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AVNALYSIS OF SQUARET SHEAR WEB ABOVE BUCKLING LOAD

By Samuel Levy, Kenneth L, Flenup, and Ruth ¥, Woolley
SUMMARY

A solution of Von Karmen's fundamental equations for
plates with large deflections is presented for the cass of
a shear web divided into square panels by reinforcing struts,
Numerical solutions are glven for struts of infinite rigid—
ity and for strute the weight of which is one—~fourth the
welght of the sheet, The results are compared with Wagner'’s
diagonal tension theory as extended by Kuhn and by Langhaar,
It is found that the diagonal tension theory as developed by
Kuhn agrees best with the present paper in the practical
range when v = 1/4, Xuhn's theory is in especlally good
agreement for the forece in the strut when =r = 1/4,

INTRODUCTION

The necesslty for designing structures having the
smallest possgible welght for a gliven load has forced air-
plane decigners to build wing-beams and monocoque boxes
with shear webs so thin thsat they may be buckled in a di-
agonal direction under service loads, As the shear load iz
increased well above the buckling load, it is carried prin—
cipally by diasgonal tension along the buckles, The beanm
approaches a "diagonal—-tension field" beam,

The load at which such shear webs will buckle has bsen
determined by several authors, (Ses, for example, pp., 357
to 363 of referemce 1,) After buckling, the behavior of
the web is frequently deterrined from Wagner'!s diagonal—
tension~field theory (references 2 and 3) which neglects
the flexural rigidity of the sheet, ZExperimental results
(see p, 2 of reference 4, pp. 18 and 19 of reference 5, and
p. B of reference 6) indicate that Wagner's diagonal—tension—
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fiegld theory may be too conservative for comnstructions in
wvhich the diagonal tension field 1s only partially developed,

An analysis of the behavior of a flat plate subjected
to shearing loads covering the range from the start of bdbuck-
ling to the development of a full diagonal tension field wasn,
thergfore, ‘thought desirable., Such an analysis, based on Von
Karman'!s large deflection equatlons, was made for the case of
a shear web divided into sguare panels by vertical struts,

This investlgatlon, conducted at the National Bureau of
Standards, was sponsored by and conducted with the financial
assistance of the National Advisory Committee for Aeronantice.

SYMBOLS

The followlng symbols are used (sse also fig, 1):
plate longth ond plate width
plate thickness ‘

w normal displacement of points of the middle surface
Youngt!s modulus
i Poissont's ratio, assumed to be V/B,l = 0,318

x,y coordinate axes with origin at corner of one bay of
the web plate
3 3 .
Eh
D22 s flexural rigldlty of the plate
12(1—-up") 10.8

F stress function

Q shear load carried éy beam

EK average stress in plate in x—dircction
Ey averige stress in plate in y—direction
T shgar stress at corners of plata

T ratlio of strut arca to plate area

P comnpressive force in strut
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ety el Y2 median fiber strains
X 7 Xy
cl!, o, ! median fiber stresses
X Y Xy
i I 1 fiber bending stresses
Sx1 O5 s ny extreme g
Am, B, coefficlents In stress function
P lateral pressure
by n coefficlent in stress function
?
W coefficient in deflection function
1]
m, n integral numbers used as subscripis
v = 2,632T/E appgrent shearing deformation of beam

Y is the angle through which the flanges
of the beam rotate relative to the struts)

u,v displacemsnts in x and y directions,
respectively,

M bending moment in flange
FUNDAMENTAL EQUATIONS

Consider an initially flat squars plate of uniform
thickness, Two opposite edges are assumed to be simply
supported by heavy flanges, integral with the plate, which
allow rotation about the edges but prevent displacement
parallel to the edges and force the edges to remain straight,
The other two edges are simply supported by struts, integral
with the plate, which allow rotation about the eges and dis—
placement parallel to the edges corresponding to shortening
of the strut under load but maintain the edges in a stralght
line,

EQUATIONS FOR TEE DEFORMATIONS OF THIW PLATES

The fundamental equations governing the deformation of
thin plates were developed by Von Karman, They are {(see refer—
ence 1, pp, 322-323):
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4 4 4 2 < 2 2
2 F , 5 BT +BB;=E[_b___vr__> _.Bwbw] (1)
ox® sx oy *® oy 3% By 3x® 3y®
4 4 4 : = -
3w 3w 3w p h /d°F 3% ¥°r 2% 2*r  d°w .
—+ 2 g = = - -+ —— -2 - (2)
ox dx"ey® oy > D dy® °x®  3x® ay® exdy ©x3y
where theo medlian~fiber stresses are
32 2%F >%F
SRR RN i T xR
oy v dx v eXdy
and the median—fiber sitrains are
L2 =2
. 1<oF HBF>7
€ F— —
x E \ay® &x
. = 2
1/3F aF>
e = = - W (4)
¥ E <bxa dy° >>
_ _ 2(3+p) °F
Yi,y E - 2xoy

The extreme—~fiber bending stresses are.

ou . _ _En (a"’w . a2w> h
x 2(1~1®) \ax® oy~

2
?‘;) g- (5)
oX

i}

QqQ
=2
i

_ Eh <§2w +
7 2(1—p?) ya
Eh dw

T" = e

2( 1+p) dxdy
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EQUILIBRIUM OF MEDIAN FIBER FORGES

Seydel (refesrence 7, p, 18l) showed that the buckling
load of a simply supported squarz plate subjescted to shear—
ing forces 1s given with an error of less than 1 psrcent if
the deflection is described by

X L1 X 3ny
LA S sin E, gin 4. 4 W, 5 sin IX gin ang
1, a a ’ a
3T X ny . R2UX 2y
+ WS,l sin ain —8_.- +'W2’3 sin —-E-.- sin --z-—
3nxX

+ w sin =—= gin gny (&)

3,3 a a
¥ 3 y i ai-—
where Wie1r 1,30 Wi g0 Wa,av and  w, , BaTe five ai

Justable constants, The analysis will be carried well beyond
the buckling load on the assumption that expraession (8) con—

tinuves t2 give an adequate description of the buckles in the,
plate,

A suitable stress function F must now be chosen to
satisfy equation (1) which expresses the condition that the
median Iiber forces are in equilibrium in the plene of the
web, If F 1s taken as,
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e
- &
o.¥ x o
PeoXo ¢+ ZX . 127 4 2: ZE b _cos S0E cog B
2 m,n a a

al

n=0 n

; —_ 1
+ \_‘)— A COS Inx [(%——p‘ = cotk _m1> cosh mm g — -)
- : T 2 2 2
=2,

Q -

L’
o

; - nrr o
+ : A cog EUX {1zl IT .o0h —i> sinh my (£ —-l>
. m a 1+p 2 2 a 2
n=1,3,5 '
(-3 (z-2)]
+ mr{ > — =) cosh omw { &= — —
a a 2
B N ) —
+ ZL 3, cos 2L [(%—E — BT oth BT Jeosh nm (X — 2
a 1+ 2 2 a
n==2, %, 8

+ nm <% — l\ sinh nm (% —_— ;>]
a 2/ e 2

o
+ 2: 3 cog 2O [Kl:ﬁ —~ BT tanh 2% ) sinh nm <§ -1
\L+p 2 2 / 2
3

' 1 bd 1
+ nm (E - 5) cosh nm <? - §>] (?)

and if equations (&) and (7) are substituted into equation
(1) it is found by a2 method shown in reference 8 that equation
(1) is identically satisfied when
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by, = O
by, = 45(8Wy 1® ~ 4wy 1Wy g + 18Wg 1° - 36W3 1Wg 3)
bg,4 = 1024(16w1 Wy, 3t 144wy Wy 5 + 32w2 o)
bo.6 = £ (162m3 5 + 18%% 3 )
by, 1 = d5(-16wg oWy 5 - 16Wp gWs,7)
by,z = Z§5(16w1,1w2,2 + 84wy oWz 1)
by,5 = '2%4:(64173’3wl’3 + 144Wg’2w;3’5)
bg,0 = ag(3WY 1-4m1 1wz 1 - 36wy Wz 5 + 18w 3)
b2,z = 3Eg(16W1, 13,1 * 16wy 1W) z-84w; a¥Wg 1)
bz,a = 1366(100W1,3W3,1 - 4wy 171 3 + 36v1,1¥3,3)
b3,6 = Fasp( 14471, 53 3)
bz 1= 400(16w1 173 g t+ 64wy gWg, 3)
bg,3 = O
bz 5 = zé%z(-lswl 392 3)
bg0 = 1024(52\773 5 *+ 16w1 1¥3 1+ lddwg Wy 3)
Py 2 '3366090W1,3W3,1 - 4wy gWg g+ 36Wy Wy )
bga = Zg%E('64W1 %3, 1)
Py ™ 10816( 36w, ¥z 3)
bs,1 = F752(64n oW5 1 * 14wy oWz 3)
bs,5 = Taga(~16vs, 173, 2)
b5, = 0
bg o = Sigi(162Wg, 5 + 18W5 ;)
b6,2 = 6400(14:4w:3 13, 5)
bg,4 = iagig(-56Wz,1Ws,3)
b6,6 =0
m,n = 0 whenever m+n is an odd number

\

J

(8)
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BOUXDARY CONDITIONS

The condition that the edges of the plate be simply
supported is automatically satisfied by equation (&) for
the lateral deflection,

The condition that the edges of the plate act integrally
wlth the supporting struts and flanges of the beam requirss
that the strain at the edge of the plate be equal to the sirain
in the supporting strut or flange, This condition will be

used to determine the remalning coefficients &y, Ty, &p, and
B, 1in equation (7},
The edges y = 0, ¥y = a (see fig, 1) are considered

to be supported by flanges so heavy that they do not shortcsn
under load, The median fidber strain in the x—direction at

the edges y = 0, y = a mnmust, therefore, bs zero,
(el) =0 (9)
y=o0,y=a
The edges x = 0 and =x = a are considered to be sup—

ported by struts having a cross—sectional area of r a h,
Such struts will shorten under load, If the compressive

force in the strut is denoted by P, the median fiber strain
in the y-direection at the edges x = 0o, X = a must be
(el) = - = 1c
v X=0.X=g8 rahB ( )

Since there are an egqual number of web bays and struts, the

compressive force in 2 strut must equal the vertical tensile
force in a web bay, or

a

P = f (hcs',) dx (11)

[¢)

Substituting from equations (3) and (7) into eguation (11)
and performing the indicated integration gives,
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P = alf, + —22 " nmB, sinh BT cos BIXY (1)
¥ n 2 a
(1+p)a
Nn=8,%,86

Substituting equation (12) into equation (10) gives

Sy 4m y nm My (qa
= - Y - Sk S nB inh — cog =% (13
(E})x=o.x=a TE 1+p)ra®E A n ® 2 ® s (12)

The fact that the summations in the series expansion for P
equation (7) have been limited to m and n = 6 mekes it
impossiblc t0 satisfy identically the boundary equations (2)
and (13), Except for o small variation in strain of a fre—
quency higher than the sixth harmoniec, however, it can be
shown by expanding F intoc trigonometric series and by sub—
stituting equations (4), (7), and (8) into equations (9) and
(13) that equations (9) and (13) are satisfied
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¥ = = whe
for r = o (wl,s ws,z)’ n

- - _E 2 2 2 a
Gy—ax—:E (1.804w1,1+18,O4w1,3+16.24w3,3+7.217w2,2) \W

Al=Bl=IgE(—7,O79w1,1w2’2—12_09w1’3W2,2—26.96w5’3w2,2)

g & a 2 3 a
AE_BZ_IBE(—O,3838w1’1—l.295w1,3—0.0775w3,3—0,0856w2'3

+3,698w1,1w1’3+3.207w1’1w3;3+14,04w1;aws’s)

A3=33=I%1(+0,1F9w1,1w2’3+2.597w1’3wa’2—1.581w3’3w3’3)

: >‘(léa)

=B == _ a a a a
A4~B4-.1-6—§(—0. 0463?!1 ’ 2, 414W1’3—-0. lBBGWs ’3—'1.5 OGWa 8

—0.278w1,1w1’3+0.162w1’1w3,3~6.10w1,3w3,3)

B
08

Ag=3g= (—0.2504w1’1w2’2+1.920w1,3wa’a+3.289w3’3w2’2)

2 a
3—6.30w3’3-—-.214wa

H

= 2 a
= s 535 - .
As BG 7( 0.0 3"”"1,1 1,181w ,

+0, 4] 7 -
'417w1,1w1,3+0°41’w1,1w3,3 2.297w1’3w5,3)J
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and for 1r = 0.2% , when . \\\

Bz

2 + 1.975%°% _ + 11.41w>

L
nr-y 1
&2(4’_.338?\11’1 1’3 3,1

2 __"
+ 5.354w2,2 + 12.Oaw3’3)

; oz @ 2 2 2 2
é%(+0.o3lowl,1 + 3.346w] 5+0Q.9578wz q + 1.32Ewy 5 +2.882w; 3)
E%E(-7.079W1’1W2,2 -1.679W1,5W2,2 -10-42W5,IWZ’2 '-26.96W2’3W5,5)

E . _ . _ _ aa ’
16-5(—7-079\”1’1“2’2 10.42W1,5W2,2 1.879W5’1W2’2 20-96?(2,27(3’5)

£ (-3.572w2 _ - 29.50w® _ - 2.713w® _ - 0.68007w® _ - 0.5823w2
57" 3-872w; %3 Va1 V3.2 S8RRW, o

12- 79“’1’ 1“'1, 3 + 21. 68w1, 1W5,1 + 122.78“!1’ 3“‘3’ 5 + 8. 745W3, lws’z

20.46w1,5w5,l + 29.87w1,1w5’3)
P . 2 2 ) 2
57(-2.193w1, 1 - 2.709w] 5 - 17.07w3 1 - 0.4558wh 5 - 0.4164w3 3

18-97\71, 1“.1’3 + 8- 14.'7"."1’1‘73’1 + 9.295W1’3W5,3 + 70.94WE’IW3,3

12-42\’!’1,3“'3’1 + 18.32W1’1W5 :5>

104
Eaz(+0.1590wl,lw2,2 + 0.1355w1’3w2’2 + 2.258w3’1w2,2 - 1.578w2,2w3’3)

(+O-1590W1’1W8’2 + 3-258\71,5‘72’2 + 0-153571'3,1772’2 - 1.578W3’2W3’3)

o 3 2 2 _ -] _ 2
353(—0.02685w1,1 - O.OGB??hl,S - 0.1894W3,1 1.469W2’2 0.1307w3’3
J. 1133\(-'1, lwl’z - O.SBlel;lwz’l - 6.982W1’3W3’3 + 0-3615\?5’1773’5
3.042w) oWy 4 + 0.00478w1,1w5,3)
£5(-0.03034w> - - 0.2391%1 5 - 0.04708%x - - 1.101ws o —- 0.1177wo
10 *Ve 1,1 =edI N ,3 . V3,1 < VWa 2 . 3,8
0.3786W1’1W1,3 + 0.1414w1’1w3’1 + O.5727w1’3w3’3 - 5.161w3’1w3,3
1.470w ¥z L * 0.08922w1’1r3;3)

E
106('0.25047!1’1W2,2 - 0-3845w1’3w2,2 + 2-143W3’1'W2,2 + 0.285W2 ,BWS,S)
E_ ) . a ' -

105( 0.3504wy (%3 5 + 3.143Wy oWy o - 0.2845Wz W5 o + a.285w2,2w3,3)
£ (-0.03135%° 0.1047vw> 0.8686W" 0.1544w> 6.231w2
107 (~0-03135W] 3 - 0.1047wy 5 - 0.8686wg, ) - 0.1544wz 5 - 6.2331wg, 3
+ 0.1307w - 3.863w

0.1057w + 0,07685w

1,1%1,3 1,1%3,1 1,3"3,3 3,1"3,3

0.04395w1’3w3,1 + O.2598w1,1w5,5)
= p 2 2 2 Qur 2 2
107("0-015761“’1’1 - 0-8202771,5 - 0.08159W3,1 - 0. 1638\72’2 - 5.068“3’3

0.1363w1’1w1,3 + 0.1508w1’lw5,1 - 2.005w1,3w3’3-0.000761w3,1w3,3

O'Olgalwl,BWS,l + O.2910w1,1ws’3) ‘/)

(14p)
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The struts and flanges are considered to be stiff
enough in bending to keep straight the four edges (x = 0
x a, v=20, ¥ a) of the plate, ZEquations for the
u and v displacement can be obtained from p, 322 of

reference 1,

~

W

_a.ll = gl — .}. _OE>2
ox x 2 \ox
ov 1wy
== T &g — = <~—> . 5
ey Y o2 oy > (15)
ou v ow cw
—_— i — = 'Yx — —— —
oy ox ’ ox ¢y
S
Values of uw and v can be obtained by substituting equa—
tions (4), (8), (7), (8), and (14) into equations (15) and
integrating, This giveq for the values of uw and v at
the edges of the plate for r = o0,
= 0 =
(u)x-o , (u) s 0
2,632t 2,632T
v = X == 3 = —_——— o
( )y_o Cam () ea = (1e2)
and for r = 0,2k
(u)xzo = 0 (u)x=a =0
- x 2.6327 2,632T
(V)op = X —5— (V)pep = x5 - 2 2 (o, 3313‘”1 2
+ 2,346w° 40 2 2 2
<3 6w1,3+ ,96’78w3,1+1.325w2 2+2.982w5’3) (1eb)



WACA TN No, 962 13

It is scen from equations (16) that the edges of the plate
corresponding to x =0, x =a, y =0, and y = a,
satisfy the condition of remaining straight after buckllng
has started,

EQUILIBRIUM OF LATERAL FORCES :

After the web plate buckles, the median fiber forces
have components which tend to digplace slements of the
plate laterally from the original plane of the plate,
These forces will displace the plate laterally until the
bending stiffness of the plate prevents further displace—
ment, This condition is expressed by equation (2),

The lateral deflection (equation(6)) must now be deter—
ained in such a way that equation (2) ig satisfied, The
fact that the series expression for w (equation (8)) has
been limited to only the first five terms makes it impossi~
ble -to identically satisfy equation (2). Except for a small
unequilibrated lateral pressure p of order higher than 3,
however, it can be shown by expanding F into trigonometxlc
series and by substituting equations (8), (7), (8), and (14)
into equation (2), as is done in reference 8, that equation
(2) is satisfied,
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for

2
1% (-0.5840w

T = cz:(wl,'3 = wB,l)’ when
3 2

1.973W1’1+ Wl’l(-1.657wl’5 - 0. 1560W3,3) + Wl,l(lo4815h2
2 2 =2 )

25.691!71,3 + 15.16w5’3 + 8.09w2,2 - 8.88w1’3w5’3)

Ta? _
0. 5840w2 2— - 13. 147wl 3 0. OO855W ,3 +24..,6w1 3 3,3

2 2 2
1.681w3’3w1,5 + 8.80*.%':3’29'11’3 + 3.602w2,2w3,3.

123. :3w1 . +w§_ 5(=19.72w
b

U

- 7 2
1,1 61.38w; )+ wy ,(37.04n

2 =2
1.2.851”1,:L + 156.8W5“,3 + 74. 64W ,2 + 24, 36w1 1w3,5)

2

T8 3 3 2
1.051W2’2 - O.2761W1’1 + 0.0235W3,5 - 2-220W1,1173,5

+ 15.62w5

2
0.8387w, W 2,2

3,5 + 4.402w°

W,zs

1,1 2,2"1,1

- 2 2 - - 2
313. Zwl’s + 81.90W2,2 + 3. 358W1’1W1’3 + 135. 18W1,l)

2
24.36w1,5w1,1 + 0.599w2 gwl 1 + 31, 22w2 2 1,3

51.47W3 5 + Vg 3(23.704h% +8.090w] ; + 149.3w] 3

81.90w> _ + 17.61w + 683.45w

3,3 1,1W1,3 + 7.301w

1,173,3 1,37%,3)

1,1 + 2.10279‘1,3 - 1.892w5,5) /

(17a)
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and for r = 1/4, when

3 -— 2
0= 1'134“1,1 wi, 1(0.8046171,5 + 0.8132w3,1+ 0.1021w3’3) + wl’1(6.147w1,3

2 2 e - -
+ 9.424w5,1 + 4.946w2’2 + 7.997w5,3 4.438w 4.5604w

3,175,3 1,3%3,3

2y 5 - 3
+ 2.129w1,3w3,1 + 1.4815h%) 0.0Blo?w;, 0.05188w

3, 1= O.-OOE‘]:('S\N?5 3

. —8.534w3 .w. . +0.1423w3 .w. . — 6.448w, w2 . + 4.403w
1,3%3,1

,y373,1 1,378,5 +°793°"

2
1,8"3 1,3%3,3

+ 0.09037w2 + 4. 404-w +0. 4-790!7,_ 1 3 5 <+ 33.69w.°

3153 122 133133

+3.805w3 — 0.5840w,, o1&
3.605172 2173 wa 3 = H.‘.

0= 18. 894w’ + w (4 946w3 1 -+ 38. ozEw’ + 49. 3871?’ 1+ 53.584w2

1, 3,3
+8.805w1,1 1,3 + 8. aoaws N 1, 1+ 7.207\\1 1" 3,3 + 51.23w1 :5"3,3"' :551.1917.-:,”1119'3,:5
Te.'
= 2 — -
+o2.16w1 3 3 1+ 23.704h3)+ ( 0.5840w, . 1+ 1.051w, 3+ 1.051w, ,1 1.89213’3)

- 2 2
0 95.561?%,3 + ws,s( 0.01629111’1 + 0.05922w1,3 + 0.08791w5,1) -+ w3,3(7.995w1,1

+108.16w]  + 134.06w7 , + 55. 585w} 5+ 1.586%) (v, 5+ 0.9578w) W, ..
+0.4102m, v, | + 130.00%) — 21.05?}_’3 — 80.70w} , — 0.03406w} | — 3.380%] 1w, ;
—3.319w% 175,71 + 0-1436w; v} 5 + 0.090461?17 1w§’ 1+ 3.808w; w8 o+ 0.6384w] oWz 3
+0.:.5717w1,3w§’ 1+15.813my zwd 5 + 15.58w5 (W3 5 + 33.69wy 1¥1,3%3,1 — 1.893w3,31§
O = 30.335w} 3 + W} 5(~0.2443w; ; — 0.8904w; | — 63.09W5 3) + Wy 3(6.147w]
+37.897%5 ) + 106.156w% 5 + 38.34w3 5 — 13.05wy, 1wz, 1 + 0.2849w W5 3
+1.358%5,1%5, 5 + 57.040%) — 0.3683w} 1 — 0.07816w3 3 + .01976wd 5 + 1.086w] w5 o
—2.360%] 1Wg 5 + 4.401%) %3 5 — 6.448wy W% ) + 0.’7;927w1’1wg’3 + 0.3724w3 W3 5
+16.08w5 1w3 5 + 0.3096w5 w5 5 + 15.62W] gwg g + 83.69wy gwg ywg z+1.051wy o787
O = 63.736w} 1 + w§ 1(~0.1558w; 1—0.3367wy 5 —62.00w5 )+ Wy 1(8.425w] ;4 37.898%] 3
+46.40573 3+134.05w3 5—13.20w1 1wy 5-+0.1808wy 1w, 5-+0.7443Wy zW5 5+ 57.04n%)
—0.3711n3 ;—0.1303w] 5+0.03933w] 3 +1.064w] 1wy 5—3.318w], 173,5—6.524w; 17] 3
+4.408w} (w5 5 +0.4787n) 1w5 5+0.6395w] gwy g-16. 08wy 5%3,5+0.2036w) zv3 3

. 2
+15.59w§,3w5’3 + 20.69w1, 1¥1,5%3,3 -+ 1.05111‘3',3 Iﬁ- )

(17p)
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SENDING MOMENT A¥D SHEARING FORCE IN FLANGE

A flange of the beam (fig., 1) can itself be considercd
as a2 beam supported at the strut points and subjected to a
lateral lcood by the mediaon fiber tension in the shear web,
Before buckling, the wed carries 2ll the shearing forecs in
shear and therefore there is no tendency to bend the flange,
After buckling, however, the web carries some of the shsor-
ing force by developing a diagonal tension field, This diag—
onal tension figld tends to draw the two flanges together,

The flange bending moment will be consgidered as positive
when it curves the lower flange concave upward or the upper
flangc concave downward, The shearing force in either flange
will be considered positive if it tends to support an extornal
load Q, directed as shecwan in figure 1,

If use is made of the fact that the flange bending mcuent

is the same at each strut point, the shearing forces in the
upper and lower flangss are, respectively,

2 a

¥ &
LIRS dx — = h(sg}) . =xax
. y=a a yY=a
x o '
and . (18)
. a ; &
= hi{c! xdx — hic !y dx
a'/’ CHE / @3 yuo o |
~0 x

The bending moment in the flange is determined by making
the slope of the flange the same at each strut point, This
gives for the bending moments in the upper and lower flanges,
respectively,

j

&,

a
b = .l [ - = _x.. 1 d
“y=a 2_/P 8lod)yes x<l a)ﬁx+-a j/nﬂcy)y=a xex
o X a, °
mn )
—~ dx h(o ) dx,
2, i
‘ (19)

Jy -1
1 > X X 2

o == h t - = — 1 rd.

y=o=3 / (o'y)y=o x(1 a)dx+ = fh(cy)y_:o zdx

"0 !

X a
- ix hic! dx
J/q ,/P (cy)y=o
oJo 2Jx ’
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. Substituting for (Gi)y—o frow cquoations (3) and (7) and
] porforziag the intesratiocns in oquaticn (19) rives for M, .
M
y=0
5 5
= N S
oy (E-E+Z)en (Bor) ) ) v,
2a a a
m=1,3 n=0
CRCE
Y \, mTXx
+ h Z; ﬁ, bm,n cos ==
m=1 0n=0
5
— - 'l
*E ) Ry l:E—-ﬂﬂtanbEi> s1nhm”+-m"605 fﬂJ 1— 2% o BUE
L. \1+p 2 2 3 2 a o
m=1, 3
=) -
+ N N A.,1 e SN cothm"\ cosh ZZ 4+ B sinh EE] cos =X
Lo 7F PR 2 2 2 a
x =2, 4
2. - - , D
, + h D fl:&—f‘-’ltanhffﬂ‘ ~ 2% 5innfT 4 sinh nm :"z-i_}
L TaY|1l+n 2 2§ |\ 3 a 2/
n=1,3 -
.. N . _
+ am (Z -2 cosh arm [ Z ~ Y goen 27
3 32 a 2 2
€
AN r i
+h /) 3,3 It DT cotn AT coehonr ( E— 24 Bl : ginh -
L i 14y 2 2 ] nn\1+p)
n:a,-& -
: + nw (% - l\ sinh nn !~ - = } (1%a
& 2/ I3 /
38EAX LOAD CARRBRIED BY BEAX
y
The t2am (fig, 1) supporis 2 shesr icad Q, At any ver—
- tical section through the beam this load ig partially carrisd

by shear ir the web aund partislly by
Part of the shear in the wed may be considered dus

diagonnl tension after buckling,

shear in the flanges,
to the
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Mhe shear loed carried by the flonges is obtained Dy
sdding equations (18), The shear load carried by the wed is

a

—-JP h T! dy (20)
Xy

I}
184

4dding equntions (18) and (20), substituting for o) and
T4, their values as given by squations (3), (7), (g), (142),
and (14b), and integrating gives _

bl = o =
for T (Wl,a ws'l)
Eh
~ P 1 2 Ow A AL D L oA RO \ (212)
Q’— 'ldn'f‘!a,g = \J..o.uvl,l—%.ooawl,s-r-:.u(uwa’s/ \ /

and for r = 1/4

. Eh
Q=— Tantw, a,-—Ei-(l.Sz;gwl’1-—2.432»:1,:,;--2.4:50‘«3,1+4.372w3’3) (21p) .

?

SEHEARING DEFORMATION OF BEAM

The siaeoring forces acting on the end of the beam cause
it to shear downward as shown in figure 1, The amount of the
downward displacement is (v)y=° in equetions (1l€éa) and (1leb),.
This givss

(V)0 = 2.632 & = ¥x3 ¥ ="2,632 3 (22)

wvhere ¥ 1s the shear deformation of the beam,
EFFECTIVE WIDTH IXN SHEAR

The loss in shear stiffness of the beam after buckling
of the web may be considered as a loss in effective width of
the sheeot, The effective width ratio in shear for a given
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shearing deformation ¥ will be defined as the rntio of the
load actually carried by the beam to the load which might
have beern carried had the web not buckled,

The load actually carried by the beam is given by squa—
tions (21la) and (21b), The shearing deformation of the bean
is ¥ (equation 22), TFrom equations (3), (4), and (7),
therefore, a load Tah might have been carried with a shear
deformation Y 1f the web had not buckled, The effectivse
width ratio is, thersfore,

Effective width ratio = Qf/Tah (23)

Substituting for Q from equatione (21a) and (21b) gives

for 1 = w =
C»( 1,3 3,1

Effective width ratio

. _
= 1 — —3 wa, z(1.350v, ,—4.862w, ,+4,376ws 5) (24a)

and for r = 1/4

Bffective width ratio

= 1- w3,2(1.349w1’1—2.483w1,5—2.430w3’1+é,372w3,3)

(24%)

o !\j L=l

CCMPRESSIVE FORCE IN VERTICAL STRUT

After buckling of the web, the diagonal tension field
tends to draw the two flanges of the beam together, This
action 1s counteracted by the vertical struts which hold the
flanges apart, The nagnitude ¢f the resulting coupressive
force_1in the strut is given by equation (12), Substituting
for Ty By, Bg, and Bg the values given 1n equations

(14a) and (14b) gives
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for r = m(wl’s = Wa,1>

® l&’#

2 3 a3 2
{(1.804w1’1+18.04w1’3+16.24w3,3+7.217wa’8)

+ cosgﬂz( 0. 0846w1 -0, 2858W1 5-0 Ol'?lw:5 5—0 0189w y2

1=
+ 0.81‘_w1’le’‘_ﬁ-x-o.'?oawi’11.w3’3+'z>.ll.00w1 ,sws,s)

QWY‘_ a 2 . a _ 2
+ cos "E'( 0.0047w] . ~0,2467wT 0.0170w% —0.1538wZ

[

—0,0284w1’1w1’3+0.0165 1,193 ,5 —0, 623w1,3w3’3)

+cosi¥ (o0, 0019w —0.0419w2 0. 2238w2 —0,0075w"
a 1, G4 3 2s2

+ 0'0148W1,1W1,3 + 0_0148w1’1w3’3— 0,0814w1,3w3,3)}- (25a)
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P=-_7(0,Sol¢ 1 1+2,'5

+ cosfﬂz(—0,048é0wi
o 1

2 a3
e6w1’3+0.96'?8w3

2
£—0,05979w1

H

. a
éq0.3767w3,

,+1,325w

2
2,

+2.~82h3

-0, 01014w

—O,00919w3,3+O,2862w1,1w1’3+0.17?8w. 1Wz 42

+O.2051w1,3w5

+C, 4043w

+ eGa=

é'.\

—-0,1124w?

+0, 0ldsdw

B (-0, 003008w 2

,3

w

W + 0,0584%w

1,1 3,1

-0, 15 01w

+ cos rw;( c. C”13$éw?

H
]

O a
- 3

-1

IR

—O.C?ll4w1
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1 1
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oceur ot the center of the shear bay with the line of fail-
ure running at nearly 45° to the flanges,

The stress at thec center of the plate is obtained frowu
equations (3), (7), (3), 2nd (14) by letting x=y=a/2,
This gives

for v = of(w =y

1,3 3,1)

2 2 2
(c'—c )T a./2_----(3 csgw +50,22w1,3+27.35w +2,278w !

3,3 M 2,8
v=a/2

. (26a)

_.15.59w1,1w1’3+--.e.187w1 LW 33 —~56, 24W1,3w3,3> {

- §

1 -
(Tx}’)x-a/2 T + -—a—-a-wa,a(2‘267W1’1+25.8CW1,3-5.775W3,3> l
and for r = 1lfa4

~

(o) = B (2.586w. +14.26%w. +11.58w- .+0,42 2
ol x=0/2" 32 586w, 4 «R6Wq,z FBwy 140, 4213vwg 2
y=af2

2

2 — _ ;
+~3.15w3’3 2.673w1,1w1,3 7.823w1,1w3’1+&.326w1,1w3,3
+24.59w1,Bws’1—45.57w1’3w3,3—9,942w3,1w3’5)

L . 5 a I
(cﬁ)x~a/z—;‘(l 597w1 1+13,75w§  5+3 186w§,r—3.612wg’2+l4,Oews,

v=a/2

_2.663w1 1,5 —~8. OCaw1 Wa,1t4. 176wy 1V,

+24.48w1’3w3’i—47.15w1’3w3’5—9,056w3’1w3’3)

(T2 —T+Jiw 2.2 90 ' —
y)x~a/9 5V, ¢ 2 68w, +12,90w, +12,9Cw, =5, 776w, )

y=a/2

,;m_""\v,“ y

(261
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Tho nmaximum ard minizun principal stresses at the canter
of the plote may be obtairned from equations (2€a) and (ZED)
by the eguations on page 19 of rsference 9,

el =C.fy'_-+c‘~)!- /(O'i"‘ﬂ'#) +(T' )'
ain 2 .
Tiy
Ten 20 = 2 m—————
1 — 1
al <2
S

where @ is the angle teitween the x—axis and the direction
¢f a principsl stress.

Stress at Corner of Shear RBay

The stress at the corner of the shear bay must be meinly
a shearing stress, since the principal deforuation is & change
in arglos votween the horizcntal flange aznl the vertical struts,
The bcundary conditicns of zero sirain parallel te the flang:
and of sitrain praralleil to the strut equal t0o the sirain in the
strut were only partially satisfied (see eguations (9), (13),
(l4aa), and (14b)); so small residual stresses in the =x and ¥
directions are left, A measure of the degre¢ to whick the
boundary equations are satisficd is the smallness of these
regiduals in the case wherse T = «, These are computed later
in the paper and appesar in ths sscond and third columns of
tables 3a and 3b,

The stress at the corner of the plate is obtained fronm
equations (3), (%), (8), (14a), =and (14d) vy letting x = O,
v = &, Thisg gives

for r = o (wy =Wy 3)

= 2 a 2
t=gt =<=(0,15 + 5 ) )
(cx cy)x=0 az( 1f 7w .1 1.9&w1,3+ .14w3,3+0.832u2,3 -W
y:"_h_ i
—-1.11% ,1V1,3 ~1.18vw, ,1¥s, O,.Ow1 a¥s,3 L o
Lol CEANY,
o - ocn ,
( - +O'73"”"1 Ya,s 0. 94“1,3wa,a+1"cws,3“a,a)
T! =T '
33);=0
Ty=Ea
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and for r = 1/4

3 a3 a3 2
(1) - Ea(..o,zaagwl ~12.42w, ,+9.598w, ;—~1,029w;
X < a H ’
¥

o}

a
= v,

-2,lOSws,3—0.9318J1’1w1’5—0,3613w1,1w3,1

—1.360w1,1w3’3+0_1806w1,3w3’1+6,160w1’3w3,3

o
_7.493w3,1w3’5+0,729~w3,aw1’1+7.324w1,3w2’a

_8.273w3,1w2’2+l,945wa’aw3’3) >~(28b)

= E 2 a 2 a2
= —(1.116w} ~9.080v] —2.108w ,~4.572v; ,

) -

o b~
HHu
®o

2
—-10.35w3

— B4 — Q
)3 1.9&54W1’1W1’3 1.2-Ow1’1w3,1

—2,799W1’1W3,3~O.1693W1’3W3,1~1.067W1,3W3’3

—4.157w3,1w3,3+0,7298w1,1w2,g~0,6991w1,3w3,2

—0,2494w W, ,+1.945w

1 =.'_|"
(Txy)z=o

y=a

a,zws,z)

Depth of Buckle
The contour of the buckle in the shear bay is given by

squation (6), The depth of the buckle at the center of the
bay is obtained by setting x=a/2 and ¥ = ef/2, Thils gives

Woenter - V1,1 "1,3 3,1 3,3 (29)
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HUMERICAL SOLUTIOW

Deflection Coefficients

The deflectlon coefficients are obtained by sclutlon
of the simultaneous eguations (17a), (17b). These cquations
were solved by a method of successive upprOYimatlon using
the following steps:

1, Divide each of equations (17a) and (17b) by &°

2, Estimate values of wl,l/h’ ?1,3/h. W3,1/h»

Taa/Eha, corresponding to a glven value of w /.,

hd 2,2

s,s/h'
3. Ezxzpand the right—hand side of each of equations

(17a) and (17b) in a Taylor series in the neighborhood of

the estimated values of  w, ./h, wl,a/h L ./h, LER s/ B,

and Ta2®/Zn®*, omitting the square and higher order terms.

4 Solve the resulting linear equations for the diifeor-

ence between the chosen values of wl,l/h wl,s/h w3, 1/ h,
ws,s/h’ ta®/Eh® and the improved values, (Crout's method,

refercnce 10, was used for this,)

5, DRepeat until the estimated error is less than 0,2
percent, The convergence wes rapid; so one or two trials
usually were sufficient to give an accurates answer,

The results of the computation were checked by substituting
the answers in the original equations (17a) and (17b). The
results are given in tables la and 1b for values of the shear
load Q wup to about seven times the critical value for bduck-
ling, The value of ¥ was comnputed from T by using equa—
tion (22); Q was computed from T, We,ae YWai,m Ya,1

W, m 284 W, . by using equations (21a) and (21d).

Medlan Fiber Stresses at Center of Shear Web

The median—fibar stresses at the center of the shear webd
were computed from equations (2€a) and (26n) and tables la
and 1b, The maximum and minimum principal stresses then were
computed from equation (27), These stresses are given in
tables 2a and 2b and are plotted against the shear load Q in
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dimensionlecss form in Ffigure 2, When r = o, the direction
of the maximum principal stress forms an angle of 45° with
the flanges for all loads; when r = 1/4, however, the
angle 1s 459 at the buckling load and decrcases to 39° 8!

as the load is increased to five times the buckling load,

As might be expected, the maximum principal stress
(corresponding to tension along the wrinkle) continues to
rigse after buckling while the minimum principal stress (cor—
regsponding to compression across the wrinkle) remains nearly
constart after buckling,

The reiaforecment ratio r has only a small effect oa
the wob stresses at the center of ths shear bay, (8ee Fig., 2.)
The drop iIn tensile stress at the center when the reinforce—
went ratio changes from 1/4 to o 1is only 7 percent at a
shear load of 45 Eh3/a,

Medign Fiber Stresses at Corner of Shear Web

The median—-fiber stresses at the corner of the shear
web were couputed from egustions (28a2) and (28b) and tables
la and 1b, The maximum and minimum prinecipal stresses then
were ccmputed from equation (27), These stresses are given
in tables 3a and 3b and are plotted against the shear load
Q in dimensionless form in figure 3, The dirsction of the
maxinum principal stress forms an angle of 45° with the
flanges for all loads when r =o; when = = 1/4, however,
the angle is 45° yp to the buckling load and decreases to
41° 4' as the load is increased to five times the buckling
load,

Comparison of figures 2 and 3 shows that the maximunm
tensile stress occurs at the center of the plate while the
maximum compressive stress occurs in the corner,

The recinforcement ratio r has an appreciable effect
on the stress in the corner, (see fig, 3,) The increase in
compressive stress at the corner when the reinforcement ratio
r changes from o to 1/4 is 40 percent at a load
Q= 4F EZh3/a,

Effective Width of the Shest
The eoffective width of the sheset (corresponding to the

width of unbuckled sheet which would give the same shear
deformetion as the actual buckled sheet) was computed from
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uations (24a) and (24b) and tables la and 1k, The ratio
the effective width to the actual width is given in
1l

2o oanmd ZHh and d4a miatttaed Iin Picscure 4 ssoninst the
& i Q@ in 1x1gure & agalihsyv Lile

€8 ©&a aib

shear deformeation fatio ¥ Changing the strut area so

that the reinforcement ratio r = 1/4 1instead of o causes
a drop in effective_width ratio from 0,88 %o 0,81 for a
shear deformation ¥ = 140 h®/a®,

Filgure 4 shows that the effecfive width decreases slowly
with increase in the shear deformetion, In this connection it
should be remembersd that the present paper is limlted to edgze

F-
reinforcements which are rigid against bending irn the plane of

the web, It should not be assumed that the effective width wiil
be as hizh as in figure 4 when the reinforcements allow bending
in the plane of the web,

Bending Moment in Flange

The otending moments in the lower flange, due to the webd
stresses o) acting normal to the flange, are glven by cqua-

tion (19a), This esquation does not take account of the fact
that thz: web shear siress Tiy contributes t0 the bending

moment when the neutral axis of the flange does not coincide
with the edge of the shear web, The bending moments aloni the
flange y = O computed from equation (1%a) using equations
(8), (14a), (14d), and tables la and 1b, are given in figure

§ for r = 1/4, @ = 45,37Eh3/a and for r = @, Q= 47,22%h°%/a,
The maXimum moment ocecurs at the struts, x=0, =x = a, The
digtribution of moment is similar to that in a2 beam with clenmped
ends under a unffornly distributed loasd, Although the shoar
load Q 1s nearly the same in the two cases, the moments for

T = o are nearly twice the nmoments for =r = 1/4; the decrcaso
in cross—sectional arca of the struts causes a marked decroass
in flange bending moment,

Comnpressive Force in Strut

The coilpressive force in the strut is given by equation
(12)., The distribution of compressive force P =along the
strut was corputed from equation (12) using equaticas (14a)
and (14b) and tables la and 1b., The results are plotted in
figure 6 for r = 1/4, Q = 4F,37Eh3/e and for r = o,

Q = 47,22Eh3/a, The varlation in ccmpressive forse P along
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the strut is 192 percent when r = 1/4 and only 8 percent
when r 2] The maximum force occurs at the center of the

strut, v = a/2,

The maximum force Py=&/2 was computed for various

loads, It is plotted against load in figure 7, For a ziven
load Q on the beam, the force Py—a/z in the strut is

about three times as great when r = ® as when T = 1/4,
When r = 1/4 & considerable portion of the force holding
the flanges apart seems to be carried dy the sheet adjacent
to the strut, :

Shear Deformation of Beanm

The shear deformrtion ¥ of the beam and the shear lord
Q are given in dimensionless form in tables la and 1b, YThey

are plotted against sach other in figure 8 for r = 1/4 ané
r = o The deformation when r = 1/4 1is only about 9 per—
cant grenter than when r = oo The cross—sectional arca of

the strut apparently has only a minor effect on the stiffness
of beaams with buckled webs resisting shear when the strut
spacing esquels the beam deptn and when the flanges are very
stiff,

Aftoer buckling, the effective shear stiffness of the
web 1s dacreased about 8 percent for r = = and about 12
percent for r = 1/4,

Comparison with "Tension Field" Thecory

The rost widely used concept in predicting the behavior
of 2 shear web after buckling is that of the "tension field!
originated by Wagner, Wagner (refereonce 2) postulated that
the shear 1cad carried by a thin sheet web after dbuckling is
chiefly carried by tension in the direction of the sheet
bucklss, Improcvements of VWagner's origineal theory to take
account more adeqiately of the case of an incompletely devel—-
oped tension fleld have been derived in references 11, 12,
and 13,

Kahn (references 11 and 12) hag developed a semiempirical
treatmest for the action of shear webs in incomplete diagonal
tension, Kuhn's results are plotted as curves € 1in figures
@, 10, and 11 for ccmparison with the present work, The agree—

ment is excellent in the practical case where r = 1/4 except
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for the strezs irn the corner of the buckle (curve B), In
the extreme case where r = o however, the agreement 1is

. ¥
not so good,

Langhaar (reference 13) takes account of rcinforcements
and assumes that a compressive stress equal to¢o the critical
shear stress acts perpendicular to the buckles, He neglsacis
the effect of Poisgon's ratio (p = 0), Langhaar's results
ere plotted as curves D in figurss 9, 10, and 11 for com-—
parigon with the present work, The agreement 1is excellent
for the stress at the center 6f the panel (curve A figz, 9).
It is not quite so good for the shear deformation (fig. 11).
Tor tihe force inm the strut (fig, 10), Langhesar's results are
nearly twice as high as those of the present paper,

The preceding comparisong of Wagner!s theory, as de—
veloped by Euhn and by Langhaar, with the more ccmplete
analysis given in the present peper for the special case of
2 squere plete, indicates that Wagner's theory as developed
by Kukn 1s in beet agreement with the present psper in the
practical case r = 1/4, KXuhn's theory is in especially
gcod agreoement for the force in the strut when r = 1/4,

National Bureau of Standards,
WVashington, D, C,, July 1, 1944,
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Table la - Values of the deflection conefficients as a function of the apparent
shearing deformation ¥ or of the shear load Q for r = e,

e | _g2® | ma | orus | wag | mg3 | me | et
Eh3 2 n h h h h Eh?
o] 0 o} o} 0 0
8.61 22.68 o] 0 o] 0 0 -8.61
8.82 23.24 +0.1537 -0.0118 -0,0118 +0 ,0066 -0.0479 -8.83
9.20 24.61 + 42922 - .0235 - .0235 + 0134 - 0931 ~9.35
10.01 26.65 «4070 - .0360 - .0380 + ,0210 - .13%90 { -10.12
10.56 28.25 + 4764 - 0455 - .0455 + .0270 - 1722 | -10.73
11.01 29.6 +925 - - 053 - 053 .032 -~ .198 -11.23
12.00 32.5 613 - 069 - 069 .04 - 251 -12.34
13.20 36.0 6924 - 085 - 085 055 - .303 -13.88
14.02 38.5 746 - .097 - .097 065 - .34Z2 | -4,
12.29 42.6 .814 - L1159 - .115 080 - 405 -16.1
16.35 46.2 .881 - .129 - ,129 .093 - .45 -17.56
17.85 £0.2 917 -~ .145 - 145 .107 - .49 -19.
20.67 58.8 1.006 - W172 - 172 136 - .532 -22,
24,30 70.0 1.110 - 206 - 205 .103 - .g -26.59
28.04 81.6 1.200 - 234 - .224 .2 - .804 ~30.99
32.04 94.0 1.284 - 2583 - 263 .245 - .900 ~35,
36.60 108.2 1.371 - 201 - 291 .282 - 999 -41,10
31.76 124.1 1.462 = ,320 - .320 .322 -1.101 ~47.20
47,22 141.3 1.552 - .348 - +348 .361 -1.199 - 8'65
53.22 159.9 1.642 - .376 - 376 401 =1.299 -60.75
59,82 180.4 1.735 - 303 ~ 403 442 -1.400 -68.55
66.60 202.0 1.828 - ,432 - 432 «482 -1.499 ~76.,70

Table 1b - Values of the deflection coefflelents as a funetion of
shearing deformation ¥ or of the shear load Q for r =

the apparent

1/4.

Qa_ - % a? ¥i,1 m,.3 3,1 3,3 w2,2 Ta?
Bh3 h? h - h h h h En2
0 0 o} o} 0 0 0 0
8.61 22.66 ) 0 0 ¢ 0 - 8.61
8.73 22.02 + 1601 -,01178 -.01174 +,00657 | - ,0479 - 8.74
9.10 24,12 + .3196 ~.02504 -.02472 +.01411 | - .1000 - 9,14
9.61 25.66 + 4522 -.0;844 -.03745 +,02198 | - .1500 - 9,75
10.21 27.47 + 5662 -.0525 -.05035 +.03051 { -~ . -10.44
10.86 29,50 + 6647 ~-.06709 -.06326 +.03972 | - .2500 -11.20
11.55 31.5 + 750 ~.082 -0 +2 049 - .300 -12,0
12,27 32.98 + .828 ~.097 -.088 +,060 - +350 —12.3
13.02 36.44 + +898 ~.11 -.101 +.071 ~ +&400 -13.84
13.81 29,02 + 962 -.12 -a11 +.0 ; - 450 -12.82
14.64 41.75 . +1.02 -.144 -.12 +.09 - .500 -15.86
16.40 47,67 +1.129 -.17 -.151 +.122 - 600 -18.11
18.3 54,22 +1.232 =20 -.169 +.151 - .700 -20.60
20.4; 61.47 +1.327 -e240 -.189 +.182 - 300 -22.35
22,97 69 .47 +1.419 -.272 =209 +.214 ~ 4900 -2 .39
25.31 78.25 +1.509 -.30 -.2298 +.249" ~1.000 -29.73
31.0 98,1 +1.687 -.36 -e267 +¢320 -1.,200 ~37.29
34,2 109 .40 +1.775 -.396 -.286 +4358 -1,300 1.56
41.42 134.43 +1.954 ~.458 -.324 +.434 -1.500 -51.07
45,35 148,24 +2.045 -.488 -.343 +e472 ~1.600 ~56.32
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983

2a « Medlan~Flber Stress at Center, r

= 00

Haximum and Minimum Principal Stresses

Direction of Principal Straesses

Qa_ oy a? o a? . a2 Q‘EIE tnd > o . a?
e =3
Eh3 Eh2 Eh2 Eh2 Eh? ER2
8.61 0 0 - 8.61 - 8.61 8.51 450
2.82 .1287 1287 - 8. 8% - 8.70 8.96 "
9.30 +4555 4555 - 8.89 9.81 u
10.01 9363 9363 -10 o] - 9.16 11.04 u
10.56 «349 1.349 -10.58 - 9.3 12.0 "
11.01 1.701 1.701 -11.16 - 9.4 12.8 »
12,00 2.52 2.52 -12,18 - 9,566 14,70 n
13.20 3.47 3.47 <13.40 - 9.92 16.88 n
14.02 4.252 4.252 -14.22 - 9.97 18.47 "
15.25 5.49 5.49 ~15.52 -10.02 21,02 "
15.55 2712 6.712 =15.71 -10.00 23,42 n
.86 7.874 7.874 -17.92 =10.05 25.79 -
20.67 10,486 10,486 ~20.5 -10,29 31.07 u
24.30 14.22 14.23 -2 - 9,59 38.15 n
28.04 18.0 9 18,01 ; S - 9.33 45.37 n
2. 22,227 22,227 -30 6 - 2 53.19 u
36.60 26,924 26,924 =-35.03 - 8. 62,00 u
41,76 32.361 32.361 -39.72 - 736 .08 it
47.22 38.128 38. 28 .60 - 6.47 2,7 u
53¢22 44 .4 .479 -49°,98 - 5.50 94 .4 u
59.82 51, 32 g -55.93 - 4,60 107.26 n
66.69 58. -62.03 - 3.22 120.84 "
Table 2b - Median-Fiter Stress at Center, r = 1/4
Meximum and Minimum Principal Stresses
Direction of Principal Streasses
Eh3 En® Eh? En? En? Eh? =
8.61 0 0 - 8.61 - 8.61 + 8.61 450
8.73 + (10 + 06 - 8.79 - B.66 -+ 8'8i 440 561
9.10 + J42 + .2 - 9,16 - 8.81 + 9.5 440 46
9.61 + .89 + .9 - 9.73 - 9.0 +10.50 440 32,51
10.21 +1.46 .95 -10.35 - 9.1 +11.61 440 18"
10.86 +2,12 89 -11.J0 - 9.35 +12.87 440 31
11.55 +2 .86 -11.85 - 9.43 +14.22 43° 281
12.27 +3.67 +¢..39 =-12,60 - 9,5 +15.6 430 ;g'
13.02 +4.55 +2.96 =-13.39 - 9.6g +17.17 430 13!
13.81 +5.49 +3.58 -14.19 - 9.6 +18.76 430 4 5'
14.64 +6.50 +4,24 =15.00 -~ 9,67 +20.42 420 5
16.40 +8.78 +5.72 =16 .69 - 9,51 +24.02 420 a
18.3 +11.29 +7.34 -18.55 -~ 9,32 +27.96 410 5
20.4 +14.16 +9.21 -20.4 - 8.94 +32.32 410
22,77 +17.33 +11.30 -22.58 ~ 8.44 +37.12 410 o'
25,31 +20.95 +13.63 -24.,%4 - 7,81 2.40 400 48t
31.0 +29.23 +19.0 -29.85 - 6,15 +54.42 40° 91
34.2 +32.94 +22.1 -~32.6° -~ 5,15 +61.20 o 5at
41,42 +44,59 +29 .05 -38.82 ~ 2,78 +76.39 39¢ 21t
45,36 | 490.46 +32.92 -42.20 - 1.41 4,79 390 8¢

32
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Table 3a - Median Flber Stresses at Corner of Shear Weby, r =°°

fleative
a ata? ‘g2 ‘a2 s’ a? o', a2 width
bl . Tl It —Dax_ “min_ - Ratio
En3 Eh? Eh2 Eh2 ER2 Eh2
3.61 0 0 - 8.61- 8.61 - 8.61. 450 1
8.82 .0004 .00 - 8.8 8.8 - 8.82 " .998
9.30 .0009 .00 - 9. 9.3 -~ 9. " 994
10.01 .000 .00 -10.12 10,12 ~10.12 u .988
10.56 .001 .00 -10.73 10.73 -10.73 " 984
11.01 —.ogg .00 -11.23 11.23 -11.2; W .980
12,00 -.0 -.01 -12.24 12.22 -12. " .972
13.20 -.017 -.02 -13.58 13. -13.70 W 964
i3.02 ~.025 -.03 ~14.6 14.60 -14,66 ] .958
15.25 -.037 ~-.04 =16.1 16,12 ~16.20 " +949
16.35 -.050 -.05 -17.56 17.51 -17.61 v .942
17.86 -.062 -.06 -19.06 15.00 -19.12 ] 936
20.67 -.099 -.10 -22,.32 22,22 22,42 8 926
24.30 -.142 -.14 -26,59 - 26.4 -26.78 w 913
28.04 -.207 .21 =-30.99 30.7 -31.2 ] 4904
32.04 -.270 -.27 ~35.72 35.45 -35.99 LI -897
36.60 -.341 -.34 -21.,10 40,76 =31 .44 u .890
41,76 ~.425 ~.43 47,20 46,77 ~-47.6 n .883 -
47,22 -.512 -.51 - 8'65 58.14 ~54 .1 n .88
53.22 -.612 -.61 -60.75 60.14 -61.§6 ® 876
53.82 -.726 -.73 -68.55 67.82 -69.28 n 872
66.69 -.839 -.84 -76.70 75.86 -77.54 % 869 -
Table 3b - Median Fiber Stresses at Qorner of Bhear Web, r = 1/4
Efiggﬁive
o’a? a2 2’ 2 ‘ 2 ’ 2 w
Qa x* ¥ Sxy? Zoin® Omax?®’ ot Ratio
En3 Eh2 En? Eh2 Eh2 En?
8.61 (o] o) - 8.61 - 8.61 + 8.61 . 450
8.73 - .01 - W04 - 8.74 - 8. + 8.71 440 571 «998
9.10 - .06 - .1 - 9.16 - 9.2 + 9.04 440 AQY .992
9.1, - .13 - .87 - 9.75 ~10.00 + 9.49 440 33' .98
10.21 - .23 - . -10.44 -10.86 +10.01 440 38t 978
10.86 - .3 - .99 -11.20 -11.8 +10.59 440 171 .969
11.55 - .4 - 1.21 -12,0 ~12,8 +11.20 440 61 959
12.27 - .59 - 1.56 -12.9 =13.97 +11.86 430 551 <950
13.02 - .74 - 1.93 ~13.84 ~15.20 +12.51 430 461 941
13.81 - .90 - 2,34 -14,82 -16.47 +13.21 432 36! 9
1%4.64 -1.08 - 2.79 -19.86 -17.82 +13.95 430 371 932
16.40 -1.48 - 3.76 -18.11 ~20.77 +15.52 430 141 .zos
18.3 -1.9 - 4,90 =-20.60 24,07 +17.23 420 g4t .889
20.4% -2.4 - 6.17 -22.35 -27.74 +19.11 420 43¢ 875
22,77 -3.04 - 7.60 -26.39 -31.81 +21.17 420 32t .862
29,31 -3.70 - 9.18 -29.73 -36.30 +23.41 420 22t 851
31. 522 -12.82 -37.29 26 .51 +28.46 420 5t .8
14.2% -6,09 -14 .88 ~-41,56 -52,.28 +31.31 410 59! 824
41.42 -3.04 -19.50 -51,07 64,62 +38.06 410 47t .810
45,36 =9.,13 -22.0 -56.32 -72.29 1.09 4le 431 805
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Figure 5.~ Moment distribution in bottom flange (y = 0).

Curve A, r_= o, Q = 47,22 Bh®/a, Curve B,
r = 1/4, Q = 45.37 %/ a.
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