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TECHNICALNOTX4295

REFLECTIONMtDTRANSMISSIONOFSOUNDBYA SLO’IT’ED

WAILSEPARATINGTWOMOVINGFLUIDSTREAMS

By RaymondL. Barger

Thereflectionandtransmissioncoefficientshavebeendetermined
fora planesoundwaveincidentona slottedwallseparatingtwomoving
fluidstresms.Thisacousticsproblemisrelatedto theaerodynamic
problemofdeterminingthetunnel-wallinterferenceonan oscillating
airfoilina slotted-throatwindtunnelinthatthesameboundaqycondi-
tionis involvedwithoneofthetwostresmsattheboundsryhavingzero
velocity.Intheanalysisthewallwithdiscreteslotsisreplacedby
an equivalenthomogeneousboundsry.

INTRODUCTION

.

a

.

9

Thetunnel-wallinterferenceina closedwindtunnelcontainingan
oscillatingairfoilintwo-dimensional,subsonic,compressibleflowwas
discussedinreference1. Strongpressurepeakswereshownto occurin
thetunnelnesrcriticalccmhinationsofwingfrequency,tunnelheight,
andMachnumber.Theeffectofthisresonanceconditionontheaero-
dynamicforceandmomentmeasurementsis suchthatthewind-tunneldata
arerenderedinapplicableto airfoilsinfreeair.

Inviewofthefactthatmuchfluttertestingis conductedin
slotted-orperforated-throatwindtunnelsandin smallopenjets,
extendingtheworkofreference1 to suchcasesis important.Theprob-
lennowbecomesmuchmoredifficult,however,sinceacousticenergyis
transmittedthroughtheboundaryintheformofwavessetup intheout-
sideairby theunsteadyperturbationoftheboundary.Severalpapers
(forexsmple,refs.1,2, and3) appesrto neglectthepossibilityof
thetransmissionof souredwavesthroughtheboundary.

Unsteady-stateboundaryconditionswhichappeartobe correctfor
thecaseofthefreeboundaryarediscussedinreferences4 end~. The
purposeofthepresentanalysis,whichisa generalizationofthatof
reference4, isto discussam approximatetreatmentoftheunsteady-
stateboundaryconditionsata slotted-wallboundary.Theapproximation
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shouldbe reasonablyaccurate,providedthewavelengthsarelongrela-
tiveto theslotgeometryandto theboundary-layerthic~ess,andpro-
videdthecomputationisconcernedwithconditionsata locationfar

t-

enoughfromthewallthattheseparateeffectsof individualslotscan
be neglectedandtheeffectoftheboundarycianbe consideredapproxi-
mately“homogeneous.”Sincean exactmathematicaltreatmentofthe
actualphysicalphenomenaoccurringatthiskindofboundaryappearsto
be prohibitivelydifficult,thepresenttreatmentshouldbe usefulin
obtainingapproximatesolutionsofunsteady-flowproblemsinvolvinga
slotted-wallboundary.Thesimplestproblemofthiskind,thatis,the
reflectionandtransmissionofa planesoundwave,isdiscussedinthis
paper.Inaddition,thereis somediscussionofthepossibilityof
applyingtheboundaryconditionstotheproblemoftunnel-wallinter-
ferenceina two-dimensionalwindtunnelcontaininganoscillating
airfoil.

.

SYMBOLS

c velocityof sound

d distancebetweenslots

k wavenumber,2Tt
T

‘R wavenumberofripplemovingalongboundary

P perturbationpressure

R reflectioncoefficient

r. ratioofwidthofslotsto distancebetweenslots(open
ratioofwall)

T transmissioncoefficient

t time

u phasevelocityatboundary

v free-streamvelocity

—

.



NACATN

X,y

8 a

$

Cartesiancoordinatesfixedin space

angleof incidence

angleofrefraction

wavelength

density

velocity.potential

Subscripts:

i incident

r reflected

t transmitted

1 conditionsbelow

2 conditionsabove

boundery

boundary

ANALYSIS

Consideran infinite,uniformlyslottedwallseparatingtwofluid
streamsmovingatdifferentvelocitiesina directionparallelto the
slots. (Seefigs.1 snd2.) Theperturbationvelocitypotentialofa
planesoundwaveofunitsmplitudeincidentfrombelowontheboundary
at theanglea is

Ti {[= exp ikly cosu+ (x-Vlt)sina- Ct]
}

(1)

Theperturbationvelocitypotentialsforthereflectedandtrans-
mittedwaves,respectively,havetheforms



4 NACATN42$Yj

‘?r =
{ 1}

R expikl[-ycosu+ (x-Vlt)sina-- ct...

9~ = {[ J}T expik2y cosf3+ (x-V2t)sin~ - ct

(2)

(3)

where p isthemgle ofrefractionandtheamplitudesR and T arel
ingeneral,complex.Thefollowinganalysisconcernstheproblemof
determiningR and T: .—

TworelationshipswhichfollowfromRayleigh’sdiscussionofthe
refractionofplanesoundwaves(ref.6)andwhichareapplicableto

—

theslottedbo-md~ aswellasto

ccsca+V1=

kl sina =

the&ee boundary

Ccscp+vz=u

k2SiIlfi=kR

are--

(4)

(5)

where U and kR are,respectively,thephasevelocityandwavenumber
oftheripplemovingalongtheboundsry.

Reference7 showsthat,whenthewavessxelongcomparedwiththe
distancebetweenslots,thestreamlinesofanunsteadyflownormalto a
slottedwallresemblethoseofa steadyflow. (Seefig.2.) Itmaybe
expectedthatwhenthereisa relativemotionparalleltotheslots,
thenormalcomponentofthe“perturbation”flowwillresemblethatof
figure.2.

AS showninreference8,forexample,su,cha slottedboundarymay,
forthepurposeofestimatingtheboundaryeffectsata distance,be
effectivelyreplacedby a homogeneousbound~ havinga certainvirtual
massperunitarea.Thisvirtualmassrepresents.thec@nge inkinetic
ener~ occurringwiththeisentropicflowthroughtheslots.Thevir-
tualmassisdenotedby PZ perunitareaforeachsideofthewall
where

●

—

(6)
.—

Thedifferenceinpressureperunitaresacrossthewallcanbe
showntobe theproductofthevirtualmass6f theunitareaandthe
normalacceleration.Thisisexpressedby ~~eequation

—

.

.
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Pt ( )
- pi+pr =p2 ()$-%

Theincidentperturbationpressure

+ “ $1;(%+%]
isgivenby

5

(7)

(8)

wherethesubscriptsy and x - Vlt denotethatintskingthepartial
derivativethesevariablesareheldconstant.Thisisequivalentto
takingthesubstantialderivativewithrespectto t; thatis,equa-
tion(8)givesthepressureon a particlefixedwithrespectto a coor-
dinatesystemmovingwithstreamvelocity.Similarexpressionsholdfor
Pr and pt.

A generalboundaryconditionthatisusedwhentheboundaryisdis-
placedby theperturbationflowisobtainedby equatingtheslopesof
thestreamlinesonthetwosidesoftheboundary.Thisconditionshould
remainvalidwhentheboundaryis slotted,insofarastheboundarycan
be replacedby a homogeneoussheethavingthemassperunitareaobtained
fromequation(6). Withrespectto a frsmeofreferencemovingalongthe
boundarywithvelocityU, theboundaryisatrest. Thestreamvelocity
inthelowermediumis -(U- Vl) withrespecttothissystem,andin
theuppermediumit is -(u- v~). ‘Theconditionthattheslopesofthe
streamlinesareequalonthetwosidesoftheboundarythenyieldsthe
equation

ThereflectionandtransmissioncoefficientsR and T, respec-
tively,me foundbysubstitutingtheexpressionsfromequations(l),
(2), and(3)intoboundary-conditionequations(7)and(9)and solving
themsimultaneously.Thetithematicaldetails,whichareelementary
buttedious,aresumnarizedintheappendti.Theresultsare

sin2a+ iZkR(sin2P cota+ sin2cLcotP) - sin2p
R= (lo)

SiIl2U + izkR(SiIl2P COt a + Sti 2a COt ~) + SiIl2P
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snd

T= 4 cosa sinp (U)
sin2~+ ilkR(sin2P cota + sin2U cotP)+ sin2P

Thereflectionandtransmissioncoefficientsfortheperturbation
pressurep are,respectively,

(12)

and

‘2T= 2 sin2U
Tp=— (13)

‘1 sin2a+ iz~(sin29 cotu + sin2a cotP)+ sin2P

No actualmathematicaldifficultiesareintroducedby generalizing
theanalysisto thecasewhere P and c aredifferentonthetwo
sidesoftheboundary,aswasdoneinreference4. Algebraicdetails
havebeenomitted,buttheresultsinthiscasesre

and

4~c0sasin P

‘r = r sin2a+ izkR(sin2p cota+ r sin2a cotP)+ sin2P

where

2
r _ ‘2C2

2
Plcl

CQ4PARISONWITHPREVIOUSRESULTS

—

9

(15)

Thevelocitypotentialundergoesa changeofphaseatthebound=y
asattestedby thefactthat R and T =e c-15x. ~s effectis.
consistentwiththeknown“inductance”effectofa slottedwall(fig.8
ofref.9). Thefactthatthischangeofphaseisdueentirelyto the

—

.- —.-

.
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virtualmassattheboundsrycsmreadilybe demonstratedby setting
z = O inequations(10),(n), and(13).Thisgivestherealquantities

sin2a - sin2P
‘M ‘ sin2a + sh 2p

4cosasinf3
‘1=0 = sin2CL+ sin2P

2 sin2a
%,z=o = sin2a+ sin2P

whicharetheresultsobtainedinreferences4.and5 forthefree-
boundaryproblem.When z approachesm (theconditionfora closed
tunnel),R approaches1 and T approachesO.

Whenthereisno relativemotionattheboundary,thequantities
sin2a and sin2P areequal.In thiscase,equations(10)and(11)
become,respectively,

R iklcosa
a=p= l+ikzcosa

and

T
1

+3 = 1 + iklCOS a

where k . kl.~. For a= O (normalincidence),theseequations
become,respectively,

R ikz
a=o= l+ikz

and

Ta==
1

‘l+ikz
whicharethe
waveincident

coefficientsobtainedby Lamb
normallyona slottedwall.

(ref.7) fora planesound
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ofa movingfluidstream
reflected,andtransmitted v
isgivenby theequation

(16)

ThisequationwasderivedbyRibner(ref.5)underverygeneralcondi-
tionsandisapplicabletotheslottedboundary.lnthisconnection, —

it shouldbe reassertedthatthereisno increaseinentropyatthe ““
wall,as thewallhasno “resistive”effectbutisa pure“inductance;”
It isnotdifficultto showthatequations(10)and(11)sreconsistent
withequation(16)ifthenotationisfirstsimplifiedby thefollowing
substitutions:

A= sin2a

B = sin2p

c = zkR(6in29 cota+ sin2a cotp)

Withthisnotation,usingtheexpressionfor R giveninequa-

tion(10)to solvefor 1 - IR12gives
1- R2= ( ) )A2+2AB+ B2+C22- (A2-132+C22-@2C2

~A+ B)2+ C2]2

[ ) il2A2 - 2
B2+C2 +2B(A+B - A2-B2+& -4J32c2=

1A+ B)2+ C2]2

= 4B(A+ B)(A2- B2+ C2)+ 4B2(A+ B)2- 4B2c2
LA + B)2+ C~2

—-

●✍

*

—

am= ‘P sin2a
.

.=
—

.
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LIMITATIONSCTTHETKEORY
.

Thissnal.ysisofam idealizedphysicalsituationisnotlikelyto
yieldhighlyaccuratequantitativeresults.An importantdifference
betweena realphysicalflowandtheidealizedflowisthemixingregion
thatdevelopsattheinterface.Thisanalysisshouldyieldgoodquali-
tativeresults,however,whenthesoundwavesarelongcomparedwiththe
thicknessof themixingregion(ref.5). Theuseof equation(6) to
approximatethevirtualmassof theboundaryhasbeenshowninrefer-
ence10 togiveaccurateresultsinpredictingtheresonantfrequencies
of slitresonators.

Itshouldalsobe reassertedthattheonlyintendedpurposeof this
analysisrelativeto theproblemof tunnel-wallinterferenceon an oscil-
latingairfoilina slotted-throatwindtunnelisto discusstheboundary
conditions,whichshouldbe thesameforboththeacousticsandaerody-
namicproblems.Perhapsthegreatestmathematicaldifficultyinthe
wind-tunnelproblemliesinthefactthattheangleandamplitudeof the
incidentwavesvaryalongtheboundsry.Thedifficultiesinvolvedin
correlatingtheresultsofa solutionoftheidealizedmathematical
problemwiththeactualflowwouldbe increasedby thefactthata wind-
tunneltestsectionhaslimitedratherthanfnfinitelength.Thisfac-
torisbelievedtobe ofmoresignificanceinunsteadyflowthanin
steadyflow.Furthermore,thesoundwavestransmittedthroughthe
boundarywouldbe reflectedbacktotheboundaryfromthewallsofthe
tanksurroundingthetestsection.

Thefactthatthereis,ingeneral,a considerabletemperature
differenceacrossthewind-tunnelwalldoesnotcomplicatetheproblem.
As longasthedifferencesindensityp andvelocityof sound c on
thetwosidesoftheboundsrysreduesolelytothetemperaturediffer-
ence, thevalueoftheexpressionr in equations(14)and(15)is
unity,sincethetemperatureratioisdirectlyproportionalto theratio
ofthesquaresofthesoundvelocitiesandis inverselyproportionalto
theratioofthedensities.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Vs.,March17,1958.



10 NACATN 4295

from

APPENDIX

DETAILS(l?COMPUTATIONCIFREFLECTION

TRANSMISSIONCOEE’FICIENTS

Theexpressionsgiveninequations(10),(11),
theboundaryconditionsasfollows: ‘-

“

and(13)areobtained

Substitutingtherelationshipsgiveninequations(4)and(5)into
equations(1),(2),smd(3)yields,respectivefi,

Ti = [
exp ikR(x- Ut)]e~(ikRycot~) (17)

~r =R e~~R(x - Ut)]e~(-ikRyCOt a) (18)

‘t = T exp~~(x - Utflexp(i~y cotB) (19)

Salvingequation(4)for sina and sin~ gives

csina.—u- vl

csin~.—
u - V2

I
Then,

.Ota=[(u;vl)q”
cot, =[(u;v2)2 J]’”

1
cos a = sin a cota I

(20)

(21)

—

●

●
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Ifthequantityexp[ikR(x
. pressureattheboundarycsnbe

l-l

- Ut)] be denotedby qO,theincident
mitten,fromequations(1)and(8),as

Pi]ya =

similarly,

Equation(7)csmnow

[ 1-ipc~okl(l+ R) - k2T

smdequation(9)becomes

sina
(— iklCOS

c

Il?~ = RiklPCq)O
y=o

~t]ya = T~PCq)O

be writtenas

[
= pCz~ k12(l- 1R)cosa+ k2% COS ~ (22)

)a(l - R)% =~(ik2 COS ~)T(pO (23)

Reducingequations(22)and(23)andsolvingfor l+R— yield.-

*=%cosa
1 -R kl COS ~

Substitutingtherelationships
yields

( %2+itklcosm+—

,)

Cosa
kl

(24)

giveninequation(5)intoequation(24)

l+R sin2cL+ i2kR(SiII2P COt CL+ Sin 2a cot f!)
—— = (25)
1 -R sin2f3 sin2P

Solvingequation(25)for R givesequation(10).Then, T as given
inequation(11)maybe foundby substituting
equation(10)intoequation(23).

●

therelationshipgivenin
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Figure1.-Side view of boundary with velocity vectors and coordinatesystem fixed in space.
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Figure 2.- Section of wall showing streamlinesof normsl flow through slots.
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