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This is the second of a series of reports
covering an investigation of the general
instability vproblem by the California Insti-
tute of Technology. The first five reports
of this series cover investigations of the
general instability problem uader the load-
ing conditions of pure bending and were
prepared under the sponsorship of the Civil
Aeronautics Administration. The succeeding
reports of this series cover the work done
on other loading conditions under the spon-
sorship of the National Advisory Committee
for Aeronautics.

INTRODUCTION

The first report of this series (reference 1) was
primarily concerned with the present state of the theo-
retical and the experimental knowledge regarding the
general instability failure of stiffened metal cylinders.
Three important conclusions were arrived at during this
study. They were as follows:

(a) That several methods have been advanced by
different investigators for the calculation
ot ibhecmitie
cylinders

(b) That available experimental data were insuffi-
cient to prove the validity or usefulness of
any of the proposed methods
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(c) That some of the basic problems concerning the
failure of thin shells have not been satis-
factorily treated theoretically as evidenced
by the large discrepancies between the theo-
retically predicted and the experimentally
obtained failing stresses

The recent research, therefore, has been concentrated
along two major lines: first, to obtain .sufficient exper-
imental data on the failure of stiffened cylinders so
that the proposed methods of analysis-.could be checked;
second, to endeavor to develop a more sound theoretical
background for the study of the failure of thin shell
structures. Theé body of this report will, therefore,
consist of three parts: namely,

(a) Preliminary experimental investigations on the
failure of stiffened metal cylinders

(b) Theoretical investigations into the principles
underlying the theory of failure of thin shells

(¢) Experimental investigations on the compressive
failing stress of unstiffened ‘circular cylinders

PRELI

..

fINARY EXPERIMENTAL INVESTIGATIONS ON THE FAILURE
OF STIFFENED METAL CYLINDERS

Type of Test

Inasmuch as bending is one of the critical loading
conditions for airplane structures, the problem of the
failure of stiffened metal cylinders when subjected to a
pvure bending moment, was attacked first. From observations
of the stress and the deflection patterns produced under
this simple loading condition, it was hoped a correlation
with the simple beam equations could be obtained. Although
no airplane structure is subjected to bending moments with-
out a certain amount of attendant direct shear, it was felt

hat a rather complete study of the pure bending phenomenon
would form a desirable background for the more complicated
problem of bending plus shear and for the more general
combined loading conditions.

In view of the above, all of the tests on stiffened
cylinders which have been conducted to date have been made

¥y
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with pure bending as the only externally applied loading.
Stress readings were taken on representative parts of the
structure during loading; Huggenberger type extensometers
with a magnification factor of approximately 300 being
used for this purpose. In addition to the observations
of the stress in the structure, the deflection patterans
of both frames and longitudinals were taken as a function
of the applied moment. From the above observations the
stress pattern and the mode of failure were determined for
each specimen tested, as well as the maximum bending
wmoment that carried by the specimen.

Testing Equipment

The testing machine used is shown schematically in
figure 1 and by photographs in figures 2 and 3. This
machine is adapted to the application of bending moments,
torsional moments, or any combination of bending and tor-
sion to specimens up to 3 feet in diameter and 20 feet
long. It has a capacity of 500,000 inch—pounds in both
berding and torsion.

For the present tests it was desired to apply a uni-
form moment over the entire specimen;so the bending—moment
arms of the testing machine were connected by an extra-
flexible aircraft cable as shown. A loading screw (fig. 4)
aad load dynamometer (fig. 5) were placed at one end of
the cable. 1f, &t any time, it ¥s desired to £1ii8 the ef-
fect of a bending moment with a linear variation in magni-
tude over the length of the specimen, the cable will be
replaced by a separate loading screw and a dynamometer at
the énd of each of the bending—moment arms.

The entire machine is supported on ball-bearing Joints
similar to the one shown in figure 6, these Joints also
being present at the ends of the loading arms as shown in
i o S One head of the testing machine is free to move
horizontally, thus eliminating the possibility of any
direct tensile or compressive forces being applied to the
cylinder.

A rod is freely supported at the center of the two
ends of the specimen, this rod carrying a device making

it vossible to obtain the radial and angular position of
any point on a cross-sectional plane through the specimen.
This device can be shifted lengthwise and thus it is Pos=
sible to obtain a complete deflection pattern of the
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longitudinals and frames at any given applied moment.
L hals deflectlon—measur1n5 instrument can be seen in sev~-
“eral of the attached photographs. @y

Specimens

In order to eliminate as many variables as possible,
the specimens were made up of frames and longitudinals
only, without skin covering. The longitudinals and framesg
used for this first series of tests are shown with their
section properties in figure 7. The material used for the
longitudinals was 3/8- by 0.028-inch 178-T dural tubing
drawn to the shape shown and the frames were cut from 178-T
dural—sheet stock and rolled to the proper radius. The
longitudinals and frames were joined at all intersections
by one 4-40 machine screw and nut. The station numbers
for frames and longitudinals are shown in figure 8.

The specimens were all 32 inches in diameter and 64
inches long, the length being measured from the edge of
the outstanding leg of the end angle. The ends of all
longitudinals were rigidly attached to an end angle by
means of U-bolts as shown «in figures 9 and 10. This angle,
whicihh was in the form of a ring with an internal diameter
equal to that of the specimen,was then solidly boltea to
the face plates of the testing machine.

Inasr"ch as there was no. sheet covering and only one
type of frame and longitudinal was used®in this first
series of tests, the two. important variables remaining
were the frame spacing and the longitudinal spacing. Ta-
ble I shows the variations in these two parameters as
related to the assigned specimen numbers.

It was firet thought that it might be possible to
obtain a true bendlnb failure wlthout the use of any shear
bracing in the specimen. Upon testing the first specimen
it was found ‘that shear bracing- would be necessary in :
order to prevent a torsional form of failure in which the
frames tended to rotate about the top or tension longitu-
dinal. Therefore, a network of steel wire 0.016 inch in -
diameter was used to provide shear stiffmess. A prelimi-
nary discussion of the effect that these wires may. have
is given in anoe dix By . s




NACA Technical Note No. 906 5

Experimental Results

The early part of the program was devoted to accumu-
lating data on this first series of specimens. The results
obtained have so far been analyzed only in a preliminary
manner in order to study trends which would influence the
choice of data desired on succeeding specimens.

Tables I, II, and 1II give a summary of the experi-
mental failure bending moments obtained on the specimensg
tested to date. TFigures 11 to 34, inclusive, are photo-
graphs taken of the specimens which show the method of
testing and the failure pattern of the longitudipals and
frames. TFigures 35 and 36 give, in curve form, the rela-
tionship between failure bending moment and the frame and
longitudinal spacing, respectively. TFigures 37 to 53
inclusive, show a representative group of frame and longi-
tudinal deflection patterns. These deflection patterns
were. taken at or near to the failure bending moment,
pPrimarily so that the deflections would be large enough
to give an accurate picture of the failure wave form. {n
nearly every case the wave pattern at failure was the same
as that taken earlier in the loading. - Figure 54 indicates
the relationship between the maximum radial deflection of
the center frame (taken on the compression side) and the
applied bending moment.

At the beginning of the test progrem it was desired
to know if the vertical stress distribution in the sSpecl-—-
men was linear -~ that is, if the stress distribution fol-
lowed the simple beam equation of g = g;. In order to

£k

check this factor a large number of extensometers were
placed on the longitudinals and stress readings were taken
as a function of the bending moment. The results are
plotted in figures 55 and 56 for three longitudinals on
the compressicn and for three longitudinals on the tension
side, respectively. The stresses calculated from the
simple beam equation are indicated and show remarkably
good agreement. Near failure it was necessary to correct
for the bending moment in the longitudinals due to the fact
that they were in the wave form and this was done by taking
extensometer readings on both sides of the longitudinal '
simultaneously. This type of stress study was not made on
all specimens but checks were made on representative spec-
imens and the linearity of the vertical stress distripbution
was found to hold in all cases. in all specimens except
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i, 9, 10, and 11, sufficient wire shear bracing was used
to prevent any torsional deflection of the center of the
specimen. In other words, the lower (compression)
longitudinal deflected only in a vertical plane. The
specimens noted previously are discussed separately in
appendix B.

Check of Experimental Results with Current Theories

The various methods of analysis which were discussed
in detail in the £irst report of this series (reference 1)
are, with one exception, all based on the assumption that
the effect of the longitudinals and frames on the strength
of the specimen is relatively small compared to the effect
of the skin. Therefore, when the skin thickness goes to
zero, as it does in this first set of specimens, the sug-
gested methods of analysis break down for one reason Or
another.

The methods of Ryder, Dschou, and Hoff might be used
for the analysis of the present specimens. However, the
parameters of the present specimens lie completely out of
the range of Ryder's curves, and as no method of calculat-
ing these curves is given in Ryder's paper, it was impos-—
sible to make a check of his method with the exzperimental
results.

A check using Dschou's method of analysis gives theo-
retically predicted failing moments which are very much
too high if the torsional rigidity of the longitudinals
is taken into account, and which are much too low if this
factor is neglected. For this reason no calculations
using this method have been included.

In contrast to the other proposed methods,that of
Hoff's deals essentially with a structure similar to that
of the tested specimens. For this reason, it might be
expected that the falliing stresses predicted by Hoff might
show some agreement with those obtained experimentally.

As ‘can be seen in table II, this is not the case, for
Hoff's method gives failing stresses which are mach too

low when the correct wave pattern of one half-wave is used.
A change in the assumed wave pattern to two half-waves
raises Hoff's predicted failing stresses, but not suffi-
ciently in most cases to give agreement. It ig alisp Yntiers
esting to note that the failing stress predicted by Hoff
increases slightly as the frame spacing is increased ;
whereas the experimental data show that a decrease occurs.
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Conclusions from Ezxperimental Results

As most of the time in the early part of this program
was spent in testing, the experimental results have not
as yet been analyzed in any great detail. It can be said,
however, that failures of the general instability tyve
have. been obtained in this first series of specimens and
that the dependence of the failing bending moment on the
frame and longitudinal spacing has been obtained. It is
expected that a study of the deflection patterns and the
variables involved will lead to a method of analysis of
this tyve of structure which will enable a designer to
predict the allowable bending moment to a satisfactory
degree of accuracy.

An interesting result of this first set of experiments
was the discovery that specimens of the type tested do not
fail suddenly but tend to approach a maximum allowable
bending moment in an asymptotic manner. This is clearly
indicated by the curves of bending moment against radial
deflection of the frames which are plotted in figure b54.
Preliminary investigation seems to indicate that it might be
possible to use Southwell's method of predicting the crit-
ical instability load of columns on curves of this type and
obtain the maximum allowable bending moment on the struc-
ture without actually failing the specimen. If this method
proves to be applicable, deflections taken on a fuselage
structure during proof test could be used to determine the
maximum load which could be carried by the structure.

In all present methods of analysis of this problem,
it has been assumed that certain stiffness factors of the
longitudinals and frames are constant guantities independ-
ent of the load. FHowever, observations have shown that if
the specimens are loaded by a bending moment and if, for
example, an additional radial force is applied to a.point
on the surface of the structure, then the resistance of
the structure to radial deflection is dependent upon the
avpplied bending moment. Preliminary tests indicate that
the stiffness of the structure on the compression side may
drop. to as little as half of its eoriginal walue @s the
failing bending moment is approached, and that a definite
decrease in value is found even for very small applied
moments. This factor may explain some of the discrepancies
between Hoff's predicted failing stresses and those obtained
experimentally. This phenomenon is being carefully inves-
tigated at present, as this factor will certainly be impor-
tant. in the development of a satisfactory theoretical
solution to the problem.
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TEECRETICAL INVESTIGATIONS INTO THE PRINCIPLES

UNDERLYING THE FAILURE OF THIN SHELLS

-
¥

As was pointed out in the first report of this series

reference 1), the classical theory of thin shells as given
in Love'ls WRlasticity" gives a critical buckling stress
far above that obtained experimentally. It was also sug-
seisteds in the first report that this failare of thelselas-
szcgl theory accurantely to predict buckling stresses might
be due to the dlinearization of therdiffementisl egunations
and tkat an attempt should be made to generalize the taeory
so that secod&~ordel terms could be taken into account.
This has been done for the case of a thin spherical shell
under uniform external pressure, and it is hoped that the
method used can be extended to the case of the thin cylin-
drical shell under axial compression.

The necessity for the development of a nonlinear
theory of deflection can best be shown by considering a
very thin spherical shell as illustrated in figure 57. Yof
the snel; is sufficiently thin, the bendimg stiffness
(which is oroportional to t%) can be neglected and, under
this assumption, the strain energy of the shell is the
same in the deflected position (3) as it was' in the unde~
flected position (1), figure 5%.  Ta othey words, neglieet—
ing the bending energy in the region A-A, the shell will
be in equilibrium in the reflected position (3) without the
aid of any external pressure applied to the shell surface.

On the other hand, the intermediate positions between
) and (3) do involve coupression of the shell elements
nd, therefore, the shell can be in eguilibrium in these
positions only with the aid of an external pressure.
Deforming the shell between positions (1) and (2) involves
compression of the shell elements and thus a positive
external pressure is necessary to maintain equilibrium.
When & is greater than SO (between positions (2) and

(3)), a negative external pressure is necessary to main-
tain equilibrium as the compressed elements are trying to
force the shell to take up the eguilibrium position Gape
;ue pressure-~deflection curve (under the assumption of no-

bending stiffness) is, therefore, of the form shown in
figure 58a.

The effect of the bending stiffness is to increase
the positive external pressure necessary to hold the shell
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in equilibrium. Thus, for increasing values of the bend-
ing stiffness of the shell, the curve in figure 58a will
take the form of those shown in figure 58b. Any linear
theory which does not take into account the higher-order
terms of the deflection will give a linear relationship
between the pressure and the deflection. This linear
relationship is a good approximation at the initial stage
of the deformation; but when the deformation becomes equal
to, or greater than, the sheet thickness, erroneous results
are obtained.

The investigation of this type of problem has been
limited in extent (references 2, 3, and 4) and has never
been, to the aunthors' knowledge, applied to the problem
of the buckling of thin shells. The following discussion
will, therefore, consider the problem of the buckling of
a thin spherical sheil under uniform external pressure
and will be based on the following simplifying assumptions:

1. The deflection is rotationally symmetric.

2. The deflection of any element of the shell is
vertical. z

4. The shell is very thin so that t/R is small.

4. The effect of lateral contraction is neglected.~-
that is, Poisson's ratio is assumed egual to
Zero.

9. The buckling is restricted to a small portion of
the shell and the edges of this region are
fizxed~ that is, the deflection of the edges
is zero and the slope remains a constant equal
to the initial slope.

Figure 59 indicates the element discussed and the
parameters involved.

As can be seen from this figure, for a linear element
of the section of the shell,

dr/cos a the original length
dr/cos 8 the length after deflection

and the strain is, therefore,




10 NACA Technical Note No. 906

cos B8 co S e cos O . 1

D

ir cos

rain energy due to the extension of the
he' sneldiiiai

Heance, the s

4.
v
elements of t

= BE 8980 . 1> 2w B sin o Ruds
2 J,\cos 8
L s B 7 a
o Ak E} 2 { cos_a £> sim o ol (1)
: \R/ J \cos A

The two curvatures of the shell at the point P
before buckling are both equal to 1/R. After deflection,
the curvature in the YZ plane is equal to:
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The change in the second principal curvature can be
shown to be:
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T
o (v
e | e
B
K![D
L

The total bernding energy is then:
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The potential energy of the external Pressure is
egual to the pressure times the volume covered under the
shell. Thus, the potential energv is:

a
i) /‘wr —5 dr

B8
= p1¥( R™ sin o tan B R cos a da

a
g T
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The total energy W of the system is the sum of the

strain energy and the potential energy of the external
pressure. Thus, from equations (1), (2), and (3):
o ™ fP/ %P E&_) a an
_%_ — ;E/ /(\QQE_Q = 1o 1 Sinse de-+ COS 40 . i
BT \R 3 Meos 8 / cos o da
Q
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\sin q ey X

.
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At the equilibrium position, the total energy must be

a minimum; therefore,

obtained by minimizing the expression (4).

the equation of equilibrium can be

If the calculusd

of variations is used, the Buler-Lagrange equation is:

N
zﬂigg[aln 008 & ¢on @ <gg§_9 o
R/L cos B cos B

2

cos™f (2 tan® a + 1) = +

6 L

i>} + %lgzi fcos 9(%%3—§ + tan &\

with the boundary conditions

Bl g at
=208 at
Since experiments show

usually only a few degrees,
this case equations (4) and

das gin B: cios.f. tan, & ( >
da cos a

o
+ sin"

c0529 Lo o daew
cos O dg?

@ cos @ sec. 8 pr= 0 (5)
a =20

(5a)
a = B

that the buckling area extends
B is assumed very small. 1In
(5) can be simplified to:

/£\ B . EG\S B .
._.g;_. — S B,Z.f (88 - aa) o do + — E,Z_f {(Q‘.@. - l\
12 A o) 12 o - da /
2 s .
+ <ﬂ._ i) ] ada+pf[ a 9 da (e)
ueh Al Jo
and
a8 as o 6 s op
R e o LA R A R (7)
a da"‘ * ( 5 “<;—\3 3
R/ R/

he differential equations (5) and (7) are nonlinear,
as expected and it is difficult, if not impossible, to
solve them analytically. However, useful information about
the character of the relation between B8 and a can be
obtained by attempting a solution of the form:
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@

5 = T 8. o (8)
=1

which starts as ¢,a owing to the boundary condition:
8 =0 at a =20

Substituting equations (8) and (7), and equating coeffi-
cients of equal powers of q, it can be seen that all
even powers of o in equation (8) drop out. Therefore,
8] must be of the form:

oo
g 2m+1
9 = > Cg m+1 (64 (

fied

m=o0

QO

)

The analytical method of solving the problem can
hardly proceed any farther. To solve the problem, it is
necessary to use the Rayleigh-Ritz approximate method -
that is, assume a plausible form of g with arbitrary
constants but satisfying the boundary conditions; substi-
tute this equation into (6), and then determiné the
constants by minimizing the resulting expression. From a
consideration of equation (9), the first approximation will

be:
9=Ca[1+<l—l>(@} (80)
(3 =7 C \ﬁ/
which satisfies the boundary conditions (5a). The constant

C is a measure of the deflection at the center. Substitut-
ing equation (10) into equation (6) and carrying out the
integration, yields:

[t
BlE) 2 2
= 2 3 2 2
oo e =D L Llon-oe® - et - 1) - o)
E : )
R 4 %
1 (1 ¢) ] E\%\ 2 2 =
o 7, B P
$b (D o 2L 01 b it & N
- ( ¢) - | B ey ( 1. B
i 2 4
+pc!l+l/l—1\]s (11)
L4 6\ /

To find the equilibrium condition, eguation (I1) is
differentiated with respect to €, and the resultant
expression set to zero. This gives
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This equation gives the value of p eas a function of
the region of buckling R and the amplitude of the deflec-
tion, which is proportional to €. TFor the tuckling
problem of the sphere, B 1is a free variable. It is then
evident that the shell must adjust itself so that p is
a minimum for each value of C. In other words, the expres-
sion for p with respect to B can be minimized and
solved for the size of the region which corresponds .to the
minimum buckling pressure. This gives:

[ull—‘

/ \(4c + 130 + 11) (13)

J

7

ww
'.:d

If egquation (13) is substituted into equation (12). the
following relation is obtained:

. o
ety = =y i it (1 =0 (4c2 . 18¢ +-A1F {14
i) AmET - oo ) iy

where. ¢ is the average stress in the shell due to p and

== T‘,t\i

“&/

Equation (14) is plotted in figure 60, the maximum
and the minimum values of Xk Dbeing 0.4911 and 0.2378,
respectively.

The maximum value of k 1is of less practical algnif-
jcance than the minimum value because, as shown Dby Marguerre
in his investigation of the collapse of curved bars under
side load, the symmetrical collapse is usually precipitated
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by an unsymmetrical type.of buckling. Alsoe, any imperfecr
tion in the shell - will tend to cause failure to occur at
the minimum, rather than the maximum value of p. There-
fore, it would be expected that, although carefully
wachined specimens tested with all precautions to avoid
eccentricities might lead to higher values, the specimens
made and tested with accuracies correspounding to practical
design would give experimental values of k lying close
to the minimum value given by the theoretical analysis.

In order to calculate the maximum deflection O at

the center, the ordinate 2z, at the center has to be first
computed (fig. 59). By means of the boundary condition
that 2z =0 at a =pf the following relation is obtained:

ZO‘+f%'§ =0

or ﬁ

(18)

e
td
S
D
(o)
_

Substituting equation (16) into equation (15), and integrat-
i

ing, Z, can be expressed as;
+ - P
2o =2 2£ 8 g (16)
4 2 :
Before deformation,
ol T =R (1 =" ¢os B) =R B
original S

Using equation (16), the deflection Oy 1s calculated as

6 = - 3z = RRB .]_“._:_._C_
Ooriginal Rp 4

When this value is substituted into eguation (13), the
~ - . o / . .
following expression for Om/t% 1is obtained:
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B! 2B (1 - ¢) :
s e g 3 s
O Aags + 1304 1) ° £ g
Using equations(l&) aad (1%). ~£L§ can be plotted as a

funet ion of ém/t. This has been done in figure 61, and
the curve indicates that at the buckling pressure corre-

(3
\&/

of the order of ten times the sheet thickness.

sponding to the minimum G/E the center deflection is

Very few experimental data are available to check the
above theoretical values; however, a number of investiga-
tors have stated that the previously accepted theoretical
value of Xk = 0.605 obtained by Zoelly, Schwerin, and Van
der Neut, and as guoted by Timoshenko (reference 5), was
much too high. A test made at GALCIT on a thin copper
hemisphere indicates that the theoretical values obtained
by this new treatment of the problem agree surprisingly
well with the experimental results. The experimental val-
ues were:

E = 14.5 x 10° pounds per square inch
1
R = 18 inches; t = 0.020 inch; t/R = 1/900
.. = QA4 é_ = [ L2ksbi g = 0.159 radisn = g°
B (5 t
&/
Comparing these values with those predicted theoretically,
which are:!
*Jj; 0 oBrIR é& eI
B/ R
\B/
ol o}

B = 0.1330 /1000 t/R radians = 7.68+ 1000 t/R degrees = 7.2
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a very good agreement ‘is found when due consideration is
given to the simplifying assumptions that have been made
and to the fact that an approximate energy method of solu-
tion has been used.

Recalling the fact that the theoretical value of k
at buckling is 0.605, the present calculation shows, at
least, that the method of attack on the problem is correct.
Another indication of the correctness of the method lies
in the fact that the theoretical wave length of the buckles
corresponds closely to that found experimentally, which is
not the case for the earlier theoretical solutions. The
investigation will be continued, and it is hoped that in
the near future, the treatment can be extended to the case
of the thin cylindrical shell under axial compression.
The results of some experimental investigations on the com-
pressive failing stress at unstiffened circular cylinders
are given in appendix A.

APPENDIX A

EXPERIMENTAL INVESTIGATIONS ON COMPRESSIVE FAILING STRESS

OF UHSTIF?ENED CIRCULAR CYLINDERS

In order to clarify the problem of the thin circular
cylinder under axial compression, a systematic series of
experiments were made on a number of steel cylitndens. .. The
parameters which are involved in this problem are:

1. The radius-thickness ratio, R/t
2. The length-radius ratio, L/R
3. The elastic properties of the material

4. The total, axisl load that can be carried by the
specimen

The specimens tested were all made from steel shim
stock, which was formed into specimens 12.75 inches .in
diameter. The ends of the cylinder were rigidly clamped
into steel end plates, giving fixed end support to the
axial fibers of the cylinder. The variables used were
the thickness of the material and the length of the spec-
imen.




18 : NACA Technical ‘Note No. 906

The test results are shown in figures 62 to 67, and
the faired experimental curves are replotted in figures
68 and 69. The curves are plotted against the ratio

Cact Ctheo
where

Tavit actual failing stress obtained in the test

Otheo ‘theoretical failing stress which is equal to
0.605 E (t/R)

As can be seen by figures 68 and 69, there is a con-
tinuvous decrease in the experimentally obtained failing
stress as the R/t ratio increases, this decrease occur-
ring forall vaives of L/R. Wor all valuves of L/R
greater than 1.0, it is seen that the failing stress re-
mains practically constant with increasing L/R for any
given value of R/t. Thus, for any cylinder with an L/R
ratio greater than approximately 1.0, no length effect
would have to be considered in an analysis, and a correc-
tion of any appreciable magnitude would not be necessary
until the L/R value fell below approximately 0.75.

In order to facilitate the theoretical work on this
problem, it was desired to determine the exact shape of
the initial waves which appeared in the test cylinders.
This has been done in a preliminary manner by restraining
the loading mechanism during dbuckling, and it has been
found that the initial waves which occur are of an ellip-
tical form and are scattered at random through the spec-
jmen. This wave pattern does not agree with the uniformly
distributed, sinusoidal type of wave which has been pre-
viously assumed for the theoretical solution, and this
discrepancy in assumed wave pattern may account for the
large difference between the theoretically predicted and
the experimentally obtained buckling loads.

Work is now in progress to obtain a more exact knowl-
edge regarding this initial wave pattern and to obtain a
more exact picture of the sequence of wave patterns during
buckling. A theoretical solution of the problem will then
be attempted following a procedure similar to that given
in the body of this report for the case of the spherical
shell,
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APPENDIX B

A PRELIMINARY DISCUSSION ON THE USE OF A

WIRE NETWORK TO PROVIDE SHEAR STIFFNESS

The addition of sheet covering, or any form of periph-
©ral wire network, to a skeleton cylinder made up .of
frames and longitudinels, will have two effects on the
bending properties of the cylinder. PFirst, it will in-
crease the moment of inertia of the section; second, it
may change the mode of failure due to an increase in shear
stiffness. Fine wire bracing and extremely thin sheet
covering will have the same general type of action because
neitier can take compression and, therefore, only.the por-
tion on the tension side need be considered in the calcula-
tion of the moment of inertia of the section. Furthermore,
under shearing forces the sheet will buckle and carry the
shear stresses by means of a diagonal tension field corre-
sponding to the effect of diagonal wiriag.

Ia order to approximate the case of a cylinder covered
with a sheet of zero thickness, it was necessary to provide
sufficient shear stiffness without avpreciably changing
the moment of inertia or the position of the neutral axis
of the specimen. In the present series of tests this was
done Dby building up a rectangular network of steel wires,
0.016 iach in diameter on the periphery of the cylinder.

It was found that the primary effect of these wires was to
prevent a tyoce of failure, which has been called torsional
failure, - in which the longitudinals tended to fail in a
circumferential rather than in a radial direction.

Experiments showed that if circumferential failing
was entirely prevented, the cylinder would carry its maxi-
mom bending moment and that the addition of more wires
wWounld not raise the allowable bending moment that could be
supported by the specimen. This is shown by specimens 9,
10, 1ls and 12 of Sabls J.. TiiEae specimens were identical
with the exception that the amount of wire bracing was
changed. Specimen 9 had no wire bracing and carried a
bending moment of 60,000 inch-pounds. Failure of the spec-
imen was definitely of a torsional nature, the frames
tending to rotate about the tension longitudinal and show-
ing very little radial deflection.
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A wire network constituting the diagonals of rectan-
gles measuring 5 inches in ther*frame direction and 8 inches
in the longitudinal direction was then added and this new
specimen was tested, failure taking place at 90,000 inch-
pounds of applied moment - an increase.of 50 percent. The
wire bracing was then doubled, giving a network of diago-
nally braced rectangles 2.5 inches by 4 inches. This
“change. increased the shear stiffness of the sectlon by a
factor of 2.0; however, the specimen failed at an applied
moment of only 102,000 inch-pounds - an increase of 13 per-
cent. The longitudinals in this last specimen showed very
little tendency to fail in the circumferential direction,
the deflection being almost entirely radial in nature.

Further increase in shear stiffness raised the fail-
ure bending moment to 114,000 inch-pdbunds, beyond which no
increase could be obtained. The specimen carrying the
maximum moment showed no tendency for torsional failure.
From this series of specimens, and from numerous other ob-
servations, it was concluded that if sufficient shear
stiffness was used so that there was no circumferential
deflection of the longitudinals, them the maximum allowable
bending moment for the specimen would be obtained: Further-
more, it was felt that the type of failure would closely
correspond to that which would occur in a specimen covered
with an infinitely thin sheet. '

The wire bracing used on the specimens had a negligi-
ble effect on the section properties of the cylinder.
Considering a representative cylinder after converting the
steel wire to its equivalent duralumin area, it was found
that the neutral axis shift was egual to:

y' = 0.07 inch

in a dlameter of B82.9 1nches, and that the moment of iner-
tia changed from

Py 160.95 _inches4

without wires to

162.03. inches ™

Il

1l
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with wires, a change of less than 1 percent. Similar
results were obtained with the wire bracing used on the
other specimens tested.

Guggenheim Aeronautical Laboratory,
California Institute of Technology,
Pasadena, Calif., February 1939.
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TABLE I.-PURE BENDING TESTS OF LONGITUDINAL-FRAME COMBINATIONS WITHOUT
- Bxperimental Data - Set I

SHEET COVERING

fAll longitudinals 53} All frames Fsg]
T Longitudinal Frame Failing T R
imen | Spacing|Num-|Spacing|fum—+ moment of test ==
(in.) |ber (in.) |ber (1b) :

L 2559 40 4 15| 33,300 |No wire bracing Longitudinals failed in circumferential direction.

2 2.53 | 4o 4 15 { 90,000 |Wire bracing Longitudinals failed in radial direction; 1/2 wave
complete length of specimen,

3 2.53 | 40 4 15 | 87,000 do General instability same as specimen 2.

4 2.53 | Lo 8 7 1 60,800 | —=mmm [ P— General instability; 1/2 wave complete length of

: ;s specimen.

5 2.53 | 4o 16 3 | 49,000 } -do Genersl instability; however, specimen looked like
combination of small waves between frames and
one long half-wave.

6 2.53 | Lo Be 2| 40,000 |——e—- d.om—————m Similar to specimen 5. General instability.

i 2.5% | 40 32 136,300 | ~—=mn do—m—mmm= Specimens started to fail tetween frames; however,

5 ‘as deflection increased, frame failed.

8 2.53 | 4O ol 0]18,000 -do Longitudinals failed in one long half-wave in
radial direction.

9 2.53 | 4o 2 | 31| 60,000 |¥o wire bracing{Longitudinals failed in circumferential direction.

10 2.53 | 4o 2 | 31}90,000 |[Some wire brac-|Bottom longitudinal failed partly in radial and

ing partly in circumferential direction.

Ll 2.53 | 4o 2 | 31 |102,000 |¥Wire bracing General instability; one long half-wave. Bottom
longitudinal failed little in circumferential
direction.

12 2.53 | 4O 2 1 30 114,000 | —==m- Aom—————— General instability; one long half-wave; longitu-
dinals failed in radial direction.

13 5.06 | 20 2 | 311{65,000 {-————- do~—mm—mm General instability; length of buckle was less
than length of specimen; about 23 frames falled.

3 1®10.22 | 10 2 | 31} 33,000 |-~=== do—————=- General instability; 1 to 1} complete waves in

= lengthwise direction.

15 QT 20 & 1 2L DIaBEl | st domm————— General instability; 1% waves in lengthwise direc-
tion.

1Total length of specimen, distance between supports. ®Single longitudinal at maximum stress.

STwo longitudinals equal distance from T

e
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TABLE II.- THE EFFECT OF CHANGING THE

FRAME SPACING ON

THE BENDIN

OE S

HE CYLINDERS

Moment of inertia of complete specimen, Igp = 161.0 in.4
Radius to center of stiffener, R = 15.76 in.
Number of stiffeners, 4O
o = 2 X B BM x 15,76 . 0.0979 BY
e - 161.0 ReVe iR
Length of specimen, 64 in.
! Longitudinal Frame g Failing| Max.
il ; T moment,T com-
=y Area, |Moment |Spac—|Ile in% Area, |Moment|Spac-|Number! Ip B.Me pres-|Type of failure
imen | v s (=x10 | _ Lo - “f108| 5 B ¥
Type; Ag |of in-| ing,!| P .. | Type Ag _|of in-| ing, of “isiigdl | o sive
(in.®) ertiay| b (in. (in.®)|ertia,| 4 |frames|(in.?) ~1b) |stress
Ileg (in.) Irx10%| (in.)|in 64 PEile
(e £ gl in. ure,
Ocy
12 Sy [ 0.032l 3,74 | 2.53] 1.u478 F_ 10.029111.537 2 31 7.690{11k4,000(11,160] General instability
e} e 0324 3.74 | 2.53| 1.L478|-do-| .0292/1.537 | X4 15 | 3.845! 90,000( &,810| Do.
3 |-do-| .0324| 3.74 | 2.53| 1.478|-do-| .0291{1.537 L 15 3,845, 87,000| 8,500{ Do.
4 |-do-| .0324| 3.74 | 2.53| 1.478)|-do~| .0291|1.537 8 7 1.923| 60,800{ 5,950, Do.
5 |-do-| .0324| 3.74 | 2.53| 1.478|-do-| .0291{1.537 | 16 3 .962; 49,000| 4,800|Nearly penel insta~
bAkity.
6 |-do-| .0324| 3.74 | 2.53| 1.478]-do~| .0291|1.537 | 32 2 .ugl! L0,000| 3,910|Nearly panel insta-
: Bility.
7 |-Go-| .0324| 3.74 | 2.53| 1.478|-do-| .0291{1.537 | 32 1 481l 36,300 3,555| General instability

Tedtuydel VIVN
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TABLE III

THE TFFECT OF CHANGING THE SPACING OF THE LONGITUDINALS ON THE BENDING STREINGTH OF THE CYLINDERS
[ Frame spacing = 2.0 in.; Radius to longitudinals, 1576 18.]
Longitud inal Fail ing Moment of Maximum compress ive :
Specimen W Ore moment inertia of stress ak failure Type of failure -
Spacilng umber (in.-1b) specimen, Igp 0,
55 iy & : T Jexp
(15.") % :
12 2.53 40 114,000 161.0 11,160 General instability
13 5.06 20 65,000 80.48 12,728 Do.
1L 10" 10 33,000 40.24 12,926 Do.
15 10.12° 10 71,500 50.19 9,k09 Do.

1Sinele longitudinal at maximum stress
(&) fou)

2 . - . o2 e . . 3
®Two longitudinals at equal distance from specimen §, (i.e., equal stress)
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TABLEIV.- CORRELATION BETWEERW C

LCULATED AND EXPERIMENTAL VALUES

Data from Table II

(B taken as 10,000,000 1b/sq in.]

Frame iI'um’ocr e SRR : = I ; j
Spec~t acine.| of |Pgelil 4080 8 mehaal Mam, -\ Faperl- 4
Smen | ST | - B Mde i ‘ X - :GE ] N 5 :SEJGXPGT- Bethal

'd fzﬁgfs z A ol cr x?istress, wave
(lll. ) 1{1 ok (lb) (lb/sq i ) (}? wa_ve) (5 wave) (1 ‘.‘JElVC) (l wave) | ipattern
in
. :
iz e 31 9,275 | 286,500 72,3001 15.5 1,192 1425 1,530 11,16011/2 wave
2 4 15 2,319 71,600 9,030 1.08 1,200 3.94 4,610 | 8,275| Do.
Y g 7 580 17,900 1,130 3.84 1,214 1.95 4,700 ! 5,950! Do.
5 16 3 145 4,485 141.0 |1.88 | 1,267 .97 4,750 | &,800(1/2 wave -
inearly
panel insta-—|
bility
6 %2 2 36.2] 1,088 17.7511.% el2 .935 1,278 | 3,918 ®e.
e a1
7 32 ; 36.2] 1,088 17.75( .935! 1,283 .500 4,480 | 3,555| Do.
e ST ] v i it | ~ =
8 64 0 9.06| 280 24811 .5 1,120 | ———em | e 1,64211/2 wave

VOV
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Note.

All figures are four times actual size
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Figure 35.~ Relation between bending moment and frame spacing, all specimens - 64" long, 40 longitudinals
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Figure 36.- Relation between bending moment and stiffener spac-

ing, all specimens - 64" long, 31 frames - Fg, all
longitudinals - Sy
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