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NATIONAL ADVISO RY COMEITTEE FOR AERO NAUT ICS 

·TECHNICAL NOTE NO . 848 

NORMAL-PRE SSURE TE STS OF CIRCULAR PLATES 

WI TH. CLAMPED ED GES 

By Albert E . McPherson , Walter Ramberg, and Samue l Levy 

S UMllflAR Y 

A fixture is described for making normal -pre ssure 
tests of flat plates '5 i n ches in diameter i n I'Th ich part ic
ular c.f3,re "ras taken to obtain r i g id clampin g at the edg es . 
Results are g iven for 1 9 plates , ran g ing in thickness from 
0.015 to 0 . 072 inch. The center deflections and the 
extreme-fi'ber stress es at low pressu'res were found to agree 
wit h theoretical v alues ; the c enter deflections at high 
pressures were 4 to 1 2 per c ent greater than the theoretical 
values. Emp irica l cu rve s a re derived of the p ressure for 
the beginning of permanent set as a functio n of the dimen
si ons of the p l ate and the tensile propertie s of the mate 
rial. 

I NTRODU CTION 

The normal-pressure tests of circul a r p l ates described 
in this r eport are par t of a pr og r am of tests of flat 
plates' under normal pressure that ha s b een carried on at 
tho Nati onal Bureau of Standa rds for the Bureau of Aeronau
tics, Navy Department , sin c e 1 927 . This program was orig
inally intended to study only rectangular p l ates of dimen
sions and mater i a ls correspond i ng to the plating used in 
the float bottoms and hull b o ttoms of seap l anes . The ul
timate purpose of the t ests was the der i vat i on of a design 
formula or cha rt for c a lculatoi ng the thi ckness of bottom 
plating required to re s ist washboarding due to the imp a ct 
pressure upon l and in g on and taking off from rough water . 

The pressure requ ir ed to p r oduce wns hbo a rding : was de 
termined in the l aborat9ry by normal - pressure tests of a 
l a rge number of rect angul a r p l ates cl amped at the ed g es 
WQd of seve r al plates whose edges were free to rot ate 
throughout the tes t . Re sults of these tests will be the 
subject of a subsequ ent pape r. 
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A comparison of the ob~orved , doformations of the rcc~ 
tangular plates with the de formations dorived from avai l
able theor ies showed both systema tic and irre gular differ 
en c es . These differen6es were of suff icient magn i tude to 
make i mposs ible the derivat ion of a useful and fairly gen
er a l rel at ion for the pressure at which washboar ding i n 
such p l ates would become pronounced . It was not poss ibl e 
to determ i ne from the work on rectangular p l a te s a lone to 
what degree the diffe rences we r e due to a failure to s at 
i sfy the theoretical edge co nd itions and to what de gree 
thoy wbre due to incomp l etene~s of the theory it so lf, es 
pe cial l y in respect to g ivi ng the stresses in the p l a t e . 

It was bel i eved ' that more near ly ideal clamping con
ditions c ould be obtai ned for circular p l a tes. Further 
more, it was known that the theory of circular p l ates 
wi th l arge de flections as deve l oped by St ewart Way (r efe r
e nc e 1) woul d g iv e a rigorous basis of comp a rison wi th 
the mea sured stresses . 

A c a r eful study of the deformation of cir cul ar pla t es 
following Way ' s the or y in tho e l ast ic iegi on , it was f e lt, 
would l ead to a b e tt o r under s tanding of tho m~chanism of 
washb oa r d i ng and mi ght suggost a suc cessful approac~ to the 
tests on r oct angul ar p lat o s. 

SPsCHIENS 

Tho tosts include d sevon materials as follows ( soo a lso 
table 1): 

24 S- RT a lcl ad a l uminum- a lloy sheet 0 . 0406 to 0 . 06 3 2 
inch in th ickness . 

17S-RT alum i num- all oy sheet 0 . 0211 t o -0 . 0723 inch in 
thickness . 

17S-T alu minum alloy shoot 0 . 0209 to 0. 0627 i nch i n 
th icknoss . 

Lo,,,-stro ngth alumi nu m- alloy sheet of unknown co mp o s i 
t ion 0 . 015 inch in th ickness . 

24S -T a luminum- a lloy sheet 0 . 0149 an d 0 . 0184 inch in 
thickness . 

1 8 : 8 stainless - steol shee t 0 . 0199 inch in thickness , and 

EH magnes ium- alloy shoet O. 04ll i nch i n th icknoss 
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Al l ~lates had the same - diamete r f or the cir cu l a r 
~eri~hery along whi c h they were clam~ed , that i s , 5 i nches . 
The individua l ~lates were i dent i fied by l etters A to S . 
( See table ~.) 

Tensile properties were dete r mined on coupons cut both 
longitudinally and transverse l y out of the sheet from wh i ch 
tho plates had beon cut . Pairs of 2- inch Tuckerman opt i
cal strain gages were used to measure the strai ns near the 
center of the tens il e spe ci mens . F i gu r es 1 to 7 shav the 
resulting tens il e s tre ss - s tr a i n curves . The y i el d st r engths 
(0 . 002 offset met h od) obta i ned f ro m the st r ess - strai n curves 
are given in table 1 . On l y the magnes i um all oy -shovled prac 
tically the same tens il e p r o~e r t i es i n a l ongitudinal and 
a tr an sverse d ir e c t i on. The l ong i tud i nal tens i le y i eld 
strengths for the othe r mate r ia l s were fro~ 10 to 26 per 
cent h i ghe r than the t r ansverse tensi l e y i eld strengths . 

TEST S 

Loading 

I n the design of the fixture for subject i ng circular 
plates to normal pressure parti c ular care was taken to ap 
~roach the idea l end conditions of rig i d clamping along 
the peri~hery of the plate . 

A sectional drawing of the fixture i s shown in figure 
8 . A top view is give~ i n figure 9 . The pl a te spe c imen 
A (fig. 8) forms the top face of a chamber C to which oi l 
pressure is app l i ed thr ough tho l i ne D; a dummy plate E 
of the same dimensions and of tho same material as tho 
s~eci men forms tho bottom face of the chamber . Platos A 
and:8 a re cl am~e d between the steel r i ngs E and G and 
the spacer F by forces ncting through the 16 symmetrically 
placed clam~ i ng b a r s H. Tho s~nmetrical arrangement with 
two idontical ~lates A and E serves to mi nimize rotation 
a bout the circunferenco of the clam~ i ng r i ng E by tho hy
drost n~ic load . An ap~roxi mato l y uniform d i stribution 
of clanping for c es act i ng on tho ~ l ates was obtained , in 
a ~eriphoral diroction , by t i ghten i ng each bo l t I act i ng 
on the clanping bars an a~~roximatelY equal amount and , in 
a radial direction , by let~ing the clamping ba rs a c t cen
trally through the crown of the clamp ing rings E and G. 
IV!et:->:l shims K (figs . 8 3.nd 10) bri c e as thi c k as the test 
~late were ~laced between the outer end of the clam~ing 
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bars and the reaction ring L to level the bars H. A series 
of concen t ric g roov es 0 . 01 inch d eep and spaced 0 . 05 inch 
wer e cu t in the contact surfa c es of the clamp in g rings E 
and G and the spacer F to prevent slipping of the p lates 
A and B . 

An over- al l v ie w of the test apparatus is g iven i n 
f i gure 11. A hydr ost at ic pressure up to 600 pounds per 
square inch coul d be applied to the p l ate through tube D 
by means of the hand pump L . The pressure in the chambe r 
C was measured fro m an independent pressur e line M by a 
stand p ip e Y fo r pressure s up to 1 pound per s quar e inch , by 
the U-tube N for p res sur es from 1 to 20 pounds per square 
inch, by the Bourdon- tube gage V for pressures from 20 to 
1 00 pounds pe r square inch, and by the Bourdo n - tube gage W 
for pressures fr om 10 0 to 300 pounds per square inch . The 
error in reading p res sure was est i mated as less than 0 . 01 
pound per square inch in the Case of the standpipe, less 
than 0 . 1 pound per square inch in tho c ase of the U- tube , 
an d l oss than 1 pound por square i nch in t h e Bourdo n -tub e 
gages V and W. Appr oximate values of p re ssure above 300 
pounds pe r squar e i n c h were obt a i ned fro m the Bourdon- tube 
gage X mounted on the hand pump . 

~ h e load ing fixtu r e was proof- t e sted by subjec t ing a 
pair of 0 . 06-inch a lun inuD- al lo y p l ates to a p ressuro of 
600 p ounds pe r square inch . This pressure was sufficient 
to flclish in ll the p l ates far beyond the e las t ic rango; never 
th e less , there was no s i gn of sl i pp i ng a t the edge an d thero 
was onl y a negligib l e anoun t of leakag e. The prossure could 
be naintained wi th a sna I l anount of punp i ng a fter the creep 
due to y i eld i ng of the p l ate had be co ne snail . 

I f sl i pp ing is negl e c ted , the prin'ci pa l dev i ati ons 
frOil the co ndit i ons of an ideal ly cla~ped flat plate are 
p robably du e t o one of the fo llowin g effe cts: 

A . The setting up of ini t i aL tens ion (or co npressi on) 
in the p lato duri ng the clanp i ng in the f ixtur e . 

5 . Th e rotat ion of tho cl anp i ng rings E and G ( fig . 
8) c aused by the bonding D02 0nts sot up at the pe riphery 
OI the p l ate due to the nornn l pressur e . 

C. The contra c tion of the d iaDo ter of t h e cl anp i ng 
rings by tho nenbrane tension present in the p l ate under 
lo o. d . 

D . Devi ations fron flatness at no load. 
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The effe c t of tho f ir st throe devi at ions fro n idea l 
conditions o n the cent e r deflection of the p l a t o is di s 
cussed in append ixos A , B, and C ~nd , o n tho basis of 
these d i scussi on s , th ree II de viation i n dices ll a re de rived 
for the relat iv e deviation from ide a l behavior . Devia
t i ons fror. flatness a r e d iscussed for t he sp ecial Ca se 

5 

of i n i t i a l bowing into a spher ic a l surface in appe n d ix D. 

Effect A will cause a decrease in ce n t e r deflection 
a t low loads, (wo /h < < 1) g i ven app ro x i ma t e l y by equa
t ion (A7) in append ix A: 

where 

6wo lv 0 - wo o 

Wo c en tor de fl e ction with a u n i f orn nenb r ano tension 
crt due to cl anp i ng 

Woo c ente r defle c t io n foi i deal cl anp i ~g (crt = 0) 

E Young 1s n odulus of p l a te na terial 

~ Poisson 1s ratio of p l ate nateria l 

a radius of p l ate 

h thickness of plate 

Effect A causes a decrease i n center defle c tion of an 
elastic circular nenb rane 0i .e . , circu l ar plate with l a r ge 
deflections Defore y i e ldi ng) given appr ox i nate l y by equa
ti on (A21) : 

= 
1 - ~ crt 

(l b ) 
2 E 

that is, the effe ct de cr ease s inversely wit h the square of 
the center deflection . 

Effect B wil l c ause an i nc re ase in center def lec ti on 
given approxinate l y by equat ion ( BIO ) 
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= 

where 

A rotation of clamping ring due to unit momont per unit 
length of clamping edge 

Effect 0 will cause an increase in center deflection . 
I f the plato behaves like an elastic membrane, this increase 
is given approximately by equation ( 014) 

(~Wo) 
00 C 

\'lhere 

= 
1 KhE 

3 1 - \-L 

K specific contraction of diameter du e to unit r ad i a l 
force per unit length a lon g clamped edg e 

(3 ) 

The effect D will generally cause a change in center 
deflection of the plate as an elastic membrane . It has 
no effect on the deflection due to bending which predomi 
nates in the Kirchhoff ranGe ("lo/h < < 1). If the plate 
is initially bo wed into a spherical surface wit ~ center 
deflection Wi' the increas e in deflection as an elast ic 
membrane (wo/h > > 1) is g iven approximately by (D6) 

= 

Ini t ial bowing into a spherical surface will have a small 
effect on the deflection as an e las t ic membrane, provided 
that t h e initial c ente r deflection is small compared with 
the thi ckne ss of tho plato . It is believed that this con
dition was s a tisfied by most of the plates tested . The 
estimated initial cent e r deflection is g iven i n the last 
column of table a~ It was less than 10 percent of the 
plate thickness except for p lat es K, N , 0 , P, and R. 

The spring c onstants A and K n re cha r a cteristics 
of t he test fixture. They we re determined experimentally 
a s described i n append ixes E and 0 wit h the result 

A = 1 . 3 X 10- 7 G\) 
(~~) 
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Su b st i tu tion of these va l 'ues i n ( 2 ) a nd (3) gave the 

values of (~w O'\ an d (6.
W

o) listed i n t ab le ',2 . The 
' "l OOJB woo C 

effe c t on the c en t e r de f lection is le ss than 1 pe rc en t i n 
eve r y c ase . It may b e co n c l uded tha t t he f i xture p ro v i des 
a c lose app ro x i ma tion t o ri g id cl amp i ng . 

Two me thods we re u se d for co mputing th e re l at ive i n 
crease i n c ent e r de f l e c t io n (l a ) du e t o membr a n e stresse s 
se t up by the cl a mpin g proc e dure . In t he ~a s e o f plates 
wi th th icknes s a bove 0 . 04 i ~ ch , t h o d e vi a tio n (l a ) was 
c omputed as out line d 'i n appen dix.A. (discu ssio n. of e quat io n 
(A22 )) from the ini t i a l s lope of t he de f le c t ion-p r es su r e 
cu r Ve and fro m the kn own v a lue of ~ . A di ffe r en t p roc e 
dur e was a pplied f or p l at es of t hicknes s le ss t han 0 . 04 
in ch be c ause a ccur a te Value s of i n iti a l slo pe we r e n o t 
avail able . I n the c a s e o f thes e p l a tes, the e ff e c t s B and 
C were neglec t e d an d (l a ) \'la s take n a s t he dev i ' ,t ion f ro m 
the theoret ica l defl e c t io n a ccordi ng t o Way ' s the ory fo r 
an ideal l y cl amped circula r p l ate (r e f e re n c e 1). The re 
sul t i ng d ev i at ions i n the Kirchh o f f r a nge ( wo /h < < 1) 
are shown i n the t h ird column o f tab l e 2 __ They r a n ged 
from - 48 pe rc en t t o 50 p e rc ent. The dev i at io n wa s l es s 
tban 10 pe rc en t for o n l y 8 of t he 1 9 p l a t e s t e s te d . The 
fo:r;-mulc. i ndicate d an i n iti a l tens io n (/::,v. o /w oo).J... < 0 i n 
13 p l o..tes and an ini t i a l c omp re s sion . (6.\'l O/wOO)A > 0 i n 
3 p l ates . 

De fl e c t ion 

The d e f l e ctio n o f the ul a tes wa s me a su~e d rel a tive to 
the " stra i n f r ee " circul a r ; ef e re n ce fr am e Al " (fi g . 1 2 ) 
by means of a di a l . microme te r B l • Th e h elica l plunge r 
sp r ing was r e move d fro m t he d i a l s o that t he forc e on the 
p l ate Wa S li tt l e mor e than the wei ght o f the p lunge r and 
b a l l - pointe d ext en sio n . The d i a l was ~ounted s o thnt i t 
cou l d be locnte d a long nny d i amet er i n step s of 1/ 20 i n ch 
by means of the circumf c r ent i a ll y n ot c hed bar Hl i n the 
V- notched supp or t Il Qnd i nde xing ri ng s G1 and G~. 
The outur ri ng Ga was supp or te d on t h r ee po s ts Dlt E 1 , 

Fl that r este d o n s t ee l b n lls wh ose s ocke ts co ns ti t ut ed 
a point - line- p l ane su pp ort . 

The smalles t sub d i v i s io n on t he dinl gage i ndica t ed 
1/1 000 i nch. Readi ngs on a g i vGn p l a t e could be r epented 
wi thin this value . Th e err o r i n r ead i ng c a u s ed by t h e 
fa c t that the su pp or t po i nts of t he r e fe r en c e f r ame we r e 
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a t D1 • E1 , and F-l ( f i gs . 8 and 1 2 ) , i ns te ad of at the' 
ri m of the p l a t e was est i mated b y ob se rvin g the def l e c-
t io n of the r i m with incr ea s ing p r es su re . A -def l e c t i on of 
l ess than 1 / 1 000 inch wa s ob served on an 0 . 050-inch a lumi 
nu m- all oy p l a t e at a pressure of 3 0 0 p ounds pe r s qua r e i nch . 

As t he p r essure i n c rease s , the shape of the deflected 
su r fa c e c hange s f r om t hat typ ic a l of a heav y cl a mped p l ate 
wi th zero s l ope a t t h e edge s t o tha t char a ct er istic of a 
th i n ski n . Thi s t ran si t ion i s brought out cl earl y i n the 
p lo t of f i gu re 1 3 g iving the r a tio of the mB asur~d defle c
ti on to the c ent e r d eflec t ion f or p l a te M at pressures o f 
2 and of 3 0 p ounds pe r s qua r e i nc h . 

I n the ca s e of ma s t of tho circu l a r p l ate s tested onl y 
t:e vari at i on 6 f cente r defle c t ion wi th p r essur e was meas 
u r ed . After eve r y s econd or th ir d r ead i ng of c en t e r defle c
t i on , the pressur e wa s r edu c ed to a lo w i n i t i a l va l ue and 
the pe r nanunt sot at the c ente r wa s measur ed . F i gures 1 4 
to 20 show curves of total defle c t io n and of pe r manent set 
at the c ente r obta i ned in this manner fo r tho 1 9 p l ates 
t~s t ed . 

At l ow l oads the cente r def l e c tion was found to i n 
cr ease cl i re ctl y \dth the p r essure ; i t i n cr ea s ed more s lo-w
ly as the - membrane s tresses became i mportant and i t ap 
proached a linear vari at ion '-l i th p r essur e as y i e l d i ng in 
the p l ate became pr onoun c ed . The perma~ent set at the c en 
ter i n c reased at an i n c reas i ng rate and , except for p l ate s 
0 , P, ~ , and R , approac hed a st r aight l i ne t hat was nearl y 
parall e l to the asympto tic st r aight li ne f o r the total de 
f l e c t io n at h i gh p r essur es . The i nte rs e c t io n of the f ir st 
st r a i ght li ne wi th t h e hori z ontal axis de fi nes a pressur e 
that has been sugge s ted by Co mma n le r R . D. Mac Car t a s a 
conven i ent mea sure of y i e l d i ng i n the p l a t e . This prossur e 
is refe~ r ed to a s the " Navy y i old pio s sur e . " Tho pe r manent 
set co r r espondi ng to th is pressur e was fo u n d to range from 
0 . 002 to 0 . 009 i n c h . The Nav y y i e l d pressur e wa s in n o 
case greate r than the pressur e co r r esp ond i ng to a pe r manent 
set of 1/500 the diame t e r of the p l ate ( 0 . 0 1 in . ) . Th i s 
p r e s su r e ~nd the pre s sur e fo r a set of l/cOO _the d i ameter 
( 0 . 025 in . ) a r e al so g iven i n tab l e 1 . 

Strai n 

Surfa c e st r ains were me asured on the _ 0 . 03 2-i n ch l 7S- T 
alum i num- al l oy plat e M wi th I - in c h Tu c kerman st r a i n gages 
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place d directly on the surface 
strain readings were correct ed 
to bO~8ing o f the p late between 
1 (t) . - - ,-,he re t l s the gage 
24 r 

of the plate (fig . 21). Th e 
for the apparent strain due 
gage po ints b y adding a ter m 

length (1 in.) and r is 

the average radius of curvature of the p late b etween gage 
po ints (obtained from the deflection curve of the plate). 
A derivation of this correction will be found on page 7 of 
reference 2 . 

Figure 22 s h ows the average radial strain over a l
inch gage length at a point 1 . 5 inches from the center of 
tho plate as a function of the pressure for a diameter in 
the dire c t ion of rolling and a diameter a t right angles to 
that dire c t ion. The strain in the direc ti on of rolling 
was found t o be consistently smaller than that across the 
direction of rolling, the d ifference be twee n the two reach
ing about 5 pe rcent at high pressures. 

The surfac e st raim shown i n fi gu r e 22 are ave r age v al 
ues over a gage length of 1 inch , that is, ov e r a length 
that was 4 0 percent of t he radius of the p l ate . Loc a l 
values of radial strain on an oth e r 0 . 032-inch 17S-T aluminum
alloy p late U' were obt a ined wit h in the clastic r ange by 
measuring ave rage st rai n s on ov e rlapp ing gage lines and then 
app l y i ng the r e l a tions derived by Gr o enspan (reference 3 ) 
for determining a function fron a set of ~easured mean val
ues of that fun ctio n . 

Figure 23 shows the d is t ribu t io n of radial surfa ce 
strain in the plate for a number of p r essur es within the 
elastic range. The curves show that , wi th increasing pres 
sure , the point of inflection marki ng the tr an sition from 
tensile to compressive strains move s t owar d the edge of 
the plate . 

Strains oVer a O. l-inch gng e length at the c ente r of 
the plate on anothe r 0 . 03 2-i n ch 1 7S - T p l a te M" were meas
urecl by a lieisse transfer (refer ence 4 ) combined wit h a l
inch Tuckerman strain gage . The r esul ts a r e shown in fig 
ure 24. 

Figures 22 and 24 both show that the strain, li ke the 
c enter defle ction, increased a t a decreasing r ate as the 
pressure was incr ea s e d up to pressures sufficient to cause 
considerabl e y i e lding of the material ; fr om this po int on 
the strain increased more rapidly. 
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ANALYSIS 

Deflection 

The shape of th e curve into wh ich an el a sti c p l ate is 
deflected b y normal pressure c h anges co nt inuous l y a s th e 
p i ate pas ses from a condi ti on whe re p rac t ically all of the 
load is carried b y bending to on e whe re p r a c t ica ll y a ll of 
the load i s carried by membrane a cti on . The ratio wo/h 
of center deflection Wo to p lat e thickness h c an be 
u aed as a paramete r t o 
def l ect io n curve . If 
fo r a Kir schh off p l ato 
5 , p . 5 6 ) : 

W 

describe the change in shape o f t h e 
wo/h < < 1 the deilection is that 
wit h cl amped edge s ( e . g ., ref e r e nce 

wh il e if wo/h > > 1 the def l e c t ion is that for a th i n 
skin whose shape i s ac cordin g to Hen c ky (ref e r en c e 6), for 
\-L , = 0 . 3: 

'IT = 1 _ 0 • 88 6 r 2 

Wo a 2 
- 0.088 - 0.020 - 0. 006 - • •• (6) 

The def l e ctio n c urves corre sp ond i ng to these two ex
tr eme cases a re sh o wn i n f i gur e 13, together with experi 
menta l v a lues f or a p l a t e wit hout app reci a bl e pe r manent 
set at t he c ente r a nd wi th r at ios wo/h = 0 . 7 2 , wo /h = 3 . 1 2 . 

There will b e a further chan ge in the shape of the de 
f l ection curve as y ielding becomes app reci able . I f the 
y i e lding is localized near the edge of the p l ate as i n a 
r elat iv e l y th ick plate ( h/a > 0.025) , the s hap e of the 
deflection curve will app ro a c h that of a plate wi th f r ee ly 
sup:9 orted edges (s ee 'reference 5 , p ~ 5 7): 

-Y!- = 1 - 1 . 245 + 0 . 245 ( 7 ) 

In a very t h in p late the y i e lding will qu ic k l y spread over 
t -1 e en t ir e p Ia t e, \'{ h i c h \'T i 11 t 11 e n ten d tog 0 i n t 0 asp her -
ic a l surface li ke a me mb r ane under constant tens i on . The 
shape of the de flection curve is g iven b y : 
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\'1 = 1 _ \'10 
2 

r 
a 2 

11 

(8 ) 

Both these curves are sho wn i n fi gur e 25 togethe r "l i th ex
per i menta l def l e ction curves for a thick 17S-T aluminum
alloy plate (h/a = 0 . 0356, wo/h = 1.313) and for a thin 
plate of the same mate ri a l (h/a = 0 . 0128 , wo/h = 5 . 01) . 
Most of the plates tested f or the present i nvest i gat ion 
appr o ached th e condition of a memb r ane described by equa 
t ion ( 8 ) as the pressure wa s incr eased . 

The relation betwe en c ente r def l e ction a nd pressure 
for an elast ic plate of medi um thickne ss wi th clamped 
edges has be e n i nvest i gated by a p proxi mate met hods by a 
number o f authors. Nada i (r efe r ence 5 , p . 297 , equation 
(57 )) de rived tho relation 

i'J" 0 + 0 583 ("'0 \3 
= 3 p 

h • h ) 
(a) 

16 E \h 

4 

( 9) 

by solving tho different i a l equati on for a p late with lar ge 
deflection subjected to a nearly un ifarm pressure d istribu
tion. Ti moshenko (reference 7 , p . 319, equation ( 21 9 )) de 
rived 

W (''1)3 3 P (a)4 ~ + 0 . 488 ~ = -- - -
h h 16 E h 

(10) 

on the bas is of an assumed radial d isp lacement co mb ined 
with energy considera t i ons . Federhafer (r efere~ c e 8) de 
rived 

= 
3 P 

16 E 

from the different i al equat ion of the p roblem together with 
a suit ab l e assumpt ion for the r ad ial d i str ibution of mem 
brane tension . For ~ = 0 . 3 the co eff ici ent of ( wo/h ) 
bec ome s 0 . 529 , which is be tween the corresponding values of 
equati ons (9) and (1 0 ). A p rocedure analo gous to Fo ppl' s 
solution (r e f e rence 9 , p . 230) for the center defle c tion 
of a rectangul a r plate ( appendix E) giv~ s 

h 
+ 0 . 588 

Boobnov (r e f e r en ce 10) so lved the dif ferential equation 

~- --------------~-----'"" 
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of a circular plato of medium thickness with clamped edges 
upon tho assumption that the membrane tension is constant 
throughout the plate . An "exact" solution of the differen
t ial equation for a circular plate with clamped edges was 
first obtained by S tewart Way (reference 1). Way 1s solu
tion as well as the approximate solutions (9) to (1 2) and 
Boobnov l s solution are sho\m graphically in figure 26 for 
the special case ~ = 0 . 3 . The six curves d iffer from 
each other le ss than 6 percent . Observed values of c enter 
deflection are shown as open points for pressures at wh ich 
the permanent set wa s less then 1/500 the diameter of the 
plate an d as solid p oints for greater pressures . ' 

It is seen that the experimental deflections consist
ent ly exceed the theoretical values b y 4 to 12 percent for 

pa 4 /Eh4 > 15. At low pressures the theoretical curves and 
the ey-pe~imental points are in agreement . 

Stresses 

The stresses in a circular p l ate with clamped edges 
under normal pressure have been evaluated fro m the the ory 
by Way (reference 1) for center deflect ions up to 1 . 2 
times the thickness of the nlate . An extension to greate r 
values of wo/h seemed ' desirable since some of the plates 
tested at the National Bureau of St andards ( e . g . , plate K) 
were still nearl y elastic , that is, showed negligible ~er 
manent set, at wo/h = 4 . It was decided, accordingly , to 
extend Way ' s solution, but this extension was not carried 
beyond wo/h = 1 . 5 because of the excessive amount of com
putation involved. 

It appeared necessary to resort to one of the appr ox
i mate theories citod in references 5, 7, 8 , 9, and 10 in 
order to estimate the stresses for wo/h > 1 . 5 . Exanina-
tion of these approximate theor ies showed,that only ~adai ls 
approximate theory gave stresses i n close agreement with 
the val ues g ivin by Way1s the ory . This result was to be 
expe c ted since Nada i I s the ory is .th-e onl y 'one 0 f the ap 
proximate theories that g iv es a solution of the differen 
tial equation for a p lat e with l aige def l e c tions . It dif 
fers from Way ' s solution only in assuming a convenient but 
not quite uniform pressure distribut ion wh il e Way solved 
for a strictly un iform pressure . 

The calculations by Nadai's theory were accordingly 
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extended to values of wolh = 4 . (At wolh = 4 the assumed 
pressure deviated from its average value about 25 percent 
at the center and about 5 percent at the edge.) The result
ing pressure deflection curve is shown as curve F in figure 
26. I t agrees with those given by equations (9) and (12) . 
The extreme-fiber bending stresses and the median- fiber 
tensile stresses in a radial direction for the centor of 
the p l ate and the edge of the plate are plotted against the 
centor deflection in figure 27 . It is evident from figure 
27 that Nadai 1 s and Way1s theories a r e in good agreement . 

Tho plate with large deflection just as the Kirchhoff 
plate is most h i ghly stressed along the clamped edge , the 
maximum radial stress beingwout three times as large as 
the maximum stress at the center for wolh = 4 . TLe median 
fiber tension at the center exceeds the extre me -fib er bend
in g stress for wolh > 2 . At the edge the extreme-fiber 
bending stress is mor~ than five times as lar g e as the me 
dian-fiber tension OVen for wolh = 4. 

Radial strains Er calculated from the stresses ac
cordin g to Way 1 s theory and according to Nadai l s theory 
(fig. 27) by substitution in 

where CYr is the raclial stress and CYep the tangential 

stress, a re compared with measured strains for plates Nt, 
WI. in figures 23 and 24 . The theoretical strains ex
c eeded the observed strains for plate N I and they were 
less than the observed strains for plate H" . The differ 
ences may be due to differences in clamp i ng conditions. 
Curves of center deflection aga inst pressure from which 
such differences could be estimated were not obtained for 
these two plates becau se the strain gages interfered with 
measurement of tho center deflection . 

Pe r manent Se t 

Theoretical valu e s for the pressure at which permanent 
set at the center became noticeable were derived as follows : 
It was assumed that the beginni ng of permanent set would be 
associated with y i elding either along the edge of the plate 
or at the center of the pla~e and that this yielding could 
be computed from the theoreti c al stresses upon the assump-
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tion of the von Mises-Hencky theory of p l ast ic failure . Ac
cording t o th i s theory ( reference 11 , p . 73) plasti c action 
will begin un d e r the a c tion of p rinci pal s tr esses cr 1 , 0"2 ' 

cr 3 whe n 

",he r e C5y i s th e s t r es sat "'h i c h P 1 a s tic a c t ion b eg i ns i n 

s i mp l e tens ion . 

\"lhe re 

At the edge of the p l ate 

extreme- fiber stress i n r adial direction at edge 
o f pla t e on concav e s i de 

ex tre me - f i ber stress i n tangent i al dir e c t ion at 
edge of plate on con c a v e side 

Th e v a l ue of O"~e mus t be equal to ~crre s inc e the tan~ 

ge n t ial strain (()~e - ~()r e)/E i s assumed to De zero for 

pe r fect cl amp i n g . SUbst i tut io n of equat io n (1 4 ) in equat i on 
(13) g i ves wi t h ~ = 0 .3 

I t folIous that 

() a 2 

Acc ord i ng t o f i gur e 2 7 , ~G h 2 

t e r de fl e c t i on r at io wo/h and 

i s a functio n of tho c en -

hen c e , a cc o r d i ng t o fig-

uro 26 , a function of the t · p a~ Th pres sur e ra lO E °h4 ' 0 ro -
cry a 2 pa4 

suI t i ng rel at ion beti'fee n - - and -- is plotted as 
E h 2 Eh4 

curv e A to log-lo g scales in figu r es 28 , 29 , and 3 0 . 

Th o the oretica l pressure for yi e ld i ng at the cent o r 

l 
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may be computed i n an ana lo gcrus manner. Th e p rinci pal 
stresses in the plane of the p l a te a re equal at the c en t er 
so that equat ion (1 4 ) should be re p l a c ed by 

\vhere O"ro is the e:xtt r eme - fiber stress i n a rad ial direc
tion at the center of the ~ l a t e , on the conv ex side. Sub 
stitutiD~ o f equation (17) i n (13) g ives , in place of 
equations (1 5) and (16) 

O"r 0 = O"y 

O"y a.8 
O"r 0 a Z 

-
h

8 = 
E E h 8 

The corresponding r e l ation b etwe en and 

is shown as cu rve B i n f i gures 28 , 29, and 3 0 . 

A compari son wi th the experimenta l yield pressures 
g i ven in tab l e 1 vas ma de as fo llo 'fs : The stress O"y t 

that is, the stress a t wh ich plast ic a c tion beg i ns in t en 
sion , was replaced by the a verage of the conventional 
tensile y i e l d stren g th i n a lon g i tudinal direction and in 
a transve r se direction ( tab l e 1). Th e pressur e for the 
b egi nning of plast ic a c t ion was r ep l a c ed b y the Navy y i e ld 
p r essure i n figure 28 , by the p re ssure for a set at the 
c enter of 1/500 the diameter in fi gur e 29 , and by uhe 
pre ssure for a set a t the c ente r of 1/ 200 the d i ameter i n 
f igure 30. 

The observed points fo r the e i ght l7S-RT p lat es fa l l 
closely on a sing l e straight line . I f the observed points 
for the othe r plates tested a r e a lso included , they may all 
be represented app roxi ma t e ly by a st r a i ght li ne C that li es 
between the the oretic a l curves for y i e l d i ng a t the edge 
(curve A) and y i e lding at the ce nte r ( curve E) . ExamiBa-.8 
tion of f i gures 28 to 3 0 shows that for v alues of uya /Eh 
up to 80 the li ne C g ives the measure d Navy yield pressures 
within ~43 pe rc ent , the p r es s ure for a set at the c ente r of 
2a/500 with i n ±34 per c ent , and the p r essure for a set at the 
center of 2n/ 200 with i n ±42 pe rc ent . 

A larger s c a tter waS f ound for the v a ry th i n p l ates 
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( 2/ 2 ) ITya Eh > 80 in which the initial tension due to clamp -

in g and the deviation fr~m perfect flatness a rc likely to 
be lar gest . A lar ge scatter is to be expected because of 
the use of the tensile yield strength as the parameter char 
acterizing the beginning of plast ic action of the material 
in the p late. This result leads to a particularly l arge 
error i n the Case of the alclad mater ial, in which yield
ing on the surface of the plate may take p lace at rela
tively low pre ssure , althnugh the "average" yield strength 
as determined by the tensile test may be relatively high . 
This view is supported by a comparison of tensile yield 
strengths and pressuros for yielding (table 1) for the 
24S-RT a lclad plates and the 17S-RT a luminum-alloy plates . 
The tensile y ield strengths o~ the 17S-RT material are 
about 9 percent lower than those of the 24S-RT alclad ma
teri a l and yet the l7S-RT plates have yield pressures that 
exceed those for the 24S-RT a lcl ad plates by am ounts up to 
2;:J' per~ent. 

Anoth er description of the experimental data in fig
ures 28 to 30 '\'Tas obtainecl by making use of the experi
mental result (fi g s. 31 to 33 ) that the yielding be gan 
when the center deflection of the plate reached a Value 
which ,\<las rougfrly independent of the thickness and of the 
material of the plate. This value was ab out 0 . 11 inch for 
the Navy yield pressure (fi g . 31), about 0.12 inch for the 
pressure corresponding to a set of 1/500 the diameter (fig. 
32) , and ab out 0 . 14 inch for a set of 1/200 the diameter 
.ffig.33). 

The f ore g oing experimental result may be mathematically 
expressed by saying tha t yie lding b egan when the ratio 

'It! 0 = 
a const 

Examination ~f figure 27 indicated that a relation of 
this type should h~a approximate ly a t l a r g e c ente r deflec
tions both if the yielding is assumed t6 begin when the 
median-fiber strain at the center reaches a critica l value 
and when the extreme-fibor bending strain at the edge 
reaches a criti~a l value. 

A relatien b e tween yield in g pressure and plate thick
ness may be obtained by inser.ting equation (19) in the rela
tion bet we en pressure and center deflection. This c en t e r
deflection relation is, accord i ng to equations (9) te (12), 
of the general type 

L~~ __ 
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f ro m (19) 
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a nd k2 
<l.nd (20) 

n ro constants . Eli mination of 
giv~s tho desired relation : 

17 

~ho re k3 nnd k4 n re ngain const ants. A d etermination 
of thes e constants by least squares t o g ive the best f it 
to the ob se rved values of p iE gave : 

For navy y iel d p re ssure 

1 0 6 p 
(100 ~) 

h 3 

= 1.93 + 0 . 2 74 (100 a) 
E 

For pressure at set = 2a/500 

106 p 
2 . 78 (100 :) + 0 . 22 6 ~OO :)3 = 

E 

For pressure at .get = 2a/200 

p 
~OO ~) 

3 
10 6 

= 4 . 4 5 + 0 . 190 (100 ~) E 

Equations (22) to ( 24) a re shown together wi th the 
observed po ints in figures 34 t o 36 . The s c atte r is of 
the same order a s tha t for the more ratio nal curves given 
in figu res 28 to 30. 

The pr incipa l difference between s t r a igh t lines C in 
figures 28 t o 3 0 and the e mp irical relations (2 2 ) t o (24 ) 
is that the empirical relations d o not involve t h e yi e ld 
strength o f the ma t e ri a l . Tneir appli cability to the pres
ent series of p l a tes is exp l ained by the fact that the 
strain defined by ~Yield!E is roughly const ant , about 
0 . 005 , f or the materi als investigated (t ab l e 1) . I f the 
points for p l ates 0 and S, wh ich had v a lues of Gyi e ld!E 
of about 0 . 004 , a r e omit ted , the scatter "is reduced . It is 
s afer to u se the straight li nes C (fi gs . 28 to 3 0 ) in 
the c ases wh ere Gyield!E differs gr e at ly from 0 . 005 . 
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The po int s for p l a t es H, M, 0, P , Q, an d R that had 
dev i ation i n dices g r e a t e r t han 2 0 p erc en t according to 
tabl e 2 a r e labe l ed in f i gur es 28 t o 36 f or compar i son 
wi th the p oi nt s fo r the r es t o f t h e p l a t es . I t wil l b e 
not i ced tha t the s c a tt e r of p oints a borit a co mm on cur ve 
wou l d have be en r educ ed by leavi n g these p oi nts out o f con
s i derat io n . 

Na tiona l Burea u of St a nda rd s , 
Washing t on , .. D. C., Oc t ob e r 10 , 1941. 

APPENDI X A 

DEV IAT IONS FR OM IDEAL CLAMP I NG DUE TO I NI TIAL 

TE NSI ON ( OR CO MPRE SSIO N) I N PLATE 

The p l ate may be i n a s tate of i n i t i a l t e n s ion or co m
pre ss ion due t~ the cl amp i ng pr oc edur e or due to di f f e r en
t i a l expans i on as the result of tempe r atur e c h anges . 

I n i t i a l tens ion will l owe r t h e de fl e c t ion of th e pl a t e 
i n t h e Ki r chhoff r ange , tha t i s , at suf fici en t l y lo w lo ad s 
to make wo/h > > 1 , , b y an amount t ha t . may be est i mat e d 
fro m Nadai t s a na l ys i s of a p l a t e un de r n or ma l p re ssur e p 
a nd unde r a uni f orm co mp r ess io n o f n unit s o f f orc e pe r 
un i t l ength o f circumf e ren ce . Th e de fl e c t ion at a p oint a 
d is tan c e r fro m the c e nt e r of s uch a pl a t e is, acc ord
ing to Nada i (r e f eren c e 5 , p . 2 5 5 ) : 

vi ::: 

wher e 

p normal pressu r e 

a, 2 nl M 

N f le xur a l ri g i d i ty of ~ l ate [ ~h3 / 1 2 ( 1 - ~ 2 ) ] 

E ' Young 1 s modulu s of p l ate mate ri a l 
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~ Poisson1s ratio of p late material 

h thi ckness of p late 

an d J o and J~ a r e Be ssel functions of the f ir s t k i nd 
g iven by the series expans ions: 

Jo( x ) 1 _ ~ @)2 + _1_ (~ )4 1 (~)6 + (A 2 ) = . . . 1 ~.:a . J 2 ! 2 12 
3. 

a 4 

... J J 1 ( x ) = X [1 1 (~ ) 1 (;) (A3 ) - -- +' -. 
2 , lX2 lX2x2x3 

Substi tut ing 

2 
nt crt h 

(A4 ) a, == = 
N N 

\"The re crt is the initial membraDi~ stress, in (AI) and 
carrying out the s e ri es expansions (A 2) and (A3) le ads t o 
the fol lowi ng a ppro x i ma te expression f or the def lection 
i n the Kirchhoff r egion : 

,The center de flec ti o n i s 

pa
4 

( 
v1 0 = 'ltl ( 0 ) = -- 1 

64N 

2 
1 1 nta '\ 
72 N ) 

I f \" 00 

cl ampecl p l ate 
deflection due 

denotes the cent e r deflection in 

(nt == 0 ) the relative incr ease 
to ini t ial tension is g i ven by 

the i deally 

in cent er 

(A 7) 

The relative i n cr ea~e i n r ad i a l b end i ng momen t at 
the e d ge of thi plate du e to the ~ension nt may b e c a l
culated from (A5 ) as follows : The radial bending moment 
a t any po int in the pla te is (r e f e renc e 5 , p . 57) : 

2 

m ( r ) = _ N Cd ~ + ~ dW) 
r dr r dr 

(AS ~ 
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Subs tituting ( A5) in this eq:uation giveB : 

;3 
nt a 

18N [-

an d the relat i ve increase i n r ad i a l bending moment 
bending momen t mao for an ideally cl amped plate 
becomes : 

= - 1 = 

- . (A9) 

(AIO) 

ov e r the 
(nt = 0 ) 

(All) 

The effect of the i nitial te.nsion - CYt in decreasin.g 

the c enter defle ction at high pressure for wh ich the plate 
approaches the cond i tion of a circular ·memb r ane is g i ven 
approximately by substituting CYt - i n (0 4 ): 

= 
2 pa 

4h CY 
(AI 2) 

(A13) 

is the membrane stress in the plate a t the def lec t io n c on
sidered , consisting of the membrane str~ss CYw ·due to tho 
deflection '''0 at tho c enter t and the irri-tial tonsion, CY t • 
The relat ivcincr caso in c cn t c~ ~efle c tion over a membrane 
with zero i n i tial ten io n is then g iven by 

6 ,! 0 eYo - CY CYo - ( CY'T + eY+ ) 

= = " 
''f 0 0 CY CYw + crt 

(A1 4) 

An. app roxi natc v a lue fo:. the mGf:1.bra.le to ls ion CJw i s 0 b

tained by considering thQ membrane to deflect i nto a spher
ica l surface . Th i s su~facc coinc~des , for r at ios 
wola < < 1 , w i t~ tho parabol i c surface 
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The b owi ng will s e t up an a v e r age tensile s train 

1 
e: vi = 

a 
r=o 

1 
dr) = 

a 

a 

, ( a (j d w 2 + dr 2 _ dr) 

r=o 

" zla J C!:)2 dr 
w z 

2 0 = - --z 
3 a 

o 

Th i s st r a i n corr e s p onds t o an a v e r age t ens il e st r ess 

2 E Wo 
z 

(5w = --z 
3 1 - IJ. a 

I n par t i cul a r 

2 E WZ 
00 

(50 = --. 
3 1 IJ. 

18 - a 

s o that 

(A1 6 ) 

(AI7) 

(AI 8 ) 

(A1 9 ) 

Subst i tu.,t:Lam...9f-th i s e xp re ss io n in e qu at io n ( A1 4 ), as sumi ng 
that ( ~wO/ woo)2 < < 1, g ive s an e quat ion tha t may be 

sol ved fo r 6wo/ woo ~it h the f oll owing r esult : 

6,·, 0 = 
(5t 

(A20 ) 
woo 3 (50 + (5t 

Subst i tuti on of (A1 8 ) i n ( A20 ) g i ves :: 

6wo (5 t 
Z 

1 I (1 IJ.) 
a 

= z - - Z ,., 00 
1 + 2 E 1'10 2 E 1:10 , - IJ. (5t 7 J.. 

The relat ive eff e ct 01 the i n i t i a l tens io n on the c en t e r 
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ddlection decreases \vith th.e inyerse squar e of the center 
defleC,tion. 

An estimate of 1lt :: CTth 'vas obtained from the ob
served ini t i al slope wo/p of the curve of center deflec

tion against pressure upon the assumption tha~ this slope 
would be equal to that for an ideally clamped plate ex
cept for the correctio-n due "to rotation of the clamping 
edges and due to the initial tension . The initial t ens ion 
per unit length nt is then from (B16): 

nt :: 72 (1 + 
11 a 

64N \'10 

7P-
where wolp denotes the Deasured initial slope of the 
curve of center deflectio n against pressure . 

(A22) 

The values of nt derived from (A22) were substituted 
in (A7) to g i ve the deviatiort' indices (6w o /w oo )A that are 

listed i n tabl e '~ . 

APPENDIX B 

DEVIATIONS FROE I DEAL CLAMPING DUE TO ROTATION 

OF CLAl'LPING RING 

Rotation of the clamping rings E '''ill have the 
. greatest ~ercentago effect on the deformation of the plate 
at low loads for ~hic h the Kirchhoff theory holds . The 
effect be-Gomes negligible as t h e plate approaches the con
dition of,a membrane at high pressures . 

The dcflectiorr '1:[ (r ) . of a circul~r plate cl amped in 
torsionally elasti c edges ~ay be considered as the result -
ant-: 

, '1Jl = wJ. + tV;a 

of the deflection wJ. of a plate 'lith rigidly clamped 
edges (refer en c e 5 , pp . 56-57) : ' 

(Bl) 
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and of a plate with s i mply supp orted edges : 

where 

Pl partial p r essure required to produ~e deflection w1 

Pz partial pressure requ i red to produce deflection wa 

p total pressure ( Pl + pz ) 

Th e p re ssure Pl will produ c e a r ad i al bending mo
ment IDa per unit length of cl amp i ng edge : 

= -
P1a z 

8 

wh ich will c a use a rotation of th e cl amp i ng rin g : 

where 

(:8 5) 

A rotation of cl amp i ng ring ( r ad i an s) du e to unit moment 
pe r unit l ength of cl amp ing edgo 

Tho r ot at io n of tho cl amp i ng ring ( B5) must b o equ a l to the 
s lope of the p late a t the c l a mp i ng edgo, which is fro m (Bl) 
and (B3) : 

vf l( a ) 

" whe r e pr i mes denote different i at ion rith respect to r. 

Setti ng th i s expressi on equal to (B5) g ives: 

pz = (1 + ~ ) A N (B7 ) 
a · 

Th e center deflection becomes with (B2 ) and ( B3) 

(B 8 ) 
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The center deflection woo for ri g id clamping follows from 
(E8) with ~ = O. Th e relat ive increas e in c enter defl e c
tion for a g iven total pressure p = P1 + Pa is , th e re
fore : 

4~N 

(flWO 1 IV 0 1 a ( 13 9 ) = - = 
"itT 00 :B ivoo 1 + (l+~ ) AN 

a 

for sufficiently small (~N 1) , this v.aluo s of ~ a-< < ex-
pre ss ion is approximately: 

(6''1' 0 ), 
4,1:H ~:E h3 

( EIO) - -- = 
woo B = a :2 

3 (l ... ~ ) a 

The bending momen t at the edge is f rom (E 4 ) a~d (:B7) 

P 1 a :2 pa:2 (1 _ Pa .') ma = = 
8 8 P 1 + Pal 

= 
paa [1 (l+~) ~ N /a J (Ell) - -- - 1 + (1 +~) ~ N / a 8 

and the relative i ncrease i n bending mome nt over tho moment 
mao for rigid clamping (~= 0) is: 

or for AN/a < < 1: 

(E13) 

The spring constant A was determined e xperimentall y 
as follovs. A pair of re l at ive ly thick a luminum- a lloy 
p l ates ( h = 0 . 0627 i n .) we re cl am~ed i n the test fixture . 
A set of s mall prisms ( M, fig . 10) we re then fastened to 
the cl amp ing ring to measure the rot at ion of the cl ampi ng 
ring ou t of a horizontal plane, b y means of a Tuckerman 
a utocolli mat or . · Normal pressure was appli ed t o tho p l ato 
an d both the rotation ~. I a of the pr i sms an d the center 

deflection Wo of the plate were mo~sur ed a t a nu mb e r of 
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pressures p . The resulting vnl1ies ,,,ere found t o i ncrease 
line~rly with the p re ssure so that a straight line could 
be drawn through the p oi nt s . The sl opes wo/p an d w,'a /P 
of these two stra i gh t li nes we re u sed t o determine ~ as 
f oIl 01'IS : 

I f it is assumed tha t the p l ate -behave s like a rigidl y 
clamped Kirchhoff p l a te except for a uniform i n iti a l ten
s ion n t and n rot at io n of the end clamp s, the slope of 

the cu rV0 .of c en t e r deflection' agtL i ns t p re ssur e curv~ i s 
given by 

w [ "( 6. vI , ' ) .--2.-2. 1 + __ 0 

P wOOA 

~ (6. 1'1 a '1 1 (E 14 ) 
v.roo~.J 

= 

where ( 6.wo/wo o~ den otes t he de viation fo r i n i t i a l ten

sion (A 7 ) and (~wO /woO)B tho dev i at ion for rotatiorr of 

the cl nmp i ng rings (BIO) . Substi tut i ng these dev iat ions 
together wi th the center def l e c t i on f or the cl amp ed p l a te 
(s ee B2 ) 

1"0 0 = pa4 

64N 
(E15) 

g ives 

wo a 4 r- 11 2 

4:N J nta 
= 1 + 

P 64N 72 N 
(E16 ) 

for the i n iti a l slope of the curvo of ce n ter deflection 
against p ressure . The i n iti a l s lope of the curv e for rot a 
tion of the cl ~mp i ng ri ngs aga in st pressure i s g iven by 

= = (E17) 
p p p 

whe r e m i s tho r a dial bond i ng moment at the edge of the a 
p l ate . ' This expression n~y b e vr i tten i n ~nalo gy to equa-
tion (B1 4 ) as 

= m~o rLl + (~ma) + ( ~L1n \ l 
p.J:' ma o~A. ao ):a .J 

( B18 ) 

where (~ ma/mao )A i s th e r elat iv e increase i n edge bending 

moment due t o i n i t ial t ens io n g ivon by equat ion (All), and 

j 
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(ma /ma o)B is the relative increase du e to rotation of the 

edges g i ven by e quat ion (B1 2 ) . Substi tut i ng these values 
in (131 8 ) g ives : 

WI 
---1i 

P 

:: Amq 
p 

(BIg) 

Eli mi nat ion of n t from equat io ns (BI6) and (BI g ) g ives 
the following equat ion for A: 

(B 20) 

Heasurements for p l a te 0 gave 

Wo Wi 

in./lb 
a 10- 7 i~ . /lb. :: 0 . 00250 cu and = - sq 

p p 

Substitut~on of these values , t oge ther with the const a nts 
a :: 2 . 5 inches ; h:: 0 . 0627 inch; E:: 10 . 5 X 106 pounds 
per square inch~ and ~ = 1/3 - in equation ( B20) and 
solvi n g for A gaYe 

APPEND IX 0 

DEVIATIOI FRO M IDEAL CLAMP I NG- DUE TO RADIAL 

CONTRA CTION OF CLAMP I NG- RING-

The clamp i ng rin g will contract under th Q a c tion of 
the membrane tension set u p i n the p l ate a t high pressures , 
and this contrac t ion will reduce the tension in the p lat e 
and will increase the cent e r defl e c t ion correspondi ng to a 
g iven .p re ssure .. 

An appr ox i mate estimate of · this effec t was obtained 
by replacing th e p l a t e by a membrane under uniform tension , 
which bulges into a spherical surface wi th c e nter deflec
tion wo . Th e deflection of the mombr ane at a distanc~ r 
from the c e nt e r i s' then 
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The curv"ature of the niembrane is 

1 

R 

2 
d 1-1 

= :::: 
dr 2 

2wo 
- --2 

a 

27 

For equil ibrium between the unifor m tensile stress cr i n 
the plate and the external pressu r e p (r e fer en ce 12. p. 
511) : 

cr == 
pR 
2h 

so that the cent e r de flec t ion is g i ven by 

P a 2 
'l-T == --

o 4hcr 

(03) 

(04) 

The membrane stress will c aUse an e l ast ic cont r action 
of the clamping ring g iven b y 

a o - a = a o K cr h (0 5 ) 

where K is the s pec ific contraction alpng the d iamete r 
of the memb r a ne due t o un i t r ad ial tension per unit length 
of clamp ing edge • . 

The c en t e r deflecti on woo for an ideal l y clamped 
p laCe of th ickness h and of r ad ius a o subjected to 
pressure p is, accord i ng t o equation (04), 

pa 2 
,"j = __ 0_ 

00 4h cro 
( 0 6) 

The correction in cente r defl e c t ion i s, therefore , 

(07) 

The membrane stress cr i s rel ated to the membrane stra in by 

cr = 
1 

E (08) 

The value of , is g i ven by correcti ng equat i on (A1 6) for 
the change in stra i n K h cr due to co ntrac tion of the 
clamping ri ng : 
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( = ~ (:0)2 - K h 0- ( 09) 

Substi tut ing (09) in (0 8 ) and solving for 0- g ives 

(J 1 ~ (WO) = 
Kh + 1 - IJ. 3 a 

( 010) 

E 

The stress (Jo 
(010) by making 

for a rigidly cl a mped plate is derived fr om 

K = O. It follows that 

0-0 E 
2 2 

== (1 + I-L K h) (:000) (a:) (J 1 -
(011) 

['he ratio a/ao is, from (05) 

a/ao == 1 - Kh(J 

Substit u ting (011) an d (01 2 ) i n ( Q 7 ) , expand.ing, and neg-
lec t i ng t e r ms that are small of h i gher order g ives 

6w o E 6'110 
(013) = Kh - 2 - 4Kh(J 

woo 1 - I-L woo 

The ~ as t term on the right 
first term since (J < < E 
tion 

i s negli g ibl e comp ar~d with the 
so that, in first approxima-

1 'E I(h 

3' 1 - I-L 

An exper imen tal estimate of K was obtaine d as fol 
~ows : A pair of relatively thin p lat e s (h = 0 . 0209 i n . ) 
was clamped in the fixture. Th e c e nt e r def lec t ion Wo of 
the p l a te was then measured as a function of the normal 
pressuFe in a ra~ga whe r e the plato approximated ~ · tatit 
membral'¥.e (\'10 > 1 0 h , perma nent sot a t center g r ea t e r 
tha n 4h) . Th~ values of 1[1

0 
thus obtained were ,aub st i

'tuted in (04) to estimate the mer~b r an e stress 0- . The 
contrac t ion in diameter 2ao - 2a of t h e cl amp ing ring 
due '1<0 th is membrane . stress was measured by a T.uc-ker ma n 
stra in gage (T , fi g . 10) with a 5-inch gage l e ngth . Sub
etitution of the me asured value s of a o - a a nd of 0-

in (05) gave six values of ~ r a n g i ng from 1 . 9 X 10- 8 to 
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2 . 2 X 10- 8 in.jlb. An ave r age v a lue K = 2 X 10- 8 in.jlb, 
was subst i tuted in (C14) to obtain th e dev i at ion indices 
(6WfJ! V1oo )C g iven i n tabl e 2. 

APPENDIX D 

EFFECT OF I NI TIAL BOWING ON CE NTER DEFLE CTION 

OF CIR CULAR MEMBRANE 

Let it be assumed that a membrane of r ad ius a is 
bowed into a sph e rical surface wi th c enter def l e ctio n wi 
at no load . The increase Wo in ce n t er de f l e c t i on due to 
a normal pressure p i s then approximate l y , a ccording to 
equat ion (A12), 

(Dl) 

whe re ~ i s the tens il e st ress c orr espond i ng to the strain 
~ required t o pr o du c e the center def l e c t i on wo o Accor d 
in g to equat ion _(A16) 

The stress corresp o nd i ng to this strain ,., ill be 

E ( E 'v 0 
;:; 

[1 
Wi 1 2 

IT = = + 2 -
1 - IJ. 3 1 IJ. 

-2-
wo .J a 

(D3) 

Sub stitut i on of equati on ( Do ) in (D l ) an d so lu t io n for Wo 
g ives 

w = [3(1 - IJ.) pa4 
__ 1 __ l l/3 

o 8 E h \.,~ -I 
1 + 2 w:J 

(D4) 

The corre spo ndin g c en t o r defle c t ion woo fo r an initi a lly 

flat membrane would b e , wit h Wi = 0, 

Wo 0 " [3 (1 ; ~~ pa
4 r 1 3 (D 5 ) 
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and the increase in center deflection due ~o bowing is 

w w . W )~1/3 W. = 0 - 00 = (1 + 2 ~ _ 1 _ 2 ~ 
woo Wo 3 Wo 

(D6) 

Initi a l bowing into a spherical surface c auses a decrease 
in center deflection inversely proportion~l to the center 
deflection due to the load a nd directly proportional to 
the initial bowing at the center. 

APPENDIX E 

APPROXIMATE RELAT ION BET1'lEEN CE l'J"TER DEFLECT ION AND 

PRESSURE (FOLLOWING FOPPL'S · PROCEDURE) 

Foppl (reference 9, p. 231) ;derived an app roximate re 
l ation between center deflection and pressure for a square 
plate of medium thickness by assuming that the bending of 
the plate was proportional to tha t g iven by Ki rchhoff 's 
theory wh ile the extension was proportional to that for a 
membrane, so that the total pressure p waS the sum of 
the pressure Pb resisted by bending and the pressure Pt 
carried by memb r ane action : 

Applying this proceduro to a circul a r plate g ives for tho 
d eflection as a Kirchhoff plate (r eference 5 , p. 56) : 

Wo 

h 

The center deflection for a circular membrane is , according 
to Hencky (reference 6) , for ~ = 0 .3, 

= 0.662a (E3 ) 

Solving equations (E2 ) and (E3) fo r Pb and Pt ' respec
tively , and substituting in (El) leads to the desired re 
l at ion: 
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Wo 
+ 0.58 .8 

h 

3 

16 

National Bureau of Standards, 

4 

i (~) 

Wa shing ton, D. C ., October 10, 1941. 
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TABLE 1.- SUMMARY OF NORMAL-PRESSURE TESTS OF RIGIDLY CLAMPED CIRCULAR PLATES 5 INCHES IN DIAMETER 

Tensile yIeld strength Pressure for given' set ThIcknees, Young's 
Navy yield diameter diameter J4aterlal Plate h modulus LongItudInal Transverse pres~ure (In.) (kips/sq in.) (kips/sq In.) (kips/ sq In.) (lb/sq in'.) 500 200 

(lb/sq In.) (lb/sq In.) 

24S-RT &lclad A 0.0632 10,400 62·.6 
42 •0 gt 107 159 B .04°t 10,400 59.8 9·5 74 120 aluminum alloy 

C .0 0 10,400 57.2 49.2 42 57 91 
D .Ol2§ 10,300 55.5 46.6 133 149 191 E .0 5 10,300 51.0 43.8 106 119 157 17S:"RT F '°425 10,300 44 •4 43.0 Zf 9~ 127 G .0 ~3 10,300 9.4 frg:~ 9g aluminum alloy 
H .03 7 10,300 54.2 ~~ l8 

t9 I .0300 10,300 50.1 lit·o 48 J .0257 10,300 52 .3 4 .9 23 38 59 K .0211 10,300 53.9 48.2 28 35 50 
17S-T L .0627 10,~OO 4°·2 41.7 81 . 

~~ 125 )! .0320 10, 00 5.5 a 37 •9 23 60 a1 uminum' all oy 
N .0209 10,500 45.3 37·9 21 35 62 

Aluminum alloy 
° .0150 10,500 34.5 31.2 5 7 12 

24S-T P .0184 10,500 55.1 48.0 21·5 23.0 25.0 aluminum alloy q .0149 10,500 50.8 46.1 22.0 2;·5 25.7 18:8 
R .0199 b28,oOO 177 161.0 33.0 34.0 38.0 

stainless steel 
magne ~~ Ul!l alloy S .• 0411 6,400 25.7 25.6 24 24 

a No transverse test was made for specimen N. The value given was arbitrarIly taken the same as that for 
specimen M, which was in the same shIpment of material. 

bAverage. 
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TABLE IT.- INDICES FOR DEVIATION FROM IDEAL RIGID CLAMPING 

Relative increase in center deflection 

Kirchhoff plate wo/h«l Membrane wo/h»l 
Plate Thickness, Initial tension, Rotation of edges, Radial contraction Initial deflection h equation (la) equation (2) of clamping r1ng, per un1t thickness, (In.) (~wo/woo)A (~wO/woo)B equation (3) wl/h 

(~wo/woo)C 

A 0.0632 0.00 0.0000 0.0066 O.OOa B .0,Ot -.14 .0000 .00,2 -.03 
C .0 a . -.13 .0000 .00 3 -.020 

D .OZ2§ .13 .0000 .00~6 .001 
E .0 5 -.01 .0000 .00 9 -.003 
F .0~25 -.03 .0000 .Ooa~ -.006 
G .0 ~3 -.02 .0000 .00 -.009 
H .03 7 ~-.27 .0000 .0041 -.049 I .0300 a-.O~ .0000 .0031 .04, J .02 57 a-· l .0000 • 0027 -.00 . -K .0211 -.08 .0000 .0022 .109 

L .0627 a .00 .0000 .0066 -.001 
M .0320 ~.20 .0000 .0034 -.450 N .0209 a. OO .0000 .0022 -.079 

0 a 
.0000 .0015 -·5°0 .0150 .50 

.0184 
a 

.0000 •0019 -.141 P a-· 27 
Q .0149 - -.32 .0000 .0016 .038 

.0199 
a -.48 .0000 .0057 .136 R 

s .0411 a. Ol .0000 .0026 .083 
- .-- - --

~rom comparison with Way at low pressures. 
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Figure 9.- Top view of plate fixture . . 
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Fig. 10 

Figure 10.- Measurement of elastic constants of p1~te f i xture. 
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Figure 11.- Plate fixture, pump, and pressure gages. 
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Flqure 15.~Normal pressure. tests or 
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Figure 35. -PresSlIre for permanent set 
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