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THEORETICALDISTRIBUTIONCT IAMINAR-BOUNDARY-LAYXR

THICKNESS,BOUNDARY-LAYERREYNOLDSNUMBERAND

STABILITYLIMIT,ANDROUGHNESSREYNOLDS

NUMBERFORA SPHEREANDDISKIN

INCOMPRESSIBLEFLOW

By NealTetervin

SUMMARY

Thelaminar-boundary-layerthickness,theboundary-layerReynolds
numberandminimumcriticalReynoldsnuniber,andtheroughnessReynolds
numberhavebeencalculatedby an approximatemethodfora sphereand
diskinthesupercriticalReynoldsnumberregion.Thecalculationsfor
thesphereshowthattheboundarylayerat thestagnationpointofa
sphereismuchthickerthanthatonan airfoil,thattheboundary-layer
thicknessincreasesveryslowlywithan increasein distancefromthe
stagnationpoint,thattheboundarylayerovertheforwardportionofa
sphereishighlystableat largeRemoldsnumberswithrespectto the
Tollmien-Schlichtingtypeofwaves,andthatroughnessofa givenheight
producesthelargestroughnessReynoldsnunibersat about57°fromthe
stagnationpoint.!Ihecalculationsforthediskshowtheunusualresult
thattheboundary-layerthicknessisgreatestat thestagnationpoint
anddecreaseswithan increasein distancefromthispoint,thatthe
boundarylayerisextremelystablewithrespecttotheTolJmien-
Schlichtingtypeofwaves,andthatroughnessofa givenheightproduces
a givenroughnessReynoldsnumberovera smallerportionofthedisk
surfacethanoverthespheresurface.

INTRODUCTION

In connectionwithan experimentalsfisonic-speedinvestigation
undertakenrecentlyat theLangleyAeronauticalLaboratoryofthetransi-
tionfromlaminarto turbulentflowona sphereat a Reynoldsnuniberof
4.7x 106,basedona radiusof60 inches,thethickmessofthelaminar
boundarylayer,itss&bility,andtheroughnessReynoldsntiersfor
various-sizedroughnessparticleswerecalculatedby approximatemethods
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forincompressibleflow. Inadditiontothecalculationsfor a sphere,
calculationswerealsomadefora muchblunterbody,namely,fora disk
witha radiusof60inchesperpendiculartotheflowata Remoldsnumber
of4.7x 10%

Sometimeafterthecalculationswereccmrpleteditwasdiscovered
thatmeasuredtransitionpositionsona g-inch-radiusspherehadbeen
reportedinreference1 up toa Reynoldsnuuiberofl.~ x 106,basedon
theradius.Calculateddistributionsofthe.boundary-layermomentti
thicknessovertheforwardportionofthesphereforsixReynoldsnumbers
between0.5x 106and3 x 106aswellas thepositionof theneutral-
stabilitypointup toa Reynoldsnumberof3 X 106werealsopresented
inreference1.

Inthepresentpaperthecalculateddistributionoftheboundary-
layermomentumthicknessavertheforwardportionofa sphereispre-
sentedintheformofa singlenondimensionalcurvethata@.owsthe
thicknessat anyReynoldsnumbertobe obtainedwithalmostno calcula-
tion.Thecalculatedboundary-layerReynoldsnunibersatanyvalueof
thesphereReynoldsnumbercanalsobe readilyobtainedfroma single
curve.ThedistributionoftheminimumcriticalReynoldsnuniberonthe
sphere,whichis independentofthesphereReynoldsnumber,ispresented
aswellas thelocationoftheneutral-stabilitypointforReynoldsnum-

.4

hersup to 1,000x106. Finally,thedistributionoverthesphereof
nondimensionalroughnessparameterthatallowstheroughnessReynolds
numbertobe quicklycalculatedforanysmallroughnessheightat any
valueof thesphereReynoldsnumberis shownintheformofa single
curve.

ThecalculatedresultsareforthesupercriticalReynoldsnumber

a

range,thatis,fortherangeinwhichthefinalseparationofthebound-
arylayeronthesphereisthatof theturbulentboundarylayer.Inthis
rangethepressuredistributionovertheforwardportionofthesphereis
almostindependentoftheReynoldsnuniber,and,thus,thepresentcalcula-
tionsaregoodapproxtitionsforanysphereatanysupercrlticalReynolds
number.

Mostofthecalculatedqwntitiespresentedforthespherearealso
presentedinthesameformforthedisk.

a,A,b,C,d,econstants

SYME301S

●

z referencelength,radiusof sphereordisk
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F’ velocityratio,G/tl(eq.(15)ofref.2)
.-

f .&!? ‘
pu

f
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VW ~c

fl’-~~m

ii
“y

~=g

i heightof roughnessparticle

K Schlichtingvelocity-profile

k 62d~ ~=—— = Z(-IJ
;=

shapeparameter

Rc

Rh

%l=-y=-~Re. fl~

referenceReynoldsnuniber, /Uj i

roughnessReynoldsnumber,~E/;

‘e,c minimumcriticalReynoldsnumber,valueof ‘e atwhicha
smalldisturbanceisneitherdampednoramplified

perpendiculardistancefrompoint
revolutiontoaxisof symmetry

.

on surfaceofbodyof

3

velocityat outeredgeofboundarylayerandindirectionof
E
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ilm free-streamvelocity

G velocityinsideboundarylayerandindirectionof X

%
velocityat ~ = ~ withroughnessparticleabsent

VW
‘w==-U.

‘w velocitythroughsurface,positiveoutward

x = ~ (Fora sphere,Z/; iseqyaltotheangleinradiansfromthe
E stagnationpoint)

incrementin x

initialstitionof x

distancealongsurface,measuredfromstagnationpoint

nondimensionaldistancefromsurface

distancenormalto surface,positive

wedge-angleparameter

displacementthickness,5*jz

(ref.2)

outward

,’=j-’’(++y

51 measureofboundary-layerthickness(ref.3)
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El momentumthickness,8/;

z viscosityoffluid

c kinematicviscosity,G/c

E densityoffluid

7w surfaceshearingstress

Subscripts:

a actual

d disk

o initialpoint

P plate

t stagnationpoint

th theoretical

w surface

Barredquantitiesaredimensional.

ANALYSISANDDISCUSSION

Sphere

Theboundary-kyercharacteristicsfora spherewere
useofthemodifiedSchlichtingmethd (ref.4)whichwas

calculated by
alteredto

applytoa bodyofrevolution.(Seeref.3 fortheoriginalmethod.)
Thechangefromthemethodfortwo-dimensionalflowconsistsinusing
themomentumequationfora bodyofrevolutioninsteadofthemomentum
equationfortwo-dimensionalflow. Themomentumequationfortheflow
overa bodyofrevolution(seeref.5) is
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(l)”

and

7W5 ;— ‘R
‘=~=~e

fromreference4 areintroducedintoequation(1),theresultis

~=:[-%-k[z+g)] 7:

Introducingthequantity@l= Zr2 hto equation(2)gives

—

.

(2}

(3)

(3)canbe writtenas

(4)

where Bl,o= O becauseP~= Zr2;andat x = O thequantityZ is

finiteand r = O.
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h orderto integrateeqution(4),Simpson’srule(seeref.6)was
usedto obtain

Equation(2)canbe solvedby iteration;thefirstapproximationfor

theexpression{<[f -%-,(,+:]] isobtainedby extrapolationof

~1 frcmthevaluesat smallervaluesofxx. Nearthestagnationpoint,
sufficientvaluesforapplyingthismethodof integrationareobtainedby
theprocessdescribedintheimmediatelyfollowingparagraph.When ~1
and,thus, Z areknownatanyvalueof x, thequantitiesf, kl~ k>
and b*/e at thatvalueof x canhe calculatedorreadfrcmcharts.
(Seerefs.3and 4.)

In ordertobegin
tion(2)is writtenas

theintegrationat thestagnationpoint,equa-

%=:[[f-%-.(,+$] -%} (6)

anduseismadeofthefactthat,near thestagnationpoint,r = x and

()
U=gx. me term Zu dr~= inequation(6)thenbecomes

t

Zudr—— =
rdx *‘ ‘EL=~t+(%):](3

or
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Equation(6)canthenbe writtenas

dZ2—=-
dxu

which,uponnoting

NACATN 4350

Hthat u=yx near x = 0,gives

BecauseU = O at x = 0, it

[‘-%.

\u.k/t

()2 f-kl-k 2+$-k
-1

u

isnecessarythat

‘( )]-ka+$ =0
t

()inorderthat ~ be finite.
t

Equation(8)togetherwiththerelation

(7)

(8)

g2(K+ 1) - f% -

fromreference4 canbe usedtodetermine

()
~and kl when ~w,tj ~ t)and Rc ~e

fortwo-dimensionalflowinreference4.

k=O (9)

theinitialvaluesof K, k,

knownby thesamemethd used

ThequantityK istheparsm-
eterthatdeterminestheshapeofthevelocity-profile;g isa ra%io
of twoboundary-layerthicknessesanddependson .K only. Inthepresent
calculationskl = O,and,thus,equations(8)and(9)reduceto

[g2(K+1)(3+$) - j(” (lo)

Becausef, g,and 5*/e dependonlyonthevelocity-profileshape
parameterK,equation(10)canbe solvednumericallyfor ~ andthe
valueof kt canthenbe calculatedfromeqpation(9)with kl = O. The
resultsare

%= -0.72542

kt = 0.03299

.

.

‘“e’
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Theinitialvaluesof ~ and ~ are,thus,known;forthepresent
case ‘1 = O and,therefore,either~ or ~ is sufficientto deter-

. mine K, f, 8*/e,and g.

k ordertobegintheintegrationofequation(4),it isusefulto
knowhow ~1 variesnear x = O. !Ihisvariationisobtainedfromequa-

()
tion(3)togetherwith r = x, U = ~ x, andthefactthat f, kl,dxt
k, and b*10 arefinite.Then,itfolJowsfromeqyation(3)that

%=0 at x = o.
d2@~

Thesecondderivative— at x =0 Can also
dx ~2
be easilycalculated;thus,near x = O eqwtion(3)becmnes

%=
*[() ( )]f-kl-k2+$

dx
Et

Then,

or

(at‘& -%-++$]t
()d3~l

h orderto obtain
~

notethat

t

. ()d3~lTheresultobtainedis — dk %=0 for ~=F=O at x= O,which
dxs ~

——
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dfl ~2r ~2u
followsfromtherestrictions~ = — = — = Oatx=o.

~2 &2
Then,near x = O,

.

.

P, =I%,t+(%);+(g$)t$+f-g)~+*● ●

or,because,l,t:(:)<&);o,

X2Bl=y

()
[’- % - k(’+ Qlt + (Error)0[$1 (U)

Zt

Thecalculationof B1 isbegunbymakinguseof equation(11)andis
3continued.byuseof eqution(5)togetherwiththerelationsU = ~ sinx

andr = sinx. (Seep. 417ofref.7.) ‘e”
13~

!i’hequanti~ Z isobtainedf’rm $1 W therelationz = —
r2 .

whichfollowsfromthedefinitionof 131.W usingthedefinition
PI

k=Z$, equation(11),therelationZ = — where r = x, andeqpa-
r2

tion(8),thesubsequentrelationresultsatthestagnationpoint:
~%

n
‘u

(12)

dxt

Allthecalculationsweremadefora velocitydistributionoutsidethe2
boundarylayergivenby U = ~ stix,,thepotential-flowvelocitydis-

tributionfora sphere.A comparisonofthevelocitydistributiongiven
by theexpressionU = ~ sinx withthemeasuredvelocitydistributions
(ref.8)fortheso-calle$supercriticalrangeofReynoldsnumbersshows
thattheexpressionU = ~ sinx isa goodapproximationfortheexperi-
mentalvelocitydistributionformost,oftheforwardportionofthesphere
andcanbe consideredas thelimitingdistributionfortheexperimental
velocitydistributions.
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Thecalculatedvariationof ~~ (Orti)tith %/5 iSShOWLI
c

infigure1. Thepresentationoftheresultsintheformof g
F plotted

Ec
againstz/E enablestheboundary-layermomentumthiclmessb be easily
calculatedfora sphereofanysizeandat anyReynoldsnumberinthe
supercriticalReynoldsnumberregion.It isnotedthattheboundary-
layerthicknessincreasesveryskwlywithincreaseindistancefromthe
stagnationpoint.Thisbehaviordiffersfromthatonan airfoil(see
p. 211ofref.9) onwhichtheboundary-layerthicknessincreasesrapidly
fromitsvalueatthestagnationpoint.It isalsonotedthatthevalue

G
Fof ~ c at thestagnationpointofthesphereisabout10timesas

largeas thatat thestagnationpointoftheairfoilhavinganNACA
OAO1O sectionat zeroangleofattack.

Infigure2 is shownthevariationwith ~/~ at Rc = 4.7x ld
oftheboundary-layerReynoldsnuniber~ andoftheboundary-layer
minimumcriticalReynoldsnuaiber~,c, theReynoldsnumiberbelowwhich
verysmallwave-likedisturbances(Tollmien-Schlichtingtypeofwavesas

m discussed.tiref.9)aredsmpedout. TheReynoldsnumber~ isobtained
fromtherelation

= ueRc

= (m)(@ (13)

BecauseU and 0~ areindependentof R=,itisapparentthat
~ isdirectlyproportionalto~. Therefore,thevalueof ~ at
anyvalueof Rc isobtainedby using

The minimumcritical Reynoldsnumber‘e,c depends
eter K aloneof thevelocityprofile.Thevalues

(14)

ontheshapeparam-
of Re;c tie,there-

fore,obtainedfromfigure1 ofreference4. TheparameterK isdepend-
entonlyonthevelocitydistributionoutsidetheboundarylayerandis
independentof Rc;therefore,~, c isindependentof Rc. Here,again,
thebehaviorof ~ and Re,c isdifferentfra thatonan airfoil.

— —
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(Seeref.~.) Forthespherethevalueof Re increaseslinearlywith

/~1~ forthesmallervaluesof ~ 6. Thevaluesof Re c remainalmosts
constantat firstandthendecreaseat an increasingrate.Fortheair-
foilwithan NACA64AO1Osectionandat zeroangleofattack,~
increasesina parabolicmannerwith x; and Re,c,aftera suddenlarge
dropfromitsvalueatthestagnationpoint,remainsalmostconstantto
thevalueof x wherethepressureisata minimum.

.

.

Fromequation(14)andfigure2 thevalueof Rc necessaryfor

( =%,C)neutralstabili~ R6 Iatanyvalueof Z 5 Can be calculated.
Theresultsareshowninfigure3. It isnotedthatat a Reynoldsnum-
berof4.7x 106theboundarylayeris stabletoabout X/6= l.=, or720
fromthestagnationpoint.In ordertomaketheboundarylayerunstable
as farforwardas 15°frm thestagnationpoint,theReynoldsnuniberhas
tobe increasedto about520X ld. ThereferenceReynoldsnurherRc
isbasedontheradiusof thesphere;theboundarylayerovertheforward
portionofa sphereis,therefore,h@hly stableatlargeReynoldsnumbers
withrespectto theTolJmien-Schlichtingtypeofwaves.

‘r’
Becausetransitionisoftencausedby roughnessparticlesandbecause

theroughnessReynoldsnumber‘h where

Rh .

hasbeenshowntobe significantin

!!&
F

determiningwhethera roughnesspar-
ticlecausestransition(see,forexample,ref.10)-,roughnessReynoids
numberswerecalculated.Forroughnessparticlessmallenoughforthe
velocityintheboundarylayertovarylinearlywithdistanceinthe
regionbetweenthewallandthetopof theparticle,theroughness
Reynoldsnuxiberis

Rh =

However,since,fromreference3 or4,

.

then,
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%=
. uh2fRc

e

andbecausee =rz then
q

va

BecauseU, f,and Z areindependentof

‘h variesas h2 andas RC312.Equation

Rh=h2Rc3/2#
h and Rc,it

(l~a)canalso

-%-

_ Uf
h?Rc32 L

/BecausethequantityUf E dependsonly
Rh

a plotofthequantity
~ ‘mbles

c!

(15a)

followsthat

bewrittenas

(15b)

onthepre$imredistribution,

Rh tobe calculatedrapidly

foranyvalueof R= and h forwhichtheassumptionof smallheight

iS valid._In_connectionwiththeassumptionof smallheightIt isnoted
thatif h = e theerrorin tihvariesfrom~out -20”percentfora
velocityprofilenesrseparationto about14percentfortheplane
stagnation-pointvelocityprofile;thee~or is zerofortheflat-plate
velocityprofile.If,however,~ = 2~,thentheerrorin ‘~ varies
fromabout-30percentto about~ percentforthessmevelocityprofiles;
theerrorislessthan2 p~rcentforthe~lat-platevelocityprofile.It
is,thus,advisablethat h n@ exceed0 unlessthepressure~adient
isalmostzero;inthiscase h canbe slightlylargerthan 2e. me

Rh
variationof

p
with ~/F is showninfigurek. Foranyfixed

heighth it isapparentthatthemaximmroughnessReynolds@er occurs
at
h
on
Rc

a valueof ~/F ofabout1.0,or about57°–frc8nthe-stagnationpoint.
orderto givea clearerimpression,figure5 showsthedependenceof Rh

X,x 10’6.
fora valueof ~ of0.005inchona sphereof 60-inchradiusat

Figures1 to 4 allowtheboundary-layernmmentumthickness,stability,
androughnessReynoldsnwibertobe rapidlyestimatedforanysphereatany
Reynoldsnumiber.Thesefiguresandfigure6,whichgivesthevariationof
thevelocity-profileshapeparameterK with ~fi,canbe usedwiththe
aidofreferences3 and4 to calculatealltheotherboundary-l~er
quantities.
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.

Disk

Inorderto investigatetheeffectonthevariousboundary-layer
parametersofan increaseinbluntness,theextremecaseoftheflow
againsta diskwasinvestigated.Becausenovelocitydistributionsu(x)
seemtobe availablefora disk,anapproximatedistributionwasobtained
by ccmbiningtheoreticalresultswitha measureddistributionof U on
thefaceofa plateof infinitespanandperpendiculartothestream.The
assumptionwas-madethat,at theSanEvalue

(%)a ‘(%)th

of x,

(16)

Thetheoreticalexpressionfor Ud fromreference7 is

‘d=:-
andthetheoreticalexpressionfor ‘P from

“=&

Thus,

and

‘dja.2TJm p)a

‘e ‘alues‘f ‘p,a ‘Seal‘re ‘bWined

reference7 is v

.

.

(17)

fromtheexperimentalvalues

giveninfigure1 ofreference11. Thevariationoftheapproximate

velocitydistribution
()
& or Ud,with ~1~ overthefaceofa disk
~m d’

perpendiculartothestreamisshowninfigure7. A comparisonofthis
velocitydistributionwiththecalculatedvel-ocitydistributionoverthe
frontfaceofthemoreforwardofthetwodisksthatareseparatedby a
cavity(seetableIIIandp. 106ofref.U) indicatesthatthevelocity
distributionshowninfigure7 isprobablya good-enoughapproximation
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. totheactualvelocitydistributiontoallowthemainpointstobe shown
by theboundary-layeranalysis.In orderto calculatetheboundary-layer
quantitiesofinterest,a differentandmorerapid,althoughmoreapproxi-
mate,methodwasusedto integratethemomentumequationforthedisk.
Themethodconsistsinobtainingan integratedformofthemomentwequa-
tion. Themomentumequation(eq.(2))canbe writtenas

Thequantityk isrelatedto Z by thedefinition

Fromtherelations

and

g2(K+l)-fkl-k=0

(fromref.4) itfollowsthat

Now,let

:=
d

&=e
c
2+$ =A

+:)+,2:

()-kll-~+g

()Zwl -Z+g=
dx 6 6

()
-kll-~+g

6

0 (18)

1(kl assumedtobe constant)

(19)

(20)
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where a, b, C, d, e, and A areconstants.Whenthedefinition
.

of k, theeqressionfor f fromeqpation(19),andthedefinitions
fromequation(20)aresubstitutedintoeqmtion(18),theresultis

[
* x]=:(h)ldr A-ddU~+2z. -+—

rdx.-
(a)

Inthiseqpation8*/0, g,and kl areassumedtobe constant.Equa-
tion(21)islinearin Z andisfirstorder.“Integrationofeqya-
tion(21)gives .—

[( )1
1

‘r~(A-d)-l&+zr2u2(A-d) (=)
z = ##~A-d) 2 e -‘1 x 000

0

Whenuseismadeofthefactthat U. = r. = O atthestagnationpoint
(x= O) andthat Z = e%c, equation(22)becomes

(mInordertofindthevalueof 0 ~ t,notethatnear x = O

approximaterelationsU = ()
~ x and r =dxt x arevalid.Equation

canthenbe integratedwiththeresultthat

#

(23)

the

(23)

(o /
e- kl

eRct=

()
$&(A-d+l)

(24)

Equation(24)indicatesthat,intheregioninwhichtherelations

()
U=duz~ xandr = x areapproximatelyvalid,theboundary-layerthick-

nessisapproximatelyconstant.It isclearthatinthisregione~ i8
1proportionalto —. ~

P

In figure8 is shownthevariationof =
d F with

cc
fit

X/5 calculatedby useofeqwtions(23)and(24)togetherwith kl = o
andstagnation-pointvaluesfor A - d and e;thesevaluesare

.

.
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A -d= 3.3407)

e = 0.23002
J

Thevariationoftheboundary-layerReynolds

(25)

numberRe andthecritical
ReynoldsnumberR6 ~ with X/5 is shown,respectively,infigures9

and10. Thevalues’of~,c werecalculatedby firstcomputingthe

valuesof k from

k .Zg

where Z = e2Rc,thenby readingthevalue
froma krge-sized’plotof K againstk,
of Re,c frana large-sizedplotof %,C

of K foreachvalueof k
andthenby readingthevalue
againstK. smallplotsof

K againstk andof ~,c againstK ‘aregiveninreference4.

Themoststrikingresultsarethattheboundary-layerthicbessis
greatestat thestagnationpointanddecreaseswithan increaseindis-
tancefromthispointandthattheboundarylayeris cmpietelystable

. at a Reynoldsnumberof4.7x 106,basedontheradiusofthedisk. The
smallestReynoldsnuniberforwhich,theboundarylayerwillfirstbecome
unstableisabout720x 106;thefirstunstablepointwilloccuratabout
x = O.B. It isapparentthattheboundarylayeron-adiskisverysta-
blewithrespectto theTollrnien-Schlichtingtypeofwaves.

Inorderto investigatethevariationof roughnessReynoldsnuuiber
~h

overthedisk,thequmtity wascalculated.
G.

Theresultsare

showninfigureIl. Infigure& is shownthedependenceof Rh on z/E

fora valueof E of0.0Q5inchon a diskof 60-inchradiusat
Rc = 4.7x 106. A comparisonoffigure12withfigure5 showsthatthe
maximumvalueof Rh producedona disk.islessthanthat-producedona
spherewhentheroughnessheightisthessmefordisksmdsphere.A com-
parisonoffigures5 and12 alsoindicatesthata roughnessof givenheight
producesa givenroughnessReynoldsnumiberovera greaterportionofthe
spherethanofthedisk. Thtsresultfollowsfromthefactthat,fora
givenheightofroughnessandwiththesphereanddiskhavingthesamedism-

. eterandReynoldsntier,themaximumroughnessReynoldsnuniberonthe
sphereislsrgerthanthatonthediskandoccursnesx z/E= 1.0 (nesr570
frmnthestagnationpoint)onthespherebutattheedgeofthedisk. If

. thesameroughnessheightispresentonthesphereanddiskandiftheref-
erenceReynoldsnumberis increased,a criticalvalueof Rh will.occurat
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a lowerreferenceReynoldsnumberonthespherethanonthediskandwill
occurfartherforwardonthespherethanonthedisk. (Seeref.10 for
informationconcerningcriticalvaluesof “Rh.)

ACCURACYOFRESULTS

Inordertodeterminetheaccuracyofequation(23),thequantity
i=Fc

forthespherewascalculatedfor ~ = O andwithstagnation-

~ointvaluesof A - d and e; infigure15theresultsarecomparedwith
theresultsofthestep-by-stepintegrationofthemcznentumequationfor
thesphere.Theagreementisverygoodnottooneartheseparationpoint.
Forsmallvaluesof Xfi itisdl.fficultto computeaccuratevaluesof

F
~ Rc by theuseofequation(23)becausebothnume$atoranddenominator
c
becomeverysmall.Inthisyegionitisadvisabletomakeuseofequa-
tion

flow

and

With

(24)asan aidin obtainingvaluetiof ~~.

Ifthevaluesof A - d and e

(~= 0,‘e ‘Seal’‘he“ues ‘f

A-d=

fora flatplateparalleltothe
A - d and e,respectively,arethen

3*5

e = 0.2145 (kl= 0)

thisvalueof A - d andthefactthat r = sinx and U = ~ sinX,

equation(23)canbe integratedin closedformforthespherewith=the
resultthat

[

.-.

(
1/2

e#& = 0.53492=X
]

-Q&J& sin7x+ & si~x + ~ sin3x+ ~ sinx
(sinX)4.5384 8

A differentclosed-form
ence1, canbe obtained

(26)

integralofequation(23),whichisgfveninrefer-
fromequation(23)by letting

.

/

.
—
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a.

.

A-d= 3

and

e = 0.2222 (kl= 0)

Theresultsofeqmtion(26)arealsoshowninfigure13. Betteragree-
mentisobtainedwiththemoreexactstep-by-stepmethodof integration
ifthestagnation-pointvalues of A - d and e areusedina region
offallingpressure.Therefore,thevaluesof eqution(5) areused
togetherwithequation(23)to calculatetheboundary-layerparameters
onthedisk.

Itmaybe worthwhiletonotethatequation(23)fortheestimation
oftheboundary-layermomentumthicknessisgeneralinthesensethatthe”
constantse, A - d,and k~ arearbitrary.Therefore,theaccuracy
ofa resultcanbe improvedby choosingvaluesof theconskntsthatare. appropriateforthetypeofpressuredistributionunderconsideration.
(seetable2 ofref.3 forsuitablevalues.) Oneexampleoftheeffect
ofthechoiceoftheconstantsis showninfigure13. By makinguseof
an averagevalueof k1’

equation(23)alsopermitsa roughestimateto

bemadeoftheeffectontheboundary-layerthichessofflowintoor
outofthesurface.

An indicationoftheaccuracyof thecalculatedvaluesofthe
boundary-layerthicknessonboththesphereandthediskcanbe obtained
fromtheexactsolutionfortheboundarylayerat thestagnationpoint
ofa bodyofrevolutionat zeroangleofattack.Thisexactnondimen-
sionalvelocityprofileisknowntobe thesameas thevelocityprofile

onthewedgewith ~ =* (p.129ofref.9). Followingthenotationof

reference2 andlettingj3= ~ gives

or,with(seetableII ofref.2)

[f

m

“F’(1-F’)dY
o

theresultis
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(oeR 0.2476
ct=—

{n
dU
Gt

Theresultobtainedfromsubstitutingkl = O and
fromeqmtion(~) intoeqyati.on(24)is

(r)eR _ 0.2302
=t

{n
au
Gt

NACATN 4350

(27)

stagnation-pointvalues

(28)

Theerrorinequation(28)isabout7.5percent.Fromthisresultit
seemsreasonabletoinferthatintheregionoffallingpressurethe
boundary-layerthickness,boundary-layerReynoldsnuniber,androughness
Reynoldsnumberareprobablyaccuratetowithinapproximately10percent.

When,however>theaccuracyofthecriticalReynoldsnumber~,c
isexamined,theconclusionisreachedthatthecalculatedvaluesofthe
criticalReynoldsnumberscaneasilydifferfromthecorrectvaluesby as 9
muchas 100percent.Thus,fromtableII ofreference2 thevalue2,662
‘s‘btained‘or ‘e)c at thestagnationpoint.‘e ‘alU ‘f ‘e,c .
obtainedfromthepresentanalysisis1,650,a differenceofabout60per-
cent.Bothcalculationsof Re,c usetherapidmethodemployedinrefer-
ence13;thedifferenceinthetwovaluesof ‘e,c iscausedby thedif-
ferentvelocityprofiles:oneistheexactandtheotheristheapproximate
Schlichtingprofile.Whenit isnotedthattherapidmethodofreference13
yieldsapproximateanswers,theconclusionisreachedthatthevaluesof
‘ejc giveninthepresentanalysiscaneasilydifferfromthecorrect

valuesby asmuchas 100percent.Theconclusionsreachedin theanalysis
concerningthestability,however,stillremainthesameina qualitative
sense.

CONCLUDINGREMARKS

Thecalctitionsforthesphereshowthattheboundarylayerat the
stagnationpointofa sphereismuchthickerthanthatonan airfoil,
thattheboundary-layerthiclmessincreasesveryslowlywithan increase
indistancefromthestagnationpoint,thattheboundarylayeroverthe
forwardportionofa sphereishighlystableat largeReynoldsnumbers
withrespectto theTollmien-Schlichtingtypeofwaves,andthatrough-
nessofa givenheightprcducesthelargestroughnessReynoldsmnibers
atabout570fromthestagnationpoint.
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Thecalculationsforthediskshowtheunusualresultthatthe
boundary-layerthicknessisgreatestat thestagnationpointanddecreases
withan increaseindistancefromthispoint,thattheboundarylayeris
extremelystablewithrespectto theTo12mien-SchlichthgtypeofWavesj
andthatroughnessofa givenheightproducesa givenroughnessReynolds
numberovera smallerportionofthedisksurfacethanoverthesphere
surface.

LangleyAeronauticalLaboratory,
NationalAdvisoryCamnitteeforAeronautics,

IangleyField,Va.jJune9,1958.



22 NACATN 4330

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

Hsu,E.Y.,andMacovsky,
SphereatEighReynolds
Basin,NavyDept.,June

REFERENCES

M. S.: MeasurementofTransitionona
Numbers.Rep.U.10,DavidTkylorModel
1957.

Tetervin,Neal:A StudyoftheStabilityoftheIncompressibleLaminar
BoundaryLayeronInfiniteWedges.NACATN2976,1953.

Schlichting,H.: AnApproximateMethodforCalculationoftheLaminar
BoundaryLayerWithSuctionforBodiesofArbitraryShape.NACA
TM1216,1949.

Tetervin,Neal,andLevine,DavidA.: A StudyoftheStabilityof
theLsminarBoundaryIayerAsAffectedby ChangesintheBoundary-
LayerThicknessinRegionsofPressureGradientandFlowThrough
theSurface.NACA~ 2752,1952.

Tetervin,Neal,andLin,ChiaChiao:A GeneralIntegralFormofthe
Boundary-LayerEquationForIncompressibleFlowWithanApplication
to theCalculationoftheSeparationPointofTurbulentBoundary
Iayers.NACA Rep.1046,l%i. (SupersedesNACATN2158.)

Milne,WilliamEdmund:NumericalCalculus.PrincetonUniv.
1949,p. 121.

Milne-Thomson,L.M.:
Ltd.,1938.

FluidMotionPanelof
ModernDevelopments
TheClarendonPress

TheoreticalHydrodpamics.MacmilJan

Press,

andCo.,

.

.

.

theAeronauticalResearchCommitteeandOthers:
inFluidDynamics.Vol.11,S.Goldstein,cd.,
(Oxford),1938,p. 497. —

Schlichting,Hermann(J.Kestin,trans.):BoundaryLayerTheory.
McGraw-HillBookCo.,Inc.,1955.

—

VonDoenhoff,AlbertG.,andHorton,ElmerA.: A Low-speedExperi-
mentalInvestigationoftheEffectofa SandpaperTypeofRoughness
onBoundary-LayerTransition.NACARep.1349,1958. (Supersedes
NACATN 3858.)

Roshko,Anatol:A NewHolographforFree-StreamlineTheory.NACA
TN 3168,1954.

Garabedian,P.R.: CalculationofAxiallySymmetricCavitiesand
Jets.

.,
Tech.Rep.No.42 (ContractNom-225(11)),Appl.Math.and

StatisticsIab.,SanfordUniv.>SeptC3°}1955-,,. .



NACATN4350 23

13.Lin,c!.c.: OntheStabilityofTwo-DimensionalParallelFlows.
PartIII. Stabilityina ViscousFluid.Quarter-Appl.Math.,
vol.III,no.4,Jan.1$#1-6,pp.277-X1.



●5

.4’ / /

/ “
/

.3

/ ‘
/

/
.2J— — — — — ~

.1-

rt 1 I I 1 1 1 1

0 .2 .4 .6 .8 1.0 1.2 I.& 1.6 1.8

zY
a

Figurel.-Variationofnondimensionalboundary-layerthlclmess~with ~~~ .o.ai3phere.
c

# . , v , I



*
UA

, . b , ,

2*CXXI;

I I
Re at

1,600 14” b.7xlo6”\

1)2CQ
‘e.
and

Rqc 800

/ ‘. \

boll

/ ‘

o .2 ●4 .6 .8 1.0 1.2 1.4 1.6 1.8
5=
c

Figure 2.- Var18tlonorboundary-layerReynoldsnumberRa andofboundary-layermininnnncriti-
cal ReynoldsnumberR~ ~ with ZIE f’ora sphere.

)



26 NAC!ATN 4350

11,,Ooo

0 ●k .0 Lz Lo Z,u

z=
o

.

Fi~e 3.-ValueofReynoldsnumberRc forneutralstability
atanyvalueof z/E ona sphere.

( )%‘%,c

.

.

.1

.



1.6-

lJJ

1.2“

/
1.0 /

{

●a ~ /

f

.6 /

(

●4’ /

/
.2,

0 .2 .4 .6 .8 1.() 1.2 Lb 1.6 1.8

Ffgure4.-VariaticmofroushnessReynoldsnumberparameter
“*-

with 5/5 forIisphere.



.

120

m

80

60

ho

20

/

/ /

/ ‘

i

/1
0 .2 .4 .6 .8 1.0 1.2 1.4 1..6 1.8

Figure5.-Dependenceof Rh on ~i~ for h = O.~ inch at ~l; ona sphereof60-ird
rtiusat RC= 4.7x 106.



K

-2.0-

-1.8

-1.6

1

-lell /

/,
/

-1.2 I

/
-1.0 /

/
/

-.8 / ‘

— —
~

-.6.
0 .2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8

z=
o

Figure6.-Variationofvelocity-proi’ileshapeparameterK with ~/; fora sphere.



u
o

.. 0“

.

.6- / ‘
/

.ho
/ ‘

/

.2

- ~
/ y

— -
/ -

0 .1 .2 .3 .ll S .6 .7 .8 .9 Lo

z-
c

.k— I 1 I I

Figure~.-
(-)

Variationofapproxtiatevelocitytintribution$ tith %1~ onthefaceof
U.d

diskperpendimibxtothedream.

● ✎



. ,

s-

A“‘

~
-

93’
L -

A

.2..

.1.

.
0 .1 .2 .3 .4 .5 .6 ●7 .0 .9 1*O

Figme 8.- 5Vmiatlonof = rRC with i/; on*hefaceofa diskperpendiculartothestreem.
c

VI
I-J



.,,

%

32C-\

28* n

,.

/
/ ‘

~
\

/

‘,
200 / “

‘\
/

.
.

160 . /
.

/ /,

12(Y

/
/

8P

ho /

/ ‘{

o .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0

z=
c

Figure9.-Variationof Re with“%/; onthefaceofa diskperpendiculartothestreamat
Q = 4.7X 106.



m

@oo

Il,lxlo ~

3,030

%llc

2,000.

1,000.

.
0 .1 .2 ●3 ●h ..5 .6 .7 .8 .9 1*O

Figure 10.- Variationof Re,c with i/~ onthefaceofa diskperpendiculartothestream.

u
u



..

%

2 3/2
h%

1*2

1.0

.8

/
/

.6

/

/ ‘
.4 #-

/

*2. / ‘

/ ~
/ ‘

~ ~
/ ~

0 .1 .2 .3 A S A .7 .8 .9 1.0

z
=
e

.

Figure 11.- VariationofroughnessReynoldsnumberpsrameter
,:3/’

with =/; fora disk.



? I * * w t

%

120

lm

80

)

60’ /

/

40 /

.
/

20 A/

/ ‘
— ~ — — — —

— — / —

o“
w’

.1 ●2 .3 94 .5 .6 .7 .8 .9 1.0

z=
o

Figure 12.- Ikpendenceof Rh on ~/~ for 6 = 0.005tich at ~l; ona tiskof 60-inch
radiusat RC= 4.7x 106.



.6” I I I I I I I I
Step-by-stepintimationofmomentumequation

-— — —— lfiggratedmomentumeq.; Stsgmtion-poht parameters
—— lnte~atedmOment~w.; f’la~P~teP~=ters (eel.(26))

s“ ‘
~

d ‘

.4’
/A

//
/

.3-
d

/ @
/ “r

/ + 4

.2-L — - : ~

.1.’
.

,4
0 .2 .4 .6 .8 1.0 1.2 1*L L6 1.8

Figure13.-Comperisonofthree~thotiofintegration01’themcmentumequationfora sphere.

, ,


