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SUMMARY 

Heat-transfer and skin-fricti on parameters obtained from exact 
numerical solutions to the laminar compressible-boundary-layer e quations 
for the infinite cylinder in yaw are presented. The chordwise flow i n 
the transformed plane i s of the Falkner- Skan type. Solutions are given 
for chordwise stagnation flow with both a porous and a nonporous wall . 
The effect of a linear viscosity-temperature relation i s compared with 
the effect of t he Sutherland viscosity-temperature relation at the stag­
nation line of the cylinder for a Prandtl number of 0.7. The effects of 
pressure gradient, Mach number, yaw angle, and wall temperature are inves­
tigated for a linear viscosity-temperature relation and a Prandtl number 
of 1.0 with a nonporous wall. 

The results indi cate that compressibility effects become important 
at large Mach numbers and yaw angles, with larger percentage effects on 
the skin friction than on the heat transfer. The use of the two different 
viscos ity relations gives about the same results except when large changes 
in temperature occur across the boundary layer, as for a highly cooled 
wall. The present solutions predict that a larger amount of coolant would 
be required at a given large Mach number and yaw angle than would be pre­
dicted from solutions of the corresponding incompressible-boundary-layer 
equations. 

INTRODUCTION 

The so- called s imilar solutions of the laminar-boundary-layer equa­
tions are obtained by imposing certain restrictions on the external flow 
and the wall temperature and assuming that the dimensionless profiles of 
velocity and temperature are functions of a s ingle variable. The governing 
partial differential equations then reduce to ordinary equations, and the 
qualitative effect of various parameters on the boundary- layer character­
istics can be inve stigated with much le ss computing labor than for the more 
general case. The s imilar solutions are also useful as a check on the 
accuracy of approximate integral methods and as the basic information for 
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2 NACA TN 4345 

constructing approximate methods of the piecewise type, such as those of 
references 1 to 3. Furthermore, the similar solutions are exact for a 
few physically real flows, such as those which occur on flat plates, the 
stagnation region of cylinders and bodies of revolution, and wedges in 
flows with constant fluid properties. 

Similar solutions for constant-property flows are given, for example, 
in references 4 and 5, where the effects of pres sure gradient on the 
velocity profiles and skin friction are considered. Solutions for the 
corresponding temperature profiles and heat transfer are given by Squire 
and Sibulkin for stagnation-type flows (refs. 6 and 7) and for various 
pressure and wall-temperature gradients by Schuh and Levy (refs . 8 and 9). 
The effects of transpiration cooling in constant-property flows are given 
in reference 10. 

In references 11 and 12 the fluid properties were assumed to vary as 
power s of the temperature; solutions with transpiration cooling were 
included, but the results apply only to low- speed flows. In references 13 
and 14 the product p~ of density and viscosity was assumed to be constant 
in accordance with the perfect-gas law and a linear variation of viscosity 
with temperature. These solutions are not restricted to low-speed flows 
when the Prandtl number is 1.0. Several solutions with transpiration 
cooling were included in reference 13. The effects of transpiration 
cooling on the heat transfer at the stagnation point of cylinders and 
bodies of revolution is presented in reference 15 for a constant value 
of p~ and a Prandtl number of 0.7. 

The boundary layer on infinite cylinders in yaw can also be treated 
by the methods of similarity; and, in fact, for constant-property fluids 
the chordwise flow is independent of the spanwise flow, which can then be 
calculated by using the solutions already available for two-dimensional 
cylinders . (See, for example, ref. 16.) When the fluid properties are 
allowed to vary, the chordwi se flow is no longer independent of the span­
wise flow and the equations for the two components must be solved simul­
taneously. This problem has been considered by Crabtree (ref. 17) and 
Moore (ref. 18 ) for a constant value of p~, zero heat transfer, and a 
Prandtl number of 1.0; solutions are given for small values of the yaw­
angle parameter A in reference 19. Solutions for finite heat transfer 
and small values of A are given in reference 20. In reference 21 solu­
tions are given for the flow at or near the stagnation line with finite 
heat transfer and large values of A for Prandtl numbers of 1.0 and 0.7. 
Solutions for the case of large suction but small values of A and a 
Prandtl number of 1.0 are given in reference 22. 

Fay and Riddell (ref. 23) present solutions for the flow of a real 
gas, including the effects of dissociation, at a three-dimensional stag­
nation point . They conc lude, for example, that, when the Lewis number 1s 
near 1, a heat-transfer parameter in terms of a local Nusselt number and 
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Reynolds number depends mainly on the total variation of p~ across 
the boundary layer. For high cooling rates the effect of fluid properties 
becomes more important. Thus, for a ratio of wall enthalpy to local 
stream enthalpy of 0.05, the heat-transfer parameter is about 65 percent 
of the value predicted by reference 15 for a constant value of p~ . 

In the present paper the effects of wall temperature, Mach number, 
fluid properties, and transpiration cooling on the heat transfer and skin 
friction of yawed infinite cylinders are cons idered. The external flow 
in the transformed plane is required to vary as a power of the chordwise 
distance from the leading edge or stagnation line; the injected gas is 
the same as the boundary- layer gas, that is, the gas is homogeneous 
throughout; and the wall temperature is constant . The density variation 
is given by the perfect -gas law, and the specific heat and Prandtl num­
ber are assumed to be constant. Solutions are presented for Prandtl num­
bers of 0.7 and 1.0, for ratios of wall temperature to stagnation temper­
ature from 0 to 1.0, and for values of the yaw-angle parameter up to 11.0. 
For a Prandtl number of 1.0 and a linear-viscosity-temperature relation, 
the pressure gradient is varied from the infinitely favorable to the value 
for chordwise separation. For the flow at the stagnation line of the cyl­
inder, solutions are calculated by using both the Sutherland and the 
linear viscosity- temperature relations. Numerical examples are given to 
illustrate the effect of yaw angle and viscosity relat ion on the quantity 
of coolant required to maintain a given wall temperature . 

SYMBOLS 

A,B,K arbitrary constants 

a speed of sound 

i,b constants in interpolation formula for taw (eq. ( 48)) 

C 

f 

g 

H 

constant in Falkner- Skan velocity distribution (eq. (la)) 

specific heat at constant pressure 

chordwise velocity function; related to stream function by 
equation (All) 

spanwise velocity profile function, v/ve 

stagnation enthalpy, 
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h 

h heat-transfer-coefficient parameter (eq. (40)) 

i static enthalpy 

k thermal conductivity 

reference length 

M Mach number based on resultant or total component of flow 

m exponent in Falkner-Skan velocity distribution (eq. (la)) 

NNu local Nusselt number, hx/kw 

p 

q 

R 

r 

S 

s == 
S 
Tt 

T 

t T 
== Tt 

U,W 

u,v,w 

pressure 

heat-transfer rate per unit area 

constant in perfect-gas law (eq. (A3)) 

local Reynolds number, Pwliex 

recovery factor (eq. (43)) 

Sutherland constant (eq. (A2)) 

tempera ture, ~ 

chordwise and normal velocities, respectively, in transformed 
plane (eq. (BI)) 

chordwise, spanwise, and normal velocities, respectively, in 
physical plane 
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x,z 

x,y,z 

2m 
m + 1 

8 

resultant velocity component, (u2 + v2)1/2 

transformed coordinates (eq. (A7)) 

chordwise, spanwise, and normal boundary-layer coordinates, 
respectively, in physical plane 

constants in interpolation formula for h (eq. (47)) 

acute angle in chordwise plane between line tangent to surface 
and free-stream direction 

r atio of specific heats 

s imilarity variable (eq. (A10)) 

H - ~ enthalpy profile function, 
He - Hw 

* * * 8 ,0 ,G,E,8,8 integral-thickness parameters in transformed plane 
(eqs. (B13)) 

A 

!-L 

v 

P 

T 

¢ = ~ 
Pw!-Lw 

angle of yaw (complement of acute angle between free-stream 
flow direction and cylinder axis) 

yaw-angle parameter; ratio of total stagnation temperature to 
stagnation temperature of flow component normal to cylinder 

viscosity coefficient 

coefficient of kinematic vi scos ity, !-L/p 

mass density 

shear stre ss 

- -- - -- - - ---
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ill 

stream function 

coolant mass flow per unit area, P w ww 

dimensionless coolant-flow ratio, 

NACA TN 4345 

Subscripts: 

e local flow outside boundary layer (unless otherwise noted) 

t total stagnation conditions in free stream 

w wall 

s external flow at stagnation line of cylinder 

00 ahead of bow shock 

aw adiabatic wall 

c coolant 

tr transformed similarity plane 

p physical plane 

st static 

A prime denotes differentiation with respect to ~. 

EQUATIONS AND CONDITIONS FOR SIMILAR SOLUTIONS 

The general boundary-layer equations for the infinite cylinder in 
yaw reduce to ordinary differential equations when the dimensionless 
velocity and enthalpy profiles are assumed to be functions of a similarity 
variable and when certain restrictions are imposed on the external flow 
conditions and the gas properties . (See appendix A.) The external flow 
in the transformed coordinate system is restricted to the Falkner-Skan 
type: 

(la) 

-···~I 

I 

I 

I 

I 
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where C and m are constants. I n terms of the physical flow this 
relation may be expre s sed as 

(lb) 

from the definitions of Ue and X. The local speed of sound ae may 
be written a s 

(2) 

from the definit ion of ts and the use of t he adi abatic - energy equation 

i n the external flow. The parameter ts depends on the stream Mach num­

ber and yaw angle as given by the expression 

r - 1 2 2 
1 + 2 Moo cos A 

t s = - ---=------
1 + r - 1 M 2 

2 00 

The so-call ed s imilar solutions can be classifi ed into two general 
categories depending upon the additional restrictions used. In the firs t 
of the se categories ( sub sequently referred to as class I flOWS ) , t he 
chordwi se velocity ue i s zero or negligible in comparison with the 

speed of sound. Such flows exi st at or in the vicinit y of a stagnation 
point or line and on a cylinder at very large yaw angles. The second 
category ( class II flows ) is obtained when the value of ue i s arbitrary. 

Further restri ctions and as sumptions which, in the present investi ­
gation , apply to both categories are 

(1) Prandtl boundary-layer equations for the s teady flow of a homo­
geneous gas 

(2) Perfect-gas law 

(3) Constant spe cific heat and Prandtl number 

(4) Constant wal l temperature 
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Class I Flows 

The final ordinary differential equations for class I flows subject 
to the restrictions and assumptions listed previously are as follows 
( see appendix A for derivation): 

(¢fU) + fUf ~ ~ {(f.)2 - ;s ~1 - t,,)a - (1 - t s)g2 + t"J} (4) 

(¢g I) + fg I = 0 

(6) 

where the prime denotes differentiation with respect to the similarity 
variable ~. The boundary conditions on equations (4) to (6) are) at 
~ = 0)' 

f = ~ )

-1/2 
Vw dUe -w ---

w \?> dx 

where f = 0 for a nonporous wall and 

f' = e = g o (8) 

As ~ ~ (0) 

f' = 8 = g = 1 

For zero aerodynamic heat transfer the additional condition required to 
determine the wall temperature is that e~ = O. 

The general expression for the viscosity function ¢ is 

(10) 

which) after introduction of the Sutherland viscosity relation) becomes 

¢ (lOa) 
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If the viscosity is assumed to vary linearly with temperature according 
to the relation 

equation (10) is reduced to 

¢ = 1 (lOb) 

The functions f', g, and 8 are the dimensionless chordwise velocity, 
spanwise velocity, and enthalpy profiles, respectively. The normal 
velocity at the wall Ww is determined from equation (7), where fw 

must be a constant. 

Class II Flows 

For class II flows the chordwise velocity may have any value so long 
as equation (lb) is satisfied and the additional restrictions of Npr = 1.0 

and ¢= 1.0 are imposed. (See appendix A.) The equations with these 
conditions are 

For equations (11) to 

f = 

and, at 11 -7 00 , 

g" + fg' 

8" + f8' 

(l3) the boundary 

-w{;~ + "/ - 1 
2 

f' = 8 g 

f' = 8 = g 

o 

o 

conditions are, 

::~:el 
-1/2 

o 

1 

at 11 0, 

(12) 

(13) 

(14) 

(15) 

(16) 

- -----~----- - --- -- --~ 
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Inasmuch as the spanwise velocity profile g is exactly the same as the 
enthalpy profile 8, equations (11) to (13) reduce to a fifth-order sys­
tem. The normal veloc ity at the wall Ww is 

from equation (14), where agai n f w must be constant. 

GENERAL EXPRESSIONS FOR HEAT TRANSFER AND SKIN FRICTION 

Transformation Relations Between z and ~ 

Since expressions for the heat transfer and skin friction involve 
derivatives normal to the wall, it is useful to consider the trans­
formation from the physical xz-plane to the similarity plane X~. From 
appendix A the normal derivative is 

(18) 

Differentiation of equation (lb) written in the form 

and the use of the Stewartson transformation yield 

(19) 

Substituting equation (19) into equation (18) and evaluating at the wall 
then give 
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or for brevity 

(9...-) == rs(~) 
dZ w dTj w 

(20) 

where S is a function of x only . Similarily, it can be shown that 
for a given x- station the relation between Z and Tj is 

Z (21) 

where the temperature ratio t is, in general, 

Local Heat Transfer and Skin Friction 

The heat- transfer rate per unit area at the wall is 

'lw == ~(dT) 
dZ w 

which, from the definitions of Hand 8, may be written as 

Then from equation (20) 

(23 ) 

Combining equations (23) and (14) yields the relation 

_ T )8 r 
w w (23a) 

which shows that for a given simi lar flow qw varies with x directly 

as the coolant mass flow since 8w and fw are i ndependent of x. 
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From equation (23) the expression for the local heat-transfer param­

eter NNU/~ is 

NNu = hx/ k.." 

~ - VPwuex/',lw 
( 24) 

Equation ( 24) may also be written in a form that does not include a 
velocity-gradient term by using equation (18) directly in the expression 
for qw preceding equation (23)- After the definitions of ~ and X 
are introduced, the result is 

(24a) 

When x ~O, as at a stagnation line, equation ( 24a) reduces, in the limit, 
to 

A heat -transfer parameter which for given stream conditions is 
proportional to the heat - transfer coefficient h may be written as 

1/2 

hl/~ Pv~ cos A~ due)~ ts Tt - Tw I 

e 
VPCXlUr,CXll/',lCXl 

PCXl',lCXl ~ uCXl dx ~) T - T w 
/ - 1 aw w 

ts - 2 
at 

from equation ( 24) and the assumption that kw/koo = 'tlw!',lCXl-

(24b) 

( 25) 

The expressions for local chordwise and spanwise skin friction may 
be written as 

T 
ch 

',l (dU) 
w dZ w 

(26) 
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The total component of the local skin friction in the direction of the 
free stream i s then 

T total = i-Lw f[ (f: cos ex. cos A + g~ sin A) ( 28 ) 

where ex. is the angle in the chordwise plane between a line tangent to 
the surface and the free-stream direction. 

Simplified Heat Balance 

In the ab sence of lateral heat conduction within the porous wall 
and heat loss by radiation, all the heat transferred to the wall by the 
airstream must be absorbed by the coolant . If the coolant flow through 
the porous wall i s a ssumed normal to the wall throughout and the aero ­
dynamic heat transfer is given by equation (23), the re sulting heat 
balance i s 

where T is the initial temperature of the cool ant before it enters 
c 

the porous wall. Rearranging equation (29) and introducing fw from 

equation (14) and ae from equation (2) give a relation between the 

pertinent temperatures and the parameters 8w and fw involved in the 

similar solutions . This relation i s 

Tt - Tw 8w 
Tw - Tc Npr 

- f w (30) 

which, if any two of the three quantities Tw' Tc ' or fw a r e known, 
I 

determine s the remaining unknown value s i nce 8w depends only on tw 

and fw for given stream conditions and yaw angle . Typical problems 
utilizing equat i on (30) woul d be to find the wall temperature from given 
coolant temperature and mass flow or to find the coolant flow required 
to maintain a given wall temperature. The latter problem is considered 
i n some detail in the section entitled "Results and Dis cussion." 

If radiation and conduction are included, a more general heat bal­
ance, such as that given in references 1 and 15, must be used. 

I 

~ 
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BOUNDARY -LAYER-THICKNESS PARAMETERS 

Transformed Plane 

In various applications of the present results it is convenient to 
have available certain boundary-layer - thickness parameters which are 
obtained from integration of the velocity or enthalpy profiles over the 
boundary-layer thickness. These parameters are defined in the XZ-plane 
since transformation to this plane results in considerable simplification 
of any compressible -boundary-layer calculation. The particular parameters 
included in the tabulated results of the present report are those that 
appear in the integral boundary-layer equations which are derived in 
appendix B. 

Transformation from the general Stewartson variable Z to the 
similarity variable ~ (see appendix A) requires that any thickness 
parameter in the XZ-plane can be obtained by multiplying the corresponding 
parameter in the similarity plane by the quantity 

2 vtX 

m + 1 De 

Thus, for example, the displacement thickness 0* in the XZ-plane is 
defined as 

or, after transformation to the similarity variable, 

* ° 
2 vtx 100 

-- -- (1 - f' )dl1 = 
m + 1 De 0 

Performing the indicated integration then yields the following expression 
for the displacement thickness O;r in the similarity plane: 

* °tr = 

Similarly, the momentum thickness is defined as 
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* 8 
tr 

15 

which, after integration of the last term by parts and introduction of 
ff" from equation (4), becomes 

A spanwise parameter G
tr 

is defined as 

Gt = lim r . 
Tj ~ 00 

e 

whi ch is the sum of the spanwise di splacement and momentum thicknesses. 

The thermal thi ckne ss is defined as 

* EJ 
tr 

The final form of the momentum thickness is then obtained by sub­
stituting equations (31), (33), and (34) into equation (32), which becomes 

* fw - fw j3 * 1 1 * 8 = - 5 + -- - 1 G + -- t - 1 e "r J tr 1 + j3 1 + j3 tr ( ts ) tr ts ( w ) tr 

The remaining parameters appearing in the integral equations (appendix B) 
may be cons idered a s convection thickne sse s when the analogy between g 
and 8 (for Npr = 1) is considered. The spanwise convection thickness 

or "mixed" momentum thickness is defined as 
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1 T)e f I (1 - g) d T) = lim (f e - f w -
o Tje~ (Xl \ 

Integrating the last term by parts and using equation (5) result in 
I 

Etr = g - f w w 

Likewise, the enthalpy convection thickness is 

from integration by parts and equation (6). Equations (35), (36), and 
(37) show that 8t*r' Etr , and 8tr can be written in terms of the 

derivatives of the profiles at the wall and the other three integral 
* * thicknesses 0tr' Gtr , and Str· 

Physical Plane 

The momentum and displacement thicknesses in the physical plane can 
be expressed in terms of the thickness parameters in the similarity plane. 
The chordwise momentum thickness in the physical plane is defined as 

8* 
p 

which, from equation (21) and the perfect-gas law, may be written 

since u 
ue 

f'. Then, from the definition of 

* 8 
tr 

l 
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According to reference 24, the physical displacement thickness on 
a yawed infinite cylinder is not affected by the spanwise mass-flow 
defect. Hence, the displacement thickness is defined in the usual way 
as 

* which, from equation (21), the definition of 0tr' and the perfect-gas 

l aw, may be written, a fter some rearranging, as 

* o p 

Substituting equation (22) for t and using equation (32) and the 
9 * definition of tr then yield 

- 9 + 1 + 13) * 
13 tr 

CCMPUTING PROCEDURE 

(39) 

More than 200 solutions to equations (4) to (6) and (11) to (13) 
have been obtained by means of the IBM type 704 electronic data pro­
cessing machine. The numerical integration procedure of reference 25 
was used, and the procedure described in reference 21 for obtaining con­
vergence to the correct boundary conditions was included in the automatic 
programing for the machine. A step size of 0.2 in ~ was used for most 
of the solutions ; however, a step size of 0.1 was used in a few solutions 
which are included for comparison in the tabulated results. The accuracy 
of the present solutions, except for 13 > 1.0 and fw < -0.5, is believed 

to be as good as or better than the accuracy of the solutions in refer­
ence 21. The boundary conditions at large values of ~ on f', g, 
and 9 were satisfied to within 0.0001. The solutions were carried out 
to sufficiently large values of ~ that the absolute values of the 
derivatives of the functions f", g', and 9' were ~0.0005. For 
negative values of f3 the absolute values of the derivatives at large 
values of ~ were ~.OOOO5. In all solutions it was found that these 
requirement s could be satisfied for ~ ~ 8. For negative values of 13 
there is a problem of uniquenes s (see, for example, refs. 4 and 14) which 
is discussed in relation to the present solutions in appendix C. 

_J 
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RESULTS AND DISCUSSION 

" I * * * The values of f w' ~, 8w' h, 0tr ' Gtr , Str' and 8tr which 

const i tute t he principal results are pre sented in table s I to IV for 
most of the solutions in the present inves tigation. All heat-transfer 
and skin- f riction coeffi cient s or paramete rs a s well as mos t of t he 
boundary-layer- thi ckness par amet ers can be derived from t hese tabulated 
value s as descr ibed e l sewher e in thi s r eport. The solutions included i n 
each t abl e a r e summarized as f ollows: 

Table Il Npr ¢ 's fw 1;", A 

1. 0 0, 0 .5, 1.0 
I 1.0 i--- 1.0 ------ 0, - 0.5, -1. 0 1.0, 1.6, 3.0, 6.5 

0·7 0, 0 .5, 1.0, taw 

0 .2 0, - 0 .5, - 1.0 
1.0, 1.6, 3.0, II 1.0 0·7 r1.0 0 . 05 , 0.5, 1.0, taw 6.5, ll .O 0 .02 0, - 0.5, -0.75, -1. 0 

0 . 015, 0 · 050, 0.070, 
0 .005 0. 100 , 0. 150 , 0 .200, 

0 .250, 0 · 300 

III (a) 0·5 0·7 r1.0 0 .02 0 0. 06, 0 .20, 0.50 1.0 

0 . 0625 0 .1875, 0 .627 

0 . 2 0.05, 0 .50 

0 .015, 0 .050, 0 .100, 1.0 0.200 , 0·300 

0 · 005 0.015, 0 ·050, 3 ·0 
III(b) 1.0 0 · 7 r1.0 0 0 . 200, taw 

0 . 015 , 0.50, 0.200, 11 .0 
taw 

0.0625 0 .18T,5, 0 .625 1.0 

IV(a) 0 .2, 0 .5, 1.0 1.0 ------ 0 0 , 0.5, 1.0 1.0, 1.6, 3·0, 6 .5 
1.5, 2.0 

IV(b) <0 1.0 1.0 --- --- 0 0, 0 .5, 1.0 1.0, 1.6, 3.0, 6.5 

Veloci ty and Temper ature Profiles at the St agnati on Line 

Typical pr ofiles of the chordwi se and spanwise ve locity r a t ios and 
the stagnation- enthalpy di ffe r ence rat ios are shown in figure 1. These 
results are for stagnation-line flow (~ = 1.0), ¢ ~ 1 .0, Npr = 0·7, 

and tw = 0· 5 · Note that a given cha nge i n the transpirat i on- cooling 
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parameter fw has a larger effect on the g and e profiles (figs. l(b) 

and l(c)) than on the f' profiles (fig. l(a)) and that these effects 
tend to diminish as A is increased. Inspection of tables I and II shows 
that the same trends are present in the derivatives of the profiles at the 
wall. Comparison of figures l(b) and l(c) shows that the g and e pro­
files are nearly identical for Npr = 0.7. According to previous discus-

sion these profiles are identical when Npr = 1.0 . 

The temperature profile at the stagnation line (x = 0) depends only 
on the spanwise profile g and the enthalpy profile e as given by equa­
tion (22) . The resulting variations in the ratio of local static tempera­
ture to total stagnation temperature are shown in figure 2 for 
A = 1 . 6 and 6 .5 and for tw = 0, 0 .5, and taw' and fw = 0, - 0.5, and -1.0. 
This figure illustrates the large changes in temperature distribution that 
occur as the yaw angle is increased. The reduction in heat-transfer rate 
and recovery temperature with increasing coolant flow are also evident. 
In regard to the possibility of dissociation or other real-gas effects, it 
is of interest to note that for large cooling rates (small values of ~) 

the maximum temperatures in the boundary layer are much lower at lar ge 
values of the yaw parameter than at small val ues of the parameter . 

Heat - Transfer Coeffi cients and Recovery Factors 

in the Stagnation Region 

Effect of yaw parameter and transpiration cooling. - Equation ( 25) 
shows that for given stream conditions, wall temperature, and yaw angle 
the heat - transfer coefficient depends only on the parameter h, which is 
defined as 

(40) 

-
In figure 3(a), h is plotted aga i nst A for Prandtl numbers of 1 . 0 
and 0.7 and for fw = 0, - 0.5, and - 1 . 0 . The f i gure shows that the 

parameter h (and hence also the heat- transfer coefficient ) is reduced 
considerably by increasing the magnitude of the transpiration- cooling 
parameter fw, with the largest reductions being obtained for small values 
of A and for Npr = 1.0 . A change in the value of the transpirati on-

cooling parameter, however, would generally imply a change in the coolant 
mass flow and wall temperature. Equation (23a) can be written in coef­
ficient form as 

c p (l) ­

h =-- - h 
Npr fw 

(41 ) 
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where ill = pwww. Thus, for a finite normal velocity at the wall, the 

heat-transfer coefficient is determined solely by the coolant mass flow 
and the parameters fw and h. The parameter fw is related to the 

coolant mass flow by means of equation (7), which may be written as 

(42) 

Then since the quantity Y~w/Tw is nearly cons tant for relatively large 

changes in wall temperature (for example, a change in ~ of 4000 R 

causes only a 7-percent change in J~/Tw)' equation (42) indicates that 
an increase in coolant mass flow ill would cause a corresponding increase 
in the magnitude of fw' and hence, from figure 3(a), a reduction in h. 
It then follows from equation (41), as would be expected, that increasing 
ill decrease s the heat-transfer coefficient h. This effect is shown 
directly in figure 3(b) where the ratio of h with transpiration cooling 
to h for a nonporous wall is plotted against ~. The ratio of the heat­
transfer coefficients is proportional to the ratio of the values of h 
for a constant value of p ~. Figure 3(b) is not to be interpreted as ww 
indicating an increase in heat-transfer coefficient with yaw angle at a 
constant value of ill, since an increase in yaw angle causes a large 
de crease in the local density Pw and velocity gradient dUe/dx. Con-

sequently, for given stream conditions and a constant value of ill, an 
increase in yaw angle decreases the heat-transfer coefficient. 

The effect of Prandtl number on the heat-transfer coefficient is 
shown in figure 3(c) where the ratio of h for Npr = 0.7 to h for 

Npr = 1.0 is plotted against ~. This figure shows that the approximate 

expression 

hO.7 ~ (N )0.4 
- Pr 
hl. O 

suggested in reference 21 is adequate for a nonporous wall but is in con­
siderable error for transpiration cooling. 

The recovery factor or recovery temperature must be known before 
heat-transfer rates can be cal culated from heat-transfer coefficients. 
The recovery factor r defined at the stagnation line as 
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r = 

is plotted against the coolant parameter fw in figure 4. The variation 

of the recovery factor for a fiat plate from reference 1 is also shown for 
comparison. Increasing the coolant flow decreases the recovery factor on 
both the yawed cylinder and the flat plate. On the yawed cylinder, larger 
decreases in the recovery factor are obtained for small values of A than 
f or large values of A. The recovery factor on the flat plate is, of 
course, independent of the yaw parameter. 

Effect of viscosity assumption . - The ratio of the heat-transfer param­
eter h from the solutions calculated by using the Sutherland viscosity 
relation to the corresponding value of h for ¢ = 1.0 is plotted 
against A in figure 5 for Npr = 0.7 and ~ = 1.0. Three parameters 

must be cons idered: the transpiration-cooling parameter fw' the ratio 

of wall temperature to stagnation temperature ~,and the ratio of the 

Sutherland constant to stagnation temperature s = ,S/Tt . If the value 

of S is taken as 2000 R, then s = 0.2 corresponds to ordinary wind­
tunnel conditions with Tt = 1,0000 R or to flight conditions with 

Too ~ 4000 R and Moo ~ 3, while s = 0.02 corresponds to Tt = 10,0000 R 
or to flight conditions at Moo ~ 11.0. 

All results from the solutions for tw = 0.5 fall within the shaded 

band in the center of figure 5. For A> 3 and tw~ 0.5, the linear 
viscosity relation gives practically the same results as the more accu­
rate Sutherland relation. For A < 3 and ~ ~ 0.5 the linear vis-

cosity relation results in heat-transfer coefficients that are as much 
as 15 percent larger than those obtained with the Sutherland relation. 
From a comparison of the values of h listed in tables I and II, the 
largest deviations are seen to occur when s = 0.02, which for tw = 0 .5 

is beyond the range of practical wall temperatures. For s = 0 .2 
and tw = 0.5 the maximum differences resulting from the use of the two 

viscosity relations is about 10 percent. 

For tw = 0.05, a value corresponding to large aerodynamic heat­

transfer rates, the viscosity relation has a large effect for both values 
of s. When s = 0.2 with ~ = 0.05, the use of the linear viscosity 

relation results in heat-transfer coefficients that are from 10 to 50 per­
cent smaller, with the differences increasing as the transpiration-cooling 
rates are increased. For s = 0.02 and tw = 0.05 the linear relation 

has the opposite effect in that the heat-transfer coefficients are from 

J 
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20 to 80 percent larger} with the largest deviations occurring again at 
the largest values of fw' At some intermediate value of s the vis -

cosity assumption might be expected to have little effect even for the 
large heating rates. For all conditions except s = 0.2} tw = 0.05} 

and fw = 0 and -0.5 the effects of the viscosity assumption tend to 

become smaller as the yaw-angle parameter A' is increased. 

The effect of viscosity assumption on the variation of heat-transfer 
coefficient with yaw angle or yaw-angle parameter may be obtained from 
figure 5 by noting that 

-
since from equation (25)} h is proportional to h} for given stream 
conditions} wall temperature} and yaw angle. This relation and figure 5 
then indicate that (except for s = .0.2 and fw = -1.0) when the 

Sutherland viscosity relation is used the predicted decrease in heat­
transfer coefficient with yaw angle is somewhat smaller than when the 
linear viscosity relation is used. 

The ratio of recovery factor r from the solutions computed by 
using Sutherland's relation to r for ¢ = 1.0 is plotted against A 
in figure 6. This ratio is found to be essentially independent of the 
transpiration cooling inasmuch as all results are within the narrow 
bands shown in the figure. The viscosity relation has at most a 2-percent 
effect} which depends only on the temperature level (that is) on Tt) and 
is a maximum for s = 0.02 and for large values of A. 

Real-gas effects .- The assumptions of constant specific heat and 
density variation according to the perfect-gas law would be expected to 
limit the application of the present results to relatively low temperature 
levels where real-gas effects and} in particular} dissociation effects .are 
not important. An indication of the limits of applicability of the present 
solutions may be obtained by comparison with the real-gas solutions of Fay 
and Riddell (ref. 23). 

Since the solutions presented in reference 23 are for the stagnation 
point of a body of revolution} any results from the present calculations 
must first be transformed to the corresponding axisymmetric configuration 
before a valid comparison can be made. 

At the stagnation point on a body of revolution} 

the Mangler transformation the heat-transfer parameter 

Taw = Tt } and from 

NNu/Fe is 
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{3 times the corresponding parameter in two- dimensional flow with the 
velocity-gradient parameter ~ = 0.5. The heat- transfer parameter at 
the stagnation point on a body of revolution is then obtained from equa­
tion ( 24b) as 

(
NNU) = 12 (8~ ) . 
~ 3 d· . 1 2- dimenS1onal - lIDenS10na 

where 8~ is taken from the solutions for the unyawed cylinder (A = 1) 
with ~ = 0. 5 . The principal results of the se solutions are given in 
table III(a), and the resulting values of the heat- transfer parameter for 
the stagnation point on a body of revolution are plotted in figure 7 

aga1·nst the rat1·o Ps~s Al h . f · 7 f .. th so s own 1n 19ure or compar1son 1S e 
Pw~w 

correlation given by Fay and Riddell (ref . 23) for their real- gas solu­
tions of the equilibrium boundary layer with a Lewis number of 1 . In 
reference 23, the Sutherland viscosity relation was used and the Prandtl 
number wa s assumed to be cons tant at 0 . 71 . Since the effects of diffusion 
disappear from the differential equations for a Lewis number of 1.0 ( see 
ref. 23), the only differences between the present solutions and those of 
reference 23 would be caused by the different assumptions for the varia­
tion of density and specific heat . The close agreement between the 
results of the present solutions and those of reference 23, a s shown in 
figure 7, therefore indicates that the heat transfer at a stagnation 
point is not sensitive to the effects of dissociation on density and 
specifi c heat within the boundary layer. For equilibrium dissociation 
and a Lewi s number of 1 the heat- transfer rate at a three-dimens ional 
stagnation point can then be calculated from the equation (ref. 23) 

(44) 

where all quantitie s would be evaluated for the real-gas conditions 

except NNu~JR:, which may be taken from the appropriate solution of t he 

boundary-layer equations for a perfect gas with a constant value of cp 
and Sutherland viscosity law. The appropriate perfect -gas solution, 
according to the correlation of figure 7, would be the one for which the 
total variation of p~ across the boundary layer i s the same as in the 
r e quired real-gas conditions . 

Whether this procedure can be extended to the stagnation line of a 
yawed cylinder i s not known since the corresponding real-gas solutions 
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for this case are not yet available. Such an extension would appear 
reasonable, however, if the perfect-gas solutions for the yawed cylinder 
could be correlated in a form similar to the results for a three­
dimensional stagnation point. In order to investigate this possibility, 
several additional solutions for the yawed cylinder (~ = 1) were obtained 
for' the range of conditions used in the solutions for ~ = 0.5. These 
re sults are presented in table III(b), and the heat-transfer parameter is 
plotted in figure 7. For small values of s the heat-transfer parameter 
for ~ = 1 and ~ = 1 to 11 is correlated within about 4 percent by the 
expression 

NNu = 0.5(?S~s)0.44 
Fe \pw~ 

The values that are not correlated by equation (45), that is, the values 
for ~ = 6.5 and 11 with s = 0.2, are not representative of flight con­
ditions since such values occur at large Mach numbers and large yaw angles 
but with Tt ~ 1,0000 R. By analogy with the results for a three-

dimensional stagnation point, it may be assumed that the heat transfer at 
the stagnation line of a ya.wed cylinder in a real-gas flow (with equi­
librium dissociation and a Lewis number of 1) can be calculated from 
equations (44) and (45) with He replaced by the adiabatic wall 
enthalpy Haw' From equation (43), the value of Haw would be 

where, from the adiabatic-energy equation, is is defined as 

and from figures 4 and 6 the recovery factor is approximately 

The effect of the viscosity relation at a three-dimensional stag­
nation point can be obtained from figure 7 by comparison of the results 

of reference 15 for Ps~s = 1 with the present solutions. The use of 
Pw~w 

the Sutherland viscosity relation for the range of ~ and s in the 

present solutions predicts smaller values of the heat-transfer parameter 
than those given by reference 15 for a linear viscosity relation. The 

l 
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maximum effect is found again for small values of tw and s; for 

example) with tw 0.015 and s = 0.005 the heat-transfer parameter 

is about 50 percent of the value given by reference 15. 

Variation of Coolant Flow and Wall Temperature With Yaw 

Angle at the Stagnation Line of a Cylinder 

Interpolation formulas for h.- The problem of calculating the wall 
t emperature from given stream conditions, coolant temperature, and c oolant 
mass flow may be solved by means of equations (30) and (42) and graphical 
interpolation for h and taw The general procedure would be to assume 

a wall temperature and calculate a first approximation for fw from equa­

tion (42). This value of fW J together with the assumed wall temperature 

and stream conditions) is used to determine h and taw from interpola­
tion in figures 3(a) and 4 . The corresponding value of e~ is then used 

in equation (30), which is solved for Tw' Only one or two iterations 

would normally be required because the quantity ~/Tw is such a weak 
function of ~. 

A problem that is perhaps of more interest is to determine the 
quantity of coolant required to maintain a given wall temperature. Since 
8~ is a function of f W) equation (30) has to be solved by a trial-and-

error process for fw after which the corresponding coolant mass flow is 

determined from equation (42). This trial-and- error process) however, 
would be tedious and inaccurate since interpolation for e~ as a function 

of tw) A, and fw would generally be required. The limited number of 
solutions available) as well as the behavior of e~ for Tw ~Ta~) makes 
such an interpolation impractical. On the other hand, the function h 
is in the form of a coefficient and hence remains finite for all values 
of two Thus) in order to facilitate interpolation) equation (30) is 
written in terms of h as 

(46) 

-and h is assumed to have the form 
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-where ~, ~,and yare constants for any given set of A, Npr , and s 

or ¢. In general, nine exact solutions at a fixed value of A would be 
required to evaluate the nine constants in equation (47). For Npr = 1.0, 

the required nine solutions are available, but for Npr f 1.0 (see 

tabl~s I to III), only six solutions are available for evaluating the con­
stants since the limiting value of fi for ~ = Taw apparently cannot be 

calculated from the zero-heat-transfer solutions. However, for Npr f 1.0, 

the same form of equation (47) was retained by assuming that at tw = taw 

The resulting values for the constants in equation (47) for both Npr f 1.0 

and Npr = 1.0 are given in table V. For Npr f 1.0 the recovery tem­

perature taw is assumed to be linear in fw (for Npr = 1.0, taw = 1.0) 

since from figures 4 and 6, r is linear in f to within about 0.25 per-w 
cent. Hence, for the application of equation (46), taw is given by the 

equation 

(48) 

The constants a and b are also listed in table V. Combining equa­
tions (46), (47), and (48) gives a quadratic equation in fw for 

Npr = 1.0, and for Npr f 1.0 there is obtained a cubic equation which 

can be easily solved for fw by standard graphical methods. The inter­

polation formulas (47) and (48) are also convenient in the first type of 
problem in which the wall temperature is calculated from given coolant 
mass flow. 

Typical examples.- Equations (46), (47), and (48) have been used to 
calculate the coolant mass flow required to maintain a constant wall tem­
perature in the following three examples: 

Example Tt ~ Tc Moo 

1 10,000 1,500 500 10 
2 1,800 800 500 10 

:3 5,000 1,500 500 7 
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Examples 1 and 2 represent flight and wind-tunnel conditions, respec­
tively, at Moo ~ 10. Example 3 represents flight conditions at Moo ~ 7. 
The results are shown in figure 8(a) where the parameter (from e g. (42)) 

-______ ~m~ ____ ,_ = 

( 
I-lw Too)1/2 

Poolir ,ool Tw 

cos A ~ dUe f 
U oo dx w 

which is directly proportional to the coolant mass flow, is plotted 
against yaw angle for ¢ = 1.0 with Npr = 1.0 and 0.7. Examples 1 

and 2 have also been cal culated for ¢ 1 1.0 with Npr = 0.7 and 

(} ddxue) s = 0.02. The values used for the velocity- gradient parameter -00 

were taken from reference 21 for a circular cylinder. 

Figure 8(a) shows that the coolant mass flow required to maintain a 
given temperature decreases with increasing yaw angle, as would be 
expected from previous discussion . At small yaw angles cons i derably more 
coolant is required for Npr = 0.7 than for Npr = 1.0; however, the 
effect of Prandtl number is not so large for large yaw angles. The 
curves calculated for examples 1 and 2 with s = 0.02 indicate that the 
use of the Sutherland viscosity relation predicts that less coolant is 
required than when the linear viscosity relation is used . The variation 
with yaw angle is about the same for both viscosity relations. Note that 
in example 1 the curve for ¢ 1 1 . 0, Npr = 0.7 is almost the same as 

the curve for ¢ = 1 .0, Npr = 1.0. 

In figure 8(b) the corresponding variation of fw with ~ i s shown 

for these examples. This variation is essentially an effect of compressi­
bility in the boundary layer s ince for an incompressible boundary layer fw 
would be independent of yaw angle . The present solutions predict, there ­
fore, that at large Mach numbers and yaw angles the coolant requirements 
would be some 50 percent larger than for an incompressible boundary layer 
with the same wall temperature and external flow conditions . 

Effect of Pressure Gradient and Yaw-Angle Parameter on 

Skin Friction and Heat Transfer 

The effects of the pressure -gradient. parameter ~ and the yaw-angle 
parameter ~ on the heat- transfer and skin-fricti on parameters for three 
different ratios of wall temperature to stream temperature are shown in 
figures 9 and 10. These solutions are for the conditions of ¢ = 1.0, 
Npr = 1 .0 , and fw = O. The heat- transfer and skin-friction parameters, 
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as well as other pertinent data from these solutions, are also given in 
table IV. 

Figure 9 indicates that the effects of pressure gradient On the heat­
transfer parameter e~ or the spanwise skin-friction parameter ~ (for 

Npr = 1.0, e~ = ~) become larger as the wall temperature and yaw param­

eter are increased. For negative or favorable pressure gradients (posi­
tive values of ~) the values of e~ and ~ are increased as the yaw 

parameter ~ and the temperature ratio ~ are increased. For adverse 

pressure gradients, corresponding to negative values of ~,the values of 
I I ew or Sv decrease considerably with increasing ~ or tw. For zero 

pressure gradient, e~ or ~ is independent of both ~ and tw. The 

effect of these changes on the actual heat transfer or skin friction 
would have to be calculated from equations (23) or (27) for any given set 
of flow conditions and wall temperature. 

" The chordwise skin-friction parameter fw is plotted against ~ 

for three wall-temperature ratios and four values of ~ in figure 10. 
The trends shawn in figure 10 are the same as those just discussed for 

e~ or ~; however, the percentage variations in f~ are much larger 

than in the other parameters. These large variations are particularly 
noticeable for large values of ~ and two The local skin friction 

must again be calculated for any particular case from the appropriate 
equations (eq. (26) or (28». 

The value of the pressure-gradient parameter ~ required for 
" fw = 0, implying separation of the chordwise flow, is plotted against 

~ in figure 11. This figure indicates that decreasing the temperature 
would delay separation, while increasing the yaw angle (at a sufficiently 
large stream Mach number) would move separation forward. 

The ratio of the chordwise skin-friction parameter to the spanwise 

f :.: /fL'_ skin-friction parameter "/Lv is indicative of the degree of secondary 

flow in the boundary layer, as discussed in reference 21. The values of 
these skin-friction parameters listed in table IV show that the 

f ill I ( ) ratio w ~ is a maximum for ~ = 2.0, unity for a flat plate ~ = ° 
where there is no secondary flow, and zero for chordwise separation 
where the "surface" streamline is exactly in the spanwise direction. 

The problem of uniqueness for the solutions with negative ~ is 
discussed in appendix C. The particular solutions presented in table IV 
were obtained by application of the convergence procedure of reference 21 
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at ~ = 8. The tabulated solutions also satisfy the boundary conditions 
on f' and e at ~ = 8 to within 0.00001 with the absolute values of 
f" and e I "£ 0.00005. It was found that f I "£ 1. 00000 throughout the 
boundary layer when these conditions were satisfied and that application 
of the convergence procedure of reference 21 to values of ~ > 8 resulted 
in no appreciable changes in f~ or e~. 

CONCLlJDING REMARKS 

General equations for the heat transfer and skin friction in the 
laminar compressible boundary layer on infinite cylinders in yaw are 
presented for the case in which the velocity and enthalpy profiles are 
functions of a similarity variable. By means of numerical solutions of 
the boundary-layer equations, the effects of transpiration cooling, 
Prandtl number, and viscosity relation were obtained for stagnation-line 
flow. The effect of chordwise pressure gradient was investigated for a 
nonporous wall) a Prandtl number of 1.0) and a linear viscosity-temperature 
relation. 

Transpiration cooling reduces the skin-friction and heat-transfer 
coefficients by large amounts) with the largest percentage reductions 
occurring at small yaw angles and for a Prandtl number of 1 .0. The effect 
of Prandtl number Npr on "the heat-transfer coefficient is given approxi-

mately by (Npr)0.4 for a nonporous wall; however) for a porous wall this 

expression is in considerable error. 

Because of an overall reduction in heat-transfer coefficient with 
yaw angle A, the quantity of coolant required to maintain a given wall 
temperature decreases with increasing A; however, this decrease is not 
so large as that which would be predicted from solutions of the 
incompressible-boundary-layer equations. 

Comparison of solutions computed by using the Sutherland viscosity­
temperature relation with solutions computed by using the linear viscosity­
temperature relation indicates agreement in heat-transfer coefficients to 
within about 10 percent when the ratio of wall temperature to stagnation 
temperature Tw/Tt >: 0·5· When Tw/Tt = 0.05, the heat-transfer coeffi-
cients from the two sets of solutions for a cylinder differ by 50 to 
150 percent depending on the temperature level and yaw parameter. 

The values of the heat-transfer parameter at the stagnation point 
on a body of revolution obtained by the present method with the Sutherland 
viscosity-temperature relation and a Prandtl number of 0.7 are in close 
agreement with the corresponding results of Fay and Riddell for a real 
gas. This close agreement indicates that the 'heat-transfer rates at the 
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stagnation point of a body of revolution or at the stagnation line of a 
yawed cylinder in a real-gas flow at equilibrium dissociation may be cal­
culated by using the Sutherland viscosity-temperature relation) the 
perfect-gas equation) and constant specific heat in the solution of the 
boundary-layer equations. The flow variables appearing in the final 
expression for the heat rate must be evaluated at the real-gas conditions. 

The effects of pressure gradient on the heat-transfer and skin­
friction parameters become larger as the yaw parameter and wall tempera­
ture are increased. Calculations for an adverse pressure gradient indi­
cate that at suffiCiently large values of the stream Mach number the 
separation line of the chordwise flow would move forward as the yaw angle 
is increased. 

Langley Aeronautical Laboratory) 
National Advisory Committee for Aeronautics) 

Langley Field) Va.) June 25) 1958. 
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APPENDIX A 

DERIVATION OF SIMPLIFIED BOUNDARY -LAYER EQUATIONS 

The e~uations solved in the present report are essentially the same 
a s the e~uations of reference 21 except for the boundary condition on the 
normal velocity at the wall and the assumption used for the viscosity­
temperature relation. The normal velocity at the wall is herein assigned 
a finite value to simulate a porous wall. The injected gas is therefore 
assumed to be the same as the gas in the boundary layer; that is, the equa­
tions apply only for a homogeneous gas throughout. Numerical solutions to 
the present e~uations are obtained for both a linear viscosity-temperature 
relation of the form 

(Al) 

and for Sutherland's relation 

J::.. = (~)3/2 Tw + S (A2) 
~w Tw T + S 

In both e~uations CAl) and (A2), ~ would be evaluated as a function of 

Tw from the best viscosity data available. 

Since the basic e~uations for the compressible boundary layer on 
the infinite cylinder in yaw are given elsewhere (for example , ref. 21) 
they are not repeated herein. The assumptions and restrictions used to 
obtain the following e~uations are 

(1) Prandtl boundary-layer e~uations for the steady flow of a homo­
geneous gas 

(2) Perfect gas law 

p == pRT (A3) 

(3) Constant specific heat and Prandtl number 

(4) Cylinder of infinite length (spanwise derivatives vanish) 

Introducing the stream function and the Stewartson transformation in the 
same manner a s in reference 21 then results in the following system of 
e~uations in the transformed coordinate system XZ: 

I 
~ 
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Chordwise momentum equation: 

(A4) 

Spanwise momentum equation: 

(A5) 

Energy equation: 

d1V d8 d1V d8 1 - 8 d1V dtw _ Vt d f¢f98 1 - Npr d lu2 + V2)]} 
dZ dX - dX dZ + 1 - ~ dZ dX - Npr dZ l ~Z - 1 - ~ dZ \ 2cpTt 

The Stewartson transformation used in equations (A4) to (A6) may be 
defined as 

Z = ae 1 Z ...e.... dz 
at 0 Pt 

u = 2i 
dZ 

and the stream function is defined by 

d1V P - =--w 
dX Pt 

The viscosity function ¢ may be written as 

(A6) 

. I 

I 
I 

I 
I 
I 
I 
I 

- I 
I 

__ J 
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on account of the perfect-gas law and the fact that 

bovndary layer. In general, T may be expressed as 

o 

33 

(AS) 

in a thin 

from th~ definitions of H, 8, and g 
energy equation for the external flow. 

and the use of the adiabatic­
The quantity ts depends on the 

spanwise velocity and can be written in 
and yaw angle as 

terms of the stream Mach number 

l - 1 2 2 1 + Moo cos A 
2 

l - 1 2 
1+ 2 Moo 

(A9) 

which indicates that ts is simply the ratio of the stagnation tempera­
ture of the flow component normal to the cylinder to the total stagnation 
temperature. Note that the yaw parameter ts as defined here is the 
reciprocal of the Mach number--yaw-angle parameter used in reference 21. 

Similar solutions to the system of equations (A4) to (A6) are 
obtained by first assuming that the dimensionless velocity and enthalpy 
profiles U/Ue , g, and e are functions of a single similarity varia-

ble ~ and then determining the additional conditions required to reduce 
the system to ordinary equations (see, for example, ref. 14). The simi­
larity variable is defined as 

~ = (A10) 

and the assumptions for the profiles are 

g (All) 
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u 
where U = at ~ and 

e e 
Then, if the external flow is of 

the Falkner-Skan type 

(A12) 

the system of e~uations (A4) to (A6) is reduced to the following form: 

d~ (¢g') + fg' = 0 (A14 ) 

2NprX£' 1 - a dtw ---==-=-- --- -- = 
m+l l-~dX 

-.£.( ¢a ,) + N fa ' 
dT} Pr 

~ = ~r ~H7 ; 1 ~~ [<f' )2]' + (1 - t s )(g2)}) (A15) 

where the primes denote differentiation with respect to ~,and 

~ = --=2m=.._ The boundary conditions on e~uations (A13) to (A15) are 
m+l 

now, at T} = 0, 

(A16) 

where Ww = 0 for a nonporous wall and 

f' = a = g = 0 (A17) 

At T} ~oo, 

f' = a = g = 1 (A18) 

For zero aerodynamic heat transfer, the wall temperature in equa­
tions (A13) to (A15) is replaced by the adiabatic wall temperature Taw. 
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Since Taw is then an additional unknown) an additional equation or 
condition is required in order to evaluate Taw. This additional condi­
tion is 

(A19) 

from the definition of 8. Since tw and ue are) in general) func­

tions of X) equations (A13) to (A16) are not yet consistent with the 
original assumptions for the profiles as given by equations (All). A 
consistent se t of equations cannot be obtained when tw is a variable 

except for incompressible flow (~ ~ 1.0) ts ~ 1.0) ue « ae ) for which 

~ may take the form (see ref. 9) 

For compressible flow it is necessary to specify that tw is constant. 

While the chordwi se velocity Ue must always satisfy equation (A12)) 
the specific value of this velocity required to make equations (A13) to 
(A16) cons i stent with equations (All) depends also on the viscosity 
assumption and the value of the Prandtl number Npr . For arbitrary 

values of ¢ and Npr ) ue must be either zero (or negligible) or a 

constant other than zero. The first term on the right in equation (A15) 
and ¢ then become functions of ~ only. When ue is constant) ~ = 0) 
and the equations reduce to the flat-plate case) which is not considered 
further herein. At X = 0) ue = 0 and the equations describe the flow 

at the stagnation point on a body of revolution (where ~ = 0. 5 and 
ts = 1 .0) or at the stagnation line on a cylinder (~ = 1). Equations 
(A13 ) to (A16) then reduce to 

(¢r")' + f"f = ~ff'}2 - t~ [(l - t,,)8 - (l - ts)g2 + twJ} 

(¢g I ) I + fg I = 0 

-w Vw dUe [ J 
-1/2 

w ~ dx 

(A20) 

(A21) 

(A22) 

(A23 ) 

I 

I 
J 
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with the remaining boundary conditions the same as equations (A17) to 
(A19). Equations (A20) to (A23) apply approximately when ue « at, 

which occurs, for example, in the neighborhood of a stagnation line 
where ~ = 1.0. Small chordwi se velocities would also be expected over 
the entire cylinder for large yaw angles when the value of ~ may be 
arbitrary. Note that equation (A23) specifies a chordwise distribution 
of Ww since fw must be a constant . 

In general, when ue f 0, a consistent set of equations can be 

obtained only for the condition of Npr = 1.0 and ¢ = 1.0. The condi­

tion ¢ = 1.0 is obtained by substituting the linear viscosity relation 
given by equation (Al) into equation (A8). The equations (A13) to (A15) 
then reduce to 

fIll + f"f (A24) 

8" + f8 I = 0 (A25) 

where for these conditions 8 = g, from the boundary conditions (A16) to 
(A19) and e quation (A14) with ¢ = 1.0. The boundary conditions applying 
to equations (A24) and (A25) are the same as equations (A16) to (Al8). 
Since fw must be a constant, the normal velocity at the wall varies 
according to 

_ tvw ~ y - 1 u~2~due~1/2 w - -f rr 1 + -=>.L.-2 -
w wI-' 2 a dx 

e 

or in terms of the transformed coordinate 

w - f IJ.w ae .1m + 1 m-l 
w - - w ~t at V 2 v t CX (A26) 

-- -------- -------
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APPENDIX B 

INTEGRAL EQUATIONS IN TRANSFORMED PLANE 

A large group of approximate methods for calculating laminar­
boundary-layer characteristic s are based on the integral equations 
which are obtained by integrating the partial differential equations 
ac ross the boundary layer normal to the wall. After suitable a ssump­
tions are made for the velocity and temperature profiles, the problem 

37 

i s thereby reduced to the solution of a set of ordinary differential 
equations . Even though the original boundary-layer equations are satis­
fied only on the average, the se methods are usually considered to be 
sufficiently accurate for practical purpose s . (For a general review of 
integral methods , see ref. 26.) 

Some of the "piecewi se" methods (for example, ref. 1) which use 
bas i c information from the similar solutions are also found to satisfy 
the integral momentum or energy equations . 

In the application of integral methods to the compressible boundary 
layer, sub s tantial s implifications are obtained by transforming to the 
XZ-plane. The velocities in this plane are defined in terms of the 
stream function W a s 

U 

(Bl) 

so that the continuity equation is 

oU oW 
- + = 0 oX oZ 

(B2) 

Subs tituting equations (Bl) into equations (A4) to (A6) of appendix A 
yields 
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(B4) 

where the adiabatic-energy equation for the external flow has been used 
in the last term of equation (A6). The boundary conditions for equa­
tions (B2) to (B5) are, at Z::: 0, 

U ::: 8 g ::: 0 

W ::: w;., 
where Ww 0 for a nonporous wall; and, at Z ~~, 

U::: U e 

g ::: 8 ::: 1 

(B6) 

(B8) 

The conventional boundary-layer assumptions also require that all 
derivatives of U, g, and 8 become negligible for large values of Z. 
For zero heat transfer the additional condition (o8/0Z)w::: 0 is used 
to determine the adiabatic wall temperature Taw. Combining equa-

tions (B2) and (B3) and integrating from Z::: 0 to ~ with boundary 
conditions (B6) to (B9) then yield 

_ Ww + .l dUe f2 fOO(U _ ~ \dZ + fOO (1 _ JL)dZ + 
Ue Ue dX l[ 0 ~e Ue

2) 0 \ Ue 

~~1 - t s ) foOO (1 - g2)dZ + (t.. - 1) foOO(l - e)dZ J}" ~: ~~ u~t 
(B10) 
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Equations (B2) and (B4) can be combined in the same manner to give 

SimilarilYJ equations (B2) and (B5) yield 

The integral-thickness parameters are defined as follows: 

e* = fo 00 (3; -g:2)dZ 

5* = fooo ~ - ~)dZ 

G = 1000 

(l - g2)dZ 

E 100

- .Q..(l - g)dZ 
o Ue 

I!>o 

9 = 1 ~(l - 8)dZ 
o Ue 

(Bll) 

(B12) 

(B13) 

Substitution of these parameters into equations (B10) to (B12) then gives 
the final form of the integral equations as 
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dS* dU { -+ l~ 2e* + 
dX Ue dX 

(B14) 

(B15) 

(B16) 

The normal velocity at the wall in the transformed plane is related 
to the corresponding velocity in the physical plane by the relation 

from equations (A7) and the definitions of U and W. 

-- -------

- I 

I 

. I 

I 

I 

. I 

I 
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APPENDIX C 

UNIQUENESS OF SOLUTIONS FOR NEGATIVE VAllJES OF 13 

In order to discuss the uniqueness problem for negative values of 
13 (see refs. 4, 5, and 14) it is useful to consider the asymptotic 
solutions to equations (A24) and (A25). These equations apply for 
¢ = 1.0 and Npr = 1.0 and are as follows: 

f' '" + f'" f' ~{cf.)2 - £s ~1 - \,)9 - (1 - t8)92 + \'J} 
e" + fe' = 0 

The boundary conditions are, at ~ 0, 

f = fw 

f' = e = 0 

and, at 1) -+ 00 , 

f' = e = 1.0 

The functions f' and e may be written as 

f' = 1 -e_f} 
e = 1 -

(Cl) 

(C2) 

(C3) 

(C4) 

(c6) 

where, at large values of 1), rand 
of boundary conditions (C3) to (C5). 
equations (Cl) and (C2) and retaining 
and e result in the equations 

e are small quantities because 
Substituting equations (c6) into 
only the linear terms in f 

(c8) 
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which are valid only at large values of l). The boundary conditions 
for l) ~ 00 are now 

-f = 0 

e = 0 

The function f may be written by definition as 

which, from equations (c6), becomes 

f = fe + f l) (1 - r)dl) 
l)e 

If the quantity J 00 f dl) is assumed to be negligible, the asymptotic 
l)e 

expression for f is 

Introducing the variable l) defined as 

(C10) 

and substituting equation (C9) into equations (C7) and (C8) then result 
in 

(Cll) 

d 28 _ de 
~ + l) d- = 0 
dl) . 1) 

(C12) 

The required solution to equation (C12) is 

k 2 00 

- ,2 e 1: e = e e e _ 
1) 

_I 
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since from equation (C10) n 
'Ie 

= f. For large 
e 

values of this rela-

tion may be expressed as (see ref. 27) 

! (fe 2_112) 
e = e' ..;:;;e ___ _ 

e 
(C13) 

Thus at ~ = ~e' where ~e is such that (C9) is satisfied, the asymptotic 

solution for e as given by equation (C13) requires that approximately 

I 

e "'" 1 6 e 
e - fe 

which may be verified for ~ = 1.0 from the tabulated results for 
Npr = 1.0 in reference 21. 

(C14) 

Substituting equation (C13) into equation (Cll) results in the 
linear differential equation 

(C15) 

A particular integral of this equation valid for large values of -T} is 

~ 
(c16) 

where, by substitution in equation (C15), 

(C17) 

The general solution to the homogeneous part of equation (C15) for large 
values of T} is (see ref. 4) 

-
f (C18) 

where for ~ > 0, K = 0 in order to satisfy the boundary condi-.. 
tion f = 0 for T} ~ 00. 
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For 13 < 0 
finite value of 
becomes 
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this boundary condition can be satisfied with any 
K and the general solution to equation (C15) then 

(C19) 

which is valid only for large values of ~ and 13 < O. Since equa­
tion (C19) is a solution for any value of K, further restrictions must 
be imposed before a unique solution can be obtained. Hartree (ref. 4) 
sets K = 0 for reasons of continuity and consistency with the 13 > 0 
case. Cohen and Reshotko (ref. 14) state further that for 13 < 0 it 
is necessary to set K = 0 to avoid infinite displacement thickness. 
For K = 0 the constant B may be obtained from equation (C19) evalu-
~!e~~!te~ :s~e· The final asymptotic forms for fl and e may then 

f' = 1 -

(C20) 

8 1 - (C21) 

Equations (C20) and (C21) are now unique solutions for all values of 13, 
and a study of their properties for 13 < 0 may be used as a guide to 
obtain by numerical methods the corresponding unique solutions of the 
original nonlinear differential equations (A24) and (A25). 

For purposes of comparison, consider first the cases for 13 > 0 
and 13 = O. For 13 > 0 the first term in the braces of equation (C20) 
dominates so that for very large values of ~ there remains approximately 

Hence for 

fl "'" 1 -

, 
8 > 0, e 

f' -+1 from above or below according to whether 

is greater or less than 1.0. All numerical solutions (whether 

- -- - -_. -- - -- -----
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unique or not) obtained in the present investigation for Npr = 1.0 , 
show that 8e ~ 0 for both negative and positive values of ~. The 

asymptotic solutions for ~ = 1.0 are discussed in detail in refer ­
ence 21. 

For ~ = 0, equation (C20) reduces to 

, 
which shows that for f < 1.0, f' ~l from below. 

e 

45 

For ~ < 0, the second term i~ the braces of equation (C20) dominates 
so that for very large values of ~ 

f' ~ 1 -
, 

f 
e 

which shows that f' ~1.0 from below if 

(C22) 

, 
This inequality would always be satisfied for 8e > 0 and fe < 1 if 

1 2; tw ~ 1. On the other hand f' ~ 1.0 from above if 
s 

(C23) 

, 
which is always satisfied for 8e > 0 and fe > 1 if 

1 + t 1 + t 
2ts w = 2 w ~ ~ 1.0. Apparently a unique solution is possible when 

velocity overshoot (f~ > 1) occurs if l;.~ ~ ~ 1.0 and equation (C21), 

as well as all boundary conditions, is also satisfied. (The situation 
for negative values of ~,or adverse pressure gradient, is the exact 
opposite of that at positive values of ~,or favorable pressure gradient, 

where velocity overshoot occurred for 1 ~ tw A > 1.0.) In the present 

I 
---.J 
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solutions for negative values of 

is 0.8, a value corresponding to t w 
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the smallest value of 1 ~ tw A 

= 0 and A = 1.6. (Solutions for 

A = 1.0 are given in ref. 14.) If a valid solution with velocity over­
shoot is possible, it would be expected for these values of t and A. w 
A series of solutions were then obtained for tw = 0, A = 1.6, and 

~ = -0.2 for different values of ~,say ~*, at which the convergence 
procedure as described in reference 21 was applied. Pertinent values 
from these solutions are presented in table VI. Examination of the tab-

ulated values of (1 - f~) and (1 - 1 ~ tw A)~: = 0.2 ~: shows that when 

inequality (C23) is satisfied the boundary conditions on f' and 8 at 
large values of ~ are not satisfied. Furthermore, equation (C21) is 
not satisfied since 8' always remains positive even when 8 > 1.0. e 

The boundary condition on 8 was not satisfied to a high degree of 
accuracy until f~ ~ 1.0 for all values of ~ whereupon the inequality 

(C22) was satisfied at ~ = 6 and 8. It is therefore concluded that for 
the particular convergence procedure used herein it is not possible to 

satisfy equations (C20) and (C21) simultaneously when 1; tw A ~ 1.0 

and velocity overshoot occurs. In other words, while equation (C18) 
permits a unique solution with velocity overshoot, the required boundary 
conditions on 8 and 8' cannot be obtained when velocity overshoot is 
present. 

The results shown in table VI also indicate that increasing ~* 
from 6.8 to 10.4 resulted in no change in f~ and e~ and very little 

change in any of the tabulated values at comparable values of ~. The 
same behavior was noted in several other sets of solutions at different 
values of t w' A, and negative ~. 

In view of the preceding discussion concerning the asymptotic solu­
tion and also because of the tendency for f~ and 8~ to approach con-

stant values as ~* is increased, it was assumed that, in general, unique 
solutions could be obtained by using ~* = 8.0 provided that f' ~ 1 for 
all values of ~ and the boundary conditions at ~ = 8.0 were satisfied 
to within 0.00001 on 8 and f', and to within 0.00005 on 8 1 and f". 
All final solutions for negative values of ~ as presented in table IV 
satisfy these conditions to this degree of accuracy. 
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TABIE I 

BOUNDARY- IAYER P~TERS CAlCUIATED AT STAGNATION LINE OF A YAWED 

CYLINDER BY USING LINEAR VISCOSITY- TEMPERA'IURE REIATION 
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TABLE II 

BOUNllARY- IAYER PARAMETERS CAl.CUIATED AT STAGNATION LINE OF A YAWED CYLINDER BY USING 

SU'lHERIAND VISCOSITY- TDIPERATURE REIATION AND PRANDTL NUMBER OF 0.7 
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1.6 .8095 .5656 .46}4 .4927 1.0714 ·9998 1.687l 1.3501 l.6 ·5551 ·3743 .3046 ·3241 

0·05 3 ·0 1.0547 .6l32 .4768 ·5322 1.2J.03 .7565 1.6030 1.2445 . 3:~ 0·05 3 .0 ·7498 .4193 ·3251 . 3640 
6.5 1.5840 .6894 .5188 .5947 1.2393 .3= 1.4553 1.1043 .0384 6 .5 1.1584 .4862 .365l .4220 

1l.0 2.J.82J. .7569 .5636 .6506 1.1588 - ·0581 1.3361 1.0038 -. 3156 1l.0 1.6l2l. .54l3 .40l9 .4693 

1.0 ·9109 ·5158 .4484 .4484 .8250 .8105 1.4596 1.2119 ·3532 1.0 .8894 .4978 .4317 .4317 
1.6 1.J.641 .5563 .4286 .4832 .9486 .6370 1.4066 1.0904 .27!! L6 1.l463 .544l .4191 .4731 

0 ·5 3·0 1.6857 .6205 .4311 ·5372 1.07l6 ·3237 1.3092 .9468 .08lS 0 ·5 3·0 1.6696 .6160 .4271 .5360 
6.5 2 .7976 ·7204 .4702 .6207 1.0973 - .1899 1.1608 .7904 -.413S 6 .5 2.7743 .7240 .4681 .6293 

1l .0 4.0350 .8047 ·5158 .6913 1.0260 -.6139 1.0520 .6957 -1.0223 1l.0 3·9985 .8129 .5130 ·7055 

1.0 1.0 1.2326 .5705 0 1.0 .6479 1.4305 .4789 ·2923 1.0 1.0 1.2326 .5705 0 
·9435 1.6 1.5771 .6143 0 1.1281 .4436 1.3688 .4024 .1743 .9429 1.6 1.5794 .6184 0 
·9012 3·0 2.2956 .6865 0 1.2557 .0819 1.2637 .2899 - ·1l3S .8984 3 ·0 2.2963 .6964 0 
.8787 6 .5 3 .8408 .8010 0 1.2756 - .5026 1.1114 .1561 - .8230 .8719 6 .5 3 ·8245 .8176 0 
.8730 1l .0 5.5679 .8979 0 1.l903 - ·96l9 1.0029 .0809 -1.683 .8635 1l.0 5 ·5255 .9J.870 

1.0 0·3858 0.239l 0.2452 0.2452 1.5820 2 .4425 1.9830 0·5938 1.0 0.l949 0 .0888 O.lO25 O.l025 
1.6 .4925 .2713 ·252J. .2730 1.}456 2.3065 1.844l ·5330 1.6 .2760 .1l51 .1l65 .l263 

0.05 3 ·0 ·7J.01 ·3= .2746 ·3158 ·9564 2 .loo3 1. 6510 .3792 0 ·05 3 ·0 .4407 . l570 .l4l9 .l637 
6.5 1.J.805 .4029 .3238 .3837 .3560 1.8l90 1.4054 - .0008 6 .5 . 7913 .22J.5 .l846 .2206 

1l.0 1. 7l5l .4729 . 3717 .4427 - · l2l.5 1.6233 1.2423 - .4574 1l.0 1.J.857 .2752 .222l .2676 

LO .6430 .2}86 .2430 .2430 1.0680 2 .0167 1.6442 .4486 LO .6276 .2247 .2295 .2295 
L6 .8860 .2807 .2}84 .2790 ·7832 1.8682 1.47J.6 .3296 L6 .8723 .2706 .2302 .2698 

- 0.5 ·5 3 .0 1.3833 .}472 ·2522 ·3355 ·3382 1. 6613 1.2513 .0497 -0·5 ·5 3 ·0 L3695 .}423 .2482 ·3325 
6.5 2.4399 .4492 .2969 .4220 - ·3072 1.4068 1.0084 - .6064 6 .5 2.4J.85 .4503 .2943 .4264 

1l.0 3.6l74 .5}41 ·}435 .494l -.80J.8 1.2426 .8656 -1.3730 1l .0 3 .58}4 .5387 .}403 ·5030 

1.0 LO . 9692 .2950 0 .7809 1.8781 1.1596 .344 1.0 LO .9692 .2950 0 
·927l 1.6 1.2868 . 3382 0 .4977 1.7464 1.0029 .1791 .9267 L6 1.2876 .}409 0 
.8759 3 .0 1.9549 .4102 0 .0368 1.5559 .7876 -. 2002 .8732 3 ·0 1.9527 .4172 0 
. 8519 6.5 3 ·4045 .5247 0 - .65l4 1.3l72 . 5410 -1.i#. .8451 6 .5 3 .3846 .5369 0 
.8476 1l .0 5 ·0371 .623.2 0 -1. J.875 1.l628 ·3987 -2.1174 .8382 1l.0 4 .9909 .6370 0 

LO 0.l572 0·0553 0 .0819 0.08l9 2 .4491 3·7002 3.0l63 0.7867 1.0 0.1ll4 0 .0274 0 .0432 0.0432 
L6 .2}68 .0786 .0968 .l067 1.9551 3 ·3077 2.6822 .6870 1.6 .1759 .0445 .0568 .0621 

0.05 3 ·0 .4075 ·1l94 .1243 :l474 L2890 2.8303 2.2697 .4633 -0·75 0 .05 3 ·0 .3144 .0758 .0802 .0939 
6 .5 .79}4 ·J.892 .l737 .23.28 .4377 2·3058 1.82J.0 - .0406 6 .5 .6226 .1294 ·1l93 .l450 

1l.0 1.2465 .252l. .2194 .2700 - .1618 1.9900 1 .5548 - .6186 1l .0 .9783 .1769 .1540 . J.886 

LO .4458 .0740 .10l0 .lOlO L4353 2.8048 2 .2907 ·5779 LO 0 .4380 0.0673 0 ·0932 0·0932 
L6 .6616 .105l .1092 .1325 ·9799 2.4845 2 .0016 .3961 L6 .6534 ·0992 .1039 . J.262 

-LO .5 3 ·0 1.lll8 .1585 .1291 .J.836 .}603 2.1041 1.6469 .0068 0 ·5 3.0 LJ.020 .1546 .1259 .J.805 
6 .5 2.0855 .2463 .1717 .2640 - .4380 1.7006 L276l - .8410 6 .5 2 .0687 .2456 .1692 .2655 

1l.0 3.1845 ·3225 ·2l.39 ·3320 -1.0077 1.4644 1.0687 -1. 7872 1l .0 3 ·1571 .3242 .2l.07 ·3370 
-1. 0 

LO 1.0 . 7566 .1l68 0 .9450 2.4589 L8625 .4058 1.0 LO .7566 .1l68 0 
·9118 L6 LO}43 .1499 0 .5638 2.2246 1.6074 .l8D ·9115 1.6 1.0342 .1513 0 
.8514 3 .0 L6325 .2092 0 - .Ol30 1.9140 1.2731 - ·307 .8488 3 ·0 L6290 ·2J.30 0 
.8253 6.5 2 .9609 .3095 0 - .8l40 1.5607 · 9059 -L390 .8J.85 6 .5 2 .9407 .3l7l 0 
.8222 1l.0 4.4810 .3973 0 -1. 4089 1.}480 .6964 -2.6i4C .8127 1l.0 4 .4356 .4078 0 

~m 
. 

6tr Gtr 

0.3069 0 .8627 1.2475 
.3837 ·7835 1.2332 
·5115 .6178 1.l88o 
·7063 .3041 1.0964 
. 8510 .0145 1.0176 

·7210 ·7981 1.4232 
.9014 .6}08 1.3825 

1.2016 ·3J.87 1.3024 
1.6592 -.2220 1.1737 
1. 9992 -.6972 1.0750 

1. 0 .6479 1.4305 
1. 2154 .4427 1. 3767 
1.5833 .0700 1.2838 
2.1551 -.5642 1.l456 
2·5847 - l .ll71 1.0438 

l.5623 2.2485 
l·2972 2 .0564 

.9l78 1.8132 
·3920 1.5326 

-. 0123 1.3551 

l.0632 1.99l7 
·7803 1.8493 
.3}47 1.6557 

-. 3376 1. 4196 
-.8834 1.2658 

·7809 1.8781 
.4968 1. 7529 
.0264 1. 5743 

-·7093 1.3507 
-1. 3179 1.2037 

2 .2475 3·l553 
1. 7593 2 .7358 
1.l702 2 .2795 

.4753 1.8289 
- .0075 1.5736 

1.440l 2 .7948 
.9812 2 .4731 
.3582 2. l 012 

-. 4680 1. 7143 
-1.0899 1.4882 

.9450 2.4589 

.563l 2 .2300 
-. 02J.7 L9313 
- .8679 L 5939 

-1.5339 1.3891 

. 
8tr 

1.0566 
1.0139 

.9475 

.8510 

.7787 

1. J.853 
1.0741 

·9392 
. 7875 
.6929 

.4789 

.4028 

.2886 

. l484 

.063l 

1.8857 
1. 7066 
1.4796 
L2242 
1.0677 

1.6300 
1.4607 
1.2454 
1.0071 

.8648 

1.1596 
1.0027 

. 78~ 
·5 
.3863 

2 .6887 
2 ·3090 
L 8929 
L4859 
LWl 

2·2952 
L 9992 
L 6434 
1.2758 
1.0688 

L8625 
1.6073 
L 2746 

·9052 
.6897 

. etr 

0.2993 
.2864 
.2282 
.0395 

- .2200 

.3420 

.2726 

.0774 
-. 4497 

-1. l2l.9 

.2923 

.1737 
- ·J.267 
-.8942 

-1.8504 

0.4620 
.4l95 
. 3066 
.0146 

-. 3477 

.4397 
·3255 
.0457 

- .6398 
-1. 4675 

.344l 

.1783 
- .2114 

-1.1475 
-2 ·70l3 

O.584l 
·5174 
.3650 
·0070 

-.4l61 

0·5728 
.3938 
.0033 

-.8729 
-1.8783 

.4058 

.J.804 
-. 3168 

-1.4450 
-2·7503 

~ 
~ 

~ 
+" 
\..N 
+" 
\J1 

\J1 
I-' 
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TABLE III 

BOUNDARY- lAYER PARAMETERS CALCUlATED FOR STAGNATION FLOWS BY USI NG SUTHERlAND VISCOSITY- TEMPERATURE 

RElATION AT PRANDTL NUMBER OF 0 .7 wrm NONPOROUS WALL 

(a) Body of revolution; ~ = 0.5 

" 
, , 

¢e (~)3-dimensiOnal B* * * s 1;", fw g".. 9 Gtr 8t r 9tr w tr 

0.015 0 .2951 0.2518 0.2168 0 .1625 0·3066 0·7717 1. 0416 0.8924 0.2325 
.050 .3654 .3041 .2623 .2447 ·3709 .8582 1.1872 1.0093 .2772 
.070 .3944 .3240 .2797 .2821 .3955 .8839 1. 2366 1.0481 .2932 

0.005 .100 .4304 .3472 ·3000 .3304 .4243 ·9081 1.2889 1.0887 .3109 
.150 .4792 ·3759 ·3253 .3982 .4601 .9288 1.3461 1. 1325 .3308 
.200 ·5201 .3976 .3446 .4561 .4873 ·9371 1.3836 1.1606 .3439 
.250 .5562 .4152 .3602 ·5075 .5094 .9388 1.4103 1.1803 .3529 
·300 .5890 .4301 .3734 .5541 .5280 .9366 1.4301 1.1946 ·3593 

0.06 0 .4115 0.3414 0 .2950 0·3202 0.4173 0·9172 1.2882 1.0889 0.3098 
0 .02 .20 ·5292 .4055 ·3517 .4823 .4974 .9466 1.4021 1.1746 ·3505 

·50 ·7041 .4757 .4141 ·7210 .5856 . 9104 1.4779 1.2281 .3706 

0.0625 0.1875 0·5444 0.4223 0.3668 0.5434 0.5187 0·9712 1 .4448 1.2068 0.3661 
.625 .7681 .4980 .4341 .8185 .6139 .8877 1.4950 1. 2395 .3711 

0 .2 0.05 0.6134 0.5220 0.4558 0·9317 0.6446 1.1925 1. 7611 1.4552 0.4722 
·50 · 7240 .4934 .4305 .8250 .6088 .9248 1.5144 1. 2546 .3835 

(b) Yawed cylinder; ~ = 1.0 

" 
, 

9' h ~e 
* * * 

s " 1;", f s.., Btr Gtr 8tr 9tr w w 

0.015 0 ·3321 0 .2582 0 .2218 0 .2218 0. 1625 0·7352 1.0197 0.8744 0.2291 
.050 .4177 .3125 .2689 .2689 .2447 .8116 1.1603 ·9874 .2720 

1.0 .100 ·5010 .3578 .3084 .3084 .3304 .8508 1.2566 1. 0628 ·3033 
.200 .6225 .4118 .3558 .3558 .4561 .8628 1.3438 1.1289 .3314 
.300 .7206 .4471 .3870 .3870 .5541 .8482 1 .3844 1.1585 .3417 

.015 .5373 ·3164 .2459 .2743 .2787 .5560 ·9763 .7934 .1866 
·050 .6912 .3833 .2970 ·3327 .4197 .5872 1.1069 .8878 .2103 

0 .005 3.0 .200 1.0963 .5074 ·3850 .4412 ·7822 ·5250 1.2616 ·9794 .1993 
.8981 2.2964 .6975 0 1.6262 .0687 1.2860 .2883 -.1281 

.015 1.1372 .4099 .3058 ·3555 .5134 .0985 .8411 .6577 - .1235 

11.0 .050 1.4952 .4980 .3695 .4321 ·7732 .0272 ·9507 ·7310 - .2005 
.200 2.5024 .6647 .4780 .5774 1.4411 -· 2593 1.0682 .7827 - .5160 
.8622 5.5196 ·9211 0 2.9361 -1.1371 1.0494 .0600 -1.8733 

0.0625 1.0 0.1875 0.6463 0.4366 0.3782 0.3782 0.5434 0.8959 1.4051 1.1755 0.3528 
.625 .9850 .5228 .4540 .4540 .8185 · 7624 1.4358 1.1933 .3350 



TABLE TV 

BOUNDARY-IAYER PARAMETERS CALCUlATED FOR ARBITRARY PRESSURE GRADIENT BY USING LINEAR 

VISCOSITY-TEMPERATURE REIATION AT PRANDTL NUMBER OF 1.0 WITH NONPOROUS WALL 

(a) Negative pressure gradient; ~ > 0 

r: e' 
, * e* * f~ 

, , 
1)* II t. .. }. or K",. 1)tr Gtr 6tr II \ .. }. 6" or K",. " tr tr 

1.0 0.5233 0 .4821 1.1306 1.6479 1.1882 0.4457 1.0 0.6987 0.5147 0 .9349 

0 1.6 .5543 .4891 1.0837 1.6274 1.1730 .4314 0 1.6 .8233 .5362 .8061 
3 ·0 .6237 .5039 .9852 1.5852 1.1418 .3981 3 .0 1.0907 ·5772 .5682 
6 .5 .7839 .5349 .7852 1.5032 1. 0813 .3158 6 ·5 1.6773 .6507 .1634 

1.0 .6070 .4951 1.0530 1.6ll6 1.16ll .4271 1.C 1.1090 .5574 ·7200 
0.2 ·5 1.6 .6836 .5082 .9714 1.5757 1.1344 .4014 1.5 ·5 1.6 1.4348 .5928 ·5313 

3 .0 .8506 .5344 .8121 1.5082 1.0844 .3418 3 ·0 2.ll49 .6555 . 2120 
6 .5 1.2221 .5845 .5215 1.3935 .9999 .1958 6.5 3 .5669 ·7592 - . 2850 

1.0 .6867 .5069 .9841 1.5801 1.1376 .4082 1.0 1. 4772 .5906 .5579 
1.6 .8047 .5248 .8762 1.5333 1.1029 ·3712 1.0 1.6 1. 9737 .6350 .3345 

1.0 3. 0 1.0578 .5593 .6753 1.4504 1.0416 .2855 3 .0 2.9997 ·7107 -. 0296 
6 .5 1.6111 .6221 ·3300 1.3199 ·9456 .0776 6 .5 5 .1729 .8323 -· 5172 

1.0 0.58ll 0 .4942 1. 0531 1.6130 1.1623 0 .4238 1.0 0 .7386 0 .5206 0 .9044 
0 1.6 .6438 .5070 .9704 1.5773 1.1358 .3961 

0 1.6 .8837 .5444 .7651 
3 ·0 .78ll .5328 .8072 1.5095 1.0857 ·33ll 3·0 1.1939 .5891 .5114 
6.5 1.0889 .5828 ·5057 1.3930 1.0000 .1703 6 .5 1.8712 .6682 . 0861 

1.0 .7609 .5185 .9168 1.5498 1.ll51 ·3875 1.0 1. 2405 .5686 .6703 
1.6 .9167 .5410 .7846 1.4937 1.0735 ·3371 1.6 1.6289 .6073 .4699 

0·5 .5 3.0 1.2479 .5833 .5455 1.3983 1.0031 . 2195 2 .0 ·5 3 ·0 2 .4366 .6749 .1348 
6 .5 1. 9665 .6577 .1482 1. 2557 .8985 -. 0671 6 .5 4 .1561 .7856 -.3816 

1.0 ·9277 .5390 .8045 1.4999 1.0780 .3503 1.0 1.6871 .6052 .4974 
1.6 1.1648 .5684 .6396 1.4322 1.0279 .2769 1.6 2 .2804 .6533 . 2624 

1.0 3 .0 1.6623 .6215 ·3550 1.3237 .9481 .1074 1.0 3 .0 3 ·5031 .7345 -. 1170 
6.5 2. 7281 .7lll - .0955 1.1724 .8374 -. 2989 6 .5 6 .0876 .8637 -. 6837 

6 .5 a6 .0895 a. 8636 
a 

- . 6835 
-- - ~ -

aAT] 0. 1. 

l ____ ~ __ . __ 

* e * Gtr etr tr 

1.5583 1.1215 0 .3914 
1.5037 1.o8ll .3422 
1. 4088 1. 0ll2 .2249 
1. 2643 ·9052 -.0688 

1. 4596 1.0478 ·3259 
1.3834 ·9915 .2330 
1. 2658 ·9051 .0144 
1.1079 ·7900 -.5178 

1.3904 .9963 .2562 
1. 3050 .9334 ·1l90 
1.1800 .8421 - .1984 
1.0213 ·7268 -. 9547 

1.5438 1.ll06 0 .3837 
1. 4849 1.0671 .3287 
1. 3847 ·9932 .1972 
1. 2356 .8841 -.1332 

1. 4364 1. 0304 ·3101 
1.3565 ·9714 .2051 
1. 2354 .8825 -.0423 
1.0760 .7666 -.6447 

1.3632 .9760 .2308 
1. 2749 · 9111 .0752 
1.1480 .8184 -. 2850 

·9893 .7033 -1.1424 
8. 9893 a .7033 '" a -1.1417 

- - - -

~ 
(") 

:r> 

~ 
+:­
\.>l 
+:­
\.Jl 

\.Jl 
\.>l 
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TABLE IV.- Concluded 

BOUNDARY-IAYER PARAMETERS CALCUlATED FOR ARBITRARY PRESSURE GRADIENT BY USING LINEAR 

VISCOSITY-TEMPERATURE REIATION AT PRANDTL NUMBER OF 1.0 WITH NONPOROUS WALL 

(b) Positive pressure gradient; ~ < 0 

" 9' 
, 

* * * f3 t A fw or g." °tr Gtr 8tr 9tr w w 

-0.3264 1.0 0 0.2478 3.4567 2.9751 2.2048 0.6067 

-.2800 .2233 ·3932 1.8257 1·9707 1.4282 ·5912 
- .2747 1.6 0 .2580 3.2636 2.8691 2.1119 .6083 
-.2000 .3318 .4314 1.5050 1.8172 1·3139 .5380 

-.2000 0 .1437 .3616 2.0953 2.1154 1.5370 .6084 
-.1943 3·0 0 .2688 3.0713 2.6987 1·9809 .6093 
-.1000 .3567 .4394 1.4395 1. 7878 1.2921 .5229 

- .1094 
6.5 

0 .2770 2·9338 2.6255 1·9261 .5963 
-.1000 .1782 .3789 1.9268 2.0307 1.4737 .5887 

-0.2623 0 0.3076 2.5861 2.4071 1·7594 0.6067 
-.2500 1.0 .1415 .3778 1.9224 2.0314 1.4747 .5837 
- .2000 .2507 .4152 1.6136 1.8747 1.3572 .5472 

-.1913 1.6 
0 .3164 2.4665 2.3463 1.7140 ·5923 

-.1500 .2115 .4046 1.6905 1·9151 1.3877 .5541 
0·5 0 1.6789 .5802 - .1153 ·3235 2.3733 2.2993 

-.1000 3·0 .1411 .3834 1.8526 2.0022 1.4534 .5653 
-.0500 .3345 .4393 1.4266 1.7854 1.2906 ·5133 

-.0573 6.5 
0 ·3279 2·3173 2.2711 1.6579 .5726 

-.0500 .1242 .3792 1.8795 2.0191 1.4663 .5634 

-0.1988 1.0 0 0.3258 2.3588 2.2870 1.6694 0.5854 

-.1366 0 .3316 2.2858 2.2507 1.6423 .5752 
-.1000 1.6 .2098 .4086 1.6479 1.8970 1.3744 .5427 
-.0500 .3561 .4457 1.3786 1.7630 1.2740 ·5030 

1.0 
-.0783 3·0 

0 .3361 2.2308 2.2234 1.6219 .5671 
-.0500 .2407 .4179 1.5755 1.8610 1.3475 .5322 

-.0377 6.5 
0 .3388 2.1979 2.2071 1.6098 .5623 

-.0200 .2805 .4283 1.4989 1.8228 1.3188 .5214 

- - - --- ------- --------- ---- --- -- -------



TABLE V 

CONSTANTS IN INTERPOLATION FORMULAS FOR h AND taw 

AS GIVEN BY EQUATIONS (47) AND (48) 

¢ s Npr A 00 ~ 0.2 ~O ~1 ~2 70 II 72 a b 

1.0 0.0048 0.04668 -0 .01396 -0. 05096 -0.12598 0.07776 0.24070 0 .72755 0.50667 
1.6 .01044 .05554 -. 02252 -.05734 -.13559 .10708 .21902 .70699 .52485 

1.0 --- 1.0 3 .0 .01452 .06118 -.03756 -.05850 -.13697 .15428 .18900 .67936 .56027 
6 .5 .01420 .06014 -.06010 -.05106 -.12669 .22183 .15380 .64936 .62539 

1.0 -.02142 1 .02512 ' -.01127 .00147 -.08285 .07237 .12590 .51503 .43625 1.0 0 
1.0 ___ .7 1.6 -.01479 .04090 -.02156 i -.01229 -.10065 .10276 .12118 .50587 .44749 .94443 .03162 

3.0 -.00524 , .05727 -.04113 -.02620' -.11404 .15357 .11113 .49072 .47123 .90447 .05008 
6 .5 .00119 .06505 -.07135 -.031401 -.11345 .22776 .09456 .47074 . 51843 .88384 .05393 

1.0 -.04720 .01520 .06139 .05276 -.06336 -.07294 .11252 .50233 .46955 1.0 0 
1.6 -.04480 .02240 .06209 .04264 -.07212 -. 05513 .10488 .49636 .49527: .94349 .03163 

--- 0. 2 ·7 3.0 -. 03800 .03040 .05428' .03050 -.0767~ -. 01867 .09435 .48431 .53297 .90124 .04984 
6 .5 -.02760 .03440 .03639 .01798 -.07212 .03767 .07961 .46586 .59276 .87874 .05348 

11.0 -.02224 .03648 .01810 ' .01263 -.06686 .08060 .06974 .45421 .64652 .87303 I .05084 

1.0 .07856 1 .00692 -.17234 -.19850 -.04647 .39452 .21182 .49208 .27758 1.0 ' 0 
1.6 .08808 .03050 - .20144 -.19490 -.06577 .44192 .19489 .49148 .30249 .94293 .03147 

--- .02' .7 3.0 .08852 .05326 -.24295 -.17996 -.08105 .51571 .17094 .48562 .33884 .89844 .04964 
6.5 .07904 .06656, -.30069 -.15457 -.08570 .62598 .14149 .47390 .39145 .87192 .05337 

11.0 .06884 .07094 -. 35068 -.13502 -.08400 .71785 .12305 .46555 .43428 .86353 .05080 

l~_~ __ 

~ 
(') 

~ 

~ 
+" 
\>J 
+" 
\J1 

\J1 
\J1 



, 
0 

4 3.8 
4.0 

b,.O 

6.0 
8.0 

0 
4.0 

&4.10 

5.0 
".6 
6.0 
8 .0 

0 
4.0 

"5.0 
b6 .0 

8.0 

0 

' .0 

5·0 
"5 .6 
6.0 

'6 .6 
8 .0 

0 
' .0 
5 ·0 

"5.8 

6.0 
b6 .B 

8.0 

0 
4.0 
5·0 

a6.0 

b7.0 

8 .0 
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