touowi‘t e PR i By IgieaTh o) e
g8 bo '.‘.’s,.!»?- e A 3 o Y¥aw iev wge 7 et

P g | A
B 21 o 131 e
S B2 a(:'.-a) { (.v 1) i (r;" 1)} o
E(y) = ;1-;{(1», 2a) (;1;- 17“’ 3 <}' "y‘)} ° 132y i
CoxT a “AN :,1'.;: B i ) g .:.

fren 3 &frg
T v (138) -~
1"&

oo b B oA
r*;:" WO Y5

o ra [.‘},!. 5 & F f Tt

. » A 1
where ¥y, = 1 - ay. The functions noeded ‘for the conputl- :
tion of B are evaluated in tadle 4 for the case a = 1/2-5 RCh

l;xg:n xoquation (92) the appnoxﬁuﬁ,oh AT
F‘ 3 : { 3 > '..‘
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The 1ift end deflection modes -4, and  Fy are com-
pared with thie corresponding results given by the section-
foroe theory in figure 4. A compariscn of equations (134)
and (47) shows that the serodynamic span effect ig re- . .
sponsible for an increase of 20 percent in the value of.
the torsional~divergence velocity. T

* ‘For the purpode of further verifying the accuracy of
the present procedure the same case has been analyzed dy.
two other methods. TFirst, if the initially assumed de-"
flection mode is taken as a suitadle multiple of the mode
predicted by the section-force theory (equation (47)) the
approximation to B 1is obtained as :

B,° = 3.896\‘ :
(136)

while equation (94) gives

3,(1) = 0,9332 (137)

Second, if the assumed deflection mode is taken to be ths
deflection corresponding to a uniform distribution of
twisting momept along the span (e¥ = const:) rather than

the deflection corresponding to a uniform distridution of )
11ft (¥ = const.) it ie found that

. ¢ . 2 - . - - v.8
| By = 3.9071 | S
(138) e
By, = 1.975) ,
and S
3, (1) = 0,9567 (139) '

A comparison of these results with equations (134) and
(135) indicates that the deflection corresponding to s '°
-uniform lift distridution is in closer agreement vith “the
i actual divergence mode than is tho.deflection-eorzcopond-
ing to the other assumptions. “The vemarkabls sgreement
between the computed values of B shows sgain that inso-
L . far as the determination of B _ 1s concern the present
GURERREN ) édure e not ‘extfemely séneitive to’ths chifed’of the
o1 initially assumed defleotlon modes . i BT o e SR
SphR AT A NG el L AT ey '




‘g@acbion stiffnese (t1ige Bk o Asiq‘ttnal epplication of

the methods of this paper a synmetrical wing is treated
s linearly to a tip value of one~

half thé roo vqlnd

" ,coq’cin\kqﬁulx « indicated’in ﬁ §.7"MHe o ¢
at nine poiﬂé|%03 the functions - B ‘agd’ g° &fffﬁ&d‘i&*’
equations " (°1)'and~(87)<vas acausyrirnsd*ur plovtimg “the

fnnctton: r——— ( l —f—-'(:-y)- to g largo ‘8gale .on .Qross-

AR

By o3 goltan BNy
se counting the squares con-
ding curve and the ordinates
k= 00), oG8

section paper and 1n each ca
tained between the correspon
‘at iy = O and y = yk, vhere ’k =. k[B‘

If equation (76), vhiqh hgrc.takos the form

R g R £ 8 (HBYIR 2y itioase anae Q2IIW 3L
a » das RO
=11 — g % ( g ) 40
o [ (y) dy,]-?;(?pna “2 g% (140)

di4iona 9,(0) = 8,'(1) = 0O

1s integrated twice and the con
can be vritton in the fora

aro 1npo.od tho function 61

v g e s iy

3 ¢ «o B \ﬁvu Pl - : & v
gy 545 b b .-~-:-‘: ‘Q Sy P g mAE T sedem

; DR N e R e ok
' wion 2 : "z‘.*‘;n,*;:v’.i. o e
by S wé,,(z) = (const R T, :‘.ﬂ (141)
: 15 g"(ﬂ—) PRSI

Thus the fumstion ¢, can de convoniontly evaluated from

-y ;\ :
a2 by graphisal 1ntogration.
00 b Ry A j Pl e
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Bguation (94) then gives
3,(1) = 0,9979 ] i IEh (143)
80 that, while extreme accuracy'shoﬁld'ﬁrobably not de

expected as regards the 1lift and deflection modes in the
neighborhood of the discontinuities, a satisfactory agree-

ment between the functions 9, and 9, 1is indicated.

According to the section-force theory the first ap-
proximation to the 1ift function F(y) 1is given dy

Toely) = (1 -3 y) 9, () (144)
in which case equation (92) gives, as a firsgt approxima-

tion,
3
Beg” = 1.3641

> (145)
ﬁ'f = 1.168J

Comparison of equatiomns (142) and (145) shows that
the aerodynamic span effecd is responsidle in this case
. for an increase of about 19 percent in the predicted val-
ue of the divergence velocity. The lift and deflection
modes for the two theories are compared in figure 5.

CONCLUSION

Tho results of thia pepcr 1nd1c&to that noglect of

.Lthe serodynamic span effect may lead, to, cn. apyxociable :.

underestimation of the tornionnl-diver;ancs velocity, the
4ifference between the values obtained with and without
nnslaot of this effect ;nounting to 17 to 40 poroont in
fhg,puqorical oxunploc prcsontot. _- 38BN 3P £{ o

. .,.’.’-v" a0
R ) 5 -bj_ REE |
9.3

view ‘of the fact that’ ‘the. caoe' éviiuatod ‘doncern
only Y{ngt vith a span of‘a%out ‘#ix time's tHe' rdot chord,
it geeme desirable to consider & grexter variaty 'of wings
and, in particular, to Anvestigates the. relationship be~
i tween the relative magnitude of the aerodynamic. apan ot-
'!cct and the. lcgnitudb,ag,tho u:ncct ratio.-j, A e, el
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An extension of the present. pracedura to- the analysia
of antizymmetrical deflection modes, as well as to the
analysis of the elastic deformation of wings before tor-
sential difficulty. -

Ml s et ts Tnh it e ot Techeig s iy et

Cambridga, lass., Feb, 1943.

APPENDIX

A FORMULA FOR APPROXIMATE INTEGRATION
{
. . |

If the approximate value of the iniegfal

a_
L/ﬂ £(x) ax . (1) |

o

is raquired, and 1f the function t(x) is of the form |

£{x) = p(x) 4 ' (2)

vhere “p(x): "¥s‘finité at x = 1, conventional formulas"
such as Simpson's rule fall to give accurate results due
4o the fact that f(x) has an infinite slope at x =1,
A modification of Simpson's ‘rule which takes this fact

system. . |

2

: ,,U&umthe notation .f) .= £(k/8), Si‘mps,,qn"a rule gives

~~~~~

H, 1n tho ran;o‘ 8/4 < x < 1, the funection f(x) 4is’
'cpprozilctod by tho c:prosliJn R 2., 2 2

ALY

‘-...L.-..z."..‘ B RO

» g

PP AT 7 v L BIN T M- S 7 (MO S S PR Ot
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£(x) = SRR (4)

J1 =%+ 85 (1 ="x) + a,

the constants a;, a3, and ay can de determined so that

equation (4) is a true equality at the points x = 3/4
and x = 7/8 and so that the derivative of the difference

between the two sides of that equation ig finite at x = 1.
It then follows that

=/2 p(1) .
ag = - 4f, + 162, - (8 - 3./2) p(1) > (5)
a, = 32f, - 641, + (32 - 16./2) (1)
>,
With the approximation of equation (4) there follows
nl
_1_ » + 1 + ._1__ 6
4 fix)adx & 13 21 33 93 153 23 (6)
4

or

1
/ £f(x)dx :—214-{1‘5 + 4f, + (%J?- 2) p(l)}.: (7)

. 5

Equations (3) end (7) can then be combined to give

B T B e

1 8
£(x)
£(x)dx = z oy flxg)+ = (342~ 4) [ (8)
‘-[ % x ~ 1--xa
k=0 x=3
where =Xy = k/8 and o0, 1is the weightirg coefficient

associated with the point x,

by Simpson's rule.

last term in equation (8) is a correction term which takes

into account the fact that f(x)

tive at the point x = 1.

» S S
"IN RTINS AN SRS,

has an infinite

deriva-
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TABLE 1.- DATA FOR UNIFORM WING (lcl & n)
(a) First, Approximation
y ‘B g 9, ¥, ;1
0 0 . - 0 0 ©.2680, || 0" 'un
.125 .1172 | .1250 .2344 | .3040 .2228
.250 .2188 | .2500 .4375 | .3848 .4263
«o7E .3047 3750 . 6094 4779 .6054
..600 .3750 | .5000 .76500 | . .5518 ,7545°
" .635 .4297 | .€l:o .8694 | .5857 .8691
.750 4688 | 507 .9375 | .5760 .9471
| .875 L4522 1 870" .9844 | .5157 .9889
11,000 .5000 | 1.220% || 1,0000 |0 .9994
’ "B+ DAz =1.4773 :
‘v) Second Approximation
y 63 f22 Pg, a8 3-:
0 0 0.2624 | O
.126 .2229 | .2984 .2224
. 350 .4265| .3806 .4258
. 376 .6057 | ,4764 .6053
.500 || .7549| .5533 .7549
.625 |l .8696| .5895 | .8699°
. 750 .9476| .5803 .9481
.875 .9895| .51865 .9901
1.000 |/1.0000{ 0 [ 1.0006
B + TAgy = 1,4803
(¢) Firet Approximation with 9, = dg¢
 § 9, ¥y ¥ 92
0! 0 0.2399 0 0
.128 .1951 | .2730 .2109 ,2201
378 5666 | .4438l _ ,5788 .| .8009
,500 7071 5211 L7194 7608 4
.625 .8315 | ,56233 ~.8306 | .8688
780 ,92339 | .5614 ,9067 K ,9463
.876 - || .9808 | ,5083 .9478 | ,9892
L0000 1 O

TR

1.000 f1 s 55
1'!3 Chon. = 1.uo¢\

L FHF S ST b £ & s v
Ml L SRR L B e B ST e i B S A

.
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TABLE 2:§3D£Q£3IORiRIDQiIGULAEKVIKG3YI?BAQULDELQZCLLL!

TAPBRING w:rzmsgs:z(,%,;. :.~)=:,--.c‘;

y x
/

vt (f‘

.
1

)')IB'IR'

A R

a5

l : £3 ol Gy o8
s L. o] SN SO T AT ?,nx 1,
O-: '.;(r,-‘- .0 e 0,2090 ")0 e “5 = i
1333 ' .16167 .2378 || - -,1207 "
2867 .l .3216: L3069 2569 .|
4615 |l° .4776: 3925 L4082 |
. .6667. 1" .6265.| .46858 L ..5584. |’
1,909 " ,7633 (. .5163 L7089 1
11,2000 ff° ,8801( .52390 .8484 |’
©1,5686 | . .9685° ,4910 RIS [ 7 gl
|.2,0000 [1:0000 {0 1,0000 |
uza TAgq = 1.4287

N ..".9.) I..

W
=

1

B s B8 R 51.3 y
3 (1-57)

N
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 PABLE.3.- DATA FOR LINEARLY TAPERING WING:WITH 1 .
QUADRATICALLY TAPERING STIFFNESS

a 2
[emaa(-do)i=mGo3) ]

9, F, ik f ]‘va

.~
s e—
®
*
m
()

0 1.0000 | O 0 0 ~ |o.1868 || O 0 °
.125 .9375 Q2481 1333 L1833 | 2145 1492 | .1399

«250 8750 | .2ugW| .2857 f .3571| .2783 23094 | .2708
375 .B125 .3690| 4615 5192 | s3490 || Jby3 | L38M
.500 .7500 Jiglin{ .6667 || .6667 [ 43980 6312 | JL734
.625 6875 5897 | L9091 ‘ff .7955 | 09 || s77HO| 5321
750 6250 | .6800°| 1.2000 .9000 | 43973 ,8908 .5325
875 || 5625 | 7459 1.5556 || .9722 | <3715 L9704 | .5U458
1.000 5000 | 7726 | 2.0000 .{{1.0000 | O .5000

B+TAgp = 1,2058

TABLE 4.~ DATA FOR LINEARLY TAPERING WING WITH
QUARTICALLY TAPERING STIFFNESS
: . R u
: = i B - 2. 4
[° °9~(1 2y>’1 IP~<1 2y>'s st
Nl | R e || 82 | T || e .|
0o Jlz.0000 [0 " fo . Jlo .fo.akog .0 "
i h 125 {1 29375 | 1333 .lbebS|l L1173 01567 | ...0826
¥ .250 f17,8750 | J283&| .3285 |l .2M43 |~ ,2056 {} .  .1858: ‘
: 3754} 8125 | .16?23 5762, |t .3810 | .2691 . r,,:,;.gs;
.500 {1 7500 | (6420 | .9I36.°| .5259 | <3217 [k -WH579! 1 ;
. -625 3 4«-".6875 8465 | 1,349, |l 6758 | (385 I}, . .62k | 5 a
2 750 ([l 6250 | 1.0560°| 20640 || 8208 | 23550 | e TBIL | 2
b | ool (1209 | TR B 3 e Rg R | ]
Si i 1.000 || 5000 | 1.3333 | %.6667 |[1,0000{0°" ' |} 31,0000 { 3000 |

e

7345, v
. \&U)‘A-'u:h.')’iﬂ.'..w 2




ORI P

NACA Technical Note No. 926

TABLE 5.- DATA FOR LINEARLY TAPERING WING WITH

DISCONTINUOUS STIFFNESS VARIAT

10N

a
[c~= cg (l - %y), %—- = %m]

45

y e* B g 3, Fa c®d,y
o] 1.0000} O 0 0 0,1455
.125 .93756 L1121 260 .0656( .1583 .0615
.50 .8760 .2188{ ,28500 .1200| ' .2364 .1050
. 375 .8125| 1,0781|1.5000 .5606| .3523 .46556
.500 .7600( 1,7813(23.7500 .9043] ,4463 .6782
. 625 .6875| 1.8435|2.8927 .9333| .4731 .6417
.750 .6250| 1.904113.0891 .9599| ,4362 .5999
.875 .5635| 1.,9616(3.4061 .983s| ,3770 .5533
1,000 .6000| 2,0038|4.3267 ([ 1.0000{0 .5000
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Figure 1.~ Lift and deflection > =
— modes for uniform wing. -~
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Figure 3.- Lift and deflection modes
= for linearly tapering wing
with quadratically tapering stiffness.
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Figure 4.- Lift and deflection modes
e for linearly tapering wing d
with (:iurtically tapering stiffness. /‘
o [om . 1= it K s 2
f
<
6 faa
: 7
/
e
74 4T
4 7 =y
/4 //7. = Z
=
== === Uifting-tae theery
2
;/ Sostion—feree thesry|
Q\/
1 % i t 1 1

l

=

| Figure 5.- Lift and deflection modes
0 ™ for linearly tapering wing
with discontinuous stiffness variation.
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