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SUMMARY 

Charts are presented for estimating the effects of variations in 
short-period stability characteristics of a rigid airplane on its root ­
mean- square vertical- acceleration and pitch- angle response to continuous 
atmospheric turbulence. From these charts the root -mean- square quantities 
in dimensionless form can be estimated for values of four other dimension­
less parameters which describe the airplane short-period stability charac­
teristics and the scale of atmospheric turbulence. The trends of the 
root-mean- square responses with each of the four parameters are discussed 
in terms of two significant combinations of the parameters involved. The 
cIlarts are best suited for application to rigid unswept-wing airplanes of 
not more than 200-foot wing span flying at low subsonic speeds . It is 
believed, however, that useful estimates of first - order effects can be 
made for airplanes with other wing plan forms flying at high speeds. 
Analysis of the charts indicates that the variations of the vertical 
acceleration and pitch angle with the other parameters are largely deter­
mined by the damping ratio of the airplane and a relG.tive:-tur"oulence 
scale . Some examples of the application of these charts show that the 
vertical -acceleration response of a moderate -speed unswept-wing fighter 
airplane is increased by a rearward shift in the center of gravity, is 
not changed significantly with a change in altitude if the equivalent 
a irspeed and true turbulence intensities are constant (effects of changes 
in Mach number are not included), and is increased by an increase in the 
geometric scale . 

A comparison of the root -mean-square vertical-acceleration response 
of an airplane free to be disturbed in vertical and pitching motion with 
that of an airplrule free to be disturbed only in vertical motion (non­
~itching) indicates that the responses are similar for a nearly critically 
dar.'!ped airplane . The acceleration response of an airplane with a very l ow 
darr.ping ratio may greatly exceed the response of a nonpitching airplane. 
However, the vertical acceleration of an airplane having satisfactory 
handling qualities my in many cases be less than that of a nonpitching 
airplane . 
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INTRODUCTION 

Variations of longitudinal stability characteristics may cause 
appreciable changes in the response (motions, loads, stresses, etc . ) of 
an airplane flying in atmospheric turbulence. Until recently, analyses 
of these effects (some of which are summarized in ref . 1) disregarded 
the continuous nature of the turbulence, partly because of the large 
efforts required for a more realistic treatment, and considered, instead, 
only discrete gusts . Thi s approach was considered to be unsatisfactory 
in many cases, particularly for airplanes having unusual longitudinal 
stabi lity characteristics, such as low damping in pitch . 

In recent years, the difficulties which led to use of discrete gust 
analysis have been overcome to a large extent by developments in the 
theory of generalized harmonic analysis (refs . 2 to 8) which permit the 
consideration of the continuous nature of turbulence. Within the frame ­
work of generalized harmoni c analysis the airplane response to turbulence 
is described i n terms of stati stical or average quantities . The most 
important of these quantities is the r oot-mean- square value, which pro ­
vides a simple measure of the response intensity and in the case of a 
Gaussian process completely specifies the probability distribution. 
(See ref . 4 .) 

The root -mean- square vertical acceleration of a rigid ai rplane has 
previously been calculated by means of generalized harmonic analysis for 
a few combinati ons of the damping and natural - frequency parameters of 
short-period longitudinal stability (ref. 4) . The manner in which these 
root -me an- square values may be affected by changes in the short-period 
stability characteristics has been verified experimentally (ref. 5) to a 
limited extent . In reference 6, the root-mean- square response calcula­
tions have been extended to include pitching velocity as well as vertical 
acceleration . The results of these calculations indicate the effect of 
success ive changes in some parameters which contribute to the short­
period stability characteristics. 

In the s t udy of airplane response to continuous turbulence r eported 
in reference 7, the r oot-mean- square vertical and pi tching motions in 
dimensionl ess form were expressed as functions of onl y four other nondi­
mensional parameters, namely, an airplane mass parameter, a short-period 
damping parameter, a short-period damped-natural- frequency parameter, and 
a turbulence - scale parameter. The simplification afforded by the formu­
lation of the probl em in terms of these parameters makes practicable the 
preparation of charts for the estimation of the effects of general vari­
ati ons i n l ongitudinal stability characteristics of an airplane on its 

.' 

response to turbulence . The purpose of this report is to present charts , 
from which the root-mean- square vertical acceleration and pitch angle in 
dimensionless form can be determined for values of the remaining four 

J 
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parameters . The ranges of values selected for the parameters are beli eved 
to include values correspondi ng to those for most rigid unswept-wing a i r­
planes and missiles likely to be considered in the near future. 

I n addition to the presentati on of the charts) the trends in the 
variations of the root-mean-s~uare airplane responses with each of the 
four independent parameters are discussed in terms of extreme values of 
two phys i cally significant combinations of the four parameters. Also) 
the effects of pitching moti on on the vertical acceleration of the air­
plane are i ndicated by a comparison of the present results with those 
obtained for an airplane free to be disturbed in vertical motion only . 
The application of the charts is illustrated by means of several examples) 
whi ch were chosen to indicate the effects on the vertical - acceleration 
response of changes in the a i rplane center of gravity) in altitude) and 
in the s i ze of the airpl ane . 

CLa.. 

C 
La) t 

SYMBOLS 

nondimensional normal or vertical acceleration) zig 

reference nondimensional normal or vertical acceleration) 
~SCL w 

a 
wu 

vertical- acceleration ratio) ~/~)s 

airplane lift- curve slope per radian 

wing lift- curve slope per radian 

tail lift- curve slope per radian 

pitching-moment coefficient) M/~Sc 

Clla.. longitudinal static stability derivative) CCm/Oa.. 

C:rna, pitching-moment coefficient per nondimensional unit rate of 
cCm change of angle of attack) 

c(;e) 
cCm pitch damping derivative) 

c(~~) 

____________________________ . _________ .J 
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c 
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k 

L 

M 

m 

q 

r 

s 

s 

u 

w 

l ocal wing chor d 

mean aerodynamic wi ng chord, 
_21 b

/
2 

S 0 

mean aerodynamic tail chord, ft 

acc elerati on due to gravity , ft/sec2 

pressure altitude , ft 
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c2dy, ft 

frequency -response function for output response 0 to i nput 
di sturbance I 

reduced- frequency parameter , at/ 2U, radians / semichord 

damped- natural - frequency parameter, WdC/2U, radians / semichord 

undamped- natural - frequency parameter, illoc/2U, 
radians / semichor d 

turbulence scale, ft 

distance from a i rplane center of gravity to aerodynamic center 
of hori zontal tai l, ft 

distance from airplane center of gravity to aerodynamic center 
of wing - fuselage combination, ft 

p i tching moment about center of gravity, ft - lb 

airplane mass, slugs 

dynamic pressure, lb/sq ft 

radius of gyrati on in p i tch, ft 

wing area, sq ft 

horizontal- tail area, sq ft 

turbulence - s cale parameter , 2L/c 

time for dis turbance to damp to one - half amplitude, sec 

airspeed, ft / sec 

airplane we i ght, lb 

.' 

, 
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w 

y 

z 

z' 

r 

E 

e 

vertical component of turbulence velocity, ft/sec 

distance along wing span 

vertical displacement, positi ve upward 

displacement normal to airplane, positive downward 

angle of attack 

angle of attack due to vertical component of turbulence, 
w/U, radians 

short -period dampi ng parameter, KV 

downwash angle, radi ans 

tail- efficiency factor 

mass parameter, 8m 

pitch angle, positive nose upward, radians 

reference pitch angle, radians 

pitch- angle ratiO, e/e s 

reference pitching acceleration, radians/sec2 

reference pitching acceleration (due to gust only), 
radians/sec2 

pitching- acceleration ratiO, e/e s 

v nondimensional reciprocal of the time for disturbance to 
C loge 2 

damp to one - half amplitude, 
2UTI / 2 

S damping ratio 

p air density, slugs/cu ft 

a root-me an- square value 

¢(k), ~(ru) power spectra 

5 

_ J 
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¢(k), ¢(m) 

Notati on: 
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unsteady-lift functions for gust penetration 

frequency, r adians/sec 

damped natural frequency, radians/sec 

undamped natural frequency, radians/sec 

first derivative with respect to time, d/dt 

second derivative with respect to time, d2/dt2 

I I absol ute value of complex quantity 

pert a ins to ~ody-fixed stability axes 

Subscri pts or superscripts : 

2 

40 

a 

f 

I 

o 

82 

w 

CLT 

t wice basic scal e 

at 40 , 000 feet 

at rearward center - of -gravity position 

at f orward center - of - gravity position 

pertains to input 

pertains to output 

at sea level 

pertains to vertical component of turbulence velocity 

vertica l - acceleration rati o 

pertains to angl e of attack due to vertical component of 
tur lJulence 

pitch-angle ratio 

c 
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METHOD AND SCOPE OF CALCULATIONS 

Method of Analysis 

The charts of the root-mean- square dimensionless vertical accelera­
tion and pitch angle to be presented herein were calculated from essen­
tially the expressions for t he corresponding quantities given in refer ­
ence 7. These expressions, which were deri ved on the basis of the theory 
of general ized harmoni c analysis, are rederi ved in this section, and some 
additional parameters, which find appli cation in the following sections, 
are introduced. 

According to the theory of generalized harmonic analysis the mean­
square value of the output of a l i near system subjected to a stationary 
random i nput, that is, an input process with statistical characteristics 
which are invariant wi th time, can be expressed as follows (ref. 4): 

(1) 

This expression states that the mean- square value of the output is equal 
to the integral of the product of the input-power spectrum ¢I(m) and 

the absolute square of the frequency - response function of the system 

1H6(m) 12. The power spectrum is a continuous spectrum of the contribu­

tion of each frequency to the total value of the mean- square of the 
random- input function. The frequency - response function describes the 
response of the system to a sinusoidal input of unit amplitude. In the 
cases of i nterest in this report the output 0 represents airplane 
vertical or pitching acceleration or pitch angle, and the input I 
represents the vertical component of the turbulent velocity . 

Frequency-Response Functions 

Equations of motion. - The frequency-response functions utilized 
herein were obtained from reference 7: They represent solutions of the 
equations of longitudinal motion (the effects of changes in airspeed 
being ignored) for an airplane flying in an atmosphere in which the 
vertical component of velocity varies sinusoidally in the direction of 
flight and is constant along the span of the wing at any instant . 

These equations of moti on are based on the assumptions commonly 
made in a longitudinal short -period stability analysis of rigid airplanes 
(ref . 9, for instance), in which an airplane is considered free to pitch 
and plunge (move in a direction normal to a longitudinal reference axi s 

__ J 
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of the a irplane). Also, the effect of unsteady flow due to gust pene­
tration on t he airplane moments was assumed to be the same as the effect 
on the lift. (The lag in the application of the gust between wing and 
tail was, therefore , neglected.) Turbulence velocities were assumed to 
be small compared t o the airspeed (so that the angle w/u in radians is 
numerically equal to its tangent), and only the vertical component of 
turbulence velocity was assumed to be i mportant . 

i (j) + 

The equations of motion in operati onal form are then 

mU 
- i uiJ 

2 - (j) 

zt 
¢ ((j)) -< 

S 

- qSCL a 
mU 

qSc C 
mr2U IDa, 

w (2 ) 

The preceding equations are based on stability axes, that i s, body- f i xed 
coordinate s initially normal and parallel t o the relative air velocity 
for undisturbed flight. These axes rotate about the origin as the air­
plane pitches and t he acceleration z' is not, therefore, the actual 
airplane acceleration . I n most practical problems, such as load deter­
mina tion, the actual accelerati on in the direction of the Z'-axis is 
required . Under the short-peri od stability assumpti ons, this quantity 
is substantially the same as the absolute accelerati on z along a 
vertical axi s of a coordinate - system translating a t the speed of f light 
but otherwise fixed in space . The express i on for vertical accelerati on 
is 

-z' + US 

'I'he two sets of axes are shown in figure 1. As is well known, the 
dynami c response of the system des cribed by equations (2) i s oscillatory 
in nature and can be descri bed as a function of natural frequency and 
dgmping parruneters . 

Di mensionless frequency - response functions .- In reference 7, solu­
t i ons of the equati ons were obtained for the absol ute square of the 

frequency - response func t i ons , I ~ ((j)) \ 2 and 1 H~ ((j)) 12 . 
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By use of the relations 

a.-r = W Iv 

-
k = (J)'2 

2V 

8 8 = --
(.J.)2 

together with 

au = ·z/g (4) 

q.5CL w 
(5) ~)s 

ex, 

mgV 

~)r = ~/~)s (6 ) 

8r = 8/8 s (7) 

8s -a.-r 
[~~ (:y - 2)2 + kd2] 

(8) 

ki r2 
+ -

K2 

8r = 8/8·s (9) 

8s =81 - ex, ex, 
.. [ pScCL Cm 'j 

s)o 4mCma, 
(10 ) 

9w."1d. 

8 s 0 

qScCIDa,w 
(11) , 

mr2V 

___ ~ ___________________ ~J 
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the functions 1 ~(rn) 1 2 

less forms \ H~,r(k) 1 2, 
and I Hij (rn) \2 

I He; (k ) \ 2, and 
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can be converted to the dimension-

8s ' and 8s , 0 are reference values ; au,s may be i nterpreted as the non­

dimensional vertical acceleration that would result solely from the lift 
force associated wi th the maximum value of the sinusoidal vertical veloc ­
ities; 8 s is the zero freQuency value of 8; and 8s 0 may be inter -, 
preted as the pitching acceleration that would result solely from the 
moments associated wi th the maximum value of the sinusoidal vertical 
velociti es . The Quanti t i es i n the brackets in eQuations (8) and (10) may 
be regarded as coupli ng factors for the effect of vertical motion. The 
parameters K, y , and kd which appear in the brackets are nondimensional 

and are defi ned as follows : 

The parameter K is a mass parameter defined in reference 10, which 
will be recognized as four times the mass parameter used in discrete gust 
analyses as a vertical-motion damping coefficient (ref . 1), namely, 

K 
8m (12) 

The parameter y i s defi ned as 

y _ K V (13) 

where l / v i s a di mensionless form of the time for disturbed motion to 
subside to one - half amplitude , namely , 

(14) 

where in turn 
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The parameter , therefore can also be expressed as 

(16) 

The parameter kd is a dimensionl ess form of the damped natural 

frequency of short-period motion, that is, 

The dimensionless damped natural frequency can be expressed in terms of 
the dimensionless undamped natural frequency ko as 

where 

An additional parameter involving kd 
utili zed subsequently i s the damping ratio 
critical damping, defined by 

~ -

(18) 

and ,/K which will be 
~, the ratio of damping to 

The use of the parameters " v, and K requires some comment. 
Any two of them define the thi rd . The combi nation v and K i s 
probably the most significant from consideration of phys ical interpre­
tation. The pair , and K was selected, however, in order t o provide 

- ~- -- -~- --~--- ----- ____ I 
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a parameter, namel y, y, which is independent of airplane mass and to 
retain the identity of K because it is a familiar fundamental param­
eter in the a na l ys i s of the response of an airplane free to be disturbed 
in the verti cal direction only . 

The express i on for I H~,r(k) \ 2 was obtained from equation (48a) 

in reference 7 by us i ng the dimens i onl ess parameters defined in the 
precedi ng re l ations and i s gi ven by 

\
Hcx.r (k) I 

an r , 

2 
(20) 

The function I He~(k) 1 2 was obtai ned from equati on (48b) in reference 7 as 

(21) 

and an express i on for I H~(k) 1 2 can be obtained i n a similar manner . 

Unsteady- l i ft function .- The effect of unsteady flow on the lift 
and moment due to gust pene t rati on was represented in reference 7 and 
here i n by the funct i on ¢(w) , which appears in equation (2), and ¢(k), 
which appears i n equati ons (20) and (21). In reference 7 the following 
expression was used for thi s funct i on : 

(22) 

The expression in equation (22) is an approximation of the unsteady lift 
on a wing in two -dimensional incompressible flow . As implied by the 
assillnptions of stabili ty analysis previously mentioned, the effects of 
the unsteady flow associated with the disturbed motions of the airplane 
were neglected . 
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Assumed Power Spectrum of Atmospheric Turbulence 

The power spectrum used herein for ~ (where ~ = w/ u) on an air­
plane flying at speed U i s that used in reference 8, namely, 

2 L 
CJa.." -

'.l' :reU 

[1 + 3(L2m2/U2)] 

[1 + (L2m2 / u2) ] 2 

where CJ~ is the root-mean- square value of the angle of attack due to 

the verti cal component of turbulence velocity . Equation (23) can be 
rewritten i n dimens i onless form by us i ng the relations 

~a.:r(k) ~a.:r((l)): 

~a.:r((l)) 

and 

s -
2L (24) 
c 

The resulti ng expression for the power spectrum is 

Final Equations 

In terms of the dimensionless frequency- response functions given 
by equations (20) and (21), the unsteady- lift function in equation (22 ), 
and the power spectrum given by equation (25), the expressions for the 
mean- square values of ~,r and 8r are 

(26) 
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and 

Presentation of Charts 

Range of parameters. - E~uations (26) and (27) 
closed form and the rather lengthy expressions for 

NACA TN 3992 

were integrated in 
GR__ and GS were 

- Il)r r 
evaluted by an automatic digital 
values of kd) K) y) and s : 

comput er for the following ranges of 

0 ~ kd < 0 .2 

40 < K ~ 20)000 

1 < Y ~ 10 

50 ~ s ~ 2)000 

The upper limits of these parameters were chosen to be appreciably 
higher than the largest values found in a survey of contemporary air ­
planes . The upper limit of K) in particular) may seem excessively large) 
but this value may be approached by small heavily l oaded missiles at high 
altitude . The lower limits of the parameters were set by various consid­
erati ons . The limit of zero for kd corresponds t o critical damping . 

The limit of unity for y i s inherent i n the definition of y for stable 
airplanes . (See e~ . (16) . ) It might be noted that tailless airpl anes are 
oft en characterized by values of y near unity . The l ower limit of K 

was chosen to include lightly l oaded a irplanes ) such as sailplanes . 

The limits of s re~uire spec i al menti on . The value of s depends 
on the values of the turbulence scale L . Measurements of atmospheric 
turbulence from fl i ght tests indicate that L i s in the order of 
1) 000 feet ) and on this bas i s the r ange of s would be from about 100 
to 2 )000 for l arge airplanes and small miss i les ) respectively. However) 
the lower limit of s was extended down to 50 to apply to values of L 
l ower than 1 )000 feet i f further tests indicate their existence . 

Index to charts .- The calcul ated val ues of Gan rand GS r are pre ­
) 

sented as functions of kd in figures 2 and 3) respectively) for various 
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values of 7, K, and s. Log- log paper was used for the charts in 
order to make the presentation compact and to permit reading to a con­
stant number of significant figures . It should be noted that values of 
a for kd = 0 are presented as arrowheads to the left of the ver -
~,r 

tical axis of each a chart. One of these values on each chart, 
~,r 

namely, that for I = 2, is of special significance in that, as indi­
cated in equation (S), the pitching motion is zero. These values, there­
fore, are for an airplane free to be disturbed only in vertical motion 
and are comparable to those presented in reference 10. The values of 
aR_ for kd = 0 and I = 2 are functions of K and s only and 
-u,r 

are presented as a function of K in figure 4 as an extension of the 
informati on presented in reference 10. (Note that in ref. 10, s is 
defined as the inverse of s in this report.) 

No special significance should be attached to the fact that the 
root -mean- square quantities in figures 2 and 3 are plotted as a func­
tion of kd. This procedure was followed to minimize overlapping of 
the curves in order to provide ease in reading. Sample plots of the 
root -mean- square quantities are also given in figures 5 and 6 as a 
function of KI" which is comparable to the presentation in figure 4. 

Values of root -mean-square pitching-acceleration ratio (for 

definition of 8r see eq . (9)) were also calculated by use of an expres ­

sion for the absolute square of the frequency-response function obtained 
from equation (4Sb) of reference 7 and are presented in table I. No 
charts have been prepared for these results . 

Some Variations of Airplane Responses With Variations 

in the Dimensionless Parameters 

The charts indicate that the Variations of aR__ and 0e with 
-n,r r 

each of the parameters kd' K, I, and s differ considerably for the 

innumerable combinations of the parameters which may result from various 
airplane configurations. These variations, however, can be systematized 
to a large extent by considering the variations of the a's for extreme 
values of only two combinations of the four parameters. The two combi ­
nations are: 

(1) The ratio of kd to 11K 
(2) The product of ko and s 

_________ 1 
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The first combinati on appears in the denominator that is common to 
equations (20) and (21) . The relationship of kd to Y/K determines 

the ratio of damping to critical damping S and the undamped natural 

(See eqs . (17) and (19).) For kd« 1 .0 
Y/K 

frequency parameter the 

k 
value of s "'" 1.0 and For ~» 1.0 

Yj K 
the value of s < 0 . 1 

The second significant combi nati on of parameters with regard to the 
variations of the a's) the product of ko and s) determines the expan­
sion or compression of the power - spectrum frequency scale relative to 
that of the frequency- response func tion . 

For kos» 1 . 0) the frequency scale of the input spectrum is com­

pressed relati ve to that of the frequency- response functi on so that the 
amplitude of the input spectrum varies inversely with the square of the 
reduced frequency begi nning at a frequency that is a small fracti on of 
the undamped natural frequency of the airplane . The condition kos» 1 .0 

is termed here i n large relati ve - turbulence scale . The general relation 
between the vertical- accelerati on and pitch- angle frequency - response 
moduli and the power spectrum for large relative - turbulence scale is indi­
cated i n f i gure 7(a) . 

For kos« 1 . 0 the frequency scale of the input spectrum is 

expanded relative to that of the frequency - response function so that the 
value of the i nput spectrum is nearly constant up to a frequency many 
times the undamped natural frequency of the airplane . This condition is 
termed here i n small relati ve - turbulence scale . The general relation 
between the airplane frequency- response moduli and the power spectrum for 
small relative - turbulence scale is indicated in figure 7(b) . 

The conditi on of large relative - turbulence scale appears to apply for 
most airplanes and atmospheric conditions . Conditions approaching small 
relative - turbulence scale may be encountered occasionally . However) the 
portion of the turbulence spectrum associated with small relative ­
turbulence scale (the relatively constant portion at very long wave ­
lengths) is subject to a large degree of uncertainty compared with the 
remainder of the spectrum. The root -mean- square quantities for small 
relative - turbulence scale are given primarily as an aid to the estimation 
of response trends for moderate values of relative - turbulence scale. 

An appendix is included in which the extreme conditions of damping 
ana relative - tur bulence scale are shown to permit a simplification 
of the integrals in equations (26 ) and (27) so that short formulas 
(eqs . (Al) to (A6)) expressing the variations of 0R__ and as with 

-Il)r r 
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each of the parameters kd' K, y, and s can be readily obtained for 

all extreme conditions except the nearly critically damped conditions 
for crR__ • In the case for critical damping the variations of cr 

-n,r Bn,r 
can be vi sualized qualitatively. The results for the extreme conditions 
are summarized in table II. The qualitative description of the varia­
tions of the cr's on the bas i s of the results in table II permits some 
generalization of results in studies of turbulence problems, as will be 
indicated in connection with some examples of chart application. 

USE · OF THE CHARTS 

Chart Limitations 

In the derivation of the equations from which the charts were cal­
culated, some physical effects which are known to contribute to the 
response of an airplane to turbulence were purposely excluded and others 
were idealized in order to simplify the equations. Without these simpli ­
fications, the coverage of a wide range of airplane characteristics would 
require an impracticably large effort. The exclusion and idealization of 
these effects, however, imposes certain limitations on the use of the 
charts. 

The effects pertinent to the response of an airplane to turbulence 
which have been excluded by the assumptions of short-period stability 
analysis are the large perturbations in airplane motion which may occur 
for airplanes having very low damping ratios and the unsteady lift 
accompanying a change in the angle of attack due to airplane disturbed 
motions (Wagner effect) . Errors in the values of the cr and cre 

Bn,r r 
obtained from the charts due to large perturbations are thus a function 
of both ~ and cr~ and increase as cr~ is increased or ~ is 

reduced. The errors due to neglect of the Wagner effect are expected 
t o increase with an increase in ko ' 

The effect of neglecting the lag in application of the vertical 
t urbulence velocities between the wing and tail is to decrease the root­
mean-square response in much the same manner as would be obtained from an 
increase in damping ratio . This effect increases with an increase in 

-2 St lt2 
tail effectiveness ~ __ 1 __ ~ __ CL ___ dE and with both a decrease 

r2 KCL S a,t -2 do., 
a c 

in ko and an increase in K for a given tail effectiveness. 

The charts are based on an airplane flying with elevator neutral 
(fixed). The effect of a pilot is not included. 

_________ . _______ J 
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The input power spectrum used in the chart calculations is based 
on the assumption that the lift on the airplane is not appreciably 
affected by lateral (spanwise) variations of turbulence vertical veloci­
ties. It was pointed out in reference 7 that this assumption should 
provide satisfactory results for rigid airplanes having wing spans less 
than 100 feet . More recent information indicates that for the present 
purpose the spectrum should gi ve satisfactory results even for airplanes 
wi th spans up to about 200 feet . 

As was stated earlier this input power spectrum is subject ~o a 
large degree of uncertainty in the lower frequency region where it is 
relatively constant and, therefore, the results for the small values of 
relative - turbulence scale (kos « 1) are to be used only as an aid to 
the estimation of response trends for moderate and large values of 
relative - turbulence scale . The validity of the charts for values of 
kos < 5 is uncertain . A boundary for this condition is indicated on 
each chart in figures 2 and 3 except for charts for K equal to 40 and 
100 in figure 3 . The curves for K of 40 and 100 are too crowded to 
permi t the insertion of a clearly defined boundary . 

The basic assumptions and the choice of unsteady- lift functions 
used in the calculation of the charts thus imply that the charts are 
mos t applicable to rigid unswept -wing airplanes of not much more than 
200 - foot wi ng span . flying at low subsonic speeds . It is believed, 
however, that useful esti mates of changes in stability characteristics 
can be made for fairly rigid airplanes with wings of other plan form, 
such as swept or triangular flying at high subsonic and supersonic 
speeds . In general the charts presented herein (figs. 2 and 3) are best 
suited for the estimation of effects of changes in short-period stability 
characteristics on the root -mean- square vertical acceleration and pitch 
angle rather than for determining the magnitude of the root -mean- square 
quantities for a given set of airplane and turbulence parameters. The 
use of the charts to estimate the effects of such changes tends to mini ­
mize errors arlslng from simplifying assumptions and uncertainties in 
values of stability parameters . 

Evaluation of Required Parameters 

Stability parameters .- The stability parameters kd and r may be 

obtained from wd and Tl / 2 , which in turn may be determined from flight 

tests of an existing full - scale or model airplane, or else kd and r 
may be calculated from equations (16 ) to (18) in which values of the 
stability derivatives C~, C

lla
, CmU, and Cmq are obtained from what -

ever source is considered most reliable. The mass parameter K is 
usually calculated by using values of CL either measured or calculated. 

a, 
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Inasmuch as all ai rplane structures are flexible to a degree, cal­
culations of the stability derivatives should i nc l ude static aeroelastic 
effects . (Quasi-static aeroelastic effects, that is, those which arise 
from the structural deformation caused by the inertia loads in a uniform 
normal acce leration, can be included in the same way. See ref. 11, for 
instance.) The completely dynamic response of airplane structures, which 
includes inertia loads based on the local accelerations, cannot be taken 
into account in the use of the present charts and the results obtained 
therefrom will be subject to increasing errors as the natural frequencies 
a nd damping ratios decrease in values and as the static deflections of 
the natural structural modes increase in value. 

Scale of turbulence .- The evaluation of the turbulence-scale param­
eter s requires that a value of L be selected. As mentioned else ­
where, little is known as to what variations in the value of L may 
occur or what meteorological conditions may affect the value of L. 
Some available information suggests that L is in the vicinity of 
1,000 feet. 

Examples of Chart Application 

Three examples are presented to illus trate application of the charts 
and to provide information on some typical turbulence-response problems. 
They ill ustrate, respectively, the effect on vertical acceleration of 
changing the airplane center-of-gravity pOSition, the altitude, and the 
geometric scale. The same basic airplane configuration was used in all 
three examples. The configuration chosen is that of a moderate - speed 
unswept-wing fighter airplane for which some flight test results were 
reported in reference 5. The pertinent characteristics of the basic air ­
plane are listed in table III. 

Change in airplane center of gravity .- The change in center of 
gravity was taken to be a rearward shift amounting to 6.6 percent of the 
mean aerodynamic chord of the wing. This change, together with slight 
changes in weight and radius of gyration indicated in table IV, was 
chosen to be the same as the value used in flight tests of the fighter 
airplane considered in reference 5. Values of K, y, and kd listed 

in 

is 

table IV for both center- of -gravity positions indicate that only kd 

appreciably affected by the center - of -gravity change. Values of 
obtained from the charts by graphical interpolation for s = 297, a 

au,r 
which corresponds to L = 1,000 feet, and for the tabulated values of 
K, y, and kd are also presented in table IV. The ratio of a an,r 
for center of gravity rearward to that for center of gravity forward was 
found to be 1.045, from which the root-mean-square vertical acceleration 
was found to increase about 7.5 percent as the center of gravity was 
changed from the front to the rear position. 

----------- - ---------------_. --.-.~ 
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The results of the fl i ght tests and calculations reported in ref­
erence 5 indicate increases in crau of about 10 and 13 percent, respec -

tively . The differences between the results from the charts and from 
the calculations of reference 5 show, to a certain extent, the effects 
of unsteady lift due to a change in angle of attack (Wagner function) and 
of lag in application of the turbulence velocities between the wing and 
tail . These effects were accounted for in the calculations of reference 5, 
but, as previ ously indicated, were not included in the calculation of the 
charts . A comparison of the calculated results on this basis is not, how­
ever , completely clear - cut because the input power spectrum used in refer­
ence 5 was somewhat different from the _spectrum used herein . 

The present results together with those from reference 5 indicate 
that rearward shi ft in center of gravity results in a moderate increase 
in cr for the airplane considered. au,r 

Some generalization concerni ng the effect of a change in center - of ­
gravity position can be made on the basis of the information given in 
tables II and III. A pure shift of center-of-gravity positi on produces 
little change in I (at least for ai rplanes with tails) and no change in 
K or s . A shift in the center-of - gravity position, however, may produce 
a change in kd; a rearward shift tends to reduce ko . For a nearly 

critically damped airplane cr is nearly independent of kd and, 
~,r 

consequently, a change in center - of- gravity positi on should cause no 
appreciable change in the airplane response. For lightly damped air ­
planes (~ < 0 .1) the reduction in kd which accompanies a rearward 

center- of - gravity shift should cause a proportional decrease in vertical­
acceleration response for small relative-turbulence scales (kos « 1.0). 

For large relative - turbulence s cales~ the reduction in kd should cause 
a moderate increase in vertical- acceleration response. The conditions 
and the results of the numerical example gi ven favor the last category 
cited . 

Change in altitude .- The change in altitude selected was from sea 
level to 40,000 feet. The equivalent airspeed and the true turbulence 
intensity were assumed to be invariant with altitude . Effects of Mach 
number changes were not considered . As indicated in table V, wherein 
are listed the quantities which change with altitude, the mass param­
eter K is increased about four times at 40,000 feet, whereas the damped 
natural - frequency parameter kd is reduced to about one -half of the sea-

level value . The ratio of acceleration at 40,000 feet to sea-level 
acceleration indicates that there is no appreciable change in vertical 
ac celeration with altitude for the example airplane, provided that the 
turbulence intensity is independent of altitude. 
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As a matter of interest, the effect of pitching motion on the vari ­
ations in acceleration response with altitude was indicated by comparing 
the preceding acceleration data with that for a nonpitching airplane. 
The latter data were obtained from the charts for kd = 0 (for an air-

plane with y nearly 2) . It was found that the root-mean-s~uare vertical 
acceleration for the nonpitching airplane was about 20 percent lower at 
40,000 feet than at sea level . 

Some generalization of the effects of altitude change on the 
response of the pitching airplane can be made . It can be shown by using 
e~uation (Al) in the appendix that the root-mean-s~uare vertical accele ­
ration for the lightly damped airplane and for small relative-turbulence 
scale (kos « 1.0) varies directly in proportion to the s~uare root of 
air density . For large relative- turbulence scale, it can be shown by using 
e~uation (A2) that the vertical acceleration for the lightly damped air­
plane is nearly independent of changes in air density except for unsteady­
lift effects which cause a small increase in acceleration with a decrease 
in air density that becomes more pronounced with an increase in the value 
of kd at sea level. It appears impractical to extend generalization to 
the behavior of the acceleration response for airplanes which are nearly 
critically damped. For this damping condition, the trend of cr~_ with 

Li,r 
changes in air density is in opposition to the trend of an,s with changes 

in air density and, therefore, specific cases must be determined . In many 
practical cases, effects of Mach number changes should not be neglected as 
they were in this example. 

Change in airplane size .- A comparison was made of the vertical ­
acceleration responses of the basic airplane and an airplane twice its 
size . The airplanes were assumed to be dynamically similar, that is, 
values of an,s' K, y, and kd were unchanged. As indicated in 

table VI the turbulence-scale parameter s is changed, however, as a 
result of the change in the wing reference chord. The 2:1 increase in 
airplane scale resulted in a 35 percent increase in cr and in cra an,r n 
In general, as shown in table II an increase in airplane size will be 
accompanied by a decrease in cran for a small relative-turbulence scale 

and by an increase in cr~ for a large relative-turbulence scale. The 

results of the numerical example are in agreement with the latter 
relation . 

COMPARISON WITH NONPITCHING AIRPLANE 

In the past, gust loads on airplanes, with the exception of those of 
unusual configurations, have generally been calculated on the assumption 
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(based on results of discrete gust analysis and on gust - tunnel tests 
summarized in ref . 1) that the effect of pitching motion on vertical 
accelerations is, i f not necessarily negligible, at least nearly the 
same for all airplanes . I n other words, the accelerations have been 
calculated on the basi s of verti cal-motion response only and, conse ­
Quentl y, the accelerations are determined solely by the mass param­
eter K, except that for continuous - turbulence calculations the scale 
parameter s ent ers as well . (See ref . 10.) This procedure has been 
considered to be applicable only to airplanes having satisfactory 
handl ing Qualiti es . It i s, therefore, of interest to compare the gen­
eral results of the study of the effects of short-period stability 
characteristi cs with those for the condition of no pitch and also to 
examine these results in the l ight of a satisfactory handling- Qualities 
criterion . 

Effects of nearly critical and nearly zero damping ratios. - It has 
been pointed out previously that the particular condition of kd = 0 

and r = 2 represents the no -pitch case treated in reference 10 and that 

values of a for the condition of 0 < kd «1 . 0 (nearly critically 
~, r r/K 

damped) and r = 2 are nearly identi cal to those for the no-pitch case. 
Observati ons of the charts (fig . 2) indicate that, for values of r 
greater than 2 and for a given value of K, the values of aR__ for the 

-n,r 
nearly critically damped airplane are always less than the values for the 
no -pitch case . For values of r between 1 and 2, the values of a 

an,r 
for a gi ven value of K are higher than those for the 
never exceed the maximum value with respect to K for 

no -pitch case but 
the no -pitch case. 

For the airplane with a very low damping ratiO 

a 
au,r 

may i n some cases greatly exceed values 

pitch condition. (See fig . 2(u).) 

kd » 1.0 
r/K 

of a 
~,r 

the values of 

for the no -

Handling- Qualities boundary. - The handling Qualities of an airplane 
are generally considered satisfactory if a disturbed motion of the air ­
plane decays to a stipulated fraction of its initial magnitude in less 
than a certain number of cycles. A commonly used condition is one - tenth 
of the initial magnitude in less than one cycle. The handling-Qualities 
criterion can be expressed as a function of the damping ratio only and 
for the particular case cited, the corresponding damping ratiO, S ~ 0.345. 

k 
This damping ratio is not nearly critical by the criterion of V~« 1 . 0 

(in this case ::K ~ 2.73); nevertheless, this restriction when applied to 
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the curves presented in figure 2 (the boundary is indicated on the charts) 
serves in general to limit cr to values e~ual to or less than those an,r 
for the no-pitch condition. Exceptions exist for r < 2 under all con­
ditions and for values of r > 2 at small values of s; however, even for 
these conditions, the values of cr remain below unity. For damping 

au,r 
ratios appreciably lower than that set by the handling-~ualities criterion, 
the values of cr may reach indefinitely large values for small val ues 

an,r 
of s . 

The preceding results tend to corroborate a conclusion reached in 
discrete gust analyses ; namely, that, for airplanes having satisfactory 
handling ~ualities, conservative values of the vertical accelerations due 
to gusts can generally be calculated on the basis of vertical-motion 
response only . 

CONCLUDING REMARKS 

Charts have been presented for estimating the effects of variations 
in short-period stability characteristics of a rigid airplane on its root­
mean-s~uare vertical -acceleration and pitch- angle response to continuous 
atmospheric turbulence. From these charts the root-mean-s~uare ~uantities 

in dimens i onless form can be determined for values of four other dimen­
sionless parameters; namely, an airplane mass parameter K, a short-period 
damping parameter r, a short -period damped-natural -fre~uency parameter kd' 

and a turbulence - scale parameter s . Analysis of the e~uations from which 
the charts were calculated indicates that the variations of the vertical 
ac celeration and pitch angle with the other parameters are largely deter ­
mined by two other ~uantities; namely, the damping ratio of the airplane 
which may be expressed in terms of K, r, and kd' and the relative -

turbulence scale which may be expressed in terms of the undamped-natural ­
fre~uency parameter ko and the turbulence-scale parameter s. Formulas 

are presented for some extreme conditions of damping ratio and relative­
turbulence scale to facilitate some ~ualitative generalization of trends 
of root -mean-s~uare response with changes in kd' K, r, and s. 

The charts are best suited for the estimation of the effects of 
changes in short-period stability characteristics of rigid unswept -wing 
airplanes of not more than 200 - foot wing span flying at low subsonic 
speeds . It is believed, however, that useful estimates of first - order 
effects can be made for airplanes with wings of other plan forms flying 
at high speeds. 

------ -- ---
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Examples of chart application have been presented to show the 
effects on vertical accelerati on of changes in airplane center of gravity, 
in altitude, and in geometric scale . The results indicate that, for the 
particular airplane considered, the vertical acceleration is increased 
by a rearward shift in the center of gravity; no significant change in 
vertical acceleration occurs for a change in altitude from sea level to 
~.O, 000 feet, if the equivalent airspeed and true turbulence velocities 
are constant and effects of Mach number are not considered; and that the 
accelerati on is increased as the geometric scale of the airplane is 
increased . 

A comparison of the root -mean- square vertical - acceleration response 
of an airplane free to be disturbed in vertical and pitching motions 
with that of an a i rplane free to be disturbed only in vertical motion 
(nonpitching) indicates that the responses are very nearly the same for 
a nearly critically damped airplane having a short-period damping param­
eter r of 2 . For values of r greater than 2, the vertical accele ­
ration response of the nearly critically damped airplane is always less 
than that for the airplane for which r = 2. On the other hand, the 
vertical- accelerati on response of an airplane with a very low damping 
ratio may greatly exceed the response of an airplane which is free to 
be disturbed in vertical motion only. 

The application of a satisfactory- handling- qualities criterion to 
the vertical- acceleration charts indicates that in many cases the 
vertical- acceleration response of an airplane having satisfactory handling 
qualities is less than that for an airplane free to be disturbed only in 
vertical moti on and in no case does it exceed the reference acceleration 
response which i gnores the effects of airplane motion and of unsteady 
lift . 

Langley Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Langley Field, Va ., January 29, 1957. 
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APPENDIX 

ANALYSIS OF AIRPLANE RESPONSES AS AFFECTED BY VARIATIONS 

IN THE DJMENSIONLESS PARAMETERS 

The charts presented herein indicate that the manner in which a 
~,r 

varies with each of the parameters "', 1', and s differs 

considerably for the many possible combinations of the parameters which 
may result from various airplane configurations. This appendix shows 
that these variations can be systematized to a large extent by considering 
the variations of the a's for extreme values of the airplane damping 
ratio and the relative-turbulence scale previously described in the text. 
These extreme conditions permit a simplification of the integrals in 
equations (26) and (27) so that short formulas expressing the variations 
of a and ae with each of the parameters can be obtained readily 

~,r r 
for all extreme conditions except the nearly critically damped conditions 
for a For this exception, the variations of a can be visua-

an,r ~,r 
lized qualitatively. The formulas are used in this appendix as a basis 
for discussion of the variations of the a 's and may also be directly 
useful in some cases. 

Effect of the Various Parameters on the 

Effect of kd on 

Vertical Acceleration 

aa .- For values of kd that are small compared 
n,r 

to the ratio 1'/'" (say :/~ < 0 .1), the modulus of the frequency-response 

function and consequently the root -mean-square acceleration ratio aan r , 
are practically independent of variations in kd as indicated by equa-

tion (20) . This characteristic is unaffected by changes in the value of 
ko relative to s. 

kd 
For values of --- > 10 the system has very low damping (s < 0.1) 

1'/'" 
and a resonant peak of high amplitude is present in the transfer-function 
:Plodulus . (See fig. 7 . ) The amplitude of the resonant peak is so great 
that the area represented by the integral (eq. (26)) is very nearly pro­
portional to the area under the peak alone. This characteristic, together 
with the small width of the resonant peak, permits a simple approximation 

~ __ J 
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of () 
an)r 

by the multiplicati on of the integral of the absolute square 

of the transfer function alone by the values of the unsteady- lift func­
tion and the power spectrum at the resonant frequency ko ~ kd . This 

approximation is based on the approach outlined in equations (9) and (17) 
to (21) in reference 8 and yi elds) for a small relative - turbulence scale 
(kdS < 0 . 6) , 

(Ai) 

and for a large relative - turbulence s cale (kds > 10) 

(A2) 

As indicated by equations (Al) and (A2)) the variation of () 
an,r 

with for the very low damping conditions depends upon the relative -

turbulence scale . For a smal l relative - turbulence scal e () is an,r 
indicated by equation (Al) to vary directly with except for the 

effect of unsteady lift, whi ch for most practical values of kd pro -

duces a minor decrease in () with an increase i n kd . This charac -
au)r 

teristic arises from the combi nation of a flat power spectrum and an 
increase in amplitude of the resonant peak of the transfer - function 
modulus that accompani es a decrease in damping rati o as kd increases. 
(See fig . 7(b) . ) For a large relative - turbulence scale () is 

~)r 
indicated by equati on (A2) to be i ndependent of kd except for the 

effect of unsteady l i ft which results in a moderate decrease in () 
au)r 

with increasing values of kd . This characteristic arises from the 

combinati on of a variation of resonant peak amplitude, which is identical 
t o that for a small· relati ve - turbulence scale) and a power spectrum that 
varies inversely with the square of kd over a wide range of values of 
kd . The increase in area under the resonant peak which occurs with an 

increase in kd is nulli fied by the accompanying reduction in the value 

of the power spectrum at the resonant frequency . (See fig . 7(a) . ) The 
trends of ()R_ with k are summari zed in table II . 

-n,r 



NACA TN 3992 

Effect of K and r on aa .- The parameters K and rare 
n,r 

27 

indicated by e~uation (20) to affect the transfer function in the form 
of the ratios r/K and ~r. The results shown in figure 5 indicate, 
however, that the contribution of the term containing 1/" while appre­
ciable for large values of r/K, does not affect the general trend of 
a::L wi th '/K. 
-Il,r 

For kd« 1.0 
r/K 

the nearly critical damping results in a transfer-

function modulus with a shape which is similar to the shape of the 
transfer-function modulus for an airplane free to be disturbed in the 
vertical direction only (nonpitching airplane). This similarity is not 
surprising, inasmuch as the nonpitching condition is obtained from the 
present e~uations for kd = 0 and r = 2, as has been pointed out pre-

viously. Conse~uently, the variation of a with YIK for the con-au,r 
k 

dition ~ « 1.0 
r/K 

will be similar to that for the nonpitching airplane. 

aa 
. n,r 

Although no simple procedure for the calculation of the variation of 
with r/K for the nonpitching airplane has been discovered, this 

variation can be estimated from an examination of the transfer - function 
modulus s~uared, which is obtained from e~uation (20) by setting ,= 2 

and kd = O. The transfer-function modulus s~uared IH~,r(k)12 
approaches the value of the unsteady-lift function s~uared I ¢(k)1 2 as 

increases, and increasing values of K cause IH~ (k)12 to reach a 
~.r 

given percentage of the unsteady-lift function s~uared at progressively 

k 

lower fre~uencies. It follows, therefore, that aR__ will increase with 
-n,r 

an increase in K due to the increase in area under the product of the 

power spectrum and IH~,r(k)12. This variation, however, does not con-

tinue indefinitely. As K 

function modulus approaches 
The maximum value of a~_ 

-Il,r 

approaches infinite values, the transfer -
the unsteady- lift function for all fre~uencies. 
is, therefore, proportional to the s~uare root 

of the area under the product of the power spectrum and the unsteady-lift 
function only. The asymptotic value of a with respect to K is 

~,r 
then a function of only the turbulence-scale parameter s and is always 
less than unity. 

______ 1 
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Examination of equation (20) indicates that a similar variation of 
(JR__ with K (or Kif for a given value of f) occurs for other 
-n,r 

values of , when kd = 0 and that the asymptotic values of (Jan r , 
with respect to K are the same for all values of ,. For the con-

dition 0 < kid «1 .0, the variation of (J with ,/K will be 
, K au,r 

nearly the same as that for kd = O. The asymptotic values do not apply 

for kd f 0, however, inasmuch as, for very small values of ,/K (large 

values of K), kd cannot then be small compared to this ratio. 

The variation of (J 
~,r 

with , for a given value of K (the form 

of presentati on i n f i gure 2) can also be estimated from equation (20) . 

An increase in , increases the frequency at which IH~,/k) /2 reaches 

a given percentage of the unsteady- lift function and also increases the 
rate with respect to frequency at which this condition is approached. 
The former characteristic tends to prevail and reduces the area under 

IH~,r(k) 1 2 and consequently tends to reduce (J~,r. On the other hand, 

for a given value of ,/ K (the more physically significant parameter) 
(J can be shown by simi lar reasoning to increase with an increase in an,r 
, for the nearly criticall y damped airplane (form of presentation in 
figs . 5(b) and 5(c)) . 

For kid »1 . 0 the presence of a high resonant peak in the modulus 
, K 

of the frequency- response function due to a very low damping ratio causes 
(JR__ to vary inversely with the square root of , / K for both small and 

--Il, r 

large relative - turbulence scal e. (See eqs. (Al) and (A2).) In equation 
(20) it can be observed that for small values of , /K the numerator term 
contai ni ng both ,/K and 1/, become s very small compared with the 
remaining terms, thus K and , affect the transfer function in the 
form of the rati o ,/K only. 

The characteristi cs indicated for variations of (J 
~,r 

and "together with those indicated earlier for variations 

can be observed in f i gures 4 and 5 . It should be noted that 

with 

with 

pr e sented in these figures as a function of K/ , rather than 

(J au,r 
,/K. 

,/K 

This presentation was used because (J varies over a wider range 
Bn,r 

with practical values of K than it does with ,. 
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Figure 5(a) is presented to show the effects of a change in kd 

as well as a change in K. The value of r is fixed at 2 in order that 
the nonpitching airplane may be represented by the curve kd = O. 

Similar variations of aan r with K/r and kd are, found in fig-, 
ures'5(b) and 5(c) for s = 50 and 2,000, respectively. These figures, 
however , also indicate the effect of changes in r for given values of 
K/r. At the lower values of K/r, which tend toward a critical damping 
ratio, the effect of a change in r is maximum; an increase in r for 
a given value of K/r increases aa At the larger values of K/r 

n,r 
the effect of changes in r tends to become negligible. The trends of 
the variation of a with r/K and with r for given values of 

~,r 
r/K are summarized in table II. 

Effect of s on aan r '- The effect of an increase in the turbulence­, 
scale parameter s depends upon the relative - turbulence scale. For a 
small relative-turbulence scale (kos «1 . 0 ), aan r can be shown to , 
increase directly with the square root of s regardless of the magnitude 
of the damping ratio . (For small damping ratio, see eq. (Al).) For large 
relative -turbulence scale, on the other hand, a decreases with an an,r 
increase in s and varies inversely with the square root of s for the 
case of nearly zero damping ratio . (See eq . (A2).) 

Effect of the Various Parameters on the Pitch Angle 

The variation of as wi th kd' K, r, and s and the manner in 
r 

which this variation is affected by the system damping ratio and the 
relative -turbulence scale are generally similar to those of aR_ . -Il,r 
in the case of aR__ ,there is little variation of Os with kd 

-n,r r 

except for the simultaneous condition of small damping (kd » 1 . 0\ 
r/ K ') 

small relative - turbulence scale (kdS « 1 .0) for which as can be 
r 

shown to vary in direct proportion to kd ' 

As 

and 

There are several differences, however, between the variations of 
0Sr and ° with K/r . First of all, the parameters K and r are an,r 
involved only in the ratio r/K as indicated by equation (21). Secondly, 

0Sr for the nearly critically damped condition (:;~ « 1.0) and for small 

relati ve - turbulence scale (~S «1 .0) can be shown to be inversely 
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proportional t o the sQuare root of K/ Y. 
but for large relati ve - turbulence s cale, 
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For the same damping condition 
ae

r 
is independent of K/ Y 

and can be shown to be eQual to unity . For very low damping rati os and 
for both large and small relati ve -turbulence scales, as can be shown to 

r 
vary directly with the sQuare root of 

The variation of as wi th s 
r 

for the condition of nearly criti cal 
scale for which i t can be shown that 

to unity . 

is similar to that of a except 
~,r 

damping and large relative - turbulence 
as is independent of s and eQual 

r 

The foregoing characteri stics were obtained from the following eQua­
tions which are based on the same approach as used for eQuations (Al) and 
(A2) . For a small{elative - turbulence scale (kos ,< 1.0) and for nearly 

critical damping (~ « 1.0), 
Y/ K 

whereas for very low damping (kd » 1.0), 
Y/K 

so that and a 
~,r 

are approximately the same. 

(A4) 

(See eQ. (Al) . ) 

For a large relative - turbulence scale (kos » 1.0) and for nearly 

critical damping, 

whereas for very low damping (;)~ » 1.0), 
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(A6) 

The second term of e~uation (A6) is the same as e~uation (A2) . The unit 
value of the first term accounts for the area under the product of the 
power spectrum and the transfer -function modulus s~uared over the range 
of fre~uencies from zero to a fre~uency at which the value of the power 
spectrum is extremely small , the value of the transfer function-modulus 
over thi s fre~uency range being unity. (See fig. 7(a) . ) 

The characteristics indicated by e~uations (A3) to (A6 ) for varia­
tions of ae r with r/K can be observed in figure 6 . As in the presen-

tation of aR _ , the reciprocal of r/K is used . The sample curves 
-Ll,r 

presented in figure 6 (a) for s = 50 indicate differences in the trends 
of ae

r 
with K/r for different fre~uencies . The sample curves presen-

sented in figure 6 (b) for s = 2,000 

with K/r for different fre~uencies . 

indicate similar trends of 

The trends of with 

r/K, and s are summarized in table II. 

---~---- -- J 
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TABLE I. - RooT- MEAN-SQUARE PITClUNG- ACCELERATION RATIO, CJ"Sr 

~ ')0 100 200 

~ 1 2 10 1 2 5 10 1 2 5 10 1 2 

----- ----- 0 .203 0 .119 ----- ----- 0 .146 0 .0849 ----- ----- ----- ------ ----- -----
. Jl .~. ;21 (. ·308 .203 .119 0 . 415 0 .277 .146 .0849 0 ·309 0 .200 0 .104 0.0601 0 . 200 0 . 128 

40 
.:12 .530 . ~o9 .203 .119 . 418 .276 .146 .0848 ·309 .200 .104 .0601 .199 .127 
. 05 ·556 ·371 .202 .119 . 419 .274 .145 .0846 · 302 .196 .103 .0600 .192 .125 
. h ·548 ·364 .199 .118 · 397 .263 .143 .0839 .283 .187 .101 .05}5 .179 .119 
.20 . )0 ·535 .189 .115 · 349 .237 .134 .0815 .247 .168 .095 .0577 .157 . 106 

----- ----- 0 . 368 0 .238 ----- - ---- 0 .277 0 .173 ----- ----- ----- ------ -- - -- -----
. 1 0 · 721 0 · ':>71 . 360 .238 0 .639 0 .466 .277 ·173 0 ·509 0 · 352 0 .200 0 .123 0 . 341 0 . 229 

100 
.02 ·790 · 588 .369 .238 .678 .473 .276 .172 ·520 . 352 .200 .123 · 339 . 227 
.0:;' .914 .62,1 . 371 .237 ·700 .476 .274 .171 ·507 . 344 .196 .122 .323 . 219 
.10 . )02 .621 . ,64 .233 .b')4 .450 .263 .167 .46c · 320 .187 .119 .295 . 203 
.20 ·795 · )53 · 333 .218 .566 .394 .237 .156 .401 .279 .168 .110 . 254 .176 

0 ----- ----- ----- 0 .415 ----- ----- 0.462 0 . 317 ----- ---- - ----- ------ ----- -----
.01 0 .)20 0 ·768 0 ·571 0 .416 0 .920 0 .700 . 4b6 · 317 0 ·799 0 ·570 0 . 352 0 .231 0 ·558 0 · 385 

250 
.02 1.16 .866 .5&< .418 1.07 ·759 .475 . ,18 .847 .587 . 352 .231 ·557 .384 
. 0'; 1.~7 1.0 3 .629 .424 1.14 .789 .476 . 315 .823 ·571 · 344 .227 · 524 · 364 
.10 1.4,,) 1.01 .621 .417 1.01) .7» .450 · 302 ·749 .523 .320 .215 . 474 · 332 
.20 1.27 . tl92 ·553 . 379 .904 .63> . 394 .270 .640 .450 . 279 .191 . 405 .285 

0 ----- ----- 0 .774 0 .689 ----- ---- - 0 ·738 ------ ----- ----- ----- ------ ---- - -----
.01 1.3~ 1.11 .869 ·72) 1.63 1.21 .843 0 .639 1.57 1.12 0 ·717 0 ·509 1.14 0 .800 

1,000 .02 2 .17 1.57 LOr, ·790 2 .15 1.52 .960 .678 1.72 1.21 ·753 .520 1.14 ·798 
.05 2 .98 2.10 1.31 .914 2 · 30 1.62 1.01 ·700 1.67 1.17 ·732 ·507 1.06 ·748 
.10 2 .93 2.06 1.29 ·902 2 .12 1.50 .938 .654 1. 51 1.06 .668 .465 .957 . 675 
.20 2 ·5> 1.00 1.13 .795 1.82 1.28 .807 . 566 1.29 .908 .572 .401 .814 · 575 

0 ----- ----- 0 .869 0 .86> ----- ----- 0 ·910 0 .900 ----- ----- ----- ------ - ---- -----
.01 5·1) 3·72 2·"3 1.81 6 .88 4 .88 3.12 2.24 7 .00 4 .95 3·13 2 .22 5 ·14 3 . 63 

20,000 
.02 9 · ~4 6 .58 4 .25 3.02 9 .61 6.80 4 . 30 3.04 7 ·76 5·48 3.47 2 .45 5·12 3 .62 
.05 13·~ 9.45 5 ·97 4.22 10 · 3 7·31 4 .62 ) .26 7·49 5 · 30 3·35 2 .36 4 ·77 3 . 37 .10 13·1 9.29 5 ·87 4 .15 9 ·52 6 ·73 4 .25 3.01 6 ·77 4 ·79 3·03 2 .14 4. 29 3 ·03 
.20 11.4 8.08 ;; .11 3·61 8 .14 5 ·75 3.6i , 2 · 57 5.76 4 .07 2 ·58 1.82 3. 65 2 . 58 

500 

5 10 1 

0 .0660 0 .0381 ------
.0660 .0381 0 .100 
.0659 .0380 .0996 
.0655 .0379 .0962 
.0641 .0376 .08,15 
.0602 .0365 .0783 

0 .128 0.0781 ------
.128 .0780 0 .173 
.127 .0779 .171 
.125 .0773 .162 
.119 .0762 .148 
.106 .0697 .127 

0 .229 0 .148 ------
.229 .148 0 . 286 
.227 .147 . 281 
.219 .14J, .262 
.203 .136 .237 
.176 .121 .203 

0 .478 0.339 ------
.496 · 341 0 · 587 
.494 . 339 · 573 
.467 · 323 · 532 
.423 .295 .478 
· 362 .254 .407 

0 .927 0.881 ------
2 .29 1.62 2 .65 
2 .29 1.61 2 ·58 
2.13 1.51 2 · 39 
1.92 1.35 2 .15 
1.63 1.15 1.83 

2,000 

2 5 

---- - - 0 .0330 
0 .0639 .0330 

.0637 .0330 

.0624 .0328 

.0594 .0321 

.0532 .0301 

------ 0 .0639 
0 .115 .0639 

.114 .0637 

.110 .0624 

.102 .0594 

.0882 .0532 

------ 0 .115 
0 .196 .115 

.193 .114 

.182 .110 

.166 .102 

.142 .0882 

------ 0 .255 
0 .411 .254 

.402 .249 

.374 .234 

. 337 .212 

.287 .181 

------ 0 .818 
1.87 1.18 
1.82 1.15 
1. 69 1.07 
1.52 .959 
1.29 .815 

10 

0 .0190 
.0190 
.0190 
.0190 
.0188 
.0182 

0 .0391 
.0390 
.0390 
.0386 
.0376 
.0349 

0 .0742 
.0742 
.0739 
.0721 
.0681 
.0604 

0 .174 
.173 
.171 
.162 
.147 
.127 

------
0 .834 

.813 
·754 
.678 
. 576 

~ 

~ 

~ 
~ 

~ 
\>I 
\0 
\0 
I\) 

\>I 
\>I 



TABLE 11 .- S~~Y OF EFFECTS OF CHANGES IN kd ' 1< , "I, AND s ON 0FL AND 09 
-n,r r 

Variati on of a with -
Damping rati o Relative - turbulence scale Equation 

s kd I< / "1 

a 
Bn, r 

Small, koS = sr / I< « 1. 0 1 / 2 Increases wi th 1< / "1 ---- ex: S 
Nearly unity, and increases with 

k Independent for given value 
~ « 1. 0 Decreases of 1< / "I "I I< Large , kos = sr/l< » 1 .0 - - -- with s 

{"=n, kos = kds « 1 .0 (Al) ex: sl/2 
ok

d 
} 

ex: (I< /"1)1/2 and 
Less than 0 . 1, independent of r 

kd » 1.0 
- 1 / 2 

for given value 
"I I I< Large, kos = kds » 1.0 (A2) ex: s lIndependent of I<jr 

09 r 

Nearly unity, {"~l' kos = sr/I< « 1 .0 (A3) ex: sl/2 Independent ex: (1</ "1 ) -1/2 

kd « 1. 0 l Independent 
"III< Large, kos = sr/ I< » 1 .0 (A5) "" 1.0 and equal s 1. 0 "" 1.0 

Less than 0 .1, {_ll' kos = kas « 1. 0 (A4)· ex: sl / 2 
< kd } 

a: (1</"1)1 /2 k 
~ » 1.0 (A6) -1/2 l I ndependent "I II< Large , kos = kds » 1 .0 a: s 

lDecreases somewhat wi th kd at higher values of kd, due t o unsteady lift . 

1 

: 

I 
I 

• I 

r 

: 
I 

I 

I 

\.>J 
+=-

~ 
~ 

~ 
\.>J 
\D 
\D 
f\) 
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TABLE 111.- CHARACTERISTICS OF BASIC AIRPLANE 

CLa. w' , 
CL t ' a., 
c, ft 

Ct, ft 

per radian • • • • • . • • • • • 
(based on tail area) per radian 

2w, ft • • 
2t, ft • • • • • • • • 
r, ft 
S, sq ft . . . . . 
St , sq ft 
U, ft/see 
W, Ib 
dE/do, • • • • 
p , slugs/eli ft 

5.6 
4.2 

6.72 
3.08 

0.229 
-14.9 
6. 72 
237 

43 .5 
660 

10,936 
0.5 

0.002209 

TABLE IV. - AIRPLANE CHARACTERISTICS FOR CHANGE IN CENTER OF GRAVITY 

[s = 297J 

Item 
Center- of-gravity position 

Forward Rearward 

lw' ft · · · · · · · · · · · · · · · · 0.229 0.672 
r, ft · · · · · · · · · · · · · · · · 6. 72 6.82 
W, Ib · · · · · · · · · · · · · · · · 10,936 10, 610 
L, ft · · · · · · · · · · · · · · · · 1,000 1,000 
K · · · · · · · · · · · · · · · · · · 138 134 
I' · · · · · · · · · · · · · · · · · · 2.01 1.98 
kd · · · · · · · · · · · · · · · · · · 0.0283 0.0178 
cran,r · · · · · · · · · · · · · · · · 0.390 0.407 

( an, s ) a / ( an, s) f · · · · · · · · · · . . . . . . 1.03 

( cran ) a/(cr~)f · · · · · · · · · · · · . . . . . . 1.075 

I 

__ .J 
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TABLE V.- AIRPLANE CHARACTERISTI CS FOR CHANGE IN ALTITUDE 

[s = 297] 

Altitude } h} ft 
I tem 

0 40}000 

p} s lug/ cu ft · · · · · · · · · · · · · · · · 0 . 002378 0 . 000582 
K · · · · · · · · · · · · · · · · · · · · · · 123 501 , · · · · · · · · · · · · · · · · · · · · · · 2 . 01 2.01 
kd · · · · · · · · · · · · · · · · · · · · 0 . 0276 0 . 0152 
(J 
Sn}r · · · · · · · · · · · · · · · · · · · · 0 . 365 0 ·730 , 

( Bn , s ) 40 I ( Bn, s ) s 2 · · · · · · · · · · · · · . . . . . 0 . 494 

( (Jan) 40/ ( (Jan)s 2 · · · · · · · · · · · · · · · . . . . . 0 ·99 

TABLE VI .- AIRPLANE CHARACTERISTI CS FOR CHANGE IN SCALE 

-c) ft · 
s · · (J 

Sn)r · 

rn, G' K, " and kd constant; same as for bas ic 

airplane, table IV) center of gravity forward] 

I tem Basic scale Twice basic 

· · · · · · · · · · · 6 .72 13 . 44 

· · · · · · · · · · · · · · 297 149 

· · · · · · · · · · · · · · 0 . 390 0 .527 

(CJ3n)2/CJ~ · · · · · · · · · · · · · 1.35 

scale 
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Fi gure 1.- Stability and space axes , pos i t i ve d irections shown . 
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Figure 2 .- Variation of r oot-mean- square accelera.tion ratio with damped­
natural - frequency parameter . (Arrows indicate values for kd = 0 . ) 
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Figure 6.- Variation of root-mean-square pitch-angle ratio with nondi­
mensional time to damp to one-half amplitude. 
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power spectra for small and large relative-turbulence scal es . 
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