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NATIONAT ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE 4291

AN EVALUATION OF EFFECTS OF FLEXIBILITY ON WING STRAINS
IN ROUGH AIR FOR A LARGE SWEPT-WING AIRPIANE BY MEANS
OF EXPERIMENTALLY DETERMINED FREQUENCY-RESPONSE
FUNCTIONS WITH AN ASSESSMENT OF RANDOM-PROCESS

TECHNIQUES EMPLOYED

By Thomas L. Coleman, Harry Press, and May T. Meadows
SUMMARY

Power spectral methods of analysis are applied to flight test meas-
urements of the strain responses of a large swept-wing bomber airplane in
rough air in order to determine the effects of airplane structural dynamics
on the strain responses. Power spectra and frequency-response functions of
the strain responses are determined and compared with the estimated results
for a quasi-static reference airplane condition. The results obtained
indicate that the bending and shear strain responses are significantly
amplified in rough air because of the effect of structural dynamics by an
amount that varies from 10 to 20 percent at the root to about 100 percent
at the midspan station. The amplifications appear to be larger for the
high-altitude tests than for the low-altitude tests. The amplifications
of strains appear to be predominantly associated with the excitation of
the first wing-bending mode, although at the outboard stations and partic-
ularly for the shear strains significant effects also are introduced by
high~frequency structural modes.

The determination of airplane frequency-response functions for
responses to atmospheric turbulence from measurements in continuous
rough air involves a relatively new application of random-process tech-
niques. The results obtained appear to be subject to errors from a wide
number of sources which give rise to distortions and sampling errors.
A general analysis of the reliability of such frequency-response function
estimates is presented and methods of estimating the distortions and
sampling errors are developed. These methods are applied to the data in
order to establish the reliability of the present results. The results
indicate that with due precaution reliable estimates of frequency-response
functions can be obtained.
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INTRODUCTION

The effects of airplane flexibility on the airplane loads and struc-
tural strains due to rough air are of major concern in the design of many
modern airplanes. This subject has been under continual study during at
least the past decade, and many useful results have been obtained both in
experimental and analytical studies. For the case of large unswept-wing
airplanes in subsonic flight, experimental studies (refs. 1 to 3) have
indicated that the effects of flexibility could give rise to substantial
amplifications in the strains in rough air. In addition, analytic studies
based on power spectral techniques incorporating relatively simple aero-
elastic analysis involving one or two symmetrical wing-bending modes have
yielded good correlation with the flight-test results. (See refs. 4
and 5.)

With the increase of speeds into the high subsonic and supersonic
regions and the associated introduction of new plan forms, particularly
swept wings, the problems of aeroelastic response become both more impor-
tant and more complex. For these airplanes, static aeroelastic deforma-
tions give rise to significant changes in the airplane aerodynamics and
stability. In addition, the dynamic aeroelastic behavior may be expected
to involve significant aerodynamic twist due to bending.

As a part of the investigation of the aeroelastic behavior of swept
wings in rough air, a flight investigation involving a large flexible
swept-wing airplane was recently undertaken. The initial results obtained
on the overall effects of wing flexibility on the strains as measured by
the root-mean-square strain values and counts of peak strains have been
presented in references 6 and 7. In addition, a few initiasl experimentally
determined fregquency-response functions for the wing-bending strain
responses are given in reference 8. The present paper extends the results
of references 6 to 8 and presents a more comprehensive treatment of the
flight-test results in regard to the effects of aeroelasticity on the
structural strains in rough air.

One of the objectives of the present analysis is the evaluation of
the effects of airplane flexibility on the wing strain responses to ver-
tical gusts. For this purpose, power spectra of the measured strain
responses at various spanwise stations are determined and compared with
the estimated strain power spectra for a quasi-static reference airplane
condition. However, the measured power spectra appear to be subject to
errors arising from the effects of extraneous "noises" such as strain
responses due to side gusts and the effects of reading errors. Therefore,
the test measurements were also used in order to determine the frequency-
response functions for the strain responses to vertical gusts. These
frequency-response functions are also compared with the strain frequency-
response functions for a quasi-static reference condition in order to
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establish the effects of the dynamic flexibility on the strains in a more
reliable manner. The frequency-response functions appear to be less sen-
sitive to the effects of noise, to describe the response characteristics

of the airplane independently of the gust input, and also to have a num-

ber of other applications; they may be directly compared with the results
of analytic calculations and thus serve as a guide to the reliability of

such calculations; and they may be used for computing responses to arbi-

trary gust inputs of a specified or random nature.

A second objective of the present paper is to present a general
analysis of the reliability of power spectra and frequency-response
estimates obtained by random-process techniques, particularly as these
are affected by noises. These results have general application to gust
response problems as well as other aeronautical problems. They are also
specifically applied to the interpretation of the results obtained in
the analysis of the present test data.

The present paper is presented in two parts. In the first part
random-process techniques are applied to the flight-test data in order
to determine the various power spectra and frequency-response functions.
The second part is devoted to the reliability of the techniques and pre-
sents a general analysis of the effects of various types of noises on
the measured power spectra and the frequency-response functions. The
results obtained are applied to the flight-test data to assess the reli-

ability of the power spectra and the frequency-response functions obtained.

SYMBOLS
a, normal acceleration, g units or ft/sec2
b airplane span, ft
) co-power spectrum
& mean aerodynamic chord
Ey percent sampling error in amplitude of frequency-response
function
Eo sampling error in phase of frequency-response function
EI bending stiffness

i frequency, cps
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frequency-response function of prewhitening operation
acceleration due to gravity

torsional stiffness

frequency~response function

estimate of frequency-response function obtained by cross-~
spectrum method

estimate of frequency-response function obtained by spectrum
method

indices

distance from center of gravity of airplane to angle-of-attack
vane, ft

scale of turbulence, ft

number of lags used in calculations for auto- or cross-
correlation function

number of observations in sample of time series
noise signal

quadrature spectrum

auto~-correlation function

cross~-correlation function

designates sum of lagged products used to estimate auto- or
cross-correlation function

designates real part of term in brackets

time, sec

specified time, sec.

time increment between successive readings of time history, sec

airspeed, ft/sec

R R o S IS S e S s LIS BRPReR SRR . b TR T SIS SRS SEPESE R S g eSS SUPUISSS I S SEOS SR
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airplane vertical velocity, ft/sec
Wey W vertical gust velocity, ft/sec

w(t,y) gust velocity field experienced by airplane as a function
of time and airplane span position

e arbitrary input disturbance

Z arbitrary response

Ay vane-indicated angle of attack, radians
y2( ) coherency function

Ti( ),Té( ) span attenuation factors

o} trace deflection
€ strain indication, in./in.
€o strain indication per g as measured in slow pull-ups

€g = 32.2 =

€0
§] pitch angle, radians
4 pitch velocity, radians/sec
s phase angle by which response lags input disturbance
Dy power spectral density function
Dy cross~-spectrum density function
o root-mean-square deviation
Oa root-mean-square reading error
i time lag, sec

w frequency, radians/sec
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Subscripts:

e calculated by cross-spectrum method )
s calculated by spectrum method

0 initial value at time O

F front spar

R rear spar

A bar over a symbol denotes a mean value. Prewhitened data is indi-
cated by ~ over a symbol. The complex conjugate is indicated by an
asterisk and a quantity contaminated by noise is indicated by a primed
symbol. The absolute value of a complex quantity is indicated by | |.

I. DETERMINATION OF FREQUENCY-RESPONSE FUNCTIONS FOR

STRAIN RESPONSE TO VERTICAL GUSTS

ATRPIANE, INSTRUMENTATION, AND TESTS

The airplane used in the investigation was a B-4TA six-engine jet
bomber. For the present tests, an airspeed measuring boom, a fairing
on the fuselage nose, and an external canopy mounted atop the fuselage €
to house an optigraph were added to the airplane. A photograph of the
airplane is shown in figure 1, and a three-view drawing of the airplane
is given in figure 2. The instrumentation pertinent to this report is
shown in figure 2. The locations of the strain gages are indicated in
inches from the airplane center line as measured perpendicular to the
airstream. Some of the airplane characteristics pertinent to the present
investigation are given in table I. The estimated wing and fuselage
weight distributions applicable to the tests are shown in figure 3. All
the fuel load is carried in three main and two auxiliary tanks located
within the fuselage. The estimated spanwise torsional and bending stiff-
ness distributions are given in figure kL.

The instrumentation included an NACA air-damped recording acceler-
ometer mounted near the center of gravity to measure normal acceleration.
Electrical wire-resistance strain gages were installed on the front and
rear spars at five spanwise locations (fig. 2) in order to obtain a meas-
ure of the local wing shear and bending strains. The strain gages were
not calibrated against known loads, and the strain-gage outputs are used
herein only as local strain indications. The strain-gage outputs were
recorded on multichannel oscillographs. A standard NACA pitch-attitude
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recorder and a magnetically damped NACA turnmeter were installed near
the center of gravity in order to record the pitch angle and pitching
velocity, respectively. A mass-balanced metal flow vane was mounted on
the nose boom to measure the angle of attack of the airplane for use in
determining the gust velocities.

Additional instrumentation included a standard NACA airspeed-altitude
recorder, a stagnation temperature recorder, and a statoscope. The stato-
scope, which is a sensitive pressure altimeter, was used, as will be dis-
cussed later, to check the vertical velocity of the airplane obtained by
integrating the acceleration record. Control-position recorders were used
to measure the aileron, rudder, and elevator displacements. The control-
position records were used to monitor the flight records in order to
insure that control movements by the pilot did not significantly affect
the flight measurements during the test flights in rough air. A
16-millimeter motion-picture camera was used to photograph the fuel
gages at 2-second intervals, and these recordings were used in deter-
mining the weight of the airplane during the flight tests. A 0.l-second
chronometric timer was used to synchronize all the records. The natural
frequencies, damping, sensitivities, and film speeds of the wvarious
instruments and recorders are given in table II.

The data were obtained during level flight in clear air turbulence
at two altitudes (approximately 5,000 feet and 35,000 feet). The length
of the record samples, the Mach number, weight, and center-of-gravity
position for the two test runs are summarized in the following table:

eslae Center-of-gravit
Altitude, record Mach Weight, SN e e
£t sample, number 1b i
% percent ¢
min
5,000 4.0 0.63 113,000 20.0
35,000 5 6L 112,000 20.3

The test weights are low weight conditions for the airplane and do not
represent as severe a gust load condition as a heavier weight. The
piloting techniques used involved slow control movements to correct for
major deviations from the prescribed altitude and heading; minor devia-
tions were not corrected for by the pilot. This control procedure
approximates an elevator-fixed condition inasmuch as the power-boost
control system used on the test airplane causes thescontrol surfaces

to be essentially fixed except for pilot-controlled inputs.
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METHODS OF DETERMINING FREQUENCY-RESPONSE FUNCTIONS

One of the basic aims in the present analysis of the data was to
derive estimates of the airplane strain response characteristics in
rough air as defined by the frequency-response functions. Two methods
are known for the determination of the airplane frequency-response func-
tions from measurements of the responses to random and continuous dis-
turbances. These two methods will be referred to as the spectrum and
the cross-~spectrum methods. In the present investigation, both methods
are used. The spectrum and cross-spectrum methods are briefly outlined
and the main features of each method are indicated in the following
paragraphs.

The spectrum method for the determination of frequency-response
functions is based upon the relation between the power spectrum of the
response ®,(w) of a linear system and of the disturbance ¢x(w). (see

ref. 9.) From this relation, the amplitude squared of the frequency-
response function is given by

!2 0 (w)

il =) w

where

IHS(LD)I2 amplitude squared of frequency-response function determined
by spectrum method

¢Z(w) power spectrum of airplane response
oy (o) power spectrum of disturbance or gust input

The application of this method simply requires the determination of the
power spectrum of the response @Z(w) and the power spectrum of the

gust input ®x(w). One obvious limitation of the spectrum method is

that no information on the phase relationship between the input and
output responses is obtained. Phase information is frequently required
in studies involving multiple disturbances and is also required for the
determination of responses to arbitrary disturbances.

The cross-spectrum method is based upon the relationship for linear
systems between the power spectrum ¢X(w) of a random input disturbance

and the cross-spectrum ¢Xz(w) between the input disturbance and the
system response to the disturbance (ref. 9). From this relationship,
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the frequency-response function is given by the following expression:

o) = ) (2)
oy ()
where
¢xz(w) cross spectrum between disturbance input and airplane response
Hc(w) frequency-response function determined by cross-spectrum method

Both the amplitude and the phase of the frequency-response function
Ho(w) are obtained since &y, is, in general, complex.

The spectrum and cross-spectrum methods should yield identical
results for the amplitudes of the frequency-response functions if very
long period measurements are available and no extraneous noises are
present in the measurements. In most practical applications, the avail-
able measurements will be limited and significant noise sources will be
present. These two factors can seriously affect the reliability of the
results obtained with both methods, each to different extents. In the
present applications, noise arises from several sources, such as instru-
ment inaccuracies, reading errors, the effects of other turbulence com-
ponents on the airplane responses, and the effects of spanwise variations

in the turbulence. The errors introduced by these types of noises appear
to be large enough to warrant detailed consideration. The second part of
this paper is, in fact, devoted to these problems and presents an analysis

of the errors arising from these sources.
EVALUATION OF DATA AND RESULTS

The data-reduction procedures used involved the following steps:

(a) Evaluation of the time histories of the pertinent measurements.
(The measurements included the bending and shear strains at the various
stations, related measurements of airplane acceleration, as well as the
quantities required for the determination of the time history of verti-
cal gust velocity.)

(b) Evaluation of the power spectra and cross-spectra for the vari-
ous quantities.
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(c) Determination of the frequency-response functions.

The procedures used in each of these steps will be discussed in order. “

Evaluation of Time Histories

Strains.- As an indication of the general characteristics of the
records obtained during flight in rough air, short sections of the time
histories of the wing bending strains, shear strains, and acceleration
at the center of gravity for the low-altitude tests are shown in fig-
ure 5. For comparison with these responses, the time history of verti-
cal gust velocity is also shown in the figure; the method used in deter-
mining this time history is discussed in detail subsequently.

Evaluation of the strain records consisted of reading the deflec-
tion of each of the strain time histories at 0.05-second intervals.
This choice was based on sampling considerations as discussed in refer-
ence 9 and on the fact that the records indicate little power at fre-
quencies above 10 cycles per second. The deflections read from the
strain time histories were processed on automatic digital computers to
obtain the incremental strain indication from the relation:

She—— (3) ‘
where
€ incremental strain indication
o) trace deflection from reference, in.
8 mean trace deflection from reference, in.
B¢ trace deflection from reference due to known voltage (used

to compensate for minor voltage fluctuations between the
various gages)

Quasi~static reference condition.- In order to obtain a measure of
the effects of structural flexibility on the strains at the various sta-
tions, a set of quasi-static reference strain histories is desirable for
comparison with the actual measured strains. Unfortunately, airplane
flight tests cannot provide any direct basis for obtaining such static
strains. An indirect method of establishing a set of quasi-static ref-
erence strains from the flight-test data which has frequently been found
useful in previous studies (for example, refs. 5 and 6) is used in the
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present analysis. This method involves two steps: (a) determination

of the aerodynamic loads applied to the airplane, and (b) conversion of
these loads to strains for a quasi-static airplane. For step (a), use

is made of the airplane center-of-gravity accelerations. In reference 6,
it was indicated that for this airplane the airplane acceleration (as
determined by averaging the local accelerations over the airplane mass)
can be closely approximated if the effects of the vibrations associated
with the higher frequencies (above 2 cps) are removed from the center-

of -gravity acceleration measurements. This objective was accomplished
by a visual fairing of the record and is roughly equivalent to the appli-
cation of a low-pass filter with a cutoff at about 2 cps. This faired
center-of-gravity acceleration was then used to provide a direct measure
of the airplane loading. TFor step (b), these loads were converted to
strains by using the strains per unit load (per g) as measured in slow
pull-up maneuvers at the same speed and altitude. The values of strains
per g used were reported in references 6 and 7 and are given in table III.
(This procedure essentially neglects the interaction between the dynamic
airplane vibrations and the aerodynamic forces and assumes that the span
load distribution and the wing and tail contributions in gusts are the
same as in pull-ups.) The strain measurements obtained on this basis may
be viewed as an approximation to the strains that would be obtained for
a pseudo-static airplane, that is, an airplane restrained from dynamic
vibration. Consequently, comparison of the strains obtained on this
basis with the measured strains in rough air provides a measure of the
effects of airplane dynamic flexibility.

Normalization procedure.- In order to facilitate comparisons between
the strain measurements at the various stations and the strain for the
quasi-~-static reference condition, all strain measurements were normalized
by using the strain values per unit load as measured in pull-ups for the
various stations. The normalized measurements are defined as follows:

ey = 32.2 = (&)
0

where €5 is the strain indication per g as measured at the various sta-

tions in slow pull-ups at the same speed and dynamic pressure. The nor-
malized values of strain indication €, may thus be viewed as having the

same units as acceleration, that is, feet per second per second. The
results for the various power spectra and frequency-response functions

of the strain measurements will be presented in this form. This form of
presentation has the special merit of permitting the use of a single
quasi-static reference strain spectrum or frequency-response function for
direct comparison with the strain responses at the various stations; it
thus also permits direct comparison of the relative effects of flexibility
on the strains for the various stations.
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Vertical-gust velocity.- The method used to determine the vertical-
gust velocity is essentially that given in reference 10 and is based on
flow-direction vane measurements and involves corrections for airplane
motions. The method of reference 10 relates the vertical~gust velocity
to the vane-indicated angle of attack and airplane motions by the fol-
lowing equation:

wg = Vo, - VO + Wy + 18 (5)

where
Vg vertical-gust velocity, ft/sec
\ airplane forward speed, ft/sec
Qyy vane-indicated angle of attack, radians
3] pitch angle, radians
Vg, airplane vertical velocity, ft/sec (The sign convention of wy

is positive upward and is opposite to that used in ref. 10)
0 pitching velocity, radians/sec )
1 distance from angle-of-attack vane to center of gravity of £

airplane, ft
Equation (5) is based on the following assumptions:
(1) All disturbances are small.
(2) Bending of the boom which supports the vane is negligible.

(3) The effects of variations in upwash on the vane-indicated
angle of attack are negligible.

In the application of equation (5), a number of problems are
encountered. The pitch-attitude measurements, as is frequently the
case, contained a slow rate of drift. It was therefore decided to
determine 6 by integration of measurements of pitch velocity 6. In
addition, w, was not measured directly but was determined by integra-

tion of the center-of-gravity normal acceleration measurements. All
measurements were read as increments from the mean values for the whole

reccrd. With these modifications, the actual evaluation procedures are
given by: 3
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T : - t o
wg=V<a,v—&.v> -V]; (8—G>dt-V60+A (an-an>dt+

wo + Z(é = 5) (6)

Values of the pitching velocity 6 and the acceleration a, were
read at 0.05-second intervals and the vane-indicated angle of attack oy
at 0.l-second intervals. The quantities 6 - § and a, - ap were then
numerically integrated by use of the trapezoidal rule. (As discussed in
ref. 11, this method of integration attenuates the higher frequencies;
the amount of attenuation in the integrated results increases with
increasing frequency. In the present case, where the integrations were
performed by using 0.05-second-interval readings, the attenuation is
negligible at the lower. frequencies, about 5 percent at a frequency of
2.5 cps, and 20 percent at a frequency of 5 cps.) The initial value of
the vertical velocity of the airplane W, was estimated from the slope

of the pressure altitude record taken with the statoscope. Ac a check
on the integrations, the acceleration an(t) was integrated twice and
compared with the altitude trace taken with the statoscope. The initial
incremental value of the pitch angle 65 could not be accurately deter-
mined and the term was therefore omitted in the computations. This
omission has a negligible effect on the calculated power spectra of the
gust velocity.

The time history of the vertical-gust velocity for the L-minute
test flight at 5,000 feet was determined at time intervals of 0.1l second.
For the high-altitude tests, large-amplitude high-frequency oscillations
of the vane-indicated angle of attack were present. The poor quality of
the vane record for these high-altitude tests is apparently the result
of the decrease in aerodynamic damping of the vane at high altitude.
Reliable gust-velocity measurements could not be obtained for these data
and thus no use will be made of the gust data for the high-altitude run.
As a consequence, frequency-response functions could not be determined
for thig case.

Power Spectra and Cross-Spectra Determinations

Power spectra.- The procedures used in the determination of the
power spectra and cross-spectra are essentially the same as those out-
lined in reference 9. The power spectrum of a disturbance x(t) is
defined by
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o
2
o, (w) = = h/; R, (T)cos ot dr (7
where Ry(T) is the autocorrelation function defined by

T

P2
Lo R & -
Ry (1) = T%iém u/:T/g x(t) x(t+1) dt (8)

The numerical procedures used for n equally spaced readings
X1, « . . X 1involve the estimation of values of Ry(t) for m+ 1

evenly spaced values of T from O to m At Dby

e
Rp=n-pzquq+p G R R
a=1

First raw estimates of the power are obtained by

m
]’_,h--zftZa.pRpcosh;l (h=0, . ..m (10)
=0
where
op = 1 (0 <p<m)
ap=% (p:O,m)

Final or smoothed estimates of the power are then obtained by

1

<
O
|
o=
E
=

1
Lo+ 3

(0] o

Lpa'#

Lh‘f%Lml (1<h<m-1)1{ (11)

=
:jw

+
-

L
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As discussed in reference 9, these estimates are averages of the power

over the frequency range bt t i

m At m Am'

In the actual reduction of the data, the time-history data for the
low~altitude tests were first divided into two segments, designated
hereafter as samples 1 and 2 and covering the first and second 2 minutes
of flight in rough air, respectively, in order to have a check on the
consistency of the results. Power spectra were then obtained of the
measured accelerations ap and the incremental strain indications e€g4
for both samples 1 and 2 of the low~-altitude data. For the high-altitude
data, no such division was used owing to the short sample available. The
power spectra were determined from 0.05-second-interval readings (At = 0.05)
and for a value of m = 60. The calculations thus yielded 61 power esti-
mates uniformly spaced over the frequency range of O to 10 cps. This fre-
quency range appears to be sufficient to cover all the predominant fre-
quencies present in the various responses.

As an illustration of the consistency of the data, the power spectra
of a, for samples 1 and 2 of the low-altitude tests are plotted in fig-

ure 6. The root-mean-square values of acceleration o are also shown
in figure 6. Except for a difference in intensity, the two spectra are
very similar. A comparison of the power spectra of a, for the tests

at 5,000 feet and 35,000 feet altitude is given in figure 7.

The power spectra of the strains €5 for the front and rear spars

at various spanwise stations and at the two altitudes are given in fig-
ures 8 and 9 for the bending and shear strains, respectively. (The
results o(f) presented in figures 8 and 9 are in terms of the fre-
quency argument f, where o(f) = 2x0(w).) The strain spectra shown are
for sample 1 inasmuch as the differences between the spectra for the two
samples were, in all cases, small and similar to the difference between
the power spectra of a, for samples 1 and 2 shown in figure 6 gn

each case, the power spectrum of the airplane acceleration (faired
center-of-gravity acceleration) is shown as the quasi-static reference.

Prewhitening of vertical-gust velocity.- Inasmuch as the power spectra
of gust velocity were expected to have a large peak in power at the low
frequencies (based on examination of the gust time history and previously
obtained gust spectra), the gust time history was filtered or prewhitened
(see ref. 9) to minimize the possible distortion of the power spectra
from diffusion of power from the low frequency end to the high frequencies.
In order to reduce the relative power at the low frequencies, a high pass
digital filter was applied to the time history data of vertical-gust
velocity Wg - The filter used is defined by
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g (t) = wg(t) - wg(t-at) (12)
where
Gg prevhitened gust velocity
At time interval between successive values of Vg (0.1 second

for present application)

This linear operation in the time plane corresponds to the multi-
plication in the frequency plane by the function

Bln) = 1 ~ e Kbt (13)

Thus, the Fourier transforms of Gg(t) and wg(t) (denoted by ﬁg(w)
and Wg(aﬂ> are related by

o) = (1 - e 1)y (o) (14)

The operation involves both an amplification ag@ phase shift. The rela-~
tion between the power spectra of w(t) and w(t) is then given by

oa(w) ‘
OW(LD) = -—Y——E
i & (15)
15
£ o5 (w)
®w(w) i 2 - 2 cos oAt )

and must be applied to the power spectrum of ¢G(w) in order to recover
the desired spectrum ¢, (o).

The power spectra of vertical gust velocity for the two parts of
the low-altitude test run are shown in figure 10 as a further check on
the consistency of the results.

Cross-spectra.- The cross-spectra between the vertical-gust velocity
and the various airplane responses were also determined by using the gen-
eral procedures outlined in reference 9. The cross-spectrum between a
disturbance x(t) and a response z(t) is defined by
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3

0y, (@) =§r]; fw RXZ(T)e-indT
& (16)

c(w) - ig(w)

i

sz(w)

7

where Ry,(T) 1is the cross-correlation function; c(w) is the cospectrum;

and q(w) is the quadrature spectrum. These terms are defined by

T/2
AR SN Tlim % ‘/NT/Q x(t) z(t+7T) dt xp
c(w) =§ fw Bxz (T) ZRXZ(_T) cos wr AT (18)
0
© R ¥
q(w) = % J[ Rea(T) 5 x2(-7) sin ot 4T (19)
0

The numerical procedures used involved the determination of Ry,(T) at
equally spaced values of T from the n equally spaced readings

Xy, - . Xp and Zys o o o z, by the relation
n-p
il
Ry = - E: X4Zq4p (p = -my ={m = 1), + « « m) " (RO)
g=1

Cospectrum and quadrature spectrum estimates are then obtained by

m
At hpx
€hH.= Tr— Z BP(RP - R_p) Ccos —m— (h

p=0

o I SMRRP SR S Il

o =G ) Ry -Rpfsn T (h=0,1, ...m (22
p=0
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where

I
nj -
—
o]

I
(@]
-
E

®p

]
[
—

Lo}
<
&
=]
S

8.p

The smoothing operation given by equation (11) for the spectra is also
applied to the cross-spectrum estimates. The final estimates also pro-

hx , 2x

vide estimates of the average power over the frequency range T

m At m At

In the application of these relations to the present data, the pre-
whitened time history of the gust velocity was used. The compensation
for this prewhitening thus requires that estimates of the cross-spectrum
be divided by F(-w) (from eq. (13)) in order to obtain the appropriate
results. Thus, the desired cross-spectrum QXy(w) is obtained from the

cross-spectrum Qﬁz(w) based on the prewhitened gust time history by
the relation

o2, (w)

S 2
i elaﬁm ( 3)

Oy p (@) =

Frequency-~Response Functions

The results obtained from the foregoing procedures for the required
power spectra and cross-spectra may be used in equations (1) and (2) to
obtain estimates of the frequency-response functions. In terms of the
quantities defined in equations (11), (21), and (22), these relations
become

|55 ()] ® = E::))i (24)
and /
2, . 2)/?
[Be ()| = & e ;h ) (25)
*/h

the phase lag V(w) of the response being given by
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e
¥(w) = tan™t B (26)
“h
where w = h2¢ and h=0,1, . . . m. These estimates are, of course,
m

for the average over the respective band widths as was the case for the
individual power spectra and cross-spectra.

Frequency-response functions of the center-of-gravity acceleration
and of the wing strains at the different stations were calculated by
both the spectrum and cross-spectrum methods for the low-altitude tests.
As an illustration of the difference between the frequency-response
functions obtained by the two methods, the two frequency-response func-
tions for the center-of-gravity acceleration are given in figure 11(a).
The reasons for the observed differences are explored in the second part
of this paper and will be discussed in detail therein.

In general, the analysis of the second part of this paper indicates
that the cross-spectrum estimates are less subject to systematic errors
or distortions arising from a variety of noise sources. In addition,
only the cross-spectrum methods provide phase information. For these
reasons, only the results obtained by the cross-spectrum methods are pre-
sented. Figures 12 and 1% present the frequency-response functions
obtained for the bending and shear strain responses at the various sta-
tions. These results form the principal results of the present investi-
gation. The frequency-response function for the faired center-of-gravity
acceleration, which, as indicated earlier, is used to represent a refer-
ence quasi-static airplane condition, is also given in each case for
comparison.

Inasmuch as the gust velocity was only determined at time increments
At of 0.1 second, the cross-spectra and frequency-response functions were
based on the O.l-second time interval readings and 61 estimates (m = 60)
were obtained for the frequency region of O to 5 cycles per second. As a
consequence, there is some distortion arising from power present above
5 cycles per second due to "foldover" effects. (See ref. 9.) These dis-
tortions are, however, generally negligible below 2 cycles per second and
are small between 2 to 3 cycles per second. Also, the analysis of part II
indicates that the results at the higher frequencies, above 3 cycles per
second, are too unreliable for use. Accordingly, the results shown in
figures 12 and 13 are restricted to the frequency region of 0 to 3 cps.
For this frequency region, the present results tend to underestimate the
true values by an amount that increases with frequency from about 5 per-
cent at 0.3 cps to values in excess of 30 percent sbove 2 cpeh

The frequency-response functions shown in figures 12 and 13 are
based only on calculations for sample 1 in order to reduce the calculation



20 NACA TN L4291

burden. In a few cases, the frequency-response functions were also deter-
mined for sample 2 in order to check the consistency of the results. Fig-
ure 14 shows a comparison of the results obtained for the two samples by

the cross-spectrum method for the case of the normal acceleration response.

The results are seen to be in good agreement, as might be expected from
the sampling theory considerations of part II. Equivalent consistent
results were also obtained for several of the strain responses and thus
this reduction in calculation time was Jjustified.

EFFECTS OF AIRPLANE FLEXIBILITY ON WING STRUCTURAL STRAINS

Power Spectra of Strains

Examination of the power spectra of bending strains (fig. 8) for
the low-altitude tests indicates that almost all the strain power is
concentrated at frequencies below about 2 cps for both the front and
rear spars. In this frequency region, the power appears to be concen-
trated in three principal lobes or peaks: a power peak close to zero
frequency, a second peak at 0.5 cps, and a third large peak at 1.5 cps.
The very low frequency power peak is largely confined to the outboard
stations and appears to be a reflection of the airplane rolling response
to side gusts, aileron control motions, and asymmetries across the
airplane span in the vertical gusts. This peak thus has no relation to
airplane flexibility effects. The second power peak at 0.5 cps is asso-
ciated with the airplane short-period mode and is of relatively uniform
magnitude at the several stations. The small variations in the magnitude
of this peak are, to a large degree, probably associated with minor inac-
curacies in the strain per g values of table III obtained from the pull-up
maneuvers. The power peak at 1.5 cps is a reflection of the airplane first
bending mode. At the inboard station, this peak is not as pronounced as
is the short-period power peak. However, at the midspan stations, the
magnitude of this first bending peak increases by a large amount and pro-
vides the major contribution to the strains at these stations.

Comparison of the power spectra of the strains at the various sta-
tions with the reference power spectrum indicates that the effects of
flexibility are principally reflected in large amplifications of the
strain responses in the frequency region of the fundamental wing-bending
mode. At frequencies above 2 cps, there is some reflection of the effects
of higher structural modes, particularly at the outboard stations where a
moderate power peak at 4.5 cps can be discerned. There appears to be
little difference between the power spectra of bending strain for the
front and rear spar.

In order to obtain a simple overall measure of the effects of dynamic
flexibility on the strains, the root-mean-square values for the wvarious
power spectra were determined and are shown in figure 8. For this pur-
pose, the power in the peaks of the spectra for the outboard stations at



NACA TN 4291 21

very low frequency (below 0.3 cps) was not used inasmuch as this power
appears to be associated with the airplane lateral response motions and
has no bearing on elastic response characteristics. The root-mean-square
values are seen to be lowest for the root station and increase to about
twice this value for the midspan station. Comparing these values with
the root-mean-square values for the reference condition indicates that
the overall amplification in root-mean-square strain arising from elastic
effects is about 10 percent at the root and increases to about 100 per-
cent at the midspan stations.

The power spectra for the strains for the high altitudes (fig. 8(b))
show much the same general characteristics as those observed for the
low-altitude data. Two observations are worth noting for the high-
altitude data: first, the indication that the peak in strain power
associated with the first bending mode at a frequency of 1.5 is much
more pronounced in this case than in the case of the low-altitude data.
This condition indicates that the dynamic amplification associated with
flexibility is more pronounced at the higher altitudes as a consequence
of the lower aerodynamic damping associated with the reduced dymamic
pressure. A second point of interest is the clear reflection of a sharp
peak in the quasi-static reference power spectrum. This peak is a
reflection of the increased effect of the first flexible mode on the
center-of-gravity accelerations at the high altitudes. As a consequence,
this spectrum is not as well suited for a quasi-static reference condi-
tion for determining dymamic amplifications as was the case for the low-
altitude tests.

The root-mean-square strain values for the various spectra are also
shown for the high-altitude results. Comparing the values for the vari-
ous stations with the root-mean-square value for the quasi-static refer-
ence condition indicates that the overall strain amplification arising
from structural dynamics is about 20 percent at the root station and
increases to about 100 percent at the midspan station.

The power spectra of the shear strains of figure 9 show much the
same general characteristics as the bending strains. A number of dif-
ferences are, however, worth noting. First, the effects of the rolling
motions on the strain peak close to zero frequency seem more pronounced
in the case of shear strains than was the case for the bending strains.
In addition, the effects of the higher structural modes are also more
evident with indications of minor strain peaks at frequencies of 2.2,
3.2, and 4.5 cps. Comparison of the strain records obtained at the
inboard stations on the right and left wings indicates that the struc-
tural modes at 2.2 and 4.5 cps are antisymmetric modes. A final point
worth noting for the shear strain responses is the large variations
between the power spectra for the front and rear spars at the various
stations. The overall effects of flexibility on the shear strains as
reflected by the root-mean-square strains appear to follow the same
general pattern noted for the bending strains but display somewhat
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larger strain amplifications and a somewhat less orderly pattern. The
lower value for the root station than for the reference condition is
somewhat unexpected and is believed to be in part a result of minor
inaccuracies in the strain per g values determined from the pull-up data.

Frequency-Response Functions

The frequency-response functions of figures 12 and 13 serve to indi-
cate in a clearer fashion the overall effects of the flexibility. Con-
sideration of the results presented in these figures indicates that the
effects of flexibility show up principally in a large amplification of
strains in the neighborhood of the first bending mode. As one considers
the various frequency-response functions from the root station to the
outboard stations, it is clear that the peak associated with the first
flexible mode is small at the root station but increases rapidly toward
the midspan stations. The effects of the first flexible mode appear to
be relatively small at the farthest outboard station. When the results
obtained for the phase are considered, it appears that at low frequencies
the strain responses are essentially in phase with the airplane accelera-
tion response. However, at frequencies above 1 cps, the strain response
lags the acceleration response by an increasing amount as the frequency
increases. Above 2 cps the phase data are somewhat erratic. This
behavior is believed to be in part the effect of the complicated phase
behavior at these frequencies and the limited reliability of the results
at the higher frequencies.

It should be noted that the amplitudes of the frequency-response

functions given in figures 12 and 13 are, to some degree, contaminated
by systematic errors or distortions resuiting from the presence of noise

in the measurements. The analysis given in part IT indicates the ampli-

tudes are too low by an amount that varies with frequency, increase slowly

from O percent at O cps to 5 percent at 0.3 cps, and then increase more

rapidly to about 30 percent at 2 cps and 50 percent at 3 cps. Adjustments
for these distortions should be made when the present results are compared

with results obtained in other investigations for this airplane. These
adjustments should also, of course, be used in the calculations of the
responses of the present airplane to other gust disturbances.

II. RELIABILITY OF ESTIMATES OF FREQUENCY-RESPONSE

FUNCTIONS OBTAINED BY RANDOM-PROCESS TECHNIQUES

In part I of the present paper, it was indicated that the frequency-
response function H(w) of a linear system can be estimated from meas-
urements of the response z(t) of the system to a random-input disturb-
ance x(t). For this case, estimates of the frequency-response function
for the response z(t) to unit sinusoidal disturbances in x(t) may be
determined by either the spectrum method or the cross-spectrum method as
given by the following expressions:
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2 9y(w) s
IHS((D)I - q,x(w) "
and
! Oy (@)
Hé(w) = E;C;y— (28)

where

@x(w),QZ(m) power spectra of x(t) and z(t), respectively
@Xz(w) cross-spectrum between x(t) and z(t)

Note that only the amplitude of the frequency-response function may be
obtained from the spectrum method (eq. (27)) whereas both the amplitude
and phase of the frequency-response function are obtained from the cross-
spectrum method (eq. (28)). 1In many applications of these methods, such
as those given in this paper, the reliability of the spectra and the
frequency-response function estimates appears to depend heavily upon the
extent to which extraneous disturbance factors, which might be termed
noise, are present in the measurements. The purpose of this section is
to examine the manner in which the estimates obtained by these two
methods are affected by various types of noises. The types of noises

to be considered include: (a) random errors in x(t) and z(t) that
might be introduced by instrument and reading error, (b) effects of
extraneous disturbances such as other turbulence components on the
response z(t), and (c) effects of spanwise variations in the turbulence.
In general, noises of these types have two principal effects on the
estimates. First, noises introduce systematic errors or distortions in
the estimates, and second, noises give rise to a decrease in the sta-
tistical reliability or an increase in random sampling errors. The
effects of the various types of noises on these two types of errors are
first established in a general form. These results are then used to
establish the reliability of the estimates of the frequency-response
functions obtained from the test data.

COHERENCY FUNCTION AND STATISTICAL RELIABILITY

Coherency Function

In the analysis of the relations between any two random processes
x(t) and z(t), such as the input gust disturbances and the strain
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responses of the present study, the concept of a coherency function
y2(w) as defined by

IQXZ(w)l2

2
(w) = ——————
S o, (w) o, (w)

(29)

is known to play a central role. (See ref. 12.) The coherency function
may be viewed as a measure of the degree to which two processes are
linearly related. If two processes are in perfect linear relation, then
the coherency function has a value of unity for all frequencies. At the
other extreme, if two processes are linearly independent, then the cross-

spectrum ®y,(w) = O and likewise y2(w) = 0. Such uncorrelated processes
are termed incoherent. For two processes which are only partially linearly

related, as is the case when extraneous noise is present, the coherency
function will lie between O and 1, the value depending upon the ratio of
the coherent power of the two processes to the total power as given by
equation (29).

The coherency function can also be expressed in terms of the quan-
tities Hp and Hg and from equations (27) to (29),

72(w) ;. IHC((D)I2

(30)
le(w)l2

If the coherency function is equal to one, the estimates of the amplitude
obtained by the two methods will be identical. However, if the coherency

function is less than one, the estimates of the amplitude of the frequency

response based on the spectrum and cross-spectrum differ. Either one or

both of the estimates may be distorted, the amount of distortion depending

upon the character of the extraneous noise, as will be seen subsequently.
Thus, the reduction of the coherency function from the perfect value of
unity provides a danger signal that distortions may be present in the
estimates. The amount of distortion present, in any given case, depends
upon the character of the noise and whether it affects the input or out-
put as will be indicated. The effects of various types of noises are
examined in order to establish their effects on the coherency function
and to establish the associated distortions.

Statistical Reliability

The coherency function is also important in connection with the
magnitude of the sampling errors. In reference 12, the statistical
reliability of estimates of the frequency-response function is derived
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for the case of stationary Gaussian random processes. The results
obtained therein indicate that the statistical reliability of the esti-
mates obtained for the frequency-response function (Hé(w) or Hé(w))

depends upon the three basic quantities: the sample size n or number
of readings, the number of frequency points at which estimates are
derived m, and the coherency function 72(w) between the measured
input and the measured response. Figure 15 is based on the results of
reference 12 and gives the 90-percent confidence bands for the quantity

|He (w)] - |H(w)|

(31)
)]

tE; = 100

which is the percent error in the amplitude of the frequency-response
function and for the quantity Ep, the error in the phase angle. These

quantities permit the establishment of the interval within which the
amplitude and phase angle for the true frequency-response function HQD)
will probably lie. For example, for n = 1,000, m = 60, and %2 = 0.90,
the percent error E; in the amplitude is t15 percent. Thus,

o] - )] _

0% 2
()] - (32)

-0.15 <

with a probability of 90 percent. It follows from equation (32) that
the associated 90-percent confidence band for the true value of the

amplitude of the frequency-response function H(w) is given by

0.87|Be(w)] < |H(w)| < 1.17|H(w)| (33)

The confidence band for the phase angle may also be obtained from fig-
ure 15 and is given by the interval defined by the measured phase angle
plus and minus Ep, the value obtained from figure 15. For n = 1,000,
m = 60, and 72 = 0.90, Ep = +0.15 radian.

Examination of figure 15 indicates that, for a given sample size n
and a given value of m, the percent error and thus the width of the con-
fidence bands increase rapidly as the coherency decreases. For example,
for n= 1,000 and m = 60, the percent error in amplitude increases
from about t15 percent for 792 = 0.90 to 4O percent at 72 =10,50. and
to 70 percent at 72 = 0.25. BSimilarly, the confidence band for the
phase angle increases from about *0.15 radian at 72 = 0.90 to
+0.75 radian at 72 = 0.25. Thus, the statistical reliability of the
results is strongly dependent upon the level of the coherency function.
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EFFECTS OF NOISES ON FREQUENCY-RESPONSE FUNCTION ESTIMATES

Elementary Cases of Noise

The effects of the presence of noises in the measured quantities,
the input x(t) or the response z(t), on the spectra, cross-spectra,
coherency functions, and the estimates of the frequency function will
be examined in this section of the paper. The basic approach to be
used will consist of considering the input and output x(t) and z(t)
to be contaminated by a random noise n(t). Thus, the contaminated
quantities are given by

x" (%)

]

x(t) + nq(t)
(3k)
z'(t)

z(t) + no(t)

where ny(t) and no(t) are used to designate a random noise in the

input and output measurements, respectively. The average effect of these
noises on the various quantities may be examined by substituting the con-
taminated quantities of equation (3 ) for their uncontaminated counter-
parts in equations (27), (28), and (29).

Two elementary cases of noise contamination and their combination
are first considered in this section. These cases are defined by the
following sketches:

*(t)——— T} 2(t) x(t)—] B Joz(t}rz'(£) = 2(t) + np(t)

Y
n(t)=at— x'(t) = x(t) + ny(t) no (t )——-~

(a) Noise in measured input (b) Noise in measured output

Case (a): Noise in measured input.- If the input is contaminated
by a random noise nl(tﬁ, the following relations exist between the

spectra and cross-spectfa involving x{t) and x!(t)z

o 1 (w) = ¢, (w) + @nl(w> + QR[?xnlﬁbﬂ (35)
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and

01, (@) = o (0) + 0, (w) (36)

where the double subscripts are used to designate the respective cross-
spectra and R designates the real part of the complex quantity. Thus,
both the input spectrum and the cross-spectrum are contaminated by noise
terms. The frequency-response function estimates based on the contami-
nated input x'(t) will in turn yield

(0]
|2 - 248 (37)

¢ (w) + (Dnl(a)) + 2REDXH1(Q)):|

|t (@)

and

Oyp () + o,z (w)

H, (@) = (38)
o, (w) + d>nl(a)) + Q-R[}I’xnl(w)]

It is clear that in both cases the estimates of the frequency-response
function are contaminated by noise terms but the noise affects each
estimate in a different manner. 1In each case, the degree of contamina-
tion depends upon the noise level and its relation to the input. For
the special case of noise which is incoherent to the input (‘Dxnl(‘“) = O),

a simpler result is obtained and this case is of particular interest.
For this case, only the input spectrum is contaminated; thus

= 2, (w)
S e 5
and
Oy (@)
Bl = o, () + 0. (w) Sl
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i o @nl(w) << o, (w),

IHS(m)\ ~ |H(w)[ 1

o, (@)

o (w)

H, (o) = H(w)|1 -

‘Dnl<0))
" 20, (w)

\

/
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(k1)

Thus, the degree of contamination at the various frequencies is pro-
portional to the noise-to-signal ratio in both cases but is twice as

large in the cross-spectrum case as in the spectrum case.
mates tend to underestimate the amplitude of the frequency-response

Both esti-

functions. However, the estimate of the phase obtained by the cross-
spectrum method is unaffected since both the real and imaginary terms

are contaminated to the same degree.

The coherency function for the general case of noise in the input is

given by

l@xz(w) + ®nlz(w)‘2

o, (w) {@x(m) + <l>nl(w) + %benl(w)]}

which for the case of incoherent noise reduces to

l

et
2, (@)

)

(I’nl ((D)
0, ()

72 (@) ~ 1 -

(k2)

(43)

The reduction in 72(w) thus depends directly on the ratio of the noise

power to the input signal power.
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Note that from equations (39) and (L3)

@ = 1 =—.l— ()4-1})
| E(w)| =i I ()] 7(m)le(a>)|

Thus, the coherency ratio may be used directly for this case to adjust
for the distortions due to random and incoherent input noise.

Case (b): Noise in measured output.- For the case of noise in output,
only the spectra involving the output are contaminated and the estimates

yield

05(w) + 0y, (0) + 2R[0n ()] |
d)x(a))

5 ()]2 -

L (45)

Oyp (@) + @Xng(m)
oy ()

which, for the case of incoherent noise, reduces to

o, (w) + @ne(w)
oy (w)

| ()| ® =

> (46)
0, (@)

(w) oy H(w) : 1+ —=
|Bs ()| © = |B(w)] W

and

o]

HC(U.)) ! XZ(

2 (@)

)

G

Hy (0) = H(w)

Thus for this case, the cross-spectrum method yields unbiased estimates
of both the amplitude and phase of the frequency-response function whereas
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the spectrum estimate of the amplitude is distorted and overestimated
in proportion to the ratio of noise power to the output signal power.

The coherency for this case 72(w) is given by

l@xz (w) + ‘Dxng(“’)l &

(48)
o, (w) {Qz(w) + @ng(w) + EREDHEZ(LD)]}

which reduces in the case of a noise which is incoherent to the output
to

T I (49a)

or

(¢n2(w) <«< @Z(w)) (L9b)

where the coherency is reduced by the ratio of noise power to output
signal power. In this case, also, uncontaminated estimates may be
recovered. Note that in this case,

(50)
|5 (@)| = 7(w) [Hg ()|

Noise in both input and output.- If noise n;(t) is present in

the input and noise ng(t) is present in the output, the estimates
obtained are:

05 (@) + ep (o) + ?_R[@Zne(w)]

IHS((») |2 =

Oy (@) ,+ @nl(a)) + ZREDxnl(a))]

o, (@) + <Dxn2(a>) + (Dnlz (o) + Cbnlne(cb)

Ho (w) =
oy () + in(a)) + ZRbenl(a))]
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For noises incoherent to the signals and to each other, these equations
reduce to

o 9z(@) + ony(w) |
il oy (0) + ¢nl(w)
iy ’ (52)
_ ONTAC
e () oy (@) + ®nl(w)

For @nl(w) << ¢, (w) and ¢n2(w) << ¢, (w), equations (52) become

B ()] )] %'+ ¢, (w) g 0 (w)
& ) (53)
(o} w
= L e
Fow) = H@)|1 - = |

Equations (53) indicate that the noises may be self-balancing in the

spectral case whereas only the input noise affects the cross-spectral
case.

If significant noises are present in both the input and output,
the coherency function is given by

|¢xz(w) + @xnz(w) + @nlz(w) + ¢nln2(w)lg

72 () = (54)
{@X(w) Y @nl(w) + 2R[%xni]}{°z(w) + @ng(w) + QR[?znghDﬂ}
which, for the incoherent case, reduces to
72(a) = - (55)

(Dnl ((D) 1+ q)ng (‘D)
Dy (UJ) Dy (U-))

1+
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or

<I’nl (03) ‘Dnz(‘b)
oy (w) o, (w)

72(w) ~ 1 - (56)

for ¢nl(m) << oy (w) and ¢n2(w) << ¢,(w), the reduction in coherency

being in proportion to the sum of the ratios of noise power to signal
power for both the input and output.

Examination of the results given by equations (53) to (56) indi-
cates that, in the case of noise present in both the input and output,
uncontaminated estimates of H(w®w) can no longer be recovered directly
from the contaminated estimates as was the case for only one noise.
Additional information on the magnitudes of the two ratios of noise
power to signal power is required for such corrections. Such sup-
plementary information may sometimes be available to permit correc-
tions for these distortions to be made. For example, certain types of
film-record reading errors have been studied and were found to have
roughly white power spectra with root-mean-square reading errors of
about 0.003 inch of film deflection. Corrections for such effects are
actually explored subsequently in regard to the results given in part ifis

(It should be noted that the designation of the input and output is,
from a mathematical viewpoint, arbitrary. Thus z(t) may be considered

the input and x(t) the output for a reversed system. This procedure
moves the noise from the input to the output or vice versa. However,
the results obtained for the estimates of the frequency-response func-
tion for the reversed system are equivalent to those obtained for the
direct system when the appropriate corrections for the distortions due
to noise are applied.)

The foregoing cases of noise contamination all lead to significant
reductions in the coherency function and, aside from their effects in
introducing distortions, also lead to increased statistical sampling
errors as indicated by figure 15.

Effect of Additional Gust Components

Some airplane responses may be affected by more than one gust com-
ponent. For example, in addition to the vertical component of the tur-
bulence, the longitudinal (head-on) and side components of turbulence
may sometimes give rise to significant effects, particularly at low fre-
quencies, on the root bending strains. The following sketch indicates
the nature of the case to be considered:
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Xl(t)— Hl Zl(t)

z(t) = zl(t) + zg(t)

s i

where Xx,, for example, is the vertical gust velocity; xp, the side or
head-on gust velocity; and Hy and Hp designate the respective

frequency-response functions for responses in z. This case will be
recognized as a special case of noise in the output as considered in

the previous section. For sinusoidal disturbances in x;(t) and xo(t)

at a given frequency, the amplitude of the response in z(t) is given
by

Z(w) = X;(0) H (o) + Xo(w) Ho(w) (57)

where Z(w), Xj(w), and Xs(w) are the Fourier transforms. If equa-
tions (27) and (28) are applied to measurements of x;(t) and z(t)

for the purpose of estimating Hi(w), the following expressions for the
estimates of the frequency-response function are obtained:

B ()| 2 = |m ()| + %[Hg(w)l ® @‘f@‘ﬁ’xm(w) H*(0) Hp(w) +
gy (0) (@) T o) (58)
and
Hy(w) = Hy(w) + %ﬁ—?—j?— Ho(w) (59)

Thus, both methods lead to contaminated estimates of Hl(w). Other methods

of estimating the frequency response functions are feasible but require
additional study.

For the special case of isotropic turbulence @XlXE(w) = 0, the
results reduce to

o) (U.)) /2)
B ()] ® = |m(w)| ® + gfmwe(wn (60)
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and

B (0) = B (o) (61)

Thus, the spectrum case yields biased estimates which are too high by

(w)
an amount that depends upon the product of the ratios of %§§c5y and

=
2
| (w) |
e
‘Hl(w)l
is clearly to be preferred under these circumstances.

The cross-spectrum method yields an unbiased estimate and

The coherency function 72(w) for this case is given by

2
AR |@x1(cn) Hy(w) + ¢xlx2(w) Hg(w)l (62)
0y, (@) [¢xl(w)|H1(m)|2 + 0y, (@) | H2(@)| ¥ + @xyxp(0) HI¥ (@) Ho(@) + Oy (@) Hp¥(w) Hl(u))]
which in the incoherent case, which applies to isotropic turbulence,
reduces to
1
72(w) = : (63)
iy 2
Y o) lHl(w)I
Thus, in order to insure high coherency, it is necessary that
2
@Xl(w) |Hl(w)| 2> ¢x2(w) |H2(w)| (64)

or that the predominant part of the response in z(t) arises from the
disturbance x,(t).
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Two-Dimensional Turbulence

If the vertical turbulence varies across the airplane span or is
two-dimensional w(t,y) and equations (27) and (28) are applied to
measurements of a response z(t) and the gust input measured at a point,
for example, on the airplane center line w(t,0), then serious distortion
in the estimates of the frequency-response function may be introduced.

As indicated in reference 8, the estimates |Hs(w)12 and Hq(w) in this

case are defined by

b/2  nb/2
g \/i \/ib/g (@, ¥2-y1) B(w,yy) B*(w,yp) dyp dys

|Bs(@)|2 = 222 (65)
Qw(w,O)
and
b/2
[ se) Hoy) oy
O (66)
%(w,o)
where
b airplane span
@w(w,Y) cross-spectrum between vertical-gust velocities at sta-

tions O and y

@X(w,yg-yl) cross-spectrum between gust velocity at span positions yl
and yp for isotropic turbulence

H(w,y) influence frequency-response function designating the air-
plane response to unit sinusoidal gusts at station y

Thus, for the case of two-dimensional turbulence, equations (65) and (66)
yield average forms of the influence-type function H(w,y) where the
averaging differs in the two cases and depends upon the span, the gust
spectrun, and the variations with y of the influence functions H(w,y).
It is clear that, if spanwise variations in turbulence exist, the esti-
rates for the frequency-response function H(w) for gusts uniform across
the span can be seriously distorted.

A rough estimate of the effects of these spanwise variations in tur-
bulence on the estimates of. H(w) was derived in reference 8 and is
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repeated herein in order to indicate the order of magnitude of the dis-
tortions that may be expected from this source. For this purpose, it is
assumed that

H(w,y) = H(w)T(y) (67)
where H(w) 1is the response to unit sinusoidal gusts that are uniform
across the span and I(y) may be viewed as a span-position weighting

b/2
factor ‘jp y) dy = %). This assumption is an oversimplification

but serves tée present purpose of assessing the magnitude of the span-
wise effects. Substituting equation (67) into equations (65) and (66)

yields
|E ()] = [E(w)] Ty (o) )
B (w) = H(w)Th(w)
where i
b/2 b/2 ) )
f f w)YQ'yl) (y]_)r (yg) dyl d.y2
FeRuiy b/2
wa g o.(w,0)
Y r (69)
b/2
f o (w,y)T(y) ay
Falw) = -b/2
: @W(w,O) ]

The quantities Th(w) and To(w) given by equation (69) were evaluated
for an assumed spectrum for isotropic atmospheric turbulence and a uni-
form variation of TI'(y) on the basis of results given in reference 13.
A value of 0.1 was assumed for the ratio of the airplane span b to the

- scale of turbulence L. The results obtained are shown in figure 16 and
are an indication of the distortions in estimating H(w) due to the
spanwise variations in turbulence that may be expected for the two methods.
Note that phase estimates obtained by the cross-spectral method are not
affected by the spanwise variations in turbulence.
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The results shown in figure 16 for Ty(w) and Tp(w) were applied

to the estimates of the frequency-response function for the center-of-
gravity normal acceleration obtained by the spectrum and cross-spectrum

methods (see fig. 11(a)). The adjusted results are shown in figure 11(b).

The close agreement between the two adjusted results between the fre-
quencies of about 0.25 and 2 cycles per second lends credence to the
foregoing argument on span effects and implies that the spanwise varia-
tions in the turbulence are the principal source of distortion in the
estimates over this frequency region. At the lower and higher fre-
quencies, other factors may also affect the estimates.

The coherency function between the gust velocity w(t,0) and the
response can be obtained from equations (29), (30), and (68) and is
given by

=2
Biaie 1 (70)
% ()

From the results of figure 16, it can be seen that 7°(w) has a value
of 1 at zero frequency and decreases to about 0.90 at 1 cps and to about

0.80 at 3 cps.

More detailed information on the function H(w,y) can unfortunately
not be recovered from measurements of turbulence restricted to w(t,O)
but requires more complete measurements of w(t,y). If the turbulence is
measured at stations ¥y, VYo, - - .« ¥p along the span, for a given fre-
quency the following relation applies between the Fourier transforms of
the response and the gust inputs at the various span positions.

Zlw) = W(w,yl) H(w,yl) B ts s diy B W(ayy?) H(w,yp) (71)

This relation leads to the following linear relations for the cross-
spectra between the various gust inputs and the response @wiz(m):

B
Oppa(@)= ) 0, (@) Bwy)  (=1,2 .. .2 (1)
k=1

where @Wiwk(w) is the cross-spectrum between the gust inputs at sta-
tions y; and yy. Measurements of ¢wiz(w) and QWiWk(w) may in

principle be used in these p linear equations to solve for the
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p functions H(w,yk) representing the frequency-response function of
the system to unit sinusoidal gusts at position y,. The application of

equation (72) would presumably require long sample times inasmuch as the
individual coherency functions between the gust velocities w(t,y) and
z(t) would be low. Another condition on this spproach is the require-
ment for significant spanwise variations in the turbulence. These varia-
tions may be difficult to obtain in flight tests but are perhaps easier
to realize in wind-tunnel tests.

RELIABILITY OF PRESENT TEST RESULTS

In this section of the paper, the preceding analysis is applied in
assessing the reliability of the test results of part I. For this pur-
pose, various noises believed to be present in the measurements are
examined and their effects on the coherency, power spectra, and frequency-
response functions are evaluated. The principal aim of this assessment
is to establish the magnitude of the possible bias or distortion intro-
duced in the frequency-response functions and to determine their statis-
tical sampling reliability.

The analysis indicates that the coherency functions between the gust
input and the strain responses provide an indication of the possible
presence of distortions arising from noise and also control the size of
the sampling error. For these reasons, the discussion will commence with
an examination of the noise sources that may be expected to yield reduc~
tions in the coherency function. It will be helpful in reading the fol-
lowing material to keep in mind that noise in either the input or output
reduces the coherency. However, only input noises introduce distortions
in the frequency-response functions obtained by the cross-spectral method
which will be of principal concern. Estimates of the reduction in coher-
ency function due to various noise sources are derived. These estimates
for the coherency function are then compared with the values of coherency
determined directly from the test measurements as a check on the consistency
of this analysis with the test data. The magnitudes of the assoclated dis-
tortions in the measured frequency-response functions and the sampling
errors are then considered.

Coherency Function
The principal noise sources giving rise to reductions in coherency

and bias in the present frequency-response functions are believed to be
the following:
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(a) Instrument errors
(b) Record reading errors
(¢) Extraneous disturbances
(1) Longitudinal (head-on) gusts
(2) Lateral (side) gusts
(3) Spanwise variations in vertical turbulence
(4) Pilot control motions.

A crude assessment of the effects of these noise sources was made and
indicates that each of these factors might be expected to yield signifi-
cant reductions in the coherency functions at least over a part of the
frequency range of concern. The magnitude of these reductions in coher-
ency between the gust velocity and the various strain responses varied
somewhat inasmuch as these reductions, in general, depend upon the ratio
of the power spectrum of the strain response (or input) arising from the
noise source to the uncontaminated power spectrum of the strain (or input).
Representative or average values for the percent reductions in the coher-
ency arising from each noise source are shown in the following table:

Estimated percent reductions in the
coherency functions by noise source

Noise source for frequencies of -~
<0.5 eps 0.5 ta 2 eps 2 to B cps|li>5 eps

Instrument errors . . e 2 ?
Reading errors . . . 0 (0} 775} 1 O] 10 te 25 25
pidefousts . . . . . 20 | mmmemmmme | e -
Head-on gusts . . . . 10 110) 10 10
Spanwise gust

VA BIAB1ONE o o v s 10 5 to 20 20 to: 30 30
Pilet control

OGRS e o v o s 's 10 | mmemmmeem ] mmemeee- -
gy 50 15 to 4O 40 to 65 65

where the dashed lines indicate a negligible reduction. Of the six noise
sources listed in the table, three (side gusts, head-on gusts, and control
motions) are believed to affect only the output measurements whereas the
other three affect both the input and output, and the noise in both was
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considered. The overall reductions shown in the last row of the table
are obtained simply by an addition of the reductions due to individual
errors. It is worth noting some of the considerations involved in

arriving at the estimates for the individual values given in the table.

The instrument errors were generally considered to be negligible
except for frequencies above 3 cps. As indicated by the instrument
characteristics given in table II, most of the instruments employed,
as well as the recorders, had high natural frequencies above 10 cps and
high damping. The frequency-response functions for all instruments were
thus essentially flat to 5 cps for most of the important instruments.
Phase shifts introduced by the instruments were sufficiently small to
be considered negligible, below 2 or 3 cps. The overall accuracy values:
quoted in table II for the various measurements are based upon static
and dynamic bench tests of the recorders. In general, the accuracies
quoted were below the levels of the reading error.

One exception to this satisfactory instrument situation is the vane
measurements of angle of attack. Measurements of the angle of attack
indicated a noticeable oscillation at about 6 cps which appears to be
associated with the natural bending frequency of the boom. The level
of this oscillation was sufficiently high to mask the angle-of-attack
variations at frequencies above 3 cps for low-altitude tests and at even
lower frequencies at high altitudes. As a consequence, the high-altitude
gust data were not used and the low-altitude gust data are considered
suspect at frequencies above 3 cps and possibly also between 2 and
3 cps. No quantitative estimates could be made for this effect, and for
this reason the table shows a question mark for the higher frequencies.
Fortunately, in most cases, the strain responses above 2 cps were small
and therefore this limitation is not too serious for the low-altitude
tests.

When the effects of reading errors were considered, estimates of the
power spectrum and the root-mean-square value of the reading error were
obtained by determining the power spectra of the differences between
repeated readings of some of the present records. The results obtained
indicate that the power spectrum of the reading error was flat over most
of the frequency range with a root-mean-square value of 0.005 dneh of
f£i1lm deflection. This result is in agreement with results obtained in
other investigations. There was some evidence to suggest that the method
of reading which involved periodic adjustment of a reference level intro-
duces additional power to the spectrum of reading error at the lower fre-
quencies. The magnitude of the additional error is difficult to specify
and appears to vary widely. Except for this condition at the very low
frequencies, the effects of reading error can be estimated reasonably
well.
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The estimated root-mean-square values of the reading error for the
various quantities are summarized in table IV and indicate that in almost
all cases the root-mean-square reading error dg was less than 10 percent
of the true root-mean-square value for the quantity. Inasmuch as a root-
mean-square reading error of 10 percent of the true root-mean-square value
yields only a one-half percent increase in the measured root-mean-square
value, the effects of the reading error on the root-mean-square values
are negligible, as can be seen from the results of table IV. The ampli-
fication A shown in this table of the true root-mean-square value Oppie

due to reading error indicates that in almost every case the error is less
than about 1 percent.

Although the reading error has a small effect on the root-mean-square
values, the ratio of the power spectrum of the reading error to the power
spectrum of the uncontaminated strains appears to be sizable at the
higher frequencies for most of the measurements. The associated reduc-
tion in coherency may, therefore, be expected to be large at the higher
frequencies in many cases. For the strain and acceleration measurements,
the effects of reading error appear to be negligible over the frequency
region from O to 2 cps. At higher frequencies, these errors become more
important because of the lower power levels for the responses and the
flat character of the reading-error spectrum. A reduction of about
5 percent at 3 cps 1s estimated to arise from this source. At higher
frequencies, the reduction may be expected to increase rapidly.

The effects of reading errors on the gust velocity also appear to
be significant. The rapid decrease with frequency in the spectra of
both the gust velocity and the vane angle-of-attack error and the low
sensitivity of the vane (1/10 inch of film deflection per degree angle-
of-attack change) result in relatively high values for the ratios of
the noise power to signal power at the higher frequencies. For the vane
angle-of-attack measurements, this ratio is estimated to increase slowly
with frequency to 0.1 at 2 cps but then it increases rapidly to 0.20 at
3 cps and to higher values at frequencies above 3 cps. The values given
in the preceding table represent estimates of the combined effects of
the reading errors in the input and output measurements.

The airplane wing strain responses to side gusts and head-on gusts
can normally be expected to be small except at very low frequencies.
(For isotropic turbulence, which approximates atmospheric conditions,
the strains from these sources can be expected to be incoherent with
the strains arising from vertical gusts.) For the side gust case,
significant strain responses may be excited in the neighborhood of the
Dutch roll mode of the airplane which, in this case, was centered at
about 0.16 cps. These effects can be expected to be more pronounced
at the outboard stations. The airplane strain responses to head-on
gusts are likewise generally small except possibly at frequencies in the
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neighborhood of the airplane phugoid oscillation. Rough estimates of
the magnitude of these responses were used with equation (63) to arrive
at the estimates shown in the foregoing table. .

The effects of spanwise variations in the turbulence on the strains
sare difficult to evaluate accurately. The crude analysis developed for
the spanwise effects is, however, believed to yield estimates of at least
the order of magnitude of these effects on the coherency between the ver-
tical gust velocity and the strain and acceleration responses. The value
in the table is based on the results in figure 16 and equation (70).
These estimates should apply best to the root strains and center-of-gravity
acceleration because of the assumptions in their derivation. In addition,
an arbitrary value of 10 percent is given in the table for the very low
frequencies to account for the contributions to the strains arising from
asymmetries in the vertical turbulence.

The effects of control motions were evaluated by an examination of
the records obtained with the control-position recorders. In the overall,
the pilots made infrequent use of the control surfaces during the gust
tests. The control motions were largely restricted to a few aileron con-
trol movements, presumably to correct for deviations in the airplane roll
attitude. These control motions were, in general, slowly applied and are
not believed to affect the coherency functions at frequencies above

5/10 cps.

In order to determine how well the foregoing estimates approximate
the actual conditions, figure 17 shows a comparison of representative
coherency functions obtained directly from the test measurements with
those given by the results of the foregoing table. Figure 17 shows the
measured coherency function between the gust input and the outputs of
normal acceleration and strains at two stations. For this comparison,

a smooth curve was used to approximate the variations of the coherency
function with frequency given by the table. In general, the estimates
derived appear to approximate the general character of the measured
results with a low coherency below 0.30 cps, a relatively high coherency
level of 70 to 90 percent between 0.3 cps and 2 cps, and a rapid reduc-
tion at the higher frequencies. This consistency implies that the noise
structure in the measurements has been approximated reasonably well by
the analysis. The distortions introduced in the frequency-response
functions by this noise structure are considered next.

Distortions in Measured Frequency-Response Functions
The analysis of the contributions of the various noise sources to

the reduction in coherency provides a basis for estimating the bias or
distortion in the frequency response arising from these noise sources.
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The analysis has indicated that incoherent noise sources in the output
introduce no significant distortions in the cross~spectral estimates of
the frequency-response function. Thus, it may be expected that effects
of side gusts, head-on gusts, and control motions do not significantly
affect the frequency-response functions obtained by the cross-spectrum
method. This conclusion is particularly applicable to frequencies above
0.30 cps, where present concern is centered, and is perhaps subject to
some question at lower frequencies.

The remaining three sources of noise, instrument errors, reading
errors, and spanwise gust variations, do however affect the input meas-
urements and, on the basis of the preceding analysis, may be expected
to introduce distortions in the estimated frequency-response functions.
The principal source of instrument error was associated with the effects
of vibrations of the boom on the angle~of-attack measurements. No quan-
titative measure of the distortions due to this source could be given
although it does not appear likely that these vibrations yielded any
appreciable error at frequencies below 2 cycles per second.

The reading errors in the gust determination and spanwise variations
of turbulence appear to give rise to significant distortions in the esti-
mated frequency-response functions. Based on the analysis of the reduc-
tions in the coherency function given in the table, it is estimated that
the amplitudes of the frequency-response functions obtained by the cross-
spectral method are too low by the percentages given in the following
table for the two sources:

Percentage error in amplitude
Source for frequencies of -
< @5 epsiit 025 to 2.0 cpsi2i0ite 550 cps
REsling@CrRORS erlet s o o o o 0 08 tol 1O 10 to 20
Spanwise gust variations . . 0] 5 to 20 20 to 30
———
Igtailabisiseibe. | Ui, o s ain 0 5 te 350 50 0! 50

These values are crude estimates but are believed to approximate the
actual situation, at least for frequencies between 0.3 and 2 cps. At
frequencies between 2 and 3 cps, the strain responses are, in general,
very low and thus the large underestimation is not too important. These
estimates of the distortion should be applied to the present results
(figs. 12 and 13) in order to make direct quantitative comparisons with
results obtained in other studies. It is felt that these distortions
apply about equally well to the acceleration responses which are used
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as reference conditions; thus, these distortions do not affect internal

comparisons aimed at establishing the magnitude of the flexibility effects.

The distortion in estimates of the frequency-response function
obtained by the spectral method may also be derived on the basis of the
preceding analysis. These distortions, in general, would appear to be
larger for the spectrum case, particularly at low frequencies, inasmuch
as the distortions arising from side gusts, head-on gusts, and control
motions would have to be considered in greater detail. In addition,
reading errors in the output measurements will also give rise to dis-
tortion in the spectrum case whereas in the cross-spectrum case no dis-~
tortion due to this source occurs. The larger distortions and the dif-
ficulty of estimating their magnitudes accurately in the spectral method
contribute to making this technique a less satisfactory one than the
cross-spectral technique.

The results of figure 11(b), in which the estimates of the frequency-

response function obtained by the two methods are adjusted for effects of
the spanwise variations in turbulence, show good agreement between fre-
quencies of 0.30 cps to 2 cps. This good agreement implies that the
spanwise variations in turbulence are the principal sources of noise
error in this frequency region. The discrepancies at both lower and
higher frequencies in figure 11(b) are attributed to the effects of the
lateral motions and pilot control motions for the low frequencies and

the effects of reading errors and instrument errors, particularly in

the input, for the very high frequencies.

Statistical Sampling Errors

In order to estimate the statistical reliability of the measured
frequency-response functions, the measured coherency functions and the
charts in figure 15 were used to derive 90-percent confidence intervals
for the frequency-response functions. Figure 18 illustrates typical
results obtained and shows the confidence bands for the center-of-gravity
acceleration response and the bending-strain response at the front spar
at station 54. Examination of figure 18 indicates that, except for the
very low and very high frequencies, the amplitudes are reliable to within
about £20 percent of the measured value. At the extreme frequencies
(below 0.30 cps and above about 1.80 cps) the amplitudes are far less
reliable because of the lower coherency at these frequencies and in some
cases are, in fact, so large as to suggest that reliable estimates cannot
be obtained in these frequency regions. The phase angles also appear to
be very reliable with the confidence bands less than +10° about the meas-
ured values for frequencies between about 0.30 and 2 cps. At the higher
and lower frequencies, the confidence bands for the phase angle are also
considerably increased because of the lower coherency.
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A further verification of the statistical reliability of the present
results is indicated by the consistency of the results obtained from the
independent estimates made from the two 2-minute samples as illustrated
by the results for the center-of-gravity acceleration shown in figure 1k.

COMMENTS ON RANDOM-PROCESS TECHNIQUES OF

FREQUENCY-RESPONSE DETERMINATION

A few comments appear to be warranted on the random-process tech-
niques as employed in this study for the determination of airplane
frequency-response functions. The results obtained in the present study
indicate that reasonably reliable frequency-response functions for air-
plane responses to rough air may be obtained from full-scale flight
tests in continuous turbulence. Two methods were employed for this
purpose - the spectral method and the cross-spectral method. The cross-
spectral method definitely appears to be preferable, inasmuch as the
results obtained with this method are affected less by extraneous dis-
turbances, particularly disturbances affecting the output measurements.
These are of particular significance for atmospheric turbulence problems
inasmuch as the lateral and longitudinal components of turbulence are
always present. In addition, only the cross-spectral method provides
phase information.

The analysis indicates that great care is required in the applica-
tion of random-process techniques in frequency-response determinations
and in the interpretation of the results. Extraneous noises may seri-
ously affect the reliability of the results by introducing distortions
and by limiting the statistical reliability of the results. In the
present investigation, the significant noise sources were reading errors,
extraneous gust components, spanwise variations in turbulence, and pilot
control motions. TFor the lower frequencies, which were of particular
concern in the present investigation, these noises did not give rise to
serious distortions. In addition, it appears possible to estimate the -
magnitude of the distortions and to correct for them by using the methods
developed herein. TFor the higher frequencies, the effects of these noises
were more serious and, in fact, did not permit reliable results to be
obtained. Fortunately, the higher frequencies were of only minor concern
in the present study.

Improvements in the reliability of the results can be obtained by
a number of precautions. These include improvements in instrumentation,
particularly in regard to increased sensitivity and adequate frequency
response. Efforts to obtain more intense levels of gust input disturb-
ance will also be beneficial. The statistical sampling errors do not
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appear to be too serious a difficulty. In the present investigation,
samples of 2-minute duration lead to statistical or sampling uncertainty
of about 10 to 20 percent for the lower frequencies. The magnitude of
these uncertainties can, of course, be reduced by either longer sampling
durations, achievement of higher coherencies, or by averaging estimates
over a wider frequency band.

The results obtained in the present investigation suggest that the
use of random disturbance inputs may also prove to be practical in exper-
imental frequency-response determinations for responses to other types
of disturbances than gust disturbances; for example, control surface
motions and acoustic disturbances. The use of random inputs for these
purposes can provide substantial reduction in testing time when compared
with conventional techniques involving sinusoidal inputs. As compared
with discrete pulse techniques which are frequently used for this purpose,
the random-input techniques appear to provide equivalent levels of
accuracy. In addition, they may offer a number of practical advantages.
These include the ability to control the effects of extraneous disturb-

ances and a more realistic representation of the character of actual
disturbance functions met in practice.

CONCLUDING REMARKS

The foregoing analysis of the strain responses of a large swept-
wing airplane in rough air has indicated that the wing-bending and shear-
strain responses at the various stations are amplified by rather large
amounts because of the dynamic responses of the structure. The amount
of amplification in the bending strains was about 10 to 20 percent at
the root stations but increased to values in excess of 100 percent in
some cases at the midspan stations. The shear strains showed a similar
pattern across the airplane span but also indicate larger variations
between the front and rear spar stations. The large variations in strain
responses across the airplane span indicate that the strain distributions
in gusts are very different under rough-air loading conditions than under
the usual maneuver loadings and warrant detailed and separate considera-
tion in design. In general, the predominant source of strain amplifica-
tion was associated with the excitation of the fundamental wing-bending
mode. However, at the outboard stations and particularly in the case
of the shear strains, significant contributions to the strains arise
from the higher symmetrical and antisymmetrical vibration modes. Thus,
the effects of these higher modes on the ‘strains may also have to be con-
sidered in stress calculations, depending upon the degree of accuracy
required.

A detailed analysis of the reliability of frequency-response func-
tion estimates obtained by random-process techniques, particularly as
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affected by extraneous noise, was given. The effects of such noises in
giving rise to systematic errors or distortions and random sampling errors
were explored and results of general applicability obtained. These
results were also applied to the present test data in order to establish
their reliability and to derive adjustments for the distortions. The
important result obtained is the indication that with appropriate pre-
cautions flight tests in rough air of a few minutes duration may be used
to obtain reliable estimates of airplane frequency-response functions.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., March 18, 1958.
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TABLE I

PERTINENT PHYSICAL CHARACTERISTICS

DIMENSIONS OF TEST ATIRPLANE

Total wing area, sq ft .

Wing
Wing
Wing
Wing
Wing
Wing

SPanS RGN Ho e . .

aspect ratio . . . 5 GG o o
thickness ratio, percent .

taper ratio . . . . . 5

mean aerodynamic chord, in.

sweepback (25-percent-chord llne), deg

Total horizontal-tail area, sq ft
Horizontal-tail span, ft . .
Horizontal-tail mean aerodynamic chord, in.

Horizontal-tail sweepback (25-percent-chord llne),

Airplane weight:
For tests at 5,000 feet, 1b
For tests at 35,000 feet, 1b .

deg .

NACA TN L4291

1,428
116
9.43
12
0.42
155.9
55
268
33
102.9

2D

. 115,000
« . 112,000



TABLE IT

SUMMARY OF INSTRUMENT CHARACTERISTICS AND ACCURACIES

Film Natural frequency, Apgroximate Estimated
Quantity Measurement Instrument Instrument speed fys cps, of - ratéia?i?g instrumZnt
% e 5 -
e R g sengttluty in./sec| Sensing |Recording|Sensing Recording|accuracy -
element element (element| element
Normal accelera- = &
tion, g units |Ot+2 Percent & = 1.01 g/in. 0.25 8.5 (a) 0.7 (a) 0.005
Pitching veloc- a
ity, 25.0 percent & | %0.25 |0.254 w 0.25 6.7 (a) 0.67 (a) 0.005
radians/sec in.
Vane-indicated T9 inches St lOma; ‘200 e
angle of attack, ahead of 10.5 0.183 == 0.25 | ﬁt’hoo 10 = 0T 0.002
radians original nose L - i /po
Dynamic pressure, 140 inch;s Eticgd 0 to 800 Approximately 0.25 >50 (v) (e) (v) 1.0
1b/sq £t ’ 2 100 1b/sq £t/in.
original nose
Static pressure, |172 inches ahead Approximately
1b/sq Tt . of 0 to 2,200( .- b/sq ft/in. 0.25 >50 (b) (c) (v) 2.0
original nose
Time, seCc - |===mmemmmmc e e e B ——— | mem——— — 0.005
Bending and Eight locations (__
shear strains ((sec toigy 2k naaaiy [Eaias s s aan s 1.0 (4) 100 (a) 0.67 +3 percent

a'Op'tica.]_ recording element, f, >> 10 cps.
bMecha.nical—op‘tica.l recording element, £, >> 10 cps.
“‘Damping adequate for present application of airspeed and altitude data.

dStrain gages, f

n >> 10 cps.

T6ch NI YOVN

e
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TABLE III

NACA TN L4291

STRAIN INDICATION PER g AS DETERMINED IN

SLOW PULL~UPS IN SMOOTH AIR

€3, strain indication per g for -
Wing I ; \
St oh Spar |Bending strain at - Shear strain at -
9,000 £t ] 55,000 £t | 5,000 £t ] 35,000 £t .

54 Front 0.47 0.54 Do Secs

54 Rear o .97 w50 0.53

252 Front 45 .60 ———— -———

252 Rear k43 <55 e .29

hak Front 2 .58 .32 42

bk Rear .51 :60 216 .20

572 Front .18 .26 43 .53

572 Rear 25 .36 .16 el




TABLE IV

AMPLIFICATION OF ROOT-MEAN-SQUARE VALUES DUE TO RECORD READING ERRORS

o] Percent
= at - amplification,
Measurement Station Spar Erue 100A ?t -
a a
59,000 £4 55000 £t 395,000 £t
54 Front 4.3 8.6 0.09 0.37
54 Rear 2.5 k.6 .03 5 s
252 Front 3.9 4.6 .07 s
Bending P80 Rear 3.9 4.9 .08 12
strain ik Front a5 3.5 .03 .06
b1k Rear D5 5. .03 .06
572 Front 119 11.8 .68 470
572 Rear 9.5 7.4 45 27
54 Front 6.6 -—- 0.22 -——
S5k Rear 35 11.3 .05 0.64
252 Front s — sl ———-
Shear 252 Rear 11.9 ok STAE <25
strain Ll Front 3.5 9.4 .06 il
Lk Rear 5ub 8.1 18 33
512 Front Tl 52 25 <05
572 Rear 14.5 8.8 1.05 .39
Acceleration Center of gravity 2.6 Bk 0.03 @1
2 97 9
(a) o ~ g O ) = g (1 + A) where A=—<e )
meas true ctrue/ true D Utrue

T6ch NI VOWN
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NACA TN L291
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116" at O° dihedral
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Figure 2.- Three-view drawing of test airplane.
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Figure 18.- Concluded.

(b) Bending strain, front spar, station it




