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By John T, Sinnette, Jr.

SUMMARY

A blade-element theorJ for ax1al flow ‘compreg8ors has been
develored and applied to the analy51s of the effects of basic
design variables on compressor performance. Charts, which are
ugeful for a wide vaeriety of design calculations, are presented.
The relation between several efficiencies useful in compresgor -
design are derived end discugsed,.and: the blade-element efficiency
is shown to be given by the same exprbss:on as that for the profile

efficiency of a propeller. The possible gains in useful operating -

range obtainable by the use of adjustable stator blades are dis-
cusged and a rapid method of calculating blade resettings using -
charts 1s shown by an example. :

. Thé relative Mach number is shown to be a dominant factor in
determining the pressure ratio. If suitable efficiencies can be
maintained, very high pressure ratics per stage are possible with
supersonic designs, But even for subsonic compressor designs,

congiderable increasse in pressure ratio over that for conventional

designs can be obtained by producing a velocity distribution that
‘gives relative inlet Mach numbers close to the limiting Mach
number on all blade elements. - With a given inlet Mach numbeér,
the pressure ratio obtainable across a blade row increases and
the specifiic mass flow decresses as the ratio of mean whirl

velocity to axial- velocity increases for the hlgh-efficiency range
of this velocity ratio.

- For subsonic compressor designe with a definite Mach number
limitation, the velocity distribution in the inlet stage is par-
ticularly important because the inlet stege limits both the mass
flow and the rotor speed of the compressor-and thereby limits the
pressure ratio of the later stages as well as the inlet stage.

By the use of entrance guide vanes designed to produce a variable
axial velocity at the. entrance to the first rotor, a substantial
incréase in gtage pressure ratio and a slight increase -in specific -
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mass flow over designs based on free vortex with the same turning
and Mach number limitations are' shown to be possible. In the:
succeeding stages, the maximum pressure ratio per stage 1s obtained
by increasing the hub diameter to obtain the maximum axial velocity
compatible with the Mach-number limitation.

INTRODUCTION

The limited amount of research informetion available for the
design of turbojet and turbiné-proneller engines has emphasized
the need for fundamental research on the compressor as one-of the
principal components of these nower plants. The compregsor charac-
teridtics that must. be cons;dered in the research program dre
exflclency, size and weight, and operating raage, or flexibility.

Wfficlenc" has a pronounced effect on the specific fuel con-
sumptlon of the engine and is ther refore especially important for
long-ranoc nonstop flights where 'the fuel weight may amount to
several times the useful pay load. Although the efficiency of
modern axial-flow comvressors is ‘high compared with other types of
compressor, substantial gains in engine performance can be derlved
from furthe improvement in efficlency.

The 1mportance of sizc and weight per unit power output of
the engine increases rapidly as the flight speed is increased
because of the .rapid increase in the power required. For qomé'of
“the high- sneed aircraft being developed, the consideration of the
gize and the weight of the power plant becomes ol the utmost .f'
1mvoruance. “This enalysis is primarily coéncerned with the. coupressor
size as given by its diameter and length and therefore considers the
weight only as affected by these variables. The length of a compres-
sor for a given pressure ratic is determined by the pressure ratio
" ner stage and’the axial length of a stage; the diameter for a given
air flow ig-determined by the alr flow per unit cross-sectional -
ares and by the percentage of the total frontal area utilized.
Because of the relatively low pressure ratio per stage, the length
of an axigl-flow. compressor i8 usually greater than that of a
centrifugal compressor, but the over-all diamstér is. smeller because
of ‘the utilization of a larger oorContage of the over-all frontal-
area for air intak . 80601a1 effort should therefore be .given to
reducwnb the length- ‘of an axial-flow compressor with-a given over-
all pressure’ ratio by increasing thé vpressure ratio per stage.
Reductlon in the dlameter Ior a glven -air flow by increasing the
flow per unit inlet arpa is also advantageous, particularly for =
supersonic aircraft where frontal area is extremely important.

\ 7
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For operatlon at other *han d681gn conditlons, the compressor '
range, or flexibility, ‘becomes important.. At engine speeds below '
the design value,. the compressor efflclency may be low because of
& drop in peak efflclenoJ or because of improper matching of the
compressor with the turbine.. Consequently, the power required to
start the engine may be high and the acceleration to design speed,
slow. Because of improper matching, compressor surging may be
encountered at intermediate speeds, particularly during rapid
acceleration. The engine starting and acceleratwng characteristics

with axial-flow compressors are generally poorer than with centrif- -

ugal compressors mainly because the efficiency is highest at
relatively high compressor speeds and drops appreciably a8 the
speed is reduced, The use of high pressure ratios to. improve -
the cycle eIfic*ency accentnates the problems assoclated with
starting and accelerating tc¢ deS1gn speed and emphasizes the
need for the improvement of the range of the compressor.

The effect of bagic design variables on efficlency, pressure
ratio, and mass flow. in exial-flow compresscrs ls analyzed in
terms of blade-slement theory, which is an extension of the
theories developed in references 1 and 2. The bl lade-eloment
analysis neglects the effects of variations in velocity, pressure,
and density in the tangential direction at any given axiasl station.
On this basis, the flow across a blade row is treated as a steady,
one-dimensional, adiabatic, compressible flow, and the velocity

ratio, pressure ratio, density ratio, and veloc1ty-of -sound ratio
are expressed in terms of the flow-area 'ratio and the polytropic
compresgion efficiency. Charts are presented for the rapid )
determination of these ratios for ‘polytropic compression effi-
ciencies from 0,7 to 1.0. As no restriction is placed upon the
variation in axlal velocity across a blade row, the method and the
charts are applicable to a wide variety of compresgor-design
problems. ' : : o '

In order to investigate the effect of the ratio of wmean-
whirl velocity to axial velocity on the efficiency and the pres-
sure ratio, a blade-element theory of efficiency based upon
incompressible flov and constant axial velccity is developed.
The pressure ratio, for constant axial velocity and compressible
flow, is then expressed in terms of the blade-element drag-lift
ratio and the ratio of mean whirl velocity to axial velocity, by
using the general theory for preasure ratio and assuming that the
polytropic efficiency is equal to the efficiency obtained from
the incompressible-flow theory. The effect of the ratio of the
mean vhirl velocity to axial velocity on the specific mass flow

CONFIDENTIAL - -
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is also derived:in terms of comgressible«flow theory. 'A simplifica-
tion of the method of calculating blade resettings for different
operating conditions bhased on- the use of charts devploped in this
report is presented. : »

SYMBOLS

The, symbols used in this report are defined in alphabetical
order. The quantities renresented by the symbols £, M, V, wp,
and B depend upon the reference frame. When only a single row
of blades is being considered, that row of blades is taken as the
referéence frame. In considexr atlon of a complete stage or any other
cases where the reference frawe is not clear, it is indicated by the
subscrlpt R or S for rotor or stator, respectlve;y

A oross-sectional arca, square feet

a velocity of soundk feet pér sécond

-Cp * drag coefficient

C, iiftAcoefficient

c’ blade chord, feet

cp ," specific heat attcbnstant préééure, BtuAper pound OF
Cy specific heat at constant volume, Btu per nound OF

D blade—proflle drag, pounds per foot

F | resultant force per unit blade length, pounds per foot
£ flow area (A cos B), square feet |

g ~ standard acceleration of gravity,'32,174 feet.per3

second per second

h gtatic enﬁhalpj per unit masé, foot;ﬁounds.pér slug_
J - mechanical equivalent of heat, 778 foot¥poﬁgds per Btu
K . : chstant in turning-angle relation - | 5

L blade-profile'lift, pounds per foot

CONFIDENTIAL
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w
WA/B/5

W 48/ (84)

~ local Mach number (V/a)

blade height, feet.

polytropic'eXpbnent_for compression

‘total pressure, pounds per square foot absolute

staﬁic pressure, pounds per square foop abeolgte

gas constant, foot -pound perlpound:OB

radius to blade'element, feet |

blade spacing at radius r, feet

tétal temperature, °R

static temperature,‘bR

velocity of blade (wr) at radius r, feet per second’

ailr velocity with respect to reference frame,‘feét
per second

mass flow rate, pounds ver second

mass flow rate corrected to standard sea-level pressure
and temperature, pounds per second

gspecific mass flow, pounds per second per équére foot
ratio of mean whirl velocity to axlal velocity (fig. 1)

ratio of decrease in whirl velocity to axial vélocity"
(fig., 1)

angle of attack of isoiated'airfoil_fpr‘zero 1ift, degrees

angle between compressor axis and air velocity, or flow
angle (fig. 1), degrees

ratio of specific heats (cp/cv)

ratio of inlet total pressure to standard sea-level
pressure = (2116.2 1b/sq ft) :

CONFIDENTTAL
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€ gliding angle (tan~t D/L

Nad . adiasbatic efficiency of . compr9891on ‘based on static pres-
sure and temperature o : »

Tp nolytropic efflciency of combression based on statio
nressura aqd temperature

Ngt . x\compression‘qffioiency based.énlstatic pressure

e ratio of inlet total temperature to standard sea-level
temperature (518.6° R) ‘

P " density, slugs per cubic foot

G - blade-element solidity @/S)" 

v - angle betwsen blade chor&\and éoﬁfreésbr axis, degrees

K . ‘ .

w oo n;fabsolute ahgular veloqity of blade, radians per second

Subscripts: - | _ |

0 ‘standard sea—levei donditibhs'

1 - 1plet_to biade roy or stage

g__»nﬁh i:outlég éf blade row

3 ~outlet of stage = _ -

a - . eaxial |

én n L annuius

h‘. Ot hup o

i ': L .inqpmﬁfgssible__

a idgél |

m .referred to vector-méan velédity

R rotor

S " ‘stator

s . secondary -
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st” . static
T total
,;ﬁnf o rotor-ﬁlade tin
W ._. :.;’whirl‘-
® tangentlal

BLADE-EIIMENT THEEORY

The blade-element theory is divided into four parts:

(1) gives the genersl cowrressibls-flow theory in terms of ..
polytropic compression efficlendy; (2) develops the theory..of
blade-element efficiency in terms of incompressible flow and -
constant axial velocity; (3) combines the results of-the first
tWO'parts to obtein the pressure ratio as a function of the drag-
lift ratio and the ratio of mean whirl velocity to axial velocity
for constant axial velocity; (4) considers the sneciflc mass flow
in terms of compresulble—flow theo"y :

Compressibie-Flow Theory

One-dimenglonal analysis. - Becauge of the extrewe complexity
of the actual flow through compressoer blades, various approximate
methods of analyeis are necessary. Analysis based upon one-
-dimensional flow, given in various forms and involving various
approximations, has proved useful in the analysis of the flow -
through compressors and turbines and as a basis for design. .
(See, for example, references 3 to 5.) With an infinite number
of blades, a perfect compressible fluid theoretically flows along -
surfaces of revolution, which tconstitute flow surfaces, and the
velocity, the pressure, and the density are indemendent of the-
circumierential position. Because these flow variables may be
oxpressed as a function of a single coordinate of position for
the flow between two. infinitely cloge stream surfaces, this
flow may be considered as "one-dimensional” flow: The actual
determination of the stream surfaces, of course, constitutes a
separate problem.

The Ilow of a real rluid through a fln*te number 6f blades,
however, is dependent on the circumferential position because of
the effects of finite blade circulation, viscogity, and turbulence,-

CONFIDENTIAL
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and the flow will not follow exactly along surfaces of revolution. A
ocne-dimensional approximation to the actual flow may be'obtained,
however, by using values of velocity, pressure, and .density averaged
in the circumferential direction and by using, for mean stream sur-
faces, surfaces of revolution through which the average net flow at
any axial position is zero. Because the total flow of energy across
a surface through vhich the fluid is flowing is greater than that
based upon mean flow (reference 6), this simple one-dimensional
analysis gives an inaccurate representation of the energy flow at
stations where there are large circumferential variations in velocity
or a high degree of turbulence. A more accurate analysis could be
obtained by using suitgble coefficients to correct for effects of
nonuniform velocity and turbulence. Because the present analysis

is applied only to stations between blade rows where the circum-
ferential varlatlons are normally small, and because the corrections
for turbulence are’ very complex (reference 6), these refinements -
are omitted. ’

Consider the flow across a row of rotor blades between two
infinitely close surfaces of revolution corresponding to mean stream
surfaces and take a reference frame that is fixed with respect to

. the blades so that the flow is essentially steady. If the energy
transfer acrosg the boundayy surfaces of revolution 18 neglected,
the energy equation for the flow across uhe blade row. (fig. 1l(a))
can be -written

V18 Vo2  ufre?  wlri? /o
1.2 c_ .= ; =.gJc tl‘-"* - i\ (1),
2 |z 2 2 Nty /

The terms involving the angular velocity of nhe'rererence frame
w represent the change in potential energy of the centrifugal-force
field that results from the rotating frame of reference. The equa-
tion can, of course, be obtained by first considering the energy
equation for a nonrotating reference frame and’ then transforming
the results to the. rotating reference frame. The expression of t,
in terms of velocity of sound " ay gives, alfter elight~rearrangement,

b, .yl T D2 fer o
‘£=1+Z-~—Mlz'l-< \ <02~ ( l\)J : (2)
’t‘l -2 — Vl/ Vl/ ‘

For the flow through the stator blades the reference frame is
stationary and ® is equal to . O. The temperature ratio, for a
given inlet Mach number M; and velocity ratios Vé/Vl;~1nré/Vl,

CONFIDENTTAL
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and url/Vi, does not. depend upon losses, but the pressure ratio
pz/pl and dengity ratio p,/p; - do. The pressure ratio, density
ratio, and velocity-of-sound ratio az/al can be expressed in terms
of the temperature ratio by use of the wolytropic relation

P2 (%
P \P1
the equation of state for.a perfect ges

" pfp =

and the equation for the velocity of sound

= '\lngt

The resulting relations can bé‘concisely‘wfitten ag’

I

k]

2n

Pz pz (tD 5T /ﬁé\mg | | '(3)‘.

Pl p1 \al/

The valus of m depends upon the losses and can be expressed in
terms of the polytropic compression efficiency dlscussed in the
following section. »

- The continuity equation, applied to the flow between the two
infinitely close stream surfaces and expressed in terms of the
flow area f measured normal to the relative velocity, is

fl _ anl dry cos Bl _ Vo : : (4)
Tp 2mrpdrp cos By eVi .

- The density can be eliminated.from equation (4) by means of equa-.
tions (2) and (3) to obtain the flow-area ratio as an explicit -
function of the velocity raulos, the inlet Mach number, and the
polytropic exponent: :

£ Vo 1 7-1 r V. \? wr )
R AN (2) ) (5)
_ fz Vl 2 [

CONFIDENTIAL
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For axial-flow compressors, radial flow can usually be neglected;
consequently rq - equals ro and equatlon (5) becomes -

1
)
£V, r  Cy-l. V27"
1 V2 (V2 .
2 Vii AL/

vhich does not contein  and hence has the same form for rotating
and stationary blades. It should be noted that the velocities are
with respect to the given blade row as reference frame.

Graphical representation in terms of polytropic efficiency. - A
graphical representation of equation (6) is useful for the ranid
determination'of any one of the variables in terms of the others. As
it is usually more convenient to think in terms of compression efi'i-
ciency than in terms of polytropic éxponent, the graphical representa-
tion of equation (6) is given in terms of the polytronic compression
efficiency. This efficiency differs in two respects from the usual
compressoy efficiency. Compressor efficiency is usually defined as
the ratio of the ideal work of compression from the initial to the
final total pressure to the actual work done by the rotor blades.
This efficiency is satisfactory for over-all perIormance revresenta-~
tion but gives no .information on the ‘efficiency with which static °
pressure 1s increased and 1s meaningless when applied to stationary
elements of the compressor (stator blades and exit diffuser). As a
measure of efficiency of the separate steps in the compression
process, an efficiency based upon ‘static pressure is therefors -
required. The change in kinetic energy of the fluid as well as
the work input by the rotor blades is available for: conversion to
static pressure. For rotating reference frames the change in poten-
tial energy of the centrifugal-force field, which occurs when the
radius changes, is also available for increasing the static pressure.
If there is no heat transfer, the energy available for conversion
into pressure is given by theAchange in static enthalpy Ah, whereas
the ideal energy required for the ‘given pressure change is

~

' . (P2
S C dp-

FalD)
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wbere pld(n) ig the dens1ty as a function of pressure for the
ideal compression progess. The general definition of efficiency
based cn the conversion of m601anical energy into static prespure

is thercfore o
2 4
| f? =2

8t T T an : Y

and- diifers from the corresponding efficiency based on total pres- .
sure only in the replacement of. enthalpies and pressures based. on .
total (stagnation) conditions by those based upon static conditions
Uniike the efficiency based upon total conditions, the efficiency
based upon static conditione is independent of the réference frame
and can be-applied equally well to stationary and rotating components
of the compressor, For.these reasovns, an gfficiency based on statlc
-condltions is ased for the graphical lcpresentatlon.. :

The- eff1c1cncy is 1ncomthely SPGCIfled however, until the
ideal process of compression is-given. . Hevein lies the other dif-
ference between the efficiency used in-thip anslysis.and the con--
ventional adiebatic compresgor efficiency. For compression without
heat trensfsr, the relation between adiabatic and polytropic bffl-‘
c1ency is shown in aopendlx A to be given by .

_ (Pz\ 7

5;

-

for efficiencies and .pressure ratio based on .either total or static
conditions, When the pressure .ratio is plotted on .a logarithmic
scale (fig.. 2), a practically straight-line relation is obtained
with the two efficiencies equal at'd pressure ratio of 1, TFor-the
.pressure ratios obtained across a row of blades, at least for bBub-
sonic designs (generally less than 1 2), the difference between
adiabatic and. nolytronic efilclencies is. negligible (flg. 2). It-
is shown in appendix A that the polytropic exponent for compression
is given in terms of the polytroplc effic1ency by the relation

" CONFIDENTIAL
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The discussion on efficiency may be summarized: The difference
between the adiabatic:and polytrovic efficiencies is usually negli-
gible for the pressure ratios obtainable across a blade roy or &
stage but becémes important when the over-all efficiency of a com-
pressor is considered. The chart relating the two efficiericies _

(fig. 2) is, useful.in estimating the over-all adiabatic efficiency
"“of a compressor for adiabdtic compression. in. terms of an average

~stage efficiency represented by the polytropic. efficiency. Effi~
ciencies based.on gtatic pressurs and ‘temperature changes are '

v “required in considering the compression acrogs individual blade

- Pows and the same basis for éfficiency can,be used for over-all

i compressor-performance representation. If the conventional-adiabatic

‘officiency for the over-all performance in terms of total pressures
and temperatures is desired, a. swall correction mey be applied to

the adiabatic efficiency based on static states to take account of .
~ the change in Mach number dcross the compressor. .. . - . © -

| By meens of equations (6) and (9), the flow-area ratio fy/fy
“canl be ekpressed as an explicit function of the inlet: Mach.number,
“‘the velocity ratio, and.-the polytropic efficiency. The relation
between these variables is shown in figure 3. By use of equa-

tions (2), (3), and (9) (with ry = rp), the velocity-of-sound
ratio az/al, temperature ratio - tz/tl, density ratio pz/pl, and
pressure ratio pg/pl may also be given in terms of the same
variables. For the applications considered, however, it is more
convenient to replace the velocity ratio by the flow-ares ratio as
one of the independent variables by means of equation (6). The
graphical representation of thege ratios with the inlet Mach number,
flow-area ratio, and polytropic efficiency as independent variables
is shown in figure 4. Figures 3 and 4 show that the polytropic
efficiency has a rather large effect on the:flow relations ‘especially
.at high Mach numbers. Aupreciable error in the velocity ratios for
a given type of blading may therefore result if the calcylations

are -based upon isentropic flow.

A-rigorcus application of the charts to general blade-element
analysis requires additicnal relations based on considerations of.
radial‘egpilibrium and will not bé,further developed here. The
chérts, however, may be used for ravid approximate design calcula-
“tions and:for the calculation of blade resettings for different

CONFIDENTIAL -
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operating conditions by considering only mean conditions for the
entire-annular passege. . An’example -of this type of application
"ig 'given in appendix B.- :

Bladé-Element Efficiencj

The exact analysis. of the efficiency of an axial-flow com-
pressor is extremely complex and must be based upon a detailed
knowledge of the- flow processes involved. An approximate analysis.
can, ‘however, be made by treating the flow and the corresponding
losses near the ende of the blades separately from those for.the
central portion of the amnular passage. The present blade-element
“analysis is applicable to thie main-portion of the flow, The losses
riear the ends of the blades will be discussed under the section ’

" .entitled "Application of Blade-Element Theory to Compressor Design,"

The following anslysis of the blade-element efficiency is based

. ‘upon the assumptions of incompressible flow, constant axial velocity
(see fig. 1(b)), and no radial flow. The usval magnitudes of radial
flow, variations in axial velocity, and compressibility effects

" encountered in subsonic compressor designs should have little effect
on the blade-element efficiency. The theory is similar to that
pregented in reference.2, but the efficiency for a single blade

:row based on atetic-pressure rise 18 used instead of the efficiency
* for the entire stage and the higher-order terms. in drag-1lift .ratio
D/L are included. It is shown in appendix A that the blade-
element efficiency for a blade row is given by

1D
1 - ==
oo ¥ L :
= e T . (10
Mgt,1 T T Wy (D/L) (10)
or
ten (90° - B)
(11)

T’l = -
861 tan (909 - By + €)

which, as might be expected, is the geme as the profile efficiency
of a propeller. -

. The variation of the blade-element efficiency with ratio of
' the mean whirl velocity to axiel velocity  wy ~is shown.in figure 5
for values of D/L of 0, 0.05 and 0.10, For optimum angles of -
" attack'and efficient blading, the value of D/L - should be -less

’
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than 0.05 and high blade-element efficiencies,ghould.therefore be
obtained. Because of the ldrge vdriations in-axial velocity, the
large and complex secondary flow, and the frictional effects of the
walls, the blade-element analysis probably gives an inaccurate repre-
gsentation for the effic1ency in the reglon of the blade root and
blade tip. S

‘Because the -analysis applies to either rotor or stator blades,
the optimum value of 'wy is the same for each, and the resulting
optimum velocity diagram for the stage is symmetrical} For =
" symmetrical velocity diagram, the losses .and the ideal pressure

rises are the same for the rotor and stator blades (assuming that
differences in the boundary-layer conditions do not affect. the
value of D/L), and the efficiency ¢f conversion to static pressure
foxr the stage is the same.as for éach blade ‘row; consequently, fig-
ure 5 also represents the stage eff101ency for a symmetrical diagram.
"The efficiency for a symmetrical VblOCltJ diagram (fig. 5) differs
slightly from that given in refererice. 2 because of the inclusion of
the higher-order terms in D/L,~ For a. nonsymmetr;ca; velocity dia~-
gram, the blade-element efficiency for the stage is the weighted
average. of the blade-element efficiencies for the rotor and stator
blades with the weighting factor given by the ideal pressure rise
of each. The relations derived in the present analysis should be
accurate over a wide range of values of-.D/L\ and Wy Because the
curves of figure 5 are fairly flat in the region of peak efficiency,
a moderate dsviation from the ontimum value of wy produces only

a small loss in blade-element efficiency. :

Blade-Element Pressure Ratio

General considerations. - If radial flow is neglected, the pres-
sure ratio across a row of blades, either rotor or stator, is given

by |
\7
il+—”Ml L1-<> _ (12)

which is obtained from eqaatlons (2), (3), and (9). For a given
value of 7, -the pressure ratio thus depends only on the inlet Mach
number Mj, the ve1001ty ratio Vé/Vi,‘ and the polytroplc efficiency
If the efficiency: ﬂould be held constant, very high nressure ratios
obviously could be obtawned by increasing. the Mech number. With con-
ventional compressor designs, it has been found however, that the

CONFIDENTIAL
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efficiency drops very rapidly.if the inlet Mach number is increased

- mach-beyond .the critical Mach number of the blades. ..For this reason
designs for.entrance Mach. numbers appreciably above -the critical
Mach. number of the blades have generally been considered imvractical.
Kantrowitz has shovn,. however, that, with suitable design, super-
sonic. relative inlet.velocities can be employed to obtain high »res-
sure ratloe without serious loss in efficiency (reference 7).

With'given Mach number and effic1ency, equation (12) shows
that the pressure ratio increases as the velocity ratio. W /V
decreases, but at a continuously decreasing rate, and reaches a
maximum at a ve;ocrty ratio of 0. Not all of the_static-preeeurc‘
rise resulting from a decrease in -the relative velocity, however, - .
represents & gain in the total-pressure ratio of the compressor, .
 Only changes in the whirl component.of welocity are effective in
increasing the total pressire. Although the total pressure is
increased only across the rotor blades, the stator blades gensrs 1ly
must change the whi rl* comhonent 'of veldeity by the sawe ‘amdount in
the opposite direction-in order that the Process can be repeated
in the next staege. Changes in the axial component of veloclty have
no direct. effect on the total—nreesure ratio obtained.

The 90881b1lity of an indirect effect on the total-pressure
ratio must, however,.be considered. Schicht proposed increasing
the total pressure ratio by using a rapidly increaging axial
component of velocity through the rotor (reference 3). The argu- .
ment for this procedure is that, when the usual adverse pressure
gradient is avoided, a larger chan_ge in tangential velocity and
hence a greater total-pressure ratio cen be obtained. This method
may be effective for single-stage, low-speed blowérs in applica-
tions where high discharge velocity is desired. The method is
unsuitable, however, for high-speed, multistage axial-flow com-
pressors, -because, in order to be able to repeat the process in
a number of: stages, the axial velocity has to be again reduced
through the - stator blades. The argument that. an increasing axilal
velocity makes possible a large change in whirl velocity :suggests
that it would be very difficult to obtain with reasonable effi-
‘¢lency the required - change in whirl yelocity in the stators, where
the axial velocity is décreasing. Excessively high:Mach numbers
at the inlet to the stators -are also encountered if reasonable-

rotor sneeds and inlet Mach numbere to the rotor blades -are used.-

The reverse procedure, in which the ax1al veloc*ty is decreased
across the rotor, has been used in a suversonic compressor described
in reference 7. This procedure may -be:desirable for supersonic
designs, but for subsdnic’ designs With définite Mach-number
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limitations, which-are hereinafter considered, little is to be gained
in increased pressure ratio by appreciable changes in axial velocity
across any blade row.- A gradual change in the axial velocity through
a multistage: compressor may .be desirable to obtain favorable condi-
tions at -the inlet to each stage, but any increase in total-pressure -
ratio that is obtained results Drlnclpally from the more favorable..
inlet conditions.to the succeedlng stages. rather than from'the direct
effect of change in axial velocity across a stage. In analyzing the
blade-element performance of a single stage in relation to its.effect
on the total-pressure ratio of the compressor, the actual stage can
therefore be replaced by an equivalent stage with the same-entrance
Mech number and: changes in tangential velocity but with constant -
axial velocity. Because the static-pressuro ratio across such an
equivalent stage is practically the same as the total-pressure ratio,
the consideration of static-pressure ratlos alone is sufficient.

" Pregsure ratlo based on constant ax1al veloc1ty - For constanu
axial velocity the veloclity ratic across a blade row is given. by

-

Vz : CQS Bl‘

v, ~ cos By

and hence from equation (12) the preésarelratio is

p
lv .

pz g 7-1 [ /cos Bl\?
-11+——-M1 Ll-& ).
Pl \ ,005.?2/

The minimum nossible value of the ve1001ty ratio for a. glven inlet-~
air angle By 1is equal to the cosine of the inlet-air angle. For

constant axial, velocity, the inlet-air angle must thus ‘be large %o

obtaln appreclable diffusion through any row of blades.

(13)

The actual pressure ratio that can be obtained, however, denends
also on the practical limitations on the turning of the alr. The
usual limitations are based on blade 1ift coefficient Cy, and
solidity o. (See references 2, 8, p. 39, and 9.) The relatlon_
between 1ift coefflcient, solidlty, and air angles is given
(see append1x A) by -

- 724cos Bm“(tanjﬁlﬂe tan Pg)
S A7) T e

(14)
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A- graphical -rerresentation based on these relations showing CiO

- a8 a function of inlet-air angle and turning angle for the case of
D/L'- equal to O: is shown in figure 6. For most practical applica-
tilons the term (D/L) tan B, can be neglected but if high accuracy
is desired, the effect of drag can be taken into account by dividing
the value of CyC -obtained from figure 6 by 1 + (D/L) tan Bp.

The- pressure ratic,; expressed in terms of the ratio wy of mean
tanéentlal velocity to: the ax1alqveloc¢ty, is given by

A - Mo

P2 5— C (r1) a2 G
1 — = ].-+ (7'1)Ml : / \‘2 - (15)

Pl L . l.+! Wm - ’21"": .

. _ , A
The valus of -Aw in terms of Cio is

U e . T
=AW = 5 CLO x/a + Wy Ll + wm\ji/J ~‘A : -(l§?

(SeeAannendix'A for derivation of relations.)

lle pregsure ratio as a function of w, for M =0.7 and

Cp0 = 1 for three values of D/L 1is shown in figure 7(a). " The

wolytropic efficiency wes assumed squal to the efficiency for
incomnresslble flow given by equation (10). For the isentropic’
" case (D/L ), +the pressure ratio 1ncrpascs ‘agymptotically to-

a maximum as _wm increases but is very near the maximum value
at Wy = 4. As the value of D/L is incressed, the maximum pres-
sure ratio is obtained at progressively lower values of wy because
.of the drop in efficiency when wp 1is increased beyond 1 (fig, 5)
Even with a value of D/L of 0.10, the maximum pressure ratio -
occurs at a value of wy more than twice that for maximum effi-
ciency. The effect of C10 on tne _pressure ratio is shown in
figure 7(b). ’

_' The variatioﬁ in pressure ratio with wp shown in figiires 7(a)
and 7(b) is quite different from the famjiliar variation (refer-
ences 8, pp. 99-105, and 10) when the ‘rotor speed instead’ of the
relative inlet Mech number is constant The variation in pressure
~ratio with wp for a symmetrical velocity diagram when the ratio
of blade speed to inlet velocity of sound U/aj; is constant at 0.5
and the value of D/L is 0.05 is shown in figure 7(c) with the
inlet relative Mach number My shown as contours. The increase
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in pressure ratio with decreasing w, is due to the large increase
in relative Mach number for small values of wp. Thé actual attain-
ment of the pressure ratios indicated in figure 7(c) for high values
of My is, of.course, very doubtful because of the difficulty of-
maintaining the same value of . D/L as for the low values of M.
The curves are, however, significant in 1nd10at1ng the trend of the
pregsure ratio over any range of values of wp in which D/L can -
be maintained substantially constant. The range of values of wpy
over which D/L can be readily wmaintained at a value comparable to
that given in figure 7(c) depends upon the value of Ufaj, but the
general trend of the curves is essentially the same for different
values of U/al. The important conclusion to be-drawn from fig-

ure 7(c) is that, for a glven rotor gpéed, the oressure ratio can
be increased by increasing the 6631gn axial ve1001ty up to the point
where the effect of increased blade drag resulting from compression
shock counterbalancos the direct ef Lect of increased Mach number.

Although limitations based on Cy0 are widely used in fan and
compressor design, it is not always realized that thege limitations
vary with the value of wy and hence with the blade ptagger.
Unfortunately, only meager experimental data on this important point
are available. According to Howell in an unpublished British report,
the allowable value of Cp, = drops appreciably with 1ncrea51ng values .
of wy, and -Aw (equal to tan aj - tenap in Howell's notation)
is a better limitation at values of wy less than unity. The pres-
sure ratio is shown in figure 7(d) for a constant value of --Aw = 0.7424
(corresponding to its value for Cio = 1; W =-1), both for a constant
value of M;. and for a constant value of U/ al. The available data
geem to indicate that, when the value of wy is less than unity, the
limitation based on -Aw is nreferable, whereas, at values of wp
greater than unity, the limitation based on Cy0 is better. On the
basis of either of these limitations on the turning . of the air, for
a given inlet Mach number a considerable drop in pressure ratio occurs
if wp 1s decreased much beyond l.

The nleceedlng analysis has shown tnat for reasonable limita~-
tions on the turning of the air, the pressure ratio increases with
the inlet Mach number when either the value of wp or the value
of U/al is held cbnstant The Mach rnumber thus plays a dominant

role in determining the pressure ratio. In order to obtain high
-pressure ratios per stage, a compressor should therefore be designed
‘for a velocity distribution that givés as nearly as possible the
limltlng relative Mach number at the entrance to- all blade elements.
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Specific Mass Flow

e

The mass flow through a unit cross<sectional area of a
compressor is given by B

Mcos 8 _
y+1

. 2(7-1)
[i + -—- MéJ

where the ‘quantities M and B are with respect to an absolute
reference freme. (See appendix A.) Because both pm and ap
increase through the compressor, the mass flow per unit area

for a given absolute Mach number M and flow angle P also
increases through the compressor. Only at the compressor inlet
does the mass. flow per unit area therefore provide an essential
limitation on the total mass flow for a compressor of a given
diameter. Because thls analysis is unconcerned with the effect

of variation in inlet conditions, it is sufficient to consider
the mass flow per unit ares for total pressures and temperatures
equal to standard sea-level pressures and temperatures. This flow.
is referred to hereinafter as 'specific mass flow", The specific
mass f'low Tor dry air w1th Y equal to 1.4 is given.by (see
appendlx A)- :

W -
e 8Pmpam ’(17)

WNG  85.4 Mcos B - . .
ye . SalMoos b : (18)
(1 + 0.2 M2) ' ‘

The maximum specific mass flow is obtained when P =0 and M =1
and is equal to 49.4 pounds per second per square foot. For this
condition to occur ahead of the first rotor, the inlet Mach number
relative to the first rotor must be supersonic. The decrease in
specific mass flow for & moderate change in M or B from the

. optimum values, however, is slight. For example, for a value of
M of 0.7, the reduction in specific mass flow is only 9 percent

For a subsonic compressor design with a given Nach-number
limitation and rotor speed, the maximum specific mass flow is
obtained with an approximately symmetrical velocity diagram,
because any appreciable deviation from symmetry requires a sub-
stantial reduction in axial velocity to keep within the Mech-number
limitation on both the rotor and s tator blades. .For a symmetrical
velocity diagram ahd a relative inlet Mach number Ml R the
specific mass flow is given by
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| e :;
| poa : - =
| BA ! o 5 1+ .W + é—E\}
l+ 0.2 Ml,R : . l + ( )
, o 1_+f

‘The variation of the specific mase flow with w, is shown in figure 8

. for a gsymmetrical velocity diagram with given Mach number and Cro
limitations. The maximum specific mass flow 1s obtained at low values

| of wy, but the rate of increase becomes very small as wy, .18 decreased

below 0.4, At a value of Vi equal t0 1, corresponding to the maximum
blade- element efficiency, the specific mass flow is about 70 oercent of
its max1mum value -

APPLICATION OF BLADE ET&ALNT THLORY TO

COMPRASSOR DWSIGN

Efficiency

] The.blade -elewent theory applies to the main pOrtion_of'the annular
pagsage; the flow near the ends of the blades must be separately con-
sidered. .The friction of the annular walls and the secondary flow near
the blade ends reduces the efficiency below the values based on blade-
element efficiency alone.

In an analysis based on compressor data, Howell (reference 11)
has expressed these losses as drag coefficients that are to be added
to the profile drag coefficlent to obtain the total drag coefficient

. of the blade. These drag coefficients are given by

P

COp,an = 0:020 s/t (20)

for the annulus losses and by

o, |
CD,s ='0.0}8 Cy, : (21)
for thc secondary flow losses Becaase the method of treatment when

the velocity diagram varies anpreolably from hub to tip is.not indi-
cated by Howe1l and beeause,hls bas*s'fop anelyzlng profile efficiency
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is different from that presented in this réport, the empirical equa-
tions (20) and (21) indicate only in'a qualitative way how the per-
formance based on blade-element eff101enCJ is modified by these
addwtlonal losses. ' o

The main ex:ect.of these additional losses would appear to be
- an increase in. the effective drag-1lift ratio without materially -
-affecting the vélocity-diagram relations develoved in the blade- -
element theory. -The blade-element theory. can therefore be used to
_obtain an indication of the effect of different-velocity digtribu-
tione on the compressor efficiency. In estimating the over-all
polytropic efficiency of a .compressor, the efficiency of ‘each
blade element must be weighted in proportion to the product of

the mass flow over that blade element and the ideal preassure rise
across the blade element. Although it is impractical 1o maintain
the theoretical optimim value of Wy =.1 for all blade elements
in a compressor, in the final choice of the velocity distribution
for a compressor, the effect of deviations from the optimum value.
of wp on the over-all efficiency_shOuld be considered. As shown
in figure 5, however, the decrease in-over-all efficiency for
moderate deviations Trom the‘optimum velueAOf Vi is,inapprebiable.

The blade-e]ement theory shows that to obtain an increase in
blade-element efficiency, research must be directed toward the
reduction of. drag-lift ratio rather then a reduction of drag alone.
The over-all efficiency depends also to & considersbie extent on
the losses associated with secondary flow not considered in theé
blade-element theory. In order to obtzin a substantial reduction
in secondary-flow losses, a much more detailed analysis of the
thrée-dimensiohal flow tnan that ‘given by the biade-eiement theory
is therefore requlred . . . .

Compressor Size

The blade-element theory shows for subsonic designs the pos-
8ibility of decreasing both the diameter and the length of a
compressor for a given air flow and pressure ratid by careful-
~consideration of the velocity distribution. A superficial con-
gideration of figures 7(b) and 8 would suggest that for constant
relative Mach number any effort to reduce the diametsr by decreasing
Wy in order to increase the specific mass flow would of necessity
decrease the pressure ratlo pexr stage and thereby increase -the
compressor length. This argument, -however, con51ders only a single
blade element and neglects the actual limitations that occur in.a
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multlstage compréssorﬁ Fire t, onoe the rotor speed is fixed for any
reason, the pressure ratio across a blade element can be increased
by decreasing the value of - Wy to the point where the limiting Mach
number is reached as shown by Pigure i(c) Second, the specific wass
flow limits Lhe mass flow of the compressor only at the inlet to the
compressor. ' Because the inlet stage tends to limit both the mass
flow and the rotor speed of a compressor; the consideration of veloc-
1ty dlstrlbutlon in the Anlet stage 1s partlcularly lmportant '

A small hub tlp dlameter ratio at the 1nlet is desirable for
hlgh mass flow through a given diameter. For the conventional tywve
of axial-flow stage, ratios much.below 0.5 appear impractical although
lower values might possibly be used in a very nlgn solldlty stage
with con81derable hub taper.‘

Velocity dlstrlbutlon in inlet stage. - The method of d851gn
basged. upon free-vortex flow is widely used because of the gimplicity
and the relatively high accuracy with' which the flow can be calci-
lated. The velocity diagrams for a free-vortex design for high
specific mass. flow with a hub-tln diameter ratic of 0.55 is shown
in figure 9(a). For simplicity, the effect of rassage taper is
neglected. The maximum pressure ratio compatible with this type of
design was obtained by making the maximum Mach number the same (0.7)
on the rotor and stator blades. Tie maximum Mach number occurs at

the tip cn the rotor blades and at the hub .on the stator bLades

The blade-element theory shows that this. t;pe of design has
several disadvantages. The velocity diagram is unsymmetrical at
all but one radius and the inlet Mach number for most of the blede
length is-much below the limiting value. The result is a rather
low pressure ratio per stage. At the hub the relative velocity at
the exit of the rotor is actually greater than at the inlet. There
is some question whether the flow would actually start in the direc-
tion indicated. This uncertainty of flow direction can be eliminated
by meking the velocity diagram more symmetrical at the hub bubt the
pressure ratlo_of the stage is reduced further by this adjvstment

! Txe use of a symmetrlcal v31001ty dlagram with coqstanu total
enthalpy at all radii (fig. 9(b)), which may be obtained by properly
designed entrance guide vanes, eliminates these disadvantages. The
same Mach-number and Cy0 limitations are used ag for the free-
vortex-design. The principal difference is that the entrance Mach
nuwber is very nearly .constant for all blade élements of both rotor
and stator blades. . The inlet Mach number at the hub ‘is actually
sllghtly higher than at the t1p because of the inhcrease in axial -
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velocity toward the hub for this type of rotation. The specific
nmass flow is also somewhat higher for the symmetrical velocity
diagram than for a free vortex because of the increase in axial
velocity toward the hub. A comoarlson‘b? thé specific mass flow
and ‘pressure ratio for the two types of ‘velocity distribution with
the same maximum inlet Mach numoer for each is shown in the following
table:

. - ’ AP ( Vortex)
w«/e/aA Ap/pl Ap (symmetrical diagram)

Symmetrical diagram 37.4 |0.136 :
Free vortex, same (CLO)h - 35,1 - 087 0.64
Free vortex, same ~AWy 35.2 .08 .67 "

Limitations on turning based on both Ci;0 and on Aw  are "shown.

‘The limitations are corservative but are the same for both types

of design and should therefore give the relative, but not necessarily
the maximum, performance for the two designs.' Not only is the pres-
sure ratio for the inlet stage higher for the symmetrical diagrem
than for the vortex but also the pressure ratio obtainable in the
succeeding stages is higher because of a higher rotor speed allowed
for the symmetrical-design diagram (12 percent higher in this case).

A disadvantage of the design based on symmetrical velocity '
and constant total enthalpy is that the axisl velocity may become .
very low or actually reverse near the tip, especially after the
rotor, for low mass flow. The decrease in axial velocity across.
the rotor blades at the tip is not shown in the velocity diagram.
The variation in axial velocity from hub to tip serves a useful
purpose in producing a more uniform entrance Mach number but, if
too large, results in flow separation along the outer wall. The -
magnitude of the radial variation in axial velocity for the
symmetrical-diagram design is a function of wp at some particular
radius, such as the hub, and increases with increasing values of
wp. The axial velocity at the casing may become O if the value
of wy at the hub is made much greater than the value used in
this example. -The design based on a symmetrical velocity diagram
and constant total enthalpy along the radius is therefore suitable:
only Tor designs with high specific mass flow. A velocity distri-
bution somewhere between a frée Vortex end a symmetrical velocity ’
diagram at all radii would probably be preferable for designs of
lower specific mess flow then that considered in the example of
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figure 9(b). Small variations in the total enthalvy along the radius
may also be useful in obtaining more suitable velocity diagrams in. .
later stages. The determination of the theoretical optimum distribu-
tion of velocity and enthalpy is very complex because of the infinite
number .of possible variations, but a.good approximation to an optimum
design for given conditions is possible with the aid of the blade-
element theory. :

Axial variations through compressor, - The blade-element theory
-is also very useful in the analJ81s of the effect of different varia-
tions of axial velocity:from stage to stage.  The speced of the rotor.
is usually determined by the Mach-numper. limitation on the first row
of rotor blades. For ‘maxitud pressure ratio per stage, an increase
.in the blade velocity U in the: later stages would be desirable.
In the usual designs, the angular velocity of gll the rotor blades
ig the same because they arec mounted on the same &haft. The blade-
element velocity U, however, can be incréased by increasing the
radial distance Irom the axis. The increase in the tip diameter,
however, increases the over-gll diameter of the compressor for a
given specific mass .flow at the compréssor inlet. .If a larger over-
all diameter is to be used, the use of the larger d1ameter also at
the. inlet would appear deSLrablu in order to allow a higher hub-tip
dlametq? ratio with a given mass flow. The increase in the tip
diameter in the later stages therefore is of dubious value.

The increase in hub diameter from stage to stage, however,
produces a higher pressure ratio per stage both by increasing the
blade-element velocity at the hub Uy and by maintaining the inlet”™
Mach number near the limiting value by an increase in axial veloc1ty
(fig. 7(c)). The maximum pressure ratio with a-constant casing
dlameter is obtained by increasing thé hud diameter from stage to
stage in such a manner as to obtain the llmﬁblné Mach number on
each stage. Because the velocity of sound 1ncrea5bs, the axial
vclocity at the casing must be increased to maintain the same Mach
‘nupber. = For pressure ratios of 5 or wors; this procedure-leads to
very short blades and high ratios of hub to tip diameter in the
last stages. The tip-clearance lossés will bé increased, unless
the absolute clearances are reduced, “because of the greater relative
. clearance -for the short blades. The -annulus losses may also be a
larger peernuage CL ‘the energy input because oP higher ratio of
passive, or annilus, area to active, or blade, area (reference 12),
The use of small blade chords will rediice this ratio of pagsive to
active area as well as reduce the length of “the compresgsor, ‘but the
adverse.effect;of reducing the Reynolds number must be considered
(reference 12).' Because of the relatively high density and velocity
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in. the lasn stages, however, the chords con be made cons1derably
.smaller than in the inlet stagcs and the same Reynolds number main-
talned The 4if fuser requires more careful attention with high
axial velocities at the compressor outlet but the dllfuser lossas
become less important as the over-all pressure ratio is increased.
The use of boundary-layer control, even for high outlet ve1001ties,
sliould make it possible.to obtain efficient diffusion in a very
short diffuser (reference 13). The required suction should not

be difficult to provide. For example, the boundary-layer air

. romoved might be used for cooling some portion of the turb1ne :
‘where the pressure is lower than that in the diffuser.

The high 1055es reported by Eckert (reference 12) for high
hub—tlp diemeter ratios. in gingle-stage blowers appear to be less
gerious in multlstagc commrensors. The hub tln diameter ratio .is
quite high in the last few stages of the NACA cight-stage axial-..
_flow compressor (0.93 in the last stage). (See reference 2.).

" Although .no. information is available on the efficiency of the.

.. last stages, the over-all efficigncy (references 1, 2, and 14)

ig much higher than would be expected if the efflclency dropped
off as indicated by Eckert. - . ;.

F1bklbilltj and Range

VEry 11ttle has yet been done on the lpvestlgatlon of the
effect of de31gn variables on the range and the flexibility of
ax1al flow compressors. An unpublished British report made .a
theoretical . analysis based on cascade data -of geveral types of
design, but. the differences in range for practical designs were
not particularly remarkable.. The problem of range and flexibility
is consjderea.from an.entirely different point of view in refer-
.ence 1, where the n0881ble extension of the useful range by the
use of adjustable stator blades is investigated. TImprovements
in the efficiency at -other then. design speed and a considerable
extension of the flow range at any given speed were found to be _ -
possible by the ad justment of the stator blades alone, An
" improvement of -about (.08 1n e;flC;ency over the design setting
for one of the blade resettings at approximetely half the design
gspeed wes obtained. A shift of the peak-efficiency flow by 20
to 30. percent was ﬂ0581b1e over the entire speed range by the use -
. of different stator-blade settings. The extension in the flow .
range was particularly striking at a compressor Mach number of 0.8
because of the very narrow range at this speed with any one blade
setting. An approximately sevenfold increase in the flow range
was obtained at this compressor speed by the use of different
stator-blede settings.
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.The success of this method in extending the useful range of
axiel-ilow compressors hag warranted the development of .a more rapid
method.. for. couputing blade resettings than ‘that presented in refer-
ence 1. Figures 3, 4, and 6 provide-the basis for such a- metnod

- as is- 1llast“a ed by tne example’ in aprendix B. :

SUMMARY OF ANALYSIS

A blade-e]ement theory developed for- analy21ng the effect of
basic ‘design variasbles.on axial-flow -~compressor performance may be
sunmarized’ as follows :

" The. one-diménsional compressible—flow “theory. shbws that the

-'effect -of polytropic. efficiency on the.flow relations across a row

of blades is.of the same order of magnxtude as the effect of the
Mach number. Flow calculations tased upon isentropic compress¢ble
flow: may therefore be appreciably in error. The blade‘element’ effi-
clency based -on static-vressure rise and the agsumption Of incompres-
sible flow in terms of drag-lift ratio end wean flow angle:is shown.
to be the same as the profile eificiency of a propeller. For sub-
stantial improvement in compressor efficiency, research should be
directed toward a rediction in blade-element drag-lift ratio and
toward a oetter undersuandino of secondary-flow phenomena.

Thb relauive Mach number is shown to be a dominant factor -in
determining the pressure retio and, if the efficiency can be main-
tained, very. high pressure ratios per stage are possible with super-
sonic designg.  But even for subsonic compressor designs, considerable
incresse in pressure ratio over that for conventional designs can be

~obtained by producing a velocity distribution thet gives relative

inlet Mach numbers cloge to the limiting Mach number on all blade
elements. With & given inlet Mach number, the pressure ratio
obtainable across a blade row increases and the srec1fic mass flow
decreases ag the ratio of mean whirl velocity to axial velocity
increases: for the high-efficiency range of this velocity ratio.-

For subsonic compressor designs with a definite. Mach-number limi-
tation, ‘the velocity distribution in the inlet stage is particularly
important because the inlet stage limits both the mass flow and the
rotor speed of the compresgor and thereby limite the pressure ratio

 of later stages as well as the inlet stage.. By the use of entrance
.guide vanes designed to produce a variable axial velocity at the

entrance to the first rotor, & substantial increase in stage pressure
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.ratio and a slight increase in the specific mass flow over designs
based on free vortex with the same Mach-number and turning limita-
tions are shown to be possible. In the svcceeding stages, the
maximum pressure ratio per stage without an increase in compressor
diameter is obtainédble by increasing the hudb diameter to obtain the
maximum axial velocity compatible with.the Mach-number limitation,

Flight Pronulslon Pesear aboratory, e e
National Advisory Committee for Aeronautlcs,
Cleveland,. Ohilo,
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| APPENDIX A . .

RIVATlON OF QUATLOWS

Adiabvatic and polytropic efficzen01es - For different 1deal
reversible processes, such as adiabetic, isothermal, and polytropic,
the densities will be different ;unctlons of the pressure and by
equation (7) ‘the efficiencies obtained will be different. Because
most actual compression processes are approximately adiabatic, the
efficiency based on a reversible adiabatic process as the ideal
process has been widely used. The polytropic efficiency is also
useful because it is equal to the efficiency of the individual small
stages of an adiabatic compression when the eff101anJ of these
small stages is constant tnroughout for this reason, it is of'ten
referred to as "small-stage" efficiency. -For constant .specific
heat, the density is given by

L
7
- o (£) (22)

for the reversible adiabatic process and by

EH—‘

D
o (2 25
pl\pl’ ()
for the polytropic process. The polytrowic exponent m for the
ideal process 18 chosen to give the same dengity and temperature
at the final pressure pp as for the actual process. The substi-
tution of these expressions in equation (7) and the use of the
verfect gas law gives the following values for the adiabatic and
polytropic efficiencies

2 S ‘

y 1{P2\7
8Rt) ”Tfl(ﬁ‘f -1
| m-l
art, B |(P2\"
nm-1 Dy
Np = ———- - (25)
y Ah _
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The thermodynamio relations

Ab = chp (tz - tl) = gRly%T (tz--
and . )
) =E@_

" when substituted.in equations (24) aﬁd

(“”7

1
or } -1

and

Therefore l

_CONFIDENTIAL
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(28)

(27)

(28)

(29)
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which is equation (8) of this report. By the use of L'Hospital's
‘rule, the limiting value of Naq 88 “2/01 ap“roacnes 1 can readily
be shown to he equal to Np - :

If equation (29) is solved for m, the polytropic exponent is
given as a function of the polytropic efficiency

m:.;__&:_f_ . (9)

Although the derivations- have been made in terms of static pres-
sures, temperatures, and enthalnles, all the relations used appnly
equally well to total states; the values of the efficiencies and the
polytropic exponents for a partlcular compressor will, of course, be
somewhat different. :

Presgure ratios. - The preésure ratio across a row of blades for
. constant axial velocity can be expressed in terms of wy, -Aw, and
M by use of equation (i2) and figure 1(D)

e 7T
. . o 2\7 "+
Py 2 :
,l - Vlz s
A
R 2 2\ -1
_ y-1 ., 2 V2" Vy,17 - V2
= {1+ "5=M - .
z iy y
N 1 a, d
- -77]-0
y-1
. | v,2 F Vo Vg = Vol
= 11+ (7-1) Mlz ‘az w 1 W,2 1 W, 2
vy 2V, v,
_ AL
- Wy { =AW) r-1
= |1+ (r-1) My z (15)
WD
1+ (Wm - —--)
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Blade-element efficiency. - A blade-element efficiency for-
incompressible flow based on the power input to the air by the rotor
is suitable if applied to an entire stage, as in reference 2, but
is not suitable for congidering the.porformance of &a-single blad.p
row., For flow across a single blade row with no change in radius,

. Y12 YA .
g = VA2 Ves o (30)

2 2

and the general exvression for efficiency based on static states
(equation (7)) becomes, for the case of incompressible flow
congidered hers,

2
oV, ° oY,

—————— - T i o s

2 "z

Mst, 1= "“—’QEL""*—‘ ’ (31)

which is the usual simplified expression for diffuser cfficiency
in which velocity variations across the passage are neglected
(reference 15).

For constant axial velocity, the following relations can
readily be obtained from figure 10 and momentum considerations

o
[

. .
_ a _ 1 . I
Ap = = =3 (L sin By - D cos Bm)
z 4
= ain Bm l - cot B\\ (32)
S
F,=Dsinp
L=-9 o
= 8- 1D tan gy
cos Bm '
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or by solving for L
Fg .

cos,Bm_L} + (D/L) tan Bm]

PV,2S (tan By - tan Bp)

= e e — (33)
cos By, L} + (D/L) tean Bm!
If this 1ift is substituted in equation (32),
PVg2 tan B, (tan By - tan Bo) Ll - (D/L) cot Bi]
Ap I ————— ‘A - - =
1 + (D/T) tan By .
ov 2w (-tw) 'L - -'3-(9)
B a m _ Wm L_ (34:)
_l-f Vi (D/1) : .
also
V.2 V2 e
1 -"""2—"=“(V 2 -v_ .2)
2 2 - o W,l W,z
= oV 2 i ' .
oV e W (-aw) (35)

By the substitution of equations (34) and (35) in equation (31), the
blade-element efficiency based on static-pressure rise and incompres-
8ible flow is finally obtained as

__1_<9)
Y \L

1
Ngg 4 = T
8t,1 1 4 vy (D/L)

(10)

The blade-element efficiency can also be expressed in terms of
the "gliding angle" -¢ (fig. 10), which ig defined by

tan ¢ = D/L (36)
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The profile efficiency is -

tan (Bp - €)

ﬁanrﬁm'

Mgt,1 =

tan (90° - Bm)

" tén (900,- By + e) (11)

which is the same as the expreaaﬁon for the - Drofile efficiency of
a propeller.

Lif't coefficient, - The relations for C;0, equations (22)
and (23) of reference 1, neglebt the effect of drag and give the
values corresponding.to” D/L 0, The exact expressions, for
values of D/L different from 0, can readily be derived from
equations (2) and (6) of reference 1

- 2 (- \
Fg = pS Ya (-aw)
and
K P .
L = - : @ . —
cos By L1 + (D/L) tan By ]
Hence
pcV 2
S V2 (-aw) (tan By - ten By )

- L= - - . =
cos By [1 + (D/L) tan Byl cos Bm (1 + (D/L) tan Bm]

20
5
PV, c

and the value of Cio 1is obtained by multiplying by

~
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2V,2 (tan By - tan By)

A A o8 By [1°+7(D/L) tan py)

)

=.2 cos By (.ten B1 - tan Bp) (14)
1+ (D/L) tan B8 ‘ '

m

Thie reiation cah elso'be expfessed iﬁ terms efmﬁhe Variablesv Wy
and (-Aw) by referring to figure 1(b):

: CLO o _”-’-ZAW
/wm +1 [l + (D/L wmé

which when solved for -Aw becomes equation-(ls) of the report

AV = %CLQ 1/1 + W2 (? + Wy L) © (18)

Specific mase flow. - The mass flow through a unit cross-se0uional
area in terms of an absolute reference frame is

-’ CONFIDENTIAL
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wo. .
i =.80Va
= gPp & L 28 Veosp
op &r &
- M cos 8
= 8P &np — T (17)
-\ (7-1)
(l + 25k M‘\
2 /
_ P’\/?é M gfos 8 .
NRT oL
N2 (7-1)
14 2L M2
2
Lz fon R wews
po N T fEE. 7+l
. A 0~' L
‘ 2(y-1)
r-1 2\
1+ M
2 / ‘
5 2116.24/1.4 X 32.174 M cos B
el y— ‘ - Dy v ey 3
Vo f53.345 x 518.6 (1 + 0.2 M)
Hence
WA[E - 85.4 M cos B (18)

B (14 o0.2m2)°

In order to express this result in terms of the relative Mach number
and the velocity-diagram parameters for a symmetrical velocity dia-
gram, it must be remembered that the guantities in equation (18) are

' CONFIDENTIAL
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for absoluté coordinates at the entrance to the rotor .(station 1).
With the aid of figure l(b), which is taken to represent the rotor
blades, the following substitutions may be made in equatlon (18)

Vv, V
_— 85.4 —E-_b-'
Wa/o ViR 8
BA T
2
i
1+oz<1% /1 -
lR/
_ Vig

1+0.2M4 g 2/_43 I

. V1 R/ |
- - ' ,dsé "R . (19)
5 (Wm+ \2 / o sz
1+0.2M g \ /\ 1% (Wm -5

2
1+ (%m - %§>

The value of -Aw is given in terms of C;C by eguation (16).
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APPENDIX B

IRAMPLD OF USE OF CEARTS. FOR CQMPUTATION
OF STATOR-BLADE RESETTING DTS

The method of computing the stator-blade resetting for dif-
ferent operating conditions given in reference 1 involves consider-
able labor in the trial-and-error solution of the velocity-ratio
equation (equation (19) of referénce 1). The charts. given in
figures 3, 4, and 6 greatly facilitate the computation of stator-
blade resetting, as is illustratod by the following example

The computations are made for a typlcal stage of. the NACA
elgnt-stage axial-flow compressor for an air flow and. speed
appreciably below the design values. The conditions. _at the’ 1nlet
to the stage are determined by the flow from the previous stage.

'and for the. purpose of this examp;e, are assumed to be known.
‘The stage is here taken as a row of stator blades followed by a.
row of rotor blades. The station designations are: i, at inlet
to stator blades; 2, botween stator and rotor blades; and 3, at
'.outlet £o rotor blades. Quantities that are a function of the

L radius are taken at midpassage unless otherw1ee specified. The

;'IOIIOW1ng peomctric oharaotorlstlos of the’ stage are givcn'.'
Al/Az ="1.118, 2/A = 1.127
*ﬂs = 45.39, WR 43, 1o (design values)
a. _ = =5.60 (for blades used)
a,o
Og = 0.9961, oy = 1.0156

rz/rz,t = 0.9004

The given inlet.conditions and rotor speed are:

By = 65.3% ¥ /[a =082, U /fa =0.708

It is proposed to.reset the stator blades to make the maxi-
o mum llft coefficient at the mean radius which may occur on sither
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the stator or the rotor blades, equal to a prescrlbed value of 0.8,

The adjustment of the stator-blade angle to give a prescribed lift

coefficient on the stator blades may be accemplished very simply by

the use of figure 6 and the emplrlcal relatlon from reference 1

(equatwon (17)) : R

N

Bp = (1K) By + R+ Ko, o
but the 1ift coefficient on the rotor blades also must ‘be checked
in order to determine whethér the prescribed maximum is exceeded.

If the prescribed maximum 1ift coefflclenu 18 exceeded on the rotor
blades, as it is in: this cxample,.the: 1lift coefficient must be
determlned with differcnt stator-blade settings until the prescribed
maximum 1ift.coéfficiént is obtained on the rotor blades., The cal-
culation oi the stator-blade sstting for a 1lift coefficient of 0.8
on the stators is first madé and theAresulting‘lift'coefficient on
the rotor blades determined. The calculation for the final trial
solution for a 11ft COufflCiCDt of 0. 8 on the rotor blades is then
presented : . ,

For 51mpll 1ty, the Vﬁlue of 'K is assumed to be 0.9 throughout

Somevhat more.accurate results could be obtained by estimating the
value of K from'the values presented in reference 18. A polytropic
efflCIthy Mp of 0.9 is also assumed. The turniné angle P11 - B2
ig found from flgure 6 for
C 10 = 0. 8 X 0,9261 = 0.797

end, for By equal to 65.3°, 1s 11,59,

Therefore . . ‘ :

: - o
Bz~..—' 53-8

and from the relation

= ! -
By = 0.1B; + 0.9¥g - 0.9 X 5.6

the value of - Vg is determinod as 58.1°.

Tho value of CL for.the rotor blades for this stator-blade
setting requires the. calvulatvon of tne flow across,the stator., The
flow-area ratio is

T A, cos B cos 65.3°
L. l_o118— - 0,791

fs Ay cos 62.4 _ . cos 53 80
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By the use of figures 3(c) and 4(c) with fy/f, = 0.791 and’

V]/al = 0.492, the following ratios are obtainedt yz/Vl = 0.754,
tofty = 1,021, and ap/a; = 1.010, The flow conditions of the air
leaving the stator row may now be obtained from the following
relations; : : ' ’ - .

~

v Vo V; a T
2 2 "1 %1 0.754 x 0.49? - 0.367

v V, cos B ,
a,2 2 2 » o _
a T % = 0,367 cos 53.8° = 0.217

Veo V . |

8 2 5in'p, = 0.367 cos 53.8° = 0.296 . -
az az . 2 . .

Us Us 4 Tp & : . C
2_ 2,6 T2 %1 _ 0,708 x 0.9004 _ ¢ g3
82 8.1 I'z’.t 8.2 ) 1.010 .

- The whirl component of the Mach nﬁmber»rclative to‘fhe rotor
is then given by’ :

v U, VS
2R 22,8 0,631 - 0.296 = 0.335
az g  ap

The air velocity and the air angle felative_to the rotor are then
obtained from the relations (in which the subscript R has been
dropped) : : ' :

tan B, - Swalte 0355 ey
' Ve,2/82 0.217 .

= 57.1°

w
[\V]
I

V. ../a o C .
2 = .Ejz 2 = 0.335 = 0.399
ap  8in B, 0.840
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The leaving-air anéle-ma&tnow be obﬁaiﬁéd.frdﬁ"the relation
(1-K) Bz + K\UR+K

(1-09)57l°+09(431°)+O9(b6°)

]

39.5°

The flow-area ratio across the rotor row ig riow obtained from

fo Ao coOB .
2 .22 B 112799_51__5_7__1.‘.’. 0.792

—— = cmnn  m——— =

fz Az cos P3 cas 39,50

Using figures 3(c) and 4(c) again with f /I = 0.792 and
M, = 0.399 (with the obvious changes in subscripts) gives
V= t a
3 -0.770, 2 = 1.013, -2 = 1,006

and the conditions at the exit of the rotor row are

Vs _ Vs V28 _0.770 X 0.399 _ 4 05

— T — —— —— 25

5.3 Vz 8,2 a5 - l."-'O6
v v
833 _ 23 405 Bx = 0.305 cos 39.5° = 0.235
az asz ) B .
V. v
w3 - '3 gin By = 0.305 sin 39.5° = 0.194
8.3 8,,3 : ’

The turning angle for the rotor row is' By - Bz = 57.1° - 39.5° = 17.6°,
Now by use of figure 6, Cy0 = 0.93, which gives a lift coefficient
on the rotor
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This 1ift coefficient exceeds the maximum allowable value
of 0.8. The lift coefficient on the rotor row therefore must be
lowered by increasing the stator-blede angles. The stator lift
coefficient will also be unavoidably reduced. T
After several trials, a value of ¢S 60° was found to give
approximately the maxwmum.allowable 1lift coefficient of 0.8 on the
rotor blades, The caloulat;ons for this case follow;

The turning-angle relation is first applied to find B :

132 (l"K) Bl + K\L‘ + .u.a«a o

)

(1-0.9) 65.3° + 0.9 (60°) + 0.9 (-5.6°)

55.50

Nl

The flow=~-ares ratio is

1 Al cos . cos 65.3°
fi_A1cos P | 5008655 o
£ Ap cos Bo cos 55,50
. ' fi .n
Using figures 3(c) and 4(c) with 7, = 0.825 and === 0.492 gives
2 1

Vo/Vq = 0.792, tz/tl = 1.018, ap/a; = 1.009

The conditions leaving the stator row are

V2 Y2 V181 _0.792 x 0.4%2 _ 4 356

r— D e cmmen c— =

8y Vq a) ag | -1.009
v V. ~ .
_Z_ﬁ - aﬁ cos By = 0:386 cos 55.5°.= 0,218
Vy,2 V2 ' |
——= = — gin P, = 0.386 sin 56.5° = 0.318
8z 8
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The conditions at entrance to the rotor row are

Uz _ Uzg Tz 81 _ 0,708 x 0.900
as al rg;t as .1.009 .

= 0,631

v, Vs Voo ' N '
MR .2 L IW88 | 5631 - 0.318 = 0.313
ay a .4 : ’ .

and relative to the. rotor blades

V., ofd o
w,2’%2  0.313 - 1.435

tan 62 = =
Bp = 55.1°
Vo Vy,o/e

52= sin Po’ = 0.8620

The leaving-air angle Bz ié

Bz = (1-K) By + Kig + LG

il

(1-0.9) 55.1° '+ 0.9 (43.1°) + 0.9 (-5.69)

= 39;30

The flow-area ratio over the rotor is

f A cos B = 10
L2 T8 17 9989510 4 a3
fz Az cos Pz cos 39.3° .

Using figures 4(c)-and 5(c) with f,/f, = 0.833 and My = 0.382
(with the obvious changes in subscripts) now gives

V3/Vp = 0:810, t3/tp = 1.01, az/ap ='1.005
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The flow conditions at

S .1'.'

the rotor exit may now be obtained: -

i V3 V3 V285 5.810°% 0:382

% =2 {r; a—z- a-é- = 1.005 ; = 0.308

Vé 5 Vs S e

—4= = — cos B3 = 0.308 cos.39.3° = 0.238 -
3 L :

Y- A2 R R

-§L§ - ;é sin By = 0.308 8in'39.3° = 0,195
3 3 : ’ ‘

The turning angles for
P15 - P25

P2,R - P3,R

From figure 6 with the

Ihq_lift goefficienté

C

L,S,

LR

stator- and“rotor row are

65.3° .- 55.5° = 9,8°

it

= 55,10 - 39.3° = 15,89
ge turning anglss,

(C;0)g = 0.69 .

n

(Cro)g

= 0.81
then are

0.69

ks

0.8l =.0.80
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(a) With variable axial velocity.

v
i Vi
{(-aw)V, [ (-aw)V,
2 2 waVs

Figure 1. - Relative-velocity diagram for typical blade row.

(b)

With constant axial velocity.
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(a) Polytropic efficiency np, 0.7.

Figure 3. - Velocity ratio for steady, one-dimensional flow

as a function of flow-area ratio, inlet Mach number, and

polytropic efficiency for adiabatic.compression with y
equal to |.4.
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(b) Polytropic efficiency np, 0.8.

Figure 3. - Continued. Velocity ratio for steady, one-dimen-
sional flow as a function of flow-area ratio, inlet Mach
number, and polytropic efficiency for adiabatic compression
with y equal to |.4.
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Figure 3. - Continued. Velocity ratio for steady, one-dimen-
sional flow as a function of flow-area ratio, inlet Mach

number, and polytropic efficiency for adiabatic compression
with y equal to |.4.
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Fig. 9 CONFI DENTI AL NACA RM No. E70D28
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(a}) Based on free vortex.

. _ ‘ {b) Based on symmetriéal velpc?ty diagram and constant total
enthalpy along radius.

Figure 9. - Velocity diagrams for entrance stage of multistage compressor
for high specific mass flow with hub-tip diameter ratio of 0.55 and (C o) .,
equal to 0.77. .
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Figure 10. - Forces on blade element.
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