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SUMMARY 

Three-dimensional views are presented of the first three natural 
vibration mode shapes of ten cantilever-wing models . A table of nor­
malized deflections at six spanwise and five chordwise stations is 
included for each mode . These mode shapes were measured by a rather 
unique experimental technique using grains of sand as accelerometers. 
The technique, which is particularly suited for measuring mode shapes 
of small wing models, is described and some of the difficulties likely 
to be encountered in applying the technique are discussed. 

INTRODUCTION 

In order to perform a modal-type flutter analysis of a Wing, it is 
necessary to know the first few natural vibration modes. Several experi­
mental methods can be used to determine them. A photographic technique 
is described in reference 1. Mirrors placed on the wing can be used to 
measure slopes from which deflections can be computed; accelerometers or 
micrometers which incorporate various sensing devices can be used to meas­
ure amplitudes directly. Mode shapes can also be calculated from measured 
influence coefficients. (See, for example, refs. 2 and 3.) These methods 
have disadvantages, however , when used on small wing models. 

This paper describes a technique that is particularly suited for the 
measurement of mode shapes of small wing models. This technique is an 
extension of the technique described in reference 4 with the "chatter 
bar" replaced by sand . In addition to a description of the new tech­
nique, the first three mode shapes of ten cantilever-wing models are 
presented. 
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SYMBOLS 

aspect ratio 

wing semichord at root measured parallel to airstream 

natural vibration frequency for the nth mode , cps 

length of semispan of model measured normal to stream direction 

thickness of wing 

chordwise station, measured parallel to root chord from 
leading edge 

spanwise station, measured perpendicular to root chord from 
the root 

airfoil thickness ordinate, (~)lOO 

sweepback angle of quarter-chord line 

taper ratio 

EXPERll1ENTAL TECHN'IQUE FOR DETERMINING NATURAL VIBRATION HODES 

General Concept 

A new technique, which may be termed "the 1 g method," is used in 
determining the natural vibration modes given in the present report. 
The technique is based on the principle that the acceleration of a par­
ticle vibrating in simple harmonic motion is the product of its amplitude 
and circular frequency squared . At any given frequency, therefore, par­
ticles having equal accelerations will also have equal amplitudes. An 
accel eration corresponding t o that of gravity occurs when a particle 
placed on a vibrating wing just begins to rise from the surface. 

In the 1 g method, the wing surface is sprinkled with sand and vibra­
ted at one of its natural frequencies. A line, or lines, along which 
the acceleration is equal to gravity and the amplitude is, therefore, 
constant is obtained between regions of bouncing and stationary sand. 
By changing the magnitude of the exciting force the wing amplitudes are 
changed and the location of the 1 g line or lines is changed . This is 
illustrated in figure 1 which shows a hypothetical wing vibrating in 
first bending at three discrete amplitudes. The abscissa is the wing 
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semispan and the ordinate is the acceleration. The cross-hatching on 

each curve represents regions where the sand is bouncing (accelerations 

greater than that of gravity) . The boundaries between regions of bouncing 

and stationary sand are shown at spanwise locations a, b, and c. For 

each of the three wing amplitudes shown in figure 1, the strain is meas­

ured at the wing root. It is assumed that the wing amplitude varies lin­

early with root strain and that the relative distribution of amplitude 

(mode shape) is independent of absolute amplitude. ~e following analysis 

shows how the root strains are used to convert the 1 g lines into "contour 

lines" that define the wing mode shape. (Refer to figure 1.) 

Let aXn be deflection at semispan location x 

tude n and Gn be strain associated with amplitude 

sponding 1 g line. Then, 

or 

for wing ampli-

n, and its corre-

If similar relations are written for the other deflections, based on 

the arbitrary wing amplitude 3, at spanwise stations b and c, the 

quantity in the parenthesis is seen to be a constant. Since the deflec­

tions defining the mode shape are relative, this constant may be taken 

to be 1. The 1 g lines thus become contour lines with amplitudes equal 

to the reciprocal of the strain associated with the line. By varying 

the magnitude of the wing exciting force in six or seven steps, a suf­

ficient number of contour lines are located to define the mode shape. 

Equipment 

The wing models were cantilevered from a large backstop and were 

excited acoustically by a public address system loudspeaker with the 

horn removed. The loudspeaker was driven by a wide -range oscillator 

through a direct -coupled amplifier. The signal from strain gages on 

the wing root was fed through an amplifier to an electronic voltmeter 

placed beside the wing . A modified aerial camera mounted on the backstop 

above the wing was used to photograph the sand pattern and the voltmeter 

reading for each contour line. The sand used was washed and throughly 

dried to minimize sticking to the wing . 

Technique 

After clamping the model to the backstop, it was carefully cleaned 

to remove dirt and fingerprints which might cause the sand to stick to 

the wing . The loudspeaker unit was placed beneath the wing and the output 
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frequency varied until reasonance in the desired natural mode was indi­
cated by a maximum deflection of the voltmeter needle. 

The loudspeaker was turned off and sand was sprinkled lightly over 
the surface of the model . The volume of the loudspeaker was slowly 
increased until the sand just started moving somewhere on the wing, 
usually at the tip or along one of the edges, depending on the mode . 
The camera shutter was opened for a time exposur e to record the movement 
of the sand and the corr esponding root strain indicated on the dial of 
the electronic voltmeter. Al so r ecorded in the photograph were the wing 
identification and numbers indicating the attenuation setting of the 
strain-gage amplifi er . The volume of the l oudspe aker was further 
increased to move the contour line to a different position on the wing 
and anothe r photograph was taken . The process was repeated in steps 
until all the sand on the wing was moving except along the node lines. 
Usually, s i x or seven photographs were sufficient to give a good spacing 
of the contour lines from the wing tip or edges to the node lines . 

Interpretat i on of Data 

The raw data are a series of photographs, each showing regions where 
the sand i s blurred (mOVing) and sharp (stationary) and a meter reading 
and amplifier attenuat i on showing the corresponding root strain. A sample 
photograph i s shown i n figure 2. Here the wing i s vibrating in the third 
mode and two regions of stati onary sand, A and C, and two regions of 
moving sand, Band D may be seen . Regions A and C are vibrating with 
an acceleration less than that of gravity, and regions B and D with an 
acceleration greater than that of gravity. The lines separating these 
regions are vibrating with an accelerat ion equal t o that of gravity and 
therefore are lines of equal amplitude. The meter reading multiplied 
by the amplifier attenuati on, 30, gives the relative strain at the root 
associated with these particular lines. The numbe r s and letters at the 
top of the photograph are wing , node, and frequency i dentifications . 

Lines separating the regi ons of moving and stat i onary sand were 
drawn on each photograph and a composite drawing of the wing was made 
showing the locations of the various lines of equal amplitude . The 
r eciprocal of the root strain for each of these lines was noted on the 
composite drawing. These numbers indicate the relative deflection of 
the wing along that particular line. A sample composite drawing is 
shown in figure 3. The whole numbers beside each line identify the 
photograph from which the lines were obtained and the fractional numbers 
indicate the relative deflect i on. 

Each wing was divided i nto six spanwise stations at 0.1, 0.3, 0.5, 
0.7, 0.9, and 1.0 semispan, and five chordwise stations at 0, 0.25, 0.50, 
0.75, and 1.00 chord, as shown in figure 3. A plot was made of relative 



MCA TN 4010 

amplitude of deflection against semispan distance y/I at each of the 
five chordwise stations. Another plot was made of relative amplitude 

5 

of deflection against chord) x/2b) at each of the six semispan stations. 
After fairing each of these plots by cross reference to the other) the 
values of the relative deflections at the intersections of the various 
spanwise and chordwise stations were normalized on the maximum deflection 
and arranged in tabular form. Examples of such plots are shown in fig­
ures 4 and 5. A three-dimensional composite view) as shown in figure 6) 
was chosen to illustrate the mode shapes because of the complexity of some 
of the modes . 

Limi tat ions 

The acceleration technique described in this paper has certain 
inherent limitations. 

The surface of the wing must be nearly horizontal so that sand 
particles do not roll and thereby give the impression of bouncing. 
This condition is encountered at the leading edge of most airfoil shapes; 
however) with a little experience) allowance for this effect can be made 
in the interpretation of the results. A thick symmetrical double-wedge 
section) however) might present this problem over the entire wing surface. 
Low frequency modes are difficult to measure by using this technique due 
to the large amplitudes required to obtain accelerations equal to gravity. 

Models that are very light in weight and also very lowly damped 
(having sharply tuned reasonances) present difficulties because of the 
rapid increase in amplitude near the resonant frequency. The sand that 
is sprinkled on the wing increases the mass of the wing enough to cause 
its frequency to shift slightly and thereby change its amplitude con­
siderably . This condition makes control of the wing amplitude difficult 
as sand bounces off . Control of the amplitude can be maintained by 
adjusting the shaker frequency and output . 

EXPERll1ENTAL VIBRATION MODES OF SEVERAL FLUTTER MODELS 

Description of Models 

A complete description of the test models is presented in figure 7. 
In order that thickness distribution of the models may be readily avail ­
able) the ordinates of the section shapes) except for the flat plate 
models) are presented in table I. 
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The models were sprayed lightly with a flat black paint to serve 
as a background for the white sand . Electrical resistance strain gages 
,·rere mounted at the root . 

Results and Discussion 

The first three natural vibration modes and frequencies are shown 
in figures 8 to 17 . The modes are presented in perspective , looking from 
the root to the tip with the leading edge on the viewer's right . The 
wing semispans have been foreshortened slightly as an aid in perspective , 
and the wing deflections have been normalized on the maximum deflection . 

The vibration modes , as drawn, provide a quick qualitative repre ­
sentation of the manner in which the vibrating wing is deflecting . For 
a more detailed analysis of the vibration modes , tables of the normalized 
deflections at the 0.1, 0.3, 0 . 5, 0 . 7, 0 . 9, and 1 . 0 semispan, and the 
0, 0.25, 0 . 50) 0.75, and 1.00 chord stations are presented with each 
drawing. 

The first three mode shapes and frequencies for a cantilevered rec ­
tangular 2- by 5- by 0.064- inch magnesium plate were measured and are 
presented in figure 18 . Also presented in the figure are theoretically 
obt a ined mode shapes and frequencies. First torsion modes were calcu­
lated by means of the plate theory of reference 5 (using the solution 
of eq. (43)) and also by means of elementary torsion theory. (See, for 
example, ref. 3.) Elementary beam theory was used to calculate the 
bending modes. 

CONCLUDING REMARKS 

A unique acceleration technique for measuring the natural vibration 
mode shapes of small wing models is described . The first three natural 
vibration mode shapes are presented for ten cantilever-wing models . 

Langley Aeronautical Laboratory, 
National AdviSOry Committee for Aeronautics, 

Langley Field) Va., December 6, 1956 · 
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TABLE I 

NACA 65A AIRFOIL ORDINATES FOR t/2b = 0.020 and t/2b = 0.040 

100( ~) 
NACA 65A002 NACA 65A004 

±z ±z 

0 0 0 
.5 .156 .311 
·75 .190 .378 

1.25 .242 .481 
2.5 .329 . 656 
5·0 . 439 .877 
7· 5 ·531 1.062 

10.0 . 608 1.216 
15 .731 1.463 
20 .824 1.649 
25 .895 1.790 
30 .947 1.894 
35 .981 1. 962 
40 .998 1.996 
45 ·997 1. 996 
50 ·977 1.952 
55 .936 1.867 
60 .874 1·742 
65 .796 1. 584 
70 .704 1.400 
75 . 601 1.193 
80 .488 .966 
85 .369 .728 
90 .247 .490 
95 .126 .249 

100 . 005 . 009 

Leading-edge 
radius • 0 .0255 0.102 

Trailing-edge 
radius . . 0 .0045 0.010 
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Figure 1.- Illustration of the relation of the 1 g lines to wing amplitudes. 
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Figure 2.- Sample photograph showing how the regions of moving and stationary sand indicate 
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Figure 4. - Normalized deflection of a 450 swept-tapered wing plotted 
against semispan for five chordwise locations. 
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Figure 8.- Continued. 
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( a ) First natural vlbra~lon mOQe; Il )0 cyc~es per secona. 

Figure 10.- Natural vibration modes for magnesium flat-plate model. A = 450
; A = 

A = 2.76. 1.0; t/2b = 0.014; 
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(b) Second natural vibration mode ; f2 184 cycles per second. 

Figure 10.- Continued. 
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Fraction Normalized deflection at y/z = 
of 

chord .1 .3 .5 .7 . 9 I 1.0 

0.00 .000 -.017 -. 071 . 063 . 622 1.000 
.25 -.004 -.059 -.1$5 -.029 .520 .$40 
.50 -.00$ -.201 -.374 -.200 .416 .735 
.75 -.050 -.470 -.676 -.412 .310 .6$1 

1.00 -.214 -1.000 -1.000 -.504 . 250 .651 

~ 
______ Heavy long dashed lines indicate shape 

of wing at maximum amplitude of cycle. 

" 

______ Heavy so l id lines indicate 
~ v:ing at, rest. 
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(c) Third natural vibrat ion mode ; f3 263 cycles per second . 

Figure 10 .- Concluded. 
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c hord .1 . 3 . 5 .7 .9 
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(a) First natural vibration mode; fl = 47 cycles per second. 

Figure 11.- Natural vibration modes for magne sium flat-plat e model. A = 600 ; A = 1.0; t/2b 
A = 1. 39 . 
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Fraction Normalized deflection a t y/z = 
of 

chord .1 .3 . 5 .7 . 9 1.0 

0. 00 - . 008 -. 039 -.15E - .383 -.495 -. 515 
. 25 -. 016 - . 078 -. 258 -. 433 -. 445 -.390 
. 50 -.022 -.133 - .312 -.328 -.156 . 047 
.75 -. 034 -.159 - .180 . 019 .350 . 515 

1. 00 -. 055 - . 089 .109 .484 .867 1 . 000 

( b ) Se cond natural vibrat ion mode ; f 2 = 207 cycles per second . 

Figure 11.- Continued. 
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of wing at maximum amplitude of cycle . 
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solid lines indicate 
\Jing at rest . 

Nurmalized deflection at yl7. ,. 

.1 .3 .5 . 7 .9 1. 0 
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-.045 -. 125 -.202 -.303 -. 505 -.707 
-. 071 . 000 . 238 . 216 -. 252 -. 666 
. 101 . 545 . 808 . 657 -.162 -.656 
.4.65 .980 1 .. 000 . 657 -.353 -1. 000 

( c ) Third natural vibration mode ; f3 = 380 cycles per second. 

Figure 11.- Concluded . 
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( a ) First natural vibrat ion mode; fl 125 cycles p~r second. 

Figure 12.- Natural vi bration modes for magnesium model with NACA 65A section . A = 00 ; A 
t / 2b = 0 . 02; A = 4. 0 . 
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(b) Second natural vibration mode; f2 = 370 cycles per second. 

Figure 12.- Continued . 
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(c) Third natural vibrat ion mode ; f3 510 cycles per second . 

Figure 12.- Concluded . 
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Heavy long dashed lines indicate shape 
of wing at maximum amplitude of cycle . 
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solid lines indicate 
wing at rest. 

(a) First natural vibration mode ; fl 95 cycles per second . 
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Figure 13.- Natural vibration modes for wood model with NACA 65A section. A = 45
0

; A = 0.4; 
t/2b = 0.04; A = 4 . 0 . 
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Heavy long dashed l ines indicate shape 
of wing at maximum ampl itude of cycl e . 
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solid l i nes indicaLe 
wing at r est . 

(b) Second natural vibration mode ; f 2 = 326 cycles per second . 

Figure 13.- Continued. 
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wing a t rest . 

(c) Third natur al vibration mode ; f3 390 cycl es per second . 

Figure l3.~Concluded . 
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Heavy long dashed l ines indicate shape 
of wing at maximum ampl i tude of cycle . 
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( a ) First natural vibration mode ; f l = 43 cycles per second. 
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Figure 14.- Natural vibration modes for wood model with NACA 65A section. A = 600 ; A 
t/2b = 0.04; A = 4.0. 
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1.0 l 

~HeaVy l ong dashed lines indicate shape 
~ of wing at maximum amplitude of cycle. 
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(b) Second natural vibration mode ; f2 = 171 cycles per second. 

Figure 14.- Continued . 
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Heavy long dashed lines indica:e shape 
of wing at maximum amplitude of cycle . 
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(c) Third natural vibration mode ; f3 328 cycles per second . 

Figure 14.- Concluded. 
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r HeaVY long dashed l ines indicate shape 
of wing at maximum ampl itude of cycle. 
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r Heavy solid lines indicat e 
Iving at r est . 

(a) First natural vibration mode ; fl = 74 cycles per second . 

Figure 15.- Natural vibration modes for wood mode l with NACA 65A section. A = 600 ; A = 0.20; 
t/2b = 0.04; A = 4.0. 
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Fraction Normalized deflection at y/z = 
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of wing at maximum amplitude of cyc l e . chord .1 .3 . 5 I .7 I .9 
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(b) Second natura l vibration mode ; f2 = 208 cycles per second . 

Figure 15.- Continued . 
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(c ) Thir d natural vibration mode ; f3 415 cycl es per second . 

Figure 15.- Concluded . 
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(a) First natural vibration mode ; fl = 50 cycles per second . 
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Figure 16.- Natural vibration modes for 450 magnesium flat-plate delta model . t / 2b 
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(b ) Second natural vibrat ion mode; f2 184 cycles per second. 

Figure 16 . - Continued. 
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( c ) Third natural vibration mode ; f3 = 258 cycles per second. 

Figure 16.- Concluded. 
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(a) First natural vibration mode ; fl = 66 cycles per second . 

Figure 17 .- Natural vibration modes for magnes i um 600 f l at -plate delta model . t / 2b 
on root chord . 
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(b ) Second natural vibration mode ; f2 185 cycles per second. 

Figure 17.- Continued . 
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Fraction Normalized deflection at y/z = 
of 

chord .1 .3 .5 .7 .9 1.0 
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( c ) Third natural vibration mode ; f 3 = 336 cycl es per second. 

Figure 17.- Concluded. 
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Figure 18.- Comparison of theoretical and experimental vibration modes 
of 2- by 5- by 0 .064-inch magnesium flat-plate cantilevered-wing 
model. 
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