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SUMMARY

The trajectories fcr a supersonic antiaircraft missile were calcu-
lated by a step-by-step integration method for a number of different con-
diticns. The effects of changing drag, initial thrust ratio (ratio of
initial thrust to initial gross weight), and weight ratio (ratio of ini-
tial gross weight to weight after all fuel has burned), which are the
principal variables controlling the trajectory for a fixed launching
angle, were investigated. The resulis of the analysis indicated that:

(1) The rate of change of range and altitude of the missile would become
increasingly favorable with reduction of drag; (2) in gensral, there
would be an optimum initial thrust ratio giving maximum range or altitude;
above this optimum value the rarge and altitude would decresse because of
the large amount of energy expended in overcoming drag at low altitudes;
and (3) increase of the weight ratio of the missile,within the limits in-
vestigated, would improve the range and altitude obtainable with fuel of
a given specific impulss.

INTRODUCTION

The design of a supersonic self-propelled migsile presents many
problems in the fields of aerodynamics and thermodynamics upon which very
little work has been done. Among these problems is that of calculating
the performance of such a missile and how it will be affected by changes
in the aerodynamic and power characteristics. This problem has many ram-
ifications, but its simplest form is that of determining the zero-lift
trajectory of the missile when launched from the ground under a given
gset of initial conditions. ©Since, for a missile of this type ths designer
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is chiefly interested in the rate of climb, maximm altitude obtainable,
ard range, the determination of the trajectory can serve as a guide to
the performance of the missile in these respects. While it is recognized
that 1lift forces will alter the performance cf the missile, especially
the range at low altitudes, the complexity of any enalysis which includes
lift forces beccmes so gireat thet for the preliminary study presented in
this paper these forces have been neglected.

The zero-lift trajectory of a missile is dependent upon the drag of the
miseile, the launching angle, the weight and the type of fuel carried,
and the initial acceleration. The weight of the fuel can be conveniently
expressed by the ratio of initial gross weight to the weight after all
the fuel has burned (weight ratio). The initiel acceleration is given by
the ratio of thrust to initial gross weight (initial thiust ratio) where
the thrust is determined by the thermcdymamic properties of the fuel and
the rate at which the fuel burms.

Since the drag of a missile will be a function of both its size and
shape, no general analysis of missile trajectories is possible. Hovever,
if the drag characteristics of a particular missile are specified, it ie
then possible to study the effects of changing the other parameters which
affect the trajectories.

For the purpose of such a gtudy a design was chosen which was amen-
able to analysis within the present limited scope of knowledge concern-
ing supersonic aerodynamics. It was assumed that, except for liftiug
wings to give higler normal accelerations and shorter turning radii, the
design selected would be typical of a supersonic antiaircraft missile
for operation at altitudes below 50,000 feet. From the available types
of power plaents (rocket, ram-jet, and turbo-jet) rocket power was se-
lected becanse its operation could be most completely divorced from the
aerodynamics of the missile. Also, the rocket was the only type of powver
plant capable of delivering sufficient thrust to give a very high rate of
climb.

The drag and power characteristice for the missile were determined
primarily from theoretical considerations except in the case of solid-
fuel rockets for which some data on thrust were available.

The trajectories of the missile with both solid- and liquid-fuel
rocket power and fixed values of weight and initial thiust ratios were
calculated for several launching angles and for drag values ranging from
zero to twice the values estimated from supersonic aerodynamic theory.
The effects on the trajectories of varying initial thrust ratio were de-
termined for each type of rocket power considered, and in the case of
the missile with solid-fuel rockets a study was made of the effect of
varying the weight ratio.
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A theoretical analysis was carried out for the case of a missile
with zero drag fired vertically, and the results were compared with thoee
obtained from a step-by-step solution of the equations of motion for the
miggile with normal drag.

COEFFICIENTS AND SYMBOLS

The following coefficients and symbols have been used in the pre-
gentation of the analysis and results:

if specific impulse of fuel, pounds per pound per second <I = %)

W
% weight ratio of missile <W9j>
1

B initial thrust ratio <§>
(0]

Cp drag coefficient <—§§———>
8~ SF

where

D drag, pounds

Sp frontal area, square feet

S|

thrust, pounds
v velocity, feet per second
Wo initial gross weight, pounds
Wi weight aiter fuel has burned, pounds
K rate of fuel consumption, pounds per second
P air density, slugs per cubic foot
In addition, the following symbols have been used:
H altitude, feet
Hy altitude at end of power flight, feet

X horizontal distance, feet




L NACA RM No. 6G22

M Mach number
Vi velocity at end of power flight, feet per second
W weight at any time, pounds

Wy  fuel weight, pounds

g gravitational acceleration, feet per second per second

t time, seconds

t, time at which all fuel has been burned, geconds

0 angle between tangent to flight path and horizontal, degrees
8o launching angle, degrees

CEY angle at end of power flight, degrees

73 ratio of specific heat at oonstant pressure to that at constant vol-
' ume (1.22 for producte of combustion)

R gas constant, feet per degree Rankine

T. Jjet temperature, degrecs Rankine
Py fuel-tank pressurec, pounds per ggquare inch

Pj Jet exhaust pressure, pounds per square inch
METHODS OF ANALYSIS

The flight of roccket-propelled missiles cousists of motion in two
regimes. In the first regime, thrust is created by burning the fuel and
thus the weight continuously decreases with time. After the fuel has
been exhausted the weight remains congtant and the missile enters the
second regime (coasting fiight) in which the thrust ie zero. If the
curvature of the earth is neglected the force system controlling the
complete trajectory of such a missile may be represerited as shown in fig-
ure 1. The equations of motion which determine this trajectory are:
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W a8
T gin @ + Dein 6 + W + SE o (1a)
g at2
2
T cos 6+ Dcos 6 + % LX =0 (1b)
g dt

where the thruvst, drag, weight, and flight-path direction will, in gen-
eral, be functions of the time. In the second regime of flight, these
equations reduce tc:

2/

e e e (2a)
e T sk a
% k itz
D coe 8 + ot g;é =0 (2b)
g dt

No direct amalytical solution of these equations is possible; however,
a step-by-step solution can bs used to yield apprcximate trajectories.
The method is quite laborious but no other has been found which allows
congideration cf all variables.

To simplify the analysis the agsumption cen be made that, during
the powered flight, the thrust has a constant value which is given by
the equation

T = IK (3)

The agsumption does not give a completely rigorous result because the
specific impulse increases with a reduction of the pressure at which
the rocket gases exhaust and thus will be higher at high altitudes.
However, for the cases which are considered, the change in altitude dur-
ing the power flight is generally less than 20,000 feet which would re-
sult in less than a 10-percent increase in specific impulse.

Assumption of a constant thrust permits expression of the weight
during the power flight by the equation

W=W,~Kt ()

The drag is given by the equation
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D=Cpop V; S (5)
where
. 2 Pk 2
V2 = — > b
( dt i Kdt‘)

and the instantaneous flight-path direction is given by the equation

tan 6 = g%-% g% (6)

The reletionehips given in equations (3) to {(6) permit solution of
equations {1) and (2).

Trajectories ror launching angles from 30O to vertical were calcu-
lated from the foregoing cquations by assuming the values of drag coeffi-
cient, weight, flight-path direction, and Mach number to remain constant
over short time increments. Initially, calculations were carried out to
determine the trajectories of the missile powered with either solid or
liquid fuels and an initial thrust ratio of 11.12. These calculations
were based on the normai drag of the missile, shown in figure 2, as es-
timated from references 1, 2, and 3, and on the characteristics of the
atmosphere taken from NACA tables (reference 4) to an altitude of 80,000
feet and from reference 5 above this height.

In order to study the effects of increasing or decreasing the es-
timated normal drag, trsjectories were calculated for drag values of O,
50, 150, and 200 percent of the normal value as shown in figure 2. Agein,
these calculations were made for an initial thrust ratio of 11.12 and
both types of rocket fuel.

The effect of varying the thrust ratio was studied by calculating
the trajectories of the misgsile with constant weight, normal drag, and
both types of rocket fuel for values of the initial thrust ratio of 2.78
and 5.5€. The results of these calculations were compared with those
obtained for an initial thrust ratio of 11.12.

The variation of weight ratio was studied for the missile powered
with solid rocket fuel by assuming the cannister weight could be reduced
to allow sufficient fuel to be carried to give weight ratios of 2.0 and
2.5 Tfor the same total missile weight. Trajectories, calculated for
these weight ratios, were compared with those obtained from calculations
for the actual estimated weight ratio of 1.53. These calculations were
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made for initial thrust ratios of 2.78, 5.56, and 11.12., All calculations
for the missile powered with liquid rociet fuel were made for the esti-
mated weight ratio of 1.86.

The trajectory of a missile without drag has been congidered in the
appendix, and a solution giving maximum altitude has been obtained for z
migsile fired vertically.

DESCRIFTION OF MISSILE

General Description

The missile which was assumed to be typical of a supersonic aircraft
interceptor is shown in figure 3. Control in pitch and yaw could be ob-
tained by rotating the eppropriate tail surfaces, or a hinged portion
thereof, about a spanwise axis. Roll gtabilization would be afforded by
gyro operation of the control surfaces. The turning radius of this mis-
sile would be limited by the 1lift which could be developed by the body.

The missile design chosen included a 200-pound war head and control
equipment weighing 150 pounds. The remainder of the intermal volume was
consumed by structural members, fuel cannisters or tanks, fuel, and ex-
haust nozzie. The internmal volume fixed the amount of fuel, either solid
or liguid, which could be carried. Thus, a comparison was afforded be-
tween golid- and liquid-fuel rocket power for a missile of fixed external
size and configuration.

Missile with Solid-Fuel Rocket Power

The initial gross weight of the missile with solid-fuel rocket power
was 2500 pounds of which 500 pounds were structure, controls, and war
head. The ratio of fuel weight to cannister weight was assumed to be
0.77 which was the average for three Monsanto rockets now in production.
Upon the basis of this assumption 870 pounds were fuel and 1130 pounds
were cannigter and nozzle. The specific impulse of the solid fuel was
assumed to be 160 pounds per pound per second, which was the average
value for the three rockets previously mentioned.

Migsile with Liquid-Fuel Rocket Power

The initial gross weight of the missile with gasoline fuel and
liquid oxygen was 1100 pounds. Of this weight 475 pounds were structure,
centrols, and war head; 25 pounds were a tank of compressed nitrogen for
supplying fuel system pressure; 1ll3 pounds were gasoline; 397 pounds were
oxygen; and 90 pounds were tanks arnd nozzle.
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The weights of gagoline and oxygen were besed on a chemically cor-
rect mixture. The available internal volume fixed the size of fuel and
oxygeu tunks. The gascline tanks weve wire-wrapped spheres. The oxygen
tanks were of standard Army Air Force design constructed of stainless

steel to withstand the low temperature of liquid oxygen. (See reference
641

The specific impulse for the liguid fuel was taken from the curves
of figures 4, 5, and 6. Figure 4 presents the variation of gross weight
of the mipsile and specific impulse of the fuel with the pressure within
fuel and oxygen containers. This pressure was assumed equal to the com-
bustion chamber pressure. The values of specific impulse were calculated
from the following equation derived from information given in reference T:
/ 7J"l

/

‘ . P 7

MGl i AR N e 1]
sj ] L\PJ/

For the calculations the jet-exh:cust stagnetion temperature was assumed
to be T000° Rankine. The velues obtained from these celculations were
arbitrarily reduced by 10 percent for practical eppliicaticn.

Figure 5 gives the variation of tank pressure and specific impulse
with weight ratio. Figure 6 precents the results of calculations of the
altitude the missile with zero drag would reach if fired verticelly for
the relation between shecific impulse and weight ratio given in figure 5.
These calculations, based on equation (21) in the appendix, indicated
that a cpecific impulse of 220 pounds per pound per second would give
nearly the maximum altitude for all values of the initial thrust ratio
(ratio of thrust to initial gross weight) considered and this value was
gelected. It was ascgumed that the optimum conditions obtained for zero
drag would also apply to a migsile fired in air. The corresponding
tank pressure was 310 psi.

RESULTS AND DISCUSSION

Effects of Drag

Trajectories.- The calculated trajectories for the missile with
normal drag and both solid-fuel and liguid-fuel rocket power are given in
figure 7 for a ratio of initial thrust to initial gross weight (initial
thrust ratio) of 11.12 which was used throughout the study of the effects
of drag on performance. Curves giving typical variation of Mach number
along the trajectories are shown in figure 8. The trajectories for each
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type of power plant had approximately the same shape at the same launch-
ing angle; however, the missile with liquid-fuel rocket power traversed
a much greater distance in each case. Similar trajectories were obtained
from calculations for the missile with the drag assumed at 0, 50, 150,
and 200 percent of the normal value for each Mach number. These trajec-
tories are given for each type of powsr plant and a %aunching angle of

60" in figure 9. TFor lauuching angles other than 60  the trajectories
maintained the same relationships with respect to both drag and type of
power plant.

The trajectories for launching angles near the vertical closecly ap-
proximated parabolic shapes because in traversing the upper atmosphere
the drag of the missile was spall as a result of the low air density.

For launching angles below 60 the effect of drag was to decrease rapidly
the horizontal velocity component in gliding flight and the resulting
trajectories departed from parabolic shapes by having steeper slopes over
their descending portions. This result is apparent in figure T for the
missile with normal drag. Inspection of figure 9 reveals that, for a
given launching angle, increases in the drag caused progressively larger
departures of the trajectories from the parabolic foim. G

Maximu range.- The calculated trajectories for the missile with
each agsumed variation of drag coefficient with Mach number yielded the
results vhich are summarized in figure 10 for solid-fuel power and in
figure 11 for liguid-fuel powsr. The maximum range with normal drag and
golid-fuel power was found to be 14.3 miles as compared to 24,0 miles
with liquid-fuel power. The increase o7 range in the latter instance
wag attributed to the increase of the ratio of initial gross weight to
weight after all fuel has burned (weight ratio) and to the higher epe-
cific impulse of the liquid fuel. The effect of increasing the drag from
zero to twice its normal valus was to reduce considerably the range.
Also, in the case of the missile with solid-fuel power, increase of drag
caused a small increase in the launching angle required to give a maximum
range. In the case of the missile with liquid-fuel power the launchking
angle for maximum range first increased and then decreased as the drag
was progressively increased. The apparent discrepancy in the varistion
of launching angle with increase of drag for the same missile but with
difTerent types of power was attributed to the fact that the micsile with
liquid-fuel power attained approximately twice the Mach number attained
with solid-fuel vowsr; this would place the major portion of its flight
at Mach numbers where the drag characteristice would be different from
those for the missile with solid-fuel power, since the dreg coefficient
varied with Mach number.

The maximum range of the missile as a function of the percentage of
normal drag is given in figure 12 for each type of power plant. In each
case increase of drag reduced the maximum range; however, the greatest
reduction occurred ag the drag was increased from zero to its normal
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value. Obviousiy the range would decrease asyumptotically to zero as the
drag was infinitely increased. The percentage reduction in range from
the value for zero drag was 45 percent for the missile with golid-fuel
nower end norma) drag characteristics, while 1t was 76 percent for the
cage of liquid-fuel. power. The larger reduction in ths latter case can
be explained by consideration of the energy components which determine
the trajectory of a given missile.

Since the missiles vnder comparison had the same external dimensions,
their drags et a given Mach number would be the same, but the kinetic
energy of the heavier missile (solid fuel) would be greater than that of
the lighter missile (liquid fuel). "Thus the energy expended in overcomirg
drag would be a smaller percentage of the total available energy in the
cacse of the heavier missile, and increase or decrease of drag by a given
amoun’t would have less effect on the heavier missile at a given Mach num-
ber. Although the lighter missile atteined higher velocities, thereby
increasing its kinetic energy, the drag was increased in approximately
the seme proportion so that in all cases considered for the lighter mis-
sile, the energy required to overcome drag was a larger fraction of the
total energy available.

The resulte presented in figure 12 also indicate that decreasing
the drag would increase the range in such a manner that the rate of change
f range would become increasingly favorable with reduction of drag. This
result was found to be true for the missile with either type of power
P lant.

Maximum altitude.- The variation of maximum altitude attained with
launching angle is presented in figure 13 for golid-fuel power and in
figure 14 for liquid-fuel power. As with range, the effect of drag was
to reduce the altitude attained as the drag was increased. The effect
was greatest for vertical launching snd decreased with launching angle.
Increasing the drag from zero to its normal value had more effect on re-
ducing the altitude than did increases above the normal value. These re-
sults were consistent with the effects of drag on range, since the pri-

mary effect of drag was to alter the trajectory.

Effecte of Initial Thrust Ratio

Trajectories.- The trajectories for the missile with each type of
power plant and normal drag were calculated for two additional ratios of
thrust to initial gross weight (initial thrust retio). (This parameter
gives the initial acceleration which the missile would have in horizontal
flight in units of g.) These trajectories had the same general shape
characteristics as those for the thrust ratio of 11.12 previously men-
tioned.
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Maximum range.- The trajectory calculations for different initial
thrust ratios yielded the range as a function of launching angle accord-
ing to the curves of figure 15. Thesc results were obtained for the mis-
sile with each type of power. For the heavier missile with solid-fuel
power the range increased slightly with increase of the initial thrust
ratio, while the reverse was true for the lighter missile with liquid-
fuel power. This paradoxical result can be explained by consideration
of energy components as before.

The largest missile velocity and therefore greatest kinetic energy
was attaired with the highest value of the initial acceleration (or ini-
tial thrust ratio). If no drag were present it could be shown that this
would lead to the greatest range for the missile. The same result would
be true if the energy expended in overcoming the drag were a small per-
centage of the total energy. However, a pcint would be reached, as was
the case for the missile with liquid-fuel power. where the energy ex-
panded in overcoming drag at the higher velocities would hecome so large
a fraction of the total available energy that the range of the missile
would be decreased by increasing the value of the initisl thrust ratio.

The launching angle for maximum range was found to increase as the
value of the thrust ratio decreased. This result was true for each type
cf power plant, From the study of projectiles it is well known that the
maximm range is attained in a vacuum if the projectile is fired from
the ground at an angle of 45°. For the missile carrying its own pro-
pelling chairge this is no longer true. It can be shown that the angle
to give a maximum range for the coasting flight of such a migsile in a
vacuum is given within 1 percent by the formula

o Y g
01 = g gy v/& - hgﬂ, (7)
2 e V2
provided that
LgH,
— £0.30
V2

Since the angle for maximum range is less than h5o, this would indicate
that the launching angle wculd decrease as the aititude at the end of the
power flight increased. However, the launching angle does not decrease
because tke flight path under power is always concave downward due tc the
gravitational attraction. Also, as the time of the power flight to a
given alititude increases, the launching angle must increase to give mayi-
muri range, since the flight-path angle decreases continuously under con-
gstant gravitational acceleration.
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The results shown in figure 15 indicate that the launching angle for
maximm range incieased with the time of power flight, since for a fixed
quantity of fuel with a given specific impulse the time of power flight
will be inversely prorortional to the initial thrust ratio. For the case
of the missile witli liquid fuel the timo of power flight was further in-
creased because of the greater specific impulse of the fuel which de-
creased the rate of fuel cousumption. Thus, the launching angle for maxi-
mun rangs in the case of the miggile with liquid fuel was greater than
t 10t for the missile with solid fuel at corresponding initial thrust
ratios.,

Meximum altitude.- The maximum altitnde which would be reached by the
miseile with each tyre of powsr nlant and three initial thrust ratios is
shown as a function of launching angle in figure 16. The maximum altitude
attained decreased rapidly as the lannching asngle was reduced from the
vertical. This ohenomencn was particularly morked for the migsile powered
with liquid fuel and can be ex)lained as an effect of the longeir time of
power flight with the liquid fuel.

T'or the missile powered with solid fuel the maximm altitude in-
creased vith increase of tue iniuial tirust ratio. This dame rssult was
genevaily tiue for the miszsile with liguid-fuel power cxcepht at launching
angles vear the verbical and an initial thrust retio of 11.12. Here
the weximumu altitude was attained with a lower value of the initial
thrust raetic because of the large drag associated with the high initial
accelerations.

The variation of the maximum altitude attained (vertical firing) by
the missile with initial thrust ratio for each type of power plant is
shown in figure 17. These results indicate that an initial thrust ratio
of 6.0 would give a maximum altitude for the missile with liquid-fuel
power; whereas an initial thrust ratio of more than 11.0 would be required
for the missile with solid-fuel. The meximum altitude obtainable with
the missile powered with liquid fuel was 20.8 miles as compared to slight-
1y more than 3.7 miles for the missile with solid-fuel power.

It should be noted here that the results obtained for the missile
with liquid-fuel power would have been modified if fuel pumps instead of
pressure tanks had been used. The weight of fuel pumpes would increase
with initial thrust ratio because of the greater quantity of fuel handled
per vnit time. This woull decrease the weight ratio for a fixed initial
gross weigut.

Effects of Weight Ratilo

Trajectories.- In order to study the effects of cliarging weight

ratio on the performance of the missile with normal drag the trajectories
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were calculated for solid-fuel power eund the same initial thrust ratics
previously considered. However, the calculations were based on assumed
woight ratios of 2.0 and 2.5 with the missilie assumed to have the same
external dimensions. The use of the same fuel (Monsanito) was assumed
throughout the calculaticns.

The recults of these calculations sre given in figure 18 for a
launching angle of 60°. The trajectories for the different weight ratios
were similar for each vaiue of the initial thrust ratio and departed pro-
gressively from a parabolic form as the Launching angle was reduced.

Maximum range.- The results of the calculations of range as a func-
tion of launching angle for the different weight ratios are summarized
in figure 19. (Note that the scale of range has been charged for sach
weight ratio.) The meximum range was increased approximately fourfold
for a two-thirds increase in weigut ratio from 14.2 miles for a weight
ratio of 1.53 to 57.0 miles for a weight ratio of 2.50. The effect of
lavriching angle and initial thrust ratic on range at tie nigher veight
ratios was substantially the same as that found for the missile with a
weight ratio of 1.53. It should be poiited ou:, however, in figure 19(c)
that the maximum range did not occur &% the highest value of the initial
thrust ratio {11.12) with a weight ratio of 2.50 but rather at a value
near 5.56. This fact indicates that the missile attained such a high
velocity in the dense lower atmosphere that a considerable portion of its
total energy was expended in overcoming drag with a resvltinzg decrease in
range.

Meximum altitude.- The results of altitude calculations for the mis-
sile with different weight ratios are summarized in figure 20. The max-
imum altitude attained by the missile at different lsunching sngles like-
wise demonstrated a marked increase with increase of weight ratio for
launching angles greater than 60°. For launching angles less than this
value, the increase in altitude wes emall bscause of the longer burning
time required for the higher weight ratios. The altitude attained was
generally greater with the high values of initial thrust ratio than that
for the low values except at the nearly vertical launching angles for
the missile with a weight ratio of 2.50. As has been poiunted out, this
was due 1o the large drag encountered by the missgile in the lower atmos-
phere.

The altitudes attained by the missiles of different weight ratios
launched verticalily have been compared with the theoretical veluez which
micsiles of the same specific impulse wculd attain with zero drag, as
determined from equation (21) of the appendix. These results, skown in
figure 21, indicate that there will be an increase in the altituvde at-
tained with increase of initial thrust ratio above the value of 1.0,
whether drag is considered or not. However, continued increass of Ini-
tial thrust ratio when drag is considered may result in a docreags of
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altitude beyond some meximum value as was the case for the missile with a
weight ratio of 2.50. Also, the increase of maximum altitude with in-
crease of weight ratio does not pioceed as rapidly for the missile with
finite drag as wouid occur for the same missile with zero drag. The in-
crease in altitude for a 63-percent increase in weight ratio was 324 per-
cent when drag was considered; whereas the theory predicted a 372-percent
increasc with zero drag for an initial thrust ratio of 6.0.

CONCLUSIONS

Consideration of the missile drag, initial thrust ratio (ratio of
initial thrust to initial gross weight), and weight ratio (ratio of ini-
tial gross weight to weight after all fuel has burned) in the analysis of
the trajectories of a rocket-powered supersonic missile of the aircraft-
interceptor type as determined for different launching angles indicated
the following:

1. The rate of change of range and altitude would become increasing-
ly favcrable with reduction of drag.

2. In general, there would be an optimum initial thrust ratio giving
maximum renge or altitude; above this optimum value the range and altitude
would decrease because of the large amount of energy expended in overcom-
ing drag at low altitudes.

3. Increase of the weight ratio of the missile, within the limits
investigated, would improve the range and altitude obtalnable with fuel
of a given specific impulse.

Ames Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Moffett Field, Calif.
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APPEN.:[X
MISSTLES WITHOUT DRAG

If the drag is neglected, equatione {la) and (1b), when ccmbined
with equation (4), beccme

2

Wor e Ry AT

Tsin@—(WO—Kt)—<—° Yol e o (8z)
g / as2

Pcos. & - (/W_Q_:‘.I.{E\ EZ_X =0 (8b)
\ /7 dte

A solution has not been found for these equations except fcr the case of
a rocket fired vertically where equation {8b) vanishes snd {8a) becomes

=y ~ ) -

W - Kty d°H
Nos ‘“) e (9)
g au=

Integration of equation (9) for the missile starting from rest at
sca level with a constant thrust instantaneously applied yields, for the
vertical velocity,
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9H _ vy =& 1n —2_ _ gt (10)
dt K Wo - Kt ‘-
Integration of cquation (10) to determine the altitude gives
W W W
E=&(m 2. 2w __2 +l>t-]-'gt2 (11)
K\ Wo-Kt Kb Wo - Kt e ‘
At the end of the power flight
wll1I
t =t = = (12)
T
Introducing the weight ratio,
W
PV et L O (13)
wO-WF
and the initial thrust-weight ratio,
B = (14)
Wo 5
gives
tl=:£)"“-_——]:
B A
Equations (10) and (11) become, respectively
vV, = gl ['lnk— (’“'1 (15)
1 A - =
2BE N\, N l

and
S >Z/

H =g12f-(1-
3 BN
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Equation (2a) for the missile without drag becomes

2
g + de C (17)

Integrating equation (17) twice with t, as the lower limit and t
as the upper limit yields

H=Hy+ ¥y (t-t) - Zg (6 - )2 (18)

whichk is the total altitude the missile would attain.

Differentiating equation (18) with respect to time to obtain a max-
Imum Indicates that such will occur when

Vi
t -ty == (19)
g
or
=
Hmax = Hl + Y—]-'- (20)
2g

Substituting the values of V, and H; from equations (15) and (16)
gives for the maximum altitude

2

B By L o8 G it T
Bpax = 8 5 [(lnk) 4 : (l 1n\ x) J (21)
which may be written
2
Hm=%~<c> (22)
where
- e , L
t = (1on) +B<l 1n\ x> (23)

Values of { for weight ratios of 1.5 to 10.0 and initial thrust ratios
of 1.0 to 10.0 are given in figure 22.
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