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CALCULATIONS OF LAMINAR HEAT TRANSFER ARCUND CYLINDERS OF ARBITRARY
CROSS SECTION AND TRANSPIRATION-COOLED WALLS WITH
APPLICATION TO TURBINE BIADE COOLING

By E. R. G. Eckert and John N. B. Livingood

SUMMARY

An approximate method for the development of flow and thermal
boundary layers in the laminer regime on cylinders with arbitrary cross
section and transpiration-cooled walls is cobtained by the use of von
Karmin's integrated momentum equation and an analogous heat-flow equa-
tion. Incompressible flow with constant property values throughout the
boundary layer is assumed. The velocity and temperature profiles within
the boundary layer are approximated by expressions composed of trigo-
nametric functions. Shape parameters for these profiles and functions
necessary for the solution of the boundary-layer equations are presented
as graphs so that the calculation for any specific case is reduced to
the solution of two first-order differential equations.

The method is applied to determine local heat-transfer coefficients
and surface temperatures in the laminar flow region of transpiration-
cooled turbine blades for a given coolant flow rate, or-to calculate the
coolant flow distribution which is necessary in order to keep the blade
temperature uniform along the surface.

INTRODUCTION

Transpiration cooling 1s a very effective means for keeping sur-
faces which are subject to a hot gas stream at a low temperature. For
use of this method, the surface is fabricated from & porous material
and a cooling fluid is blown through the pores. Along the outside sur-
face the cooling fluid builds a £ilm which insulates the wall from the
hot gas stream. The transpiration-cooling method may be applied to the
cooling of structural perts in propulsion systems such as gas-turbine
blades, combustion-chamber walls, and rocket nozzles. If a heated fluild
is blown through the porous wall, .the same method may be used to keep
the surface temperature of the wall at a value which is higher than the
temperature in the outside flow. In this way, it may be applied for
de-icing of wings and other parts of airplenes and in the propulsion
system.
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2 NACA RM ES1F22

This report presents a method by which the heat transfer connected -

with transpiration cooling in two-dimensional laminar flow around bodies
of arbitrary cross section can be calculated. It considers only the
case where the fluid blown through the porous wall is the same as the
one in the outside flow. Although the particular application considered
in this report is the cooling of turbine -blades, the method itself may
be applied to other applications as well. The procedure by which the
calculation may be carried out for any particular application is
described in an appendix in this report.

The determination of the heat transfer is based on the calculation
of the thermal boundary layer which builds up around any body in a flow
field. This thermal boundary layer is interconnected with the flow
boundary layer for variable fluid properties or superimposed on the
velocity boundary layer when the properties are independent of tempers-
ture. The build-up of the flow boundary layer is determined by the
pressure distribution around the body under consideration. For the type
of pressure distribution occurring in the aforementioned applicatioms,
only approximate methods of calculation are straightforward enough for
engineering purposes. For the determination of the thermal boundary
layer in particular, two types of approach are known.

The first approach was introduced by Kroujiline for the calculation
of heat transfer on solid surfaces and presented in more detail by Fros-
ling and others (reference 1). In this method, the flow boundary layer
has to be known before the thermal boundary layer can be calculated.

Usually the method, as introduced by von Kérmén (reference 2) and
Pohlhausen (reference 3), which fulfills the integrated momentum equa-
tion of the boundary layer, is applied for the calculation of the flow
boundary layer. More recently, Wieghardt and Walz (reference 4) have
used, in addition to the momentum equation, an integrated energy equa-
tion and Tetervin and Lin (reference 5) have introduced a still more
general integral condition for the boundary layer which may be used in
such calculations. The use of these expressions glves better agreement
with exact calculations and with measurements in special cases, par-
ticularly in regions where the pressure increases in flow direction.
Since, in the application'considered, the reglions- of most contern are
those where the pressure decreases, the integrated momentum equation,
which 1s simplest to handle, will be used. Schlichting (reference 6)
used this equation to calculate the flow boundary layer on a porous
surface through which fluid is sucked in order to keep the boundary
layer laminar or to prevent flow separation. A paper by Dorodnitzyn
(reference 7) extended the method to include the effect of Mach number
and of variable property values. However, this extension is developed
only for zero heat transfer. The calculation of the flow boundary
layer in this report will essentially follow Schlichting's approach.
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After the flow boundary layer 1is determined, the thermal boundary
layer can be calculated according to the method of Kroujiline by use of
an integrated heat-flow equation. Velocity profiles known from the cal-
culation of the flow boundary layer and temperature profiles within the
boundary layer whose shapes are approximated by a polynomisl expression
are introduced into this heat-flow equation and the equation is solved
for the thickness ratio of the thermal boundary layer to the flow bound-
ary layer (reference 1). This procedure, however, becomes quite
lengthy, especially when the number of terms in the polynomial expres-
sion for the temperature profile .is increased in order to improve the
accuracy of the approximation. When an attempt was made at the NACA
Lewis laboratory to extend this method, which was previously used only
to determine the heat transfer on solid surfaces, to transpiration-
cooled porous walls, it was found that the procedure for the solution
of the heat-flow equation becomes much simpler and more straightforward
if the equation is solved for a thermal boundary-layer thickness called
convection thickness. This will be explsined in detail in a later
section of this report. After the method was developed and the calcula-
tions were finished, a note by Dienemann (reference 8) was found in
which the same kind of spproach is briefly described. Dienemann applies
the method to calculate heat-transfer coefficients on solid surfaces
and proposes to extend it in such a way that a temperature variation
along the solid surface and the influence of internal frictional heating
within the boundary layer may be accounted for. He also shows that this
method is superior to other approximations. which were compared by
Goland (reference 9) with an exact solution for a cylinder with circular
cross section. It may be of interest to mention that Goland obtained
the exact solution from the fact that the differential equation describ-
ing the temperature boundary layer around an infinite cylinder in a flow
normal to its axis and for a fluid with a Prandtl number of 1 has
exactly the same form as the differential equation describing the span-
wise flow within the boundary layer on a yawed infinite cylinder. Cal-
culetions of the heat transfer on a transpiration-cooled flat plate
which considered the variation of property values with temperature were
made by Yuan (reference 10) with the assumption that the total-
temperature profile within the boundary layer is similar to the velocity
profile. This assumption is valid for a Prandtl number equal to unity
and for no pressure gradient. The purpose of the present investigation
is to consider the influence.of pressure gradients as well as Prandtl
numbers different fram unity.

A second approach for obtaining an approximate solution of the
thermal boundary layer was described in reference 1. It is still
simpler than the approach by Kroujiline, since in this method it is not
necessary to calculate the flow boundary layer prior to the determina-
tion of the thermal boundary layer. This method uses exact solutions
of the boundary-layer equations which are known. for a special type of
pressure variation in the flow which is encountered on wedge-shaped -



4 NACA RM ES1F22

bodies. These velocity profiles and the temperature profiles are used
to approximate the actual profiles for arbitrary pressure variations.

A differential equation is set up wath the condition that the growth of
the boundary layer on any place of the cylinder with arbitrary cross
section investigated be the same as for the wedge-type flow when the
boundary-layer thickness and the pressure gradient have the same values
in both cases. When this idea is spplied to the momentum thickness of
the boundary layer, the resulting equation is identical with Kdrman's
integrated momentum equation. When 1t is applied to the convection
thickness of the thermal boundary layer, the resulting differential
equation fulfills the condition that the heat transferred from the sur-
face to the fluid has to be found again within the boundary layer
(reference 11). This method was compared with exact solutions and
experimental values in reference 1 and in investigations performed at
the University of California (reference 12), and the agreement cbtained
was quite satisfactory. This method can easily be extended in such a
way that it includes effects of variations of the surface temperature
and of internal heating (reference 11). For such an extension, the
corresponding exact solutions for the wedge-type flow have to be known.
Such solutions, which take into account the effect of a surface tem-
perature variation and of internal heating, are presented in refer-
ences 11 and 13. The method may also be extended to the transpiration
cooling of porous surfaces, as soon as the corresponding exact solutions
for this case are known. A few such solutions are presented in refer-
ence 14; However, too few solutions are given for use as a basis for
the approximate method. Brown (reference 15) has recently made an
extensive calculation to obtain exact solutions in transpiration-cooled
porous surfaces of the wedge-flow type which include the effect of
pressure gradients and of variable property values. The results of this
calculation are now being used to extend the method mentioned in the
preceding paragraph to transpiration cooling.

This paper deals with the method described as the first type of
approach. The method has the advantage that it may be applied to cases
for which the corresponding wedge-type flow and heat transfer are not
known.

STATEMENT OF PROBLEM AND SIMPLIFYING ASSUMPTIONS

This report is a contribution to the problem of determining the
development of the thermal boundary layer and the heat-transfer coeffi-
cients on a body of arbitrary cross section with porous walls in a two-
dimensional flow. Figure 1 shows the cross section of such a body. At
Reynolds numbers which are sufficiently high, the flow around such a
body may be subdivided into the boundary-layer region which surrounds
the body with a very small thickness, and the potential flow, which
determines the pressure distribution around the body. The highest

k
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pressure on the body 1s found at the stagnation point. The pressure
then decreases in flow direction along both sides of the body, and
usually ilncresses again, later on. The pressure variation along the
body determines the development of the flow boundary layer asnd also
whether the boundary layer is laminar or turbulent. Usually, the lami-
nar part is confined to a region near the nose of the body. The region
with laminar boundary layer is investigated in this report. The flow of
coolant through the porous surface may be described by the velocity vy
with which the coolant leaves the surface in a normal direction. The
questions which will be answered in this report are: First, what are
the local heat-transfer coefficient and the surface temperature on any
point along the body for any prescribed distribution of the coolant
velocity vy; and second, what distribution of the coolant velocity vy
gives a desired distribution of the heat-transfer coefficient and of the
surface temperature around the body. Usually, for instance, a constant
wall temperature is mcst desireble and the problem is to find that dis-
tribution of the coolant velocity vy which results in a constant wall

temperature.

A number of simplifications have to be introduced in order to keep
the time required for the solution of a special problem down to a
tolerable amount. The assumptions made are: The flow is two-
dimensional and in steady state, internsl frictional heating within the
boundary layer can be neglected, and property values (density, vis-
cosity, and heat conductivity) may be considered constant. The influ-
ence of temperature gradients along the surface of the body is neg-
lected. Although this influence may be considerable (reference 13),
there is no quantitative information available for transpiration-cooled
surfaces which would permit this effect to be taken into account.

In applying the method to the determination of the temperatures of
transpiration-cooled turbine blades, neglecting internal frictional
heating should be admissible, since the temperature differences within
the boundary layer generated by the cooling process are considerably
larger than those generated by aerodynamic heating. This will be shown
in more detail later on. On the other hand, the large temperature
variation in the boundary layer is connected with a considerable varia-
tion of the property values. The influence of this variation on the
heat transfer may be approximately corrected by use of the results in
reference 15,

BOUNDARY -LAYER EQUATIONS

In a coordinate system, shown in figure 1, where the x-axis runs
along the surface and the y-direction is normal to the surface and under
the assumptions mentioned in the previous section, the differential
equations describing the velocity and the temperature within the
boundary layer are
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(1)

=— =0 (2)

2
» Ot « Ot _, 0% (3)

2226

(A1l symbols are defined 1n appendix A.) The equations have to ful-
£ill the following boundary conditions. At the surface (y = 0) the
velocity component u* parallel to the surface is 0, the velocity
component v* normal to the surface bas a finite value wv,*, and the

temperature of the surface is interconnected with the velocity vw‘ by

the over-all heat-transfer process sc that one of the two values may be
prescribed., At the outer edge of the boundary layer (y =) the u*

component of the velocity transforms asymptotically into the stream -
velocity U* and the temperature transforms into the streem tempera-

ture. Since only temperature differences appear in equation (3) the

temperature level does not enter into the problem. Therefore, all tem- -
peratures will be measured from the temperature in the stream as refer-

ence temperature, and t will be interpreted as the temperature differ-

ence from this reference temperature. Consequently, outside of the

boundary layer t = O.

'In a gas stream, it is advantageous to interpret + as the total
temperature difference. In this case, equation (3) already includes the
effect of the frictional heating for a gas with a Prandtl number of 1.
Since for all gases, the Prandtl number does not deviate much from the
value 1, equation (3) also gives a good approximastion to the real con-
ditions for gases as long as the temperature differences impressed upon
the boundary layer by a cooling process are larger than the temperature’
differences created by internal friction. ‘

In order to reduce the number of parameters, the differential
equations will be made dimensionless. For this purpose, all lengths
measured parallel to x are divided by L, the distance between the
stagnation point and the trailing edge of the body measured along the
surface, and all velocities in this direction are divided by an upstream
velocity Ug. All lengths and all velocities parallel to y are in
addition multiplied by the square root of Reynolds numbers Req based

on the body length L and the upstream velocity Ugp: | '

x* u* v - 2
x=7 u=g y=Lﬁ|/Reo v=[76‘/Re0 (4)

o




NACA RM E51F22 7

The pressure gradient JOp*/ox* 1is impressed upon the boundary layer by
the potential flow outside the boundary layer and can be replaced by .
the stream velocity gradient by use of Bernoulli's equation

_ 0% _ e JU*
ox* pU ox* (5)

In this way, equations (1) to (3) transform into

2 '
ua_u+v3u aU au (6)

dx dy Bx Byz

du , ov
- ox Jy (7)
ot 3t _ 1 3%
PYRCL APV Ci TS S i 1 (8)
. ox 0 Pr 3y2
The boundary conditions for these equations become
y=0 u=0 v = vi(x) t = t,(x) (9)
y— o u—U t—0 (ro0)

The equations are now integrated over y from y =0 to y =&, The
result of this integration is Kdrmdan's integrated momentum equation

[} ®
2 j; (U-u)u ay + 2 () ay - (g;) (11)
and the heat-flow equation
[ -]
£ | - iy = - %;(%)W (12)

In order to simplify these equations, the following characteristic
boundary-layer thicknesses are introduced:

(lj the displacement thickness of the flow boundary layer

8y = (1-Y
d—o -7 W (13)
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(2) the momentum or impulse thickness of the flow boundary layer

o= FO-p & (14),

0]

and (3) the convection thickness of the thermal boundary layer
= u
B ¢ = 05 (15)

where 6 is the ratio t/t, with the limiting values 6 =1 for
y=0 and 6 =0 for y =e. By introduction of these boundary-layer

thicknesses and with % written as U', equations (11) and (12) are

transformed into

(UZS ) + BgUU' - v U = (g‘;) (16)
a‘%{- (£,08; o) - tyvy = - %(%;i—)w (17)

VELOCITY AND TEMPERATURE PROFILES

To obtain an approximate solution of the last two equations,
approximate expressions for the velocity and temperature profiles will
be introduced. The sccuracy of the results of this calculation will
depend on how well the actual profiles are approximated by the assumed
shapes. The temperature profiles as well as the velocity profiles are
chosen as a one-parametric family. The parameter for each family is
determined in such a way that the assumed profiles fulfill the exact
boundary-layer equations (6) to (8) at the wall surface.

u U d%u
vW(S;)w = ax <ay ) (18) .

J6
Yw <$> W

< gje) (19)

Q722
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In addition, the following boundary conditions will be fulfilled

y=0 u=0 6=1 (20)
y=® u=U 8=0 (21)

Ori1ginally, polynomial expressions were used to approximate both the
velocity and the temperature profiles. 8Schlichting, however, pointed
out that better approximetions may be cbtained by expressions composed
of trigonometric functions (reference 6). The following profiles are
used In this report:

Velocity profile. - For A2 0, 0L % <1l

]
0
B
H
B
o<
v

u ¥y - e
T sin28+A(l e
and for %Zl (22)

L

=1 - Ae

cls

By use of this profile, the following expression is found from equa-
tion (18) for the shape parameter A:

182 T
AL U's —szﬁ

- 7
9 +(3 - E) Vwa

(23)

The velocity profile equation (22) has already been used by Schlichting
(reference 6). For a solid flat plate (U' =0 and vy = 0) it
approximates the Blasius velocity profile very well and for U*' =0

and vy = - 3/8 transforms into the exact asymptotic suction profile
as calculated by Schlichting (reference 6). For A<L0, 0% % <1
YosinZL+A sinlt-x(l - sinﬂl)
U 29 28 29
and for % 21 (24)

cle
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The shape parameter in this case, as obtained from equation (18), is

2
Urde - E sz
A= (25)
72 x 5
E + § Vi

For the solid flat plate, this profile gives the same expression as
equation (22). It will be shown later that it approximates the separa-
tion profile as calculated by Hartree (reference 16) better than the
usual polynomial expression. Separation occurs at A = - 1 and the
corresponding profile has the shape

Y _gin2 L X
g = sin? S & (286)
Temperature profile. - For 0= -g—t <1
E—=9=1-sin£L—Atsm£L 1-sin£-1w
T, 2 By 2 By 2 By
N
and for =21 (27)
& ‘
6 =0 J

The shape factor for this profile is obtained from equation (19) as
follows:

N (28)
= —— 28
At T + Pr szt
In this case, a negative shape factor Ay 1is always connected with a
positive value of v, whereas for the velocity profile, the sign of the

shape factor depends, in addition, on the pressure gradient dU/ dx.

With these profiles, the different boundary-layer thicknesses and
the velocity gradient at the wall may be calculated.

9222
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8q z) (z 2 )

§=<1'; -\3-%/8 (29)
5, 2
—+ = 0.1366 + 0.03791 A - 0.00786 A A> O (30)

<%>w =% [g- + (3 - 32‘-) /_\] (31)

(-7 (23 =

S
< = 0.1366 - 0.01456 A - 0.02618 AZ > A< (33)
! /
du U
—] ===(1+A 34
(dy)w S RIS (34)

The nondimensional temperature gradient at the wall is

.

(g:%)w:-g%(u%) (35)

The corresponding expressions for the convection thickness of the
thermal boundary layer are presented in appendix B.

TRANSFORMATION OF BOUNDARY-LAYER EQUATIONS

Flow Boundary Layer

8.
Multiplication of equation (16) by U—l and a partial differentia-

tion of the first term give

d5; B3 855 (3u
s, —= 2\ 15,2 - S
it (2 + 51)U B4 vids =G (837>w (36)

The expression in the parentheses of the second term on the left-hand
side and the term on the right-hand side are functions of the shape
parameter A. Therefore, the momentum equation for the boundary layer
may be written in 1ts final form:
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1
|

(8,2
%_(all(_). = 5 (A) - £1 (8) U842 + v, 84 (37)

with the following expressions for the two functions f3 and f, which
are obtained from equations (29) to (34):

0.3634 - 0.03005 A

£y (8) =2+ 3 (38)
0.1366 + 0.0379L A - 0.00786 A
A2 0
£, (A) = [% +(3 - %)A] (0.1366 + 0.03791 A ~ 0.00786 A2) (39)
£ (a) =2+ 0.3634 - 0.1366 A i (40)
0.1366 - 0.01456 A - 0.02618 A
A S0
£, (8) = £ (1 + 4) (0.1366 - 0.01456 A - 0.02618 A2) ' (41)

These functions are presented in figure 2. All curves have a break at
A = O because different eXpressions approximate the velocity profiles
for positive and negative A values. Equation (37 ) is &, linear first-
order differentisl equation from which the momentum thickness of the
boundary layer can be obtained by integration, as soon as the gradient
U' of the stream velocity U and the porous flow characterized by vy
are known as functionse of x. In order to make the calculations more
convenient, the shape parameter A can be expressed as a function of

the two quantities U'Siz and v B1:

5.
2 % i
' Urg;© - 5 VD 5
A2'0, A= Y S (42)
1 bt i .
9 (-5-) + (3 - E) V.o §
&
08® - § by 5
' A0, A= (43)
2(85s\2 )
.E _i + E v..5 .—i.
2 \'8 2 wi'p
81
The ratio > occurring in these equations is a function of A (see

equations (30) and (33) and fig. 2).  The functional relation for A is

9222
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plotted in figure 3. By use of figures 3 and 2, the integration pro-
cedure for the differential equation (37) becomes very simple. The
step-by~step procedure for such a calculation is presented in
appendix C.

In order to start the calculation at the stagnation point, it is
necessary to know the boundary-layer thickness 8&i at this location.
At the stagnation point, the stream velocity U 1s O. Saince on a
blunt nose the increase of the boundary-layer thickness is never infi-
nite, the term on the right-hand side of equation (37) has to be O.
This gives an equation

£z () - £] (&) U'®;2 + v, 8; = 0 (44)

On the other hand, figure 3 also applies to the conditions at the stag-
nation point. From both relations U'd;2, A, fy, and f, were each
obtained as a function of vy d; by a trial-and-error process. These
values are presented in table I. The connection between U'Siz, A,
and VwBi is also shown 1n figure 3 as the stagnation line. Table I

cannot be used immediately to start the calculation since the value
(szi) 2 sz

vy®; 1s not known. However, the value . U'Siz = which contains
only known values, is also a function of U'Siz and is plotted in fig-
2
v
ure 4. From this figure U'Biz‘ can be determined for a given '%%T

and Si cen then be obtained from this value.

Thermal Boundary Layer

With the help of equations (28) and (35), the heat-flow equa-
tion (17) is transformed into

Pr Kv.,86 U d
€¥'é§ (B o) =1+ g'Pr ivws (l T x+ Pr ;VWS) -'vﬁz)c d:w
W Wow

(45)

v

where K denotes the ratio %;. The last term on the right-hand side

accounts for a variation of the temperature along the surface. A daf-

flculty arises in this connection. It is known from the results of

references 11 and 13 that a temperature gradient %;3 also has a
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pronounced effect on the shape of the temperature profile. Since no
such effect was included in the assumed profile (equation (27)), it is
doubtful what significance the last term has. It was therefore neg-
lected herein, restricting this report to cases where the variation of
the surface temperature is kept small either by internal conduction
within the wall or by proper choice of wvy. The investigation of the
influence of large surface temperature gradients will be left to future
work. With this simplification equation (45) can be written in its
final form

£ (U8, o) = vif5(Pr Kv,p) (46)

where £ is a function of the product Pr Kvws, which is presented in
figure 5. For a solid wall (vy = 0) the equation simplifies to

s _ 1
= (B, =z 555 (47)
The shape parameter Ay may be written in the form

- Pr Kvi,b

it + Pr Kvwﬁ

A = (48)

This equation, together with the expressions for E%fg (appendix B),

B.
determines a functional relation between K, —%;934A, and Pr o, which
2}
is presented in figure 6. The figure presents the ratios —%§9- for

three values of the shape parameter A (-1, 0, and +1). For inter-
mediate values of A 1linear interpolation in the range A = -1 and
A=0, or A=0 and A =1, at a constant value of K may be used
with good accuracy. The heat-flow equation (46) is again a linear
first-order differentiel equation fram which the thermal convection
thickness 1s obtained by integration when the stream velocity U, the
flow through the porous surface vy, and the Prandtl number Pr are
prescribed, and the boundary layer thickness © and the shape factor
of the flow boundary layer A are known fram a preceding solution of
equation (37). The step-by-step procedure for such a calculation is
explained in appendix C.

In order to start the calculation, the convection thickness st,c

must be known at the stagnation point. A partial differentiation of the
left-hand side of equation (46) gives

2226
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dﬁt c
U —=+ U'Bg o = Vyf3

dx
At the stagnation point, U is O, and the boundary-layer increase

4%,c ig not infinite on & blunt-nosed body. This results in the
ax

equation
o Bt,c = f3 (Pr Kv5)
or
3;—:2 ig-c- = £z (Pr Kv_3) (49)

S
This is a relation between the two unknown ratios %, and K. A
Staz c
and K can be determined by & trial-and-error procedure. The values
are presented in table II and figure 7.

second relation is given by figure 6. From both, the wvalues

When the thermal convection boundary-layer thickness is known, the
local heat-transfer coefficient follows by a simple calculation. The
equation which defines the local heat-transfer coefficient h 1is

- - k(S
hty = k(ay,)w (50)

This gives for the local Russelt number, based on the length L,

- hlL L /3t 6
w2 (55 - v (B =)

dy v

The introduction of equation (17) for the temperature gradient leads to
an expression

Nu 1 4
J - [-t:; L (t.08y,0) - va - v Pr (£5 - 1) (52)
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Without sweat cooling, the equation simplifies to '

Nu

v Reg

In many cases, the whole amount of heat transfefred from the out-
side flow to the wall surface is picked up by the cooling fluid on its
flow through the porous wall. In this case, the wall surface tempera-
ture may be calculated by the equation

(53)

L
X5

(aV] b

bty = pepvi,* (g - ) (54)

where t, 1s the temperature with which the coolant enters the porous
wall. This gives for @, the ratio of the difference in gas tempera-
ture minus wall surface temperature to the difference in gas tempera-
ture minus coolant temperature, the expression

¢=:—:—=_————lh =f:,L—3 (55)
1+ —
PCHVy

COMPARISON OF ASSUMED VELOCITY AND TEMPERATURE
PROFILES WITH EXACT SOLUTIONS

The accuracy of the method depends on how well the assumed profiles
approximate the actual ones. It is therefore necessary to check the
degree of this approximation with results of exact calculations to the
extent that these are available. ©Such a comparison will be made in this
section.

' Velocity Profiles

For the solid surface (vw = 0), the comparison can be made with
exact solutions which were obtalned by Hartree (reference 16) for wedge-
type flow for which the stream velocity is a power function of the dis-
tance from the stagnation point (U = U1x®). A set of such profiles
taken from reference 16 is presented as a family of dashed lines in
figure 8 where the ratio of the velocity u in the boundary layer to
the stream velocity U outside of the boundary layer is plotted over
the dimensionless distance
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and the shape parameter B is defined by the equation B = EET' The-
expression for the dimensionless displacement thickness is
Z, = ! jii This gives
1 ,2-B X
2 B 2 U
Bz, = E'_B- Si ;
. . . U B U
A differentiation of U = Ujx® gives U' =m = = 5= =
x 2-B x
Therefore,
Bz, = U's, 2 (56)

The value zj as a function of B is presented in reference 1. Since

U'Si2 is a function of A, according to equations (42) and (43), equa-
tion (56) presents a relation between B and A fram which A may be
calculated for any value of B. The shape of the approximate velocity
profile is determined by A (equations (22) and (24)). In this way,
the s0lid profiles of figure 8 were determined. They are superimposed
on the exact profiles in such a way that the displacement thickness is
the same in both cases. Figure 8 shows that generally the agreement
between the exact profiles and the approximation used in this report is
satisfactory. Only for the separation profile (B = -0.1988) are the
deviations larger, but even for the separation profile the approxima-
tion by equation (24) is better than the usual four-term polynomial
approximation, which is shown as a dash-dot line.

For a porous wall, some exact solutions are contained in refer-
ence 14. The notations in this reference are the same as the ones

mentioned in the previous paragraph in connection with the Hartree
solutions. In that report the porous flow velocity vy, 1s character-

’ x* X
>\=Vw W=VWJ-'I;

From this and the previous expression for zj

ized by

f2-BAzg = v,84 (57)
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The value of zj 1s presented in reference 14 as a function of A for

two values of B (B =0 and B =1). Therefore, equation (57) presents
a relation between A and A for a certain value of B. Equation (57),
therefore, connects the parameter A which determines the shape of the
exact velocity profile with the form parameter A determining the

shape of the approximation. Figures 9 and 10 show a camparison between
the exact profiles and the approximations for the neighborhood of the
stagnation point (B = 1) and for a flat plate (B = 0). It may be
seen that again this agreement is quite satisfactory for B = 1. For

B = 0 the approximation is less good for profiles with a distinct

S shape. For the largest coolant flow (characterized by the highest
value of A or the smallest value of A) the deviation is considerable,
although the agreement is still better than the four-term polynomial
approximation indicated by a dash-dot line. Therefore, the method pre-
sented in this report should not be used for excessive coolant-flow rates.

Temperature Profile

For a solid wall (v, = O) the approximate expression (27) for the

temperature profile has a unique form, independent of the pressure
gradient along the surface, For a gas with & Prandtl number of 1 and
for constant.pressure along the surface, it is known that the tempera-
ture profile is similar to the Blasius velocity profile. This simi-
larity also holds for the approximation in this report. In addition,
it 1s shown in reference 1 that the shape of the actual temperature
profile is influenced only to a minor degree by a pressure gradient in
the flow. Therefore, these approximations should be quite good for a
solid surface. For a porous wall, with a constant pressure along its
surface, and for a fluid with a Prandtl number of 1, the velocity and
temperature profiles are again similar., Therefore, figure 10 shows
also the degree of approximation for the temperature profile.

For the flow in the neighborhood of a stagnation point and a
fluid with & Prandtl number of 1, some temperature profiles were cal-
culated in reference 1l4. Figure 11 shows the exact temperature profiles
and the approximations presented in such a way that the thickness of
the temperature boundary layer, which is defined in the same way as the
displacement thickness, is the same for the accurate solution and the
corresponding approximation. Figure 11 shows that the agreement is
satisfactory as long as the coolant flow characterized by the value A
or A 1is not too large. The approximation for the highest coolant

flow rate (A = 3,191) is not shown since it is obvious that the exact
curve cannot be approximated by the trigonometric functions from which
the approximation i1s composed. ILarge coolant flows in the ranges where
the agreement ceases to exist will probably not be used since the gain
in cooling effect for a given increase in coolant flow is too small in
this range. »
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NUMERICAL CAICUIATIONS FOR TURBINE BLADES

The method developed in the previocus sections was used to calculate
the local distributions of the heat-transfer coefficients for two tur-
bine blade shapes for which the velocity distributions were known. The
two blades are shown in figure 12. The line at the nose of the blade
indicates the circumferential direction and the arrow, the direction of
the upstream velocity. Figure 15 shows the velocity distributions
around the blade circumferences. The velocity distributions around the
blades were calculated using the method described in reference 17.

The method outlined in this report can be used to calculate the
development of the laminar-flow boundary layer in the downstream direc-
tion up to the point of separation. In reality, at the Reynolds numbers
encountered in gas turbine engines, the boundary layer usually becomes
turbulent before it reaches this point. The transition point to tur-
bulence 1s determined by the pressure gradients along the blade surface,
by the boundary-layer thickness, by the temperature distribution within
the boundary layer, and, in addition, by the curvature of the blade
surface and by the stream turbulence (reference 18). Not too much
quantitative knowledge exists on the influence of all these parameters.
However, there are indications that on turbine blades the point of
transition is near the point at which the maximum value of the velocity
is reached. A calculation which deals with laminar boundary layers is
therefore useful for the region near the nose of a turbine blade. The
points of maximum velocity are indicated in figures 14 to 16 by small
dots.

The first part of the calculation deals with the problem in which
a uniform coolant flow rate vy 1is prescribed along the blade peri-

phery. The development of the flow and of the thermal boundary layers
was calculated in the way described in appendix C. The results are
presented in figure 14, Apparently both boundary layers start out with
a finite value at the stagnation point and increase in thickness in the
downstream direction on both the suction and the pressure surfaces., The
boundary-layer thicknesses at any place along the blade increase with
increasing coolant flow rate.

In figure 15 the local heat-transfer coefficients along the blade
surfaces which are cobtained fram the thermal boundary-layer thicknmess
are shown. The figures show that very high local values are encountered
at the stagnation point and that the values decrease considerably with
increasing distance from this point. The application of transpiration
cooling decreases the heat-transfer coefficients effectively from the
values obtained on a solid blade surface (vw = 0). The decrease is
not as pronounced at the stagnation point iEself as on the sides of the
blade. The value of the velocity ratio %%1 may be obtained from the

'
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parameter vy DPresented in the diagrams by dividing 1t by the square
root of the upstream Reynolds number. For turbine blades, this Reynolds
number 1s near the value 10° so that to a value vy =1 corresponds a
velocity ratio %%; = 0.00316. Values for this velocity ratio which are
considered in practical applications are in the neighborhood of 0.01.

A comparison of figures 15(a) and 15(b) shows that generally the values

of Nu at the stagnation point decrease considerably with an increas-

V/Re
0]
ing ratio of the radius of curvature at the blade nose to the blade
are determined by the velocity gradient e

Tu
VEeo ax’
which in itself depends mainly on the dimensionless radius of curvature.
Increasing the radius of curvature at the blade nose 1s therefore an
effective means for decreasing the heat-transfer coefficient in this
region. Downstream of the point of transition of the boundary layer to
turbulence the heat-transfer coefficients will increase., To give some
indication of the magnitude of the values which may be expected in the
turbulent region, heat-transfer coefficients were calculated at the
location x = 0.5 under the assumption that these values are the same
as on a flat plate at the same distance x from the leading edge, with
a stream velocity equal to the local value found at the blade at
x = 0.5, and with an upstream Rey equal to 105. Formulas derived

by Rennie and Friedman (reference 18) were used for these calculations.
The short horizontal lines in figure 15 indicate these values and the
dashed part of the curve v, = 0 in figure lS(a) shows the probable

heat-transfer values 1in the transition and the turbulent region.

chord. The values

The surface temperature of the blade is determined by the heat-
transfer coefficients. Equation (55) gives the connection between both
values when heat conduction in the blade wall and heat radiation can be
neglected. Figure 16 shows the values 1 - § determined from equa-
tion (55). The quantity 1 - @ is the ratio of the difference in blade
surface temperature minus coolant temperature to the dafference in
effective gas temperature minus coolant temperature. The higher heat-
transfer coefficients near the leading edge create high blade tempera-
tures at that location. Heat conduction within the blade wall tends to
reduce these high local temperatures. This reduction is assisted by the
fact that the blade temperatures are especially low in the laminar
region on both sides of the leading edge. Therefore, it may be that the
blade-nose temperature is reduced to a value not higher than the blade-
wall temperature in the turbulent part, especially for blades with a
blunt nose. On the other hand, it has to be kept in mind that the heat
conductivity values for porous materials are lower than for solid walls
(reference 18). It has been already mentioned that temperature gradi-
ents along the blade surface influence somewhat the local heat-transfer
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coefficients; however, not enough information is available to take this
effect into account. A surface temperature which decreases in flow
direction tends to increase the heat-transfer coefficients so that the
decrease in surface temperature on both sides of the stagnation point
may be somewhat less than those shown in figure 16 where heat conduction
within the blade walls 1s excluded.

A second set of calculations was made for blade I to determine that
distribution of the local coolant flow rate vy along the blade sur-

face which results in a constant blade temperature. The procedure for
such a calculation is also described in appendix C. The local coclant
flow rates vy which are necessary in order to keep the temperature

ratio ® (equation (55)) at the value 0.7 are shown in figure 17. The
flow boundary layer and the thermal boundary layer determined in such
a way are presented in figure 18. A comparison of this figure with
figure 14(a) indicates that the development of the boundary layers is
considerably different for both cases. The boundary-layer growth 1is
smaller for the case of constant wall temperature. Figure 17 shows
that the highest local flow rates are necessary near the stagnation
point i1n order to keep the wall temperature down at that place. The
magnitude of the coolant flow rate at the stagnation point is propor-

tional to the square root of the velocity gradient %%, which is in

1tself determined mainly by the value of the radius of curvature at the
blade nose., The smaller this radius, the larger the velocity gradient
and the local coolant flow rate. The flow rates decrease on both the
pressure and the suction surfaces in the downstream direction. Down-
stream of the transition point the boundary layer will be turbulent.

It is known that the cooling effectiveness of a turbulent boundary layer
is less than that of a laminar boundary layer. Correspondingly higher
values of the coolant flow rate are necessary in the turbulent region
in order to keep the blade temperature constant. In order to give some
indication of the magnitude of the coolant flow rate necessary for the
turbulent region, the values v, which result in the same value

® = 0.7 as in the laminar region were calculated at the location

x = 0.5. TFor this calculation the formulas presented in reference 18
were used and 1t was again assumed that the local ® value on the blade
surface is the same as on a flat plate at the same distance from the
leading edge and with a velocity equal to the local stream velocity U
and an upstream Reynolds number Reg equal to 10°, The flow rates Vy

obtained in this way are indicated by short horizontal lines in fig-
ure 17. The values in the turbulent region along the blade can be
expected not to deviate much from these values., Apparently a consider-
ably higher coclant flow rate is necessary in the turbulent portion of
the blade surface than in most of the laminar portion. In order to
simplify manufacturing problems, turbine blades may be produced in such
a way that the coolant flow rate has a constant value along the pressure
surface and a different constant velue along the suction surface. Thais
then results in lower local blade temperatures in the region of laminar
boundary layers and the heat conduction into this cooler part of the
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blade may reduce the local temperatures at the stagnation point to
values equal to or lower than the temperatures in the turbulent region,
especially when the radius of curvature at the blade nose is not too
small. For blades with a very pointed nose it may be necessary to have
a coolant flow rate at the stagnation point approximately twice as large
as along the sides in order to reduce the temperature at that point.

CONCLUSIONS

An approximate method which permits the calculation of local heat-
transfer coefficients and surface temperatures in the laminar flow
region around cylinders of arbitrary cross section with transpiration-
cooled walls was developed. Velocity and temperature profiles.in the
boundary layer were approximated by trigonometric expressions. The
method was applied to determine local heat-transfer coefficients and
surface temperatures in the laminar region of two transpiration-cooled
turbine bladee for a given coolant flow rate. Coolant-flow distribu-
tions necessary for maintaining uniform blade temperatures were also
determined. The following conclusions are made:

1. For small coolant flow rates, the assumed trigonometric approxi-
mations for the velocity and temperature profiles within the boundary
layer agree well with exact solutions. For high coolant flow rates
(which are outside the range of practical interest) the agreement
becomes poor. It is, however, still better than the formerly used
four-term polynomial approximation, ¥

2. Transpiration cooling results in a considerable reduction in
heat-transfer coefficients on turbine blades in the laminar region.

3. The surface temperatures of a blade with negligible heat con-
duction are highest at the leading edge, lowest in the rest of the
laminar region, and have Intermediate values in the turbulent reglon.

4, The .following variation of the coolant flow rate along the blade
surface is necessary to keep the blade temperature constant. Highest
local coolant flow rates are required at the stagnation point in order
to keep the blade surface temperature down at that point. The coolant
flow rates decrease very markedly in the downstream direction on both
the suction and pressure surfaces in the laminar region., However, they
increase again when the turbulent region is reached.

5. To maintain the same surface temperature on both sides of the
blade, different coolant flow rates should be used for the suction and
pressure surfaces.,

1

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio
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APPENDIX A

SYMBOLS
The following symbols are used in this report:
chord length of turbine blade, ft
spécific heat at constant pressure, Btu/(1b)(°F)
function of shape factor of velocity profile (see equations (38)

and (40))

function of shape factor of velocity profile (see equations (39)
and (41})

function of Pr, K, v and & (see equation (46))

w’

heat-transfer coefficient, Btu/(sec)(sq £t) (°F)

{
ratio of thermal to flow boundary-layer thickness, at/a
thermal conductivity, Btu/(sec)(ft)(°F)

length of either side of surface of profile measured from stag-
nation point, ft

exponent (called Euler number) in U = lem

Nusselt number, hL/k

Prandtl number, cpp/k

pressure along body, 1b/sq ft

Reynolds number, UgL/v

distance between blades, ft

temperature difference between local and free-stream values, OF
nondimensional stream velocity, U*/U,

stream velocity, ft/sec |

upstream velocity, ft/sec
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constant in wedge-flow velocity, U = lem
nondimensional velocity component along surface, uf/UO

component of velocity along surface, ft/sec
*

nondimensional velocity component normal to surface, %%‘ﬂJﬁEB
0

velocity component normal to surface, ft/sec

nondimensional distance along surface, x*/L

distance from stagnation point along surface of profile, ft

*
nondimensional distance normal to surface, %: Reg

distance normal to surface, ft

nondimensional distance used in wedge-type flow, y A,g

A2-B

nondimensional displacement thickness used in wedge-type flow,
Af2-p V¥
2m

shape parameter for wedge-type flow, il

shape parameter of velocity profiles (see equations (23) and

(25)) ;
shape parameter of temperature profile (see equation (28) or (48))
flow boundary-layer thickness, ft

x

flow boundary-layer displacement thickness, ft, ' (l - —) dy
0
flow boundary-layer momentum or impulse thickness, ft,
.00
u u
f ﬁ( '.ﬁ)dy
0

thermal boundary-layer thickness, ft
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oo

5, . thermal boundary-layer convection thickness, , ) % dy, ft
0 nondimensional temperature ratio, t/t_
A shape parémeter for exact solutions for porous walls, VWAJ%?
n viscosity, 1b/(ft)(sec)
v kinematic viscosity, u/p, sgq ft/sec

density, 1bfcu ft
o nondimensional temperature ratio, tw/tC
Subscrapts:
c coolant (at blade surface) * \ ,
0 upstream condition
W wall
Superscripts:

* dimensional

! denotes differentiation with respect to x
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APPENDIX B

DETERMINATION OF THERMAL BOUNDARY-LAYER CONVECTION THICKNESS

The determination of the thermal boundary-~layer convection thick-
ness Bt,c’ which is similar to the impulse thickness of the flow
boundary ia.yer, results from the evaluation of equation (15)

-]

u
8‘t;9= 0 eﬁdy (15)

when the assumed temperature and velocity profiles are inserted in the
integrand., A single temperature profile was assumed; it is gilven by

equation (27) and is for 0< 53; <1
1 = By

- sin X ¥ _ in X ¥ - ¥ )
9“1~S;nzag Ag 8in 7 8L (1 §,i.n25t>
] s

. I > ,
and for B = 1 ? (27)

6=0 /

Distinct velocity profiles were assumed, depending on the sign of the
shape parameter A. Moreover, these profiles were further subdivided
into different expressions depending on % =1l or -g—’a 1. These

assumed velocity profiles are given by equations (22) and (24); they

are for A2 0, Oﬁ_%—rﬁ_l

_ 3y >}
4 e %Y ( T ¥
U-:sinza+A l=-e sin2§
I>
and for 5= 1 ,> (22)
u 24
ﬁ:l-Ae-E’_
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for A< O, 05%51

u_ Ty in XY - sin XY
U_sin28+A51n25Kl 51n26)

and for (24)

o<
iV
‘_J

cle
n
}-—l

It is at once obvious that, for the evaluation of © four distinct

t,c’’
cases must be considered. ’

The upper limit of the intégral in the evaluation of at,c may be

restricted to the value &y, by virtue of the assumed temperature
profile. If &y < &, the value of 51:,,(: can be determined from a

single integral, with O and &, as limits, because the integrand
vanishes for ¥ > 4. On the other hand, if &< B;, two integrals
are required for the evaluation of Bt,c because of the assumed
velocity profiles., These integrals have limits O and %, and % and
S.t.

Results of the evaluation of E’t, ¢ for the four cases follow:
Case I: A <0 and B;< b
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Integration and simplification lead to the following result:
K-é K-}-sinnK>+

e\ T

(K+1) - -IT(I% sin % (K-l):] +

[ =

5, o
J == e -
S22 (1+4) (1 cos

rof 2

(1+A+At+mt)l:ﬂx_§-l')' sin

K2 K2 K2 1 K° 1
(Am’%)l;(zx-l) *X(2KT) - W(2K-1) °°° "Q{ - E) " XKLy °°° ™ K+§)] +

1 1 2 K 1 X
(B + 24¢) [n(Z-K) T X&) " w °%° T - 7(z-x) °°8 "Q - §) -

}T('zlﬁ(')' cos (l + g)}-ﬂ-

1., K . X X '
il - 1) - - - =
DA [41‘ sin nK STRaT SR T (K+1) 5TRT sin n (K-1) T

Case II: A <0 and 5t> s}

y ﬂy( iy K y)]
-Sin__..A sin =2~ 1] - sin = = X
f |: z28; "t ST g Z By

Ty ¥y - ry
sin 8+Asin28Kl sinzs) dy +
B¢
Ty n Yy Ty
E-Sin-z—s—g-AtBinEq 1-sin-2--8—->](l)dy )
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Integration and simplification in this case lead to
e}

t,e 2 A 2K o
2 _(1+A)ﬂ-§+K-l-—ﬂ (1+A|)cos-—ZK+
K 1. K
At<§'§+"ﬁ'31ni>+

(1 + A+ & + 04y) {?{TKE-FIT sin[lzt- (K;l)} (Ié{-l) sin [’t (Kﬁl) :l} +

K2 Xé K 2K-1
(& + 24) {n(2K+l) T WZK-1) - w(2K-1) °°° I:sz_)

[ﬂ(2K+l ST S O
n12K+l$ 1 2K

1 1 2-
(B + 20¢) {m 7(2-K) ~ w(2-K) °°° [ﬂ(_zxﬁ)‘] }

1 n(2+K) K x 1 K n(K-1)
%(24K) cos[ 2K ]} * A {4n sin g - 7 - &(x-y oo X |-

sty =in 452 ]}

Case III: A2 0 and StS. 8

51: R
ny Ny LA
O o = l-sinz=>— - sm——(l-sin——) X
t, lt zst th 28t
0 .
3y
)

29
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Integration and simplification for this case lead to

2 44 . o2 1K A -3 A
z(l-A);t--(l-A)-Ecos—z—+AK+3e -3+

t,c
3]

(-1 +A - b + Mt) [ﬂl?—lT sin ﬂ(KI;l) - ng-l) sin -g- (K+l)] +

_ 2Kn 2K 12K -3K
(8 + 00 l:(36K2+n2) T (ser 1) ] '

] 1 1 K
(B - 2) [ﬁ*m'mc?”(l-ﬁ)-

L X — cos — |+
x(2+K) cos n ({1l +7 |- z |t

2 2 K
K 14 14 =-3K 3} . =3K
Mt [— + e + __—.._2_). e }

2 6(9Ke+ n2)  6(9KZ + %) (9K +

Case IV: A2 0 and 8t>6

8 N
St,c= [l-sin%%-%sin%%(l-sin%%)]x

0

3y
[sin-g—% 'A(l-e-\ 5 -51n%-g—>:| dy +
j
5¢ . 3y
R L A CIREe- ) (O ¥
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Integration and simplification for this case result in

2K

t,e _ 2(1-A)

g - 3+K-l-(l+At) K cos X+
A 3K K 1, K T
-ge +At(-2—:§+g_ﬂsmﬁ)+

' K : K
(-1 +4-0p +20)  grcyy 810 |27 ]‘;[(K+1)

2K 2K 2K w _ _ 12K°

(36K2 +

31

sin [-g— (K;]'):]} +

Z e-SK:l +

1 1 1 7(2-K) 1 7(2+K)

(Ag - MA) [n(2+x) TIZER CFZH °°° T T w2

2 2

1 K i 3K -3K
L — o em— Bln — - + e
: [2 an K~ 6(9KZ+x%)  (9K% + %) 6

A

cos 2K

IE

+ nz =-3K
—_——
(9K% +x2)
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APPENDIX C

PROCEDURE FOR CAICULATION OF FLOW AND THERMAL BOUNDARY LAYERS

In this appendix the procedure will be explained by which the flow
and thermal boundary layers, the heat-transfer coefficients, and the
temperature distribution around a body of given shape may be cobtained.
As outlined previously, the boundary conditions on the surface of the
body may be prescrlbed in two different ways, either by prescribing the
coolant velocity vw or by prescribing the blade temperature around’
the surface. The calculation procedure becomes simpler in the first
case and this will be considered first. In addition to the value vy %,
the distribution of the stream velocity U™ just outside the boundary
Xayer around the body has to be known. This velocity distribution may
be obtained by any of the known calculation procedures for friction-
less flow on bodies without flow separation or it has to be determined
experimentally when flow separation occurs. From the velocity U*(x)
the gradient U*'(x) can be found. KR

The values mentioned have to be transformed into the dimensionless
quantities U(x), U'(x), and vi; with the help of equations (4).

Flow Boundary Layer

The aim of this calculation is to determine the momentum thickness
®; as a function of the distance x from the stagnation point as
measured along the surface of the body.

As a first step, the value 7] has to be found at the stagnation
point, For this purpose determlne Vig /U' and read the value U‘812
from figure 4. This determines the momentum thickness &i. The
intersection of U'5;® with the stagnation line in figure 3 deter-
mines A, the shape parameter for the velocity profile. The velocity
profile itself may be determined from equation (22) or equation (24) if

it is desired. The required parameters may also be taken from table I.

The momentum thickness along the profile surface is found from
equation (37). This first-order linear differential equation may be
solved by any of the known procedures. The method of isoclines was
used for the solution of the numerical examples described previously.
The use of this method will be outlined here. Equation (37) determines
the direction of the tangents to the different 812 curves which
satisfy this equation. The task is to find the one curve which con-
tains the &, value calculated previously for the stagnation point.
Figure 19 shows the 95 2 yalues as ordinate and the distance x from
the stagnation point as abscissa. The directions of the tangents may
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be obtained from equation (37) for any point in this figure character-
ized by a pair of values x and 5;“ and may be inserted on the ordi-
nates through a chosen sequence of distances Xy, Xp, Xz « « . along

the abscissa for several 612 values. The calculation proceeds for x
and a chosen 3J., in the following way: determine U'Siz and VB4

and read from figure 3 the value A and from figure 2, f; and f;.
Calculate from equation (37), d(siz)/dx. Now the direction of the

tangent may be inserted in figure 19, The same calculation is repeated
for other 812 values and the corresponding directions of the tangents

are inserted in figure 19. The same calculation is repeated for the
distances X5, Xz « . . If the distance between these values is chosen

small enough, there can be drawn in the figure with good accuracy a
curve which starts out with the predetermined value 5;“ at the stagna-
tion point and is tengent to the straight lines inserted in figure 19.
The calculation may be shortened considerably when the curve is
inserted step by step after the tangents have been calculated for any
value x. Then the correct value ;“ for the following distance x
may be guessed from the shape of the curve up to that point and the
tangents need to be calculated only in the neighborhood of this value.

The values which will be needed for the calculation may be arranged
in a table such as the following:

x [U]U'] v, [®8:] A]®

X1
%2

The momentum thickness &; 1in this table results from the preceding
calculation, The shape parameter A was found in the course of this
calculation and the value & may be determined from figure 2.

Thermal Boundary Layer

The calculation now has to be restricted to a fluid with a certain
Prandtl number. The value which characterizes the thermal boundary
layer and will be determined in this sectlon is the convectlion boundary-
layer thickness at,c' To find this value at the stagnation point,

determine v 5; from the preceding table, read from figure 7 or table II
8y,o/6 and fz. This determines By .. Equation (52) determines the

local Nusselt number Nu, &and for the case in'which the heat-balance
equation (54) is satisfied, equation (55) determines also the tempera-
ture ratio ®. The shape factor Ay detexrmining the shape of the tem-
perature profile according to equation (27) may be determined from
figure 5 and equation (48).
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The convection boundary-layer thickness along-the surface of the
profile is determined by equation (46). This equation may be solved in
the same way as the corresponding flow equation. Figure 20 indicates
the procedure. The product UBt,c is plotted over the distance x

from the stagnation point. The short straight lines in the figure again
indicate the direction of the tangents. It is known from exact solu-
tions that the gradient of any boundary-layer thickness at the stagne-
tion point is zero and that the boundary-layer thickness itself has a
finite value. Thus, the curve UBt’C in figure 20 starts out with the

value zero and with the inclination U'St,c for x = 0. In order to

find the direction of the tangents for any value x, for instance x;,
assume a value Ubt’c, calculate .Bt,c and St,c/ﬁ, read the

value K from figure 6, determine the product Pr v 5K, read f3
from figure 5, and calculate from the heat flow equation (46) the

gradient é% (UBt’c). Insert the corresponding tangent into figure 20
and repeat the calculation for other values Uat’c. Now the curve
Uﬁt,c which starts out with the value zero for x = 0O and with the

corresponding inclination may be extended to x;. The calculation is
now repeated for the next distance x,, the curve is extended, and
this procedure is repeated until the curve is known for the whole
length =x. The result of this calculation gives Bt,c and fz. These

values may be inserted in a table such as the following:

X 18 ¢l s /\/g:—o °
X1
X2
X3

The ratio Nu/A/Reo which characterizes the local heat-transfer coef-
ficient is found from equation (52). For the special case that the
heat balance equation (54) is fulfilled, equation (55) determines the
temperature ratio ¢.

The calculation is more tedious when the surface temperature
instead of the flow velocity v, 1is prescribed along the blade. When
the heat balance equation (54) is satisfied, the temperature ratio ¢
may be determined as a function of x. Now the momentum equation (37)
and the heat flow equation (46) have to be solved simultaneocusly by a
trial-and-error procedure. A value vy 1is assumed. The calculation

procedure described previously is carried out to determine & tempera-
ture ratio @ corresponding to the assumed vy. The calculation has

2226
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to be repeated until the determined ¢ value matches the prescribed
value. This calculation has to be carried out stepwise for the dis-

tances Xy Xy Xgy oo oo e

In some cases heat may be transferred to the surface of the pro-
file by radiation and may flow along the wall of the body by conduction.
Then an equation which takes these processes into account has to replace
the equation (54). The determination of the coolant flow velocity vy,
which results in a prescribed blade surface temperature mey be deter-
mined in the same way as was Jjust described. The procedure, however,
becomes quite tedious in this case.
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TABLE I - STAGNATION POINT VALUES FOR FLOW BOUNDARY LAYER

5 5
VB3 a | us?| = Fd £, £ v,0
-0.4999 | 1.0000 | 0.0001 |0.1667 | 0.3333| 4.0000 | 0.5000 | -2.9988
- .4 0.78 | .0008 | .1614| .3399| 4.1059 | .4336 | -2.4783
- .3 .6065 | .01935| 1567 | .3452| 4.2029 | .3820 | -1.9145
- .2 .486 | .0345 | .1532 | .3488| 4.2768 | .3471 | -1.3055
-1 .411 | .05225| .1509 | .3510| 4.3260 | .3257 | -0.6627
0 .359 | .0715 | .1492 | .3526| 4.3633 | .3110 | O
.05 .329 | .0812 | .1484 | .3533| 4.3800| .3050 | .3380
2 .3075 | .09025| .1475| .3541| 4.4007 | .2966 | .6780
.2 .279 | .1105 | .1466 | .3550| 4.4216 | .2888 | 1.3643
.3 .242 | .130 | .1453| .3561| 4.4508 | .2785 | 2.0647
4 225 | .151 | .1447 | .3566| 4.4644 | .2739 | 2.7643
.5 .208 | .1718 | .1441 | .3571| 4.4781 | .2692 | 2.4698
.6 .1835 | .19175| .1433 | .3579| 4.4976 | .2627 | 4.1870
.7 172 | .213 | .1429 | .3582| 4.5066 | .2596 | 4.8985
.8 61 | .234 | .1425| .3585| 4.5158 | .2566 | 5.6140
.9 151 | .255 | .1421| .3588| 4.5250 | .2539 | 6.3336
1.0 142 | .276 | .1418 | .3591| 4.5324 | .2515 | 7.0522
1.1 135 | .2975 | .1416 |. .3593| 4.5374 | .2497 | 7.7684
1.2 .128 | .3195 | .1413 | .3595| 4.5442 | .2478 | 8.4926
1.3 123 | .341 | .1411| .3597 | 4.5492 | .2464 | 9.2133
1.4 114 | .362 | .1408 | .3599| 4.5561 | .2449 | 9.9432
1.5 113 | .384 | .1408 | .3600 | 4.5568 | .2439 |10.6534
1.6 .107 | .405 | .1406 | .3602 | 4.5618 | .2424 |11.3798
1.7 101 | .426 | .1403 | .3604 | 4.5688 | .2406 |12.1169

AR
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TABLE II - STAGNATION POINT VALUES FOR THERMAI. BOUNDARY LAYER

Pr = 0.7 Pr =1 Pr =2 Pr = 10
8 ¢ 5 ,c B¢ ¢ 8t,¢
K I -l BT L -l BT N
0 1.80 [0.3888| @ 1.56 |0.3140{ @ 1.2 | 0.20a2 o 0.66 [ 0.0742|
0.05| 1.76 | .3949| 4.40 | 1.54 | .3271| 3.610|1.215| .2286 |2.5448| .78| .1207 | 1.317
1| 172 .4142| 2.555| 1.55 | .3477| 2.113 | 1.26 .2616 |1 607 .94 .1773(1.081
2| 1.74| .4201| 1.829| 1.58 | .3808| 1.408 | 1.35 .3172 |1.198
.3 | 1.74 | .4518| 1.336{ 1.61 | .41244 1.233|1.43 .3664 |1.091
.4 | 1.74| .4690| 1.228| 1.64 | .4371( 1.142]1.50 .4027 |1.053
.5 | 1.74] .4869| 1.158| 1.66 | .4607 | 1.096 | 1.57 .4338 |1.0325 -
.6 | 175| 4995| 1.116| 1.68 | .4783| 1.068
.7 | 1781 .s101) 1.087) 1.70 | .4933} 1.053
.8 | 1.79 | .5208| 1.068{ 1.72 | .5066| 1.040
.9 | 1.80| .5295| 1.056] 1.74 | .5174| 1.032
1.0 | 1.80 | .5371] 1.048| 1.76 | .5266| 1.025
1.1 | 1.84 | .5444] 1.038
1.2 { 1 84| .5488| 1.037
1.3 | 1.84 | .5524| 1.028
1.4 | 1 85| .5569| 1.02¢ 1
1.5 | 1.85 | .5608| 1.021
16 1.85] .5667 1.018
1.7 | 1.85 | .5697| 1 017

~_NACA —

3




NACA RM ES1F22

40
v u* Boundary layer
/////iL
Stagnation »
point
Yo

'

Figure 1. - Sketch of turbine blade indicating notations used.
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by 10% -in, working chart of this figure 1is enclosed.)
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Figure 3,

.

- Chert for determination of shape parameter A for flow boundary-layer calculations,

A

chart of this figure 1s enclosed,)

Je O A N e T R {3 0 T R A R l"‘h LR L T a Al T el el Lo o L 221 AL A #jl’ el 1) e (R L Wt T O ‘1{.11!' dl
e e W S O R R S -:l" b ' ﬂjgmh‘ W Wil 70 s LA A A RS VAN A E i g_ﬁ& S 1\’5 i
7 5 A O Y ] Mde, RERmaE Hmy%/‘,xfﬁs':ﬂvxwm"wJWJMmewimﬂngw
i‘iu‘*’r o o Y O :x’rﬁ gl Bl il | R o 2 | A E A A e [Biitht daftodiih ey Bl

Hl'xl JEES 3T R D fé 3O T Y T O G S e O T ) : W ol a I'/,‘_T__Il P I__!LL'“ (i P e s O
x* G e ol P S R P R R u ?{?’ A% AT A HTt Al «Qj}!'“ il
] T o e e O T A O 1 O R N R o R el R S 4] ey g A1 Pl ATl xuw‘”_l "'JIHUHHE”' o
R e e e ) o R O D v e i ] i, 7 ;, LA AT T (AL
5 e N U D A A A 8 U N e i T 7 ?V : ” e il g"mv|@"mm;&m@
*xmx‘"“ Hap ahil’ S bl xi‘i NI O )l 8 1 1 [ ‘l‘~1*l' Bl iy il = L LR LA A A B el T e R D g T i K B2t
it ¢ i) 1’1'1: it AN S gL BT hh it | iR b el B ilL' [ P A vl DD i _xﬁlb‘ ef T P 13 L s O S D )
,p;mx ’%'ﬁ‘ L2 0 g e 11 s R T e e T i m’. fi o TN Y TN St R /{n‘éé"r i35 x{.la’,:—_‘ LA A AT [Pl x}“l;xx,x "“xl"x i

Jil{A f il i 1 U T g Lz O [ by A A f A L Pl
mwmnmmmmuumnﬂﬁumuu,mngm T B A A A IR AJWMWMA'llgigww A L
.i-;‘{"nt“xl“x'xl” t~h R PR rh“ i *A"‘; )’5,' A A A7 (R S ATt [ AT il bt‘!'l’ of (il s unnﬂ
’JI N R AN e S e [T R H i ﬂu.‘l»i I N B 5 I 7 N T S W [ T 0 g T s O o 1 P TN 1 15O et ) Pl R N BT T
1188 boel Lt ! (] 1.5 1 ot i [

O e SR 1!’ ] D ] T ;'x‘ i) 3 | i d g g P oA u" il e ot Lot T Y Tt i
L T YO S e IR v ¢ il I Wt 5 o Yl 0 7 L 5 ] S e TV T ol xl" el it 5;' Rl ;
o g e B [,_, il ] el R > ar i i i lh it RO y!i‘ i ,n g o o R 0 ,;| e
e I e e e e e R U["" el ik (] i o o 7l L Lt M |2 - xl" "1 L‘H P R i LI
wmwwthwwwwmmmwmm"m%M@wm 5 s Y 45 Txmm ammmf Y“mennw SN iR
B3 6 t l" T B | 18 et B LA 1 7t I P fiF P B ¥ AR 1 ", 1’"!!‘ [ !i"h T
xgmx__.”,“ i v TR R T e N e Tl L L P A it i P i ] i [
K il 1“! i Ii"}”‘ Ay T o el g ¥ g ’3.-{2 alP (G "ﬂ ¢ xﬂl‘ i E‘ LR e T it ¥"{iﬁ“‘ et b
3muﬁﬁwprmmwammm e AT gWxﬂQ,meM”*MW“Mm% o
s TR R e R R [ R A S S Wi P ki g i PG T et o P 0, e 1
I 0 S o e (B L U Y A 53/ '/ LA 5 (% 0 1 0 M g Y G 7] [ 1
K TR TR R T A O v Pt zoit R e L e R e B R fil llbehr ll‘!'
Tt T P e o ot M O e R ) L ] 7 T IO g N e Y W[ D
i A N R T e i HELHT [t 7 T T
it ) Fd 5 PR TR SR R ol G NG TR IR ,,um,l’m“,m
L | Tl [ A T AW%m"mmwm
L[] i [ i ol 7| Tk KA '__ ot T e A 2 O e
[ s 0 S T X A O i M5 gl Py TR R 2% i B h] il
HEF ) o TR R R ﬁ‘ a1 - (s l__lfﬂ R e ST i R
lH%Mmﬂﬁ' z 1 it 8 e A O W e R
A e = 1 wmmmw;m“muwmmlm
Fldd [P o f 0 T O e TR
5 i) Lol [ = 7 g e A g R A T O o T B R 2
Elays ) ‘:"}_‘f* i !'“ o I i 0 o g 1 R 1!"’ L 00 st T e T v !i” il i
ER e g o T e e e == mmmw*',m,wmmwm e
Gl kg e E H1T] ottt o g 0 5 T R i
EIRTES — e N, e it i [ ! o 1 R 8 e e 1 T P IR RS i qn i e N B e st T LT
g = (A eI il r T R e e L R ,4mmg@w,nu
P = T e g I R KL B Sttt 83 e o) LR AN e ery e e O P2 ) T IR s o s
i e e O R L B sl It e o e T O O i ,”mewwﬁ%m gl
ol ol gitferf l‘:‘ i [t u = 2000 O L0 Laow 30 T ECE I £ EEY O S 20 A O O B L et 1 ) ey A it r’Hl-ﬂL ]l et (1 z

el ol P R T R i g ] e, O N Pl o i R e e 1 TR el 11!
1 Oud el e pid J'x*l’"xx"‘ R R R A e in = ez o e oL ] 33 e e e R AT AR R R S T T | R e D e g e i } l N
e o T A o e, T e e 1 ANTE [ Y U L P e n:mwwwwmwmmﬂmwﬂMmHM$%H WIM
i1 tdml o Jiy X"L}: N 5 e Y O el P 2 TV R s o s N £ “‘rF’H:‘ SO e Y 35 o 1 [ T o e o o e fh IS ST I IR i i
 LH 020 G o A e ) T Yt e 1 L L 0 o s e L il
hLJ”?;EL§EP%:M“NWJ&jﬂﬁy%mW”ijiww NMrMﬂx:zuﬂﬂgmwﬁﬁgiﬁyﬁﬂﬂwﬁﬁﬂmlmaﬂ&@%?::g;?”
P g5 0 0 O S L o A M R e 2 M 2 'vth A O e s o e e e e e K
.0 - - 7 -.6 -5 -.4 -3 -.2 ~.1 .1 .2 ) .4 5 .6 7 .8 .9 1.0

(A 22~ by lsé-in. working

9222

A4

22JTISE WY VOVN




[AAAS)

NACA RM E51F22 43

[T g T
_ ie 11 1021

TR T G

g/

HI g ARRRNN Z/ |
- T . 0

B0 11 ) T A
T iy

|| ”11»1 i AERRRARA

M ik

i \ ;

+ :

i \ | ] o

e i S
I \ it 5

il : E e e

—
e e T P e e e e
T Tt
— =
¥ s

T

T

T
T
"3
-
LT
i

T
s
]
+
+
A

T T

| S ——
T

S ——

Figure 4. - Chart for determination of U'Bi2 at stagnation point for flow boundary-

.60
.40
.20

U'&iz

v
'




3.0

2226

1.5

2.0

1.0

NACA RM ESIFZ22

8.0 10.0

60"

L SH TR I i) i i . g

20 0 O I g oy ¢ n I T HITH —]

HE L LR P EEE L H T K T A I
TR - s i g ™ [ T ER HOTTA o (0}
HHI A AR I .i - AHH T i =

i 3 i H +H HTTHTH LA |~ .”
HiH €

Pr K v,

:

44

1.0

AT | T FEEEAEED S HEHTTH
FRAREE o H it nrdd R pwauf B E iy = e
AERENE Agny AR TS R H T
M g HiH £ <
LA / o i i
] H,mm..u:.n ¥ EoEN Hjjancl jaees
AT £ ST it &
T A It il
H -u,j:”.h A TR AakA RN RN
.._.“ 1141404
LA g
A . VIL 1]
T I A T | Bk
il ahlithsys it
T NP4 I I
{T]

15

Figure 5. - Chart for determination of fz wused in thermal
becundary-layer differential equation.




NACA RM ESIF22 45

2226

FEREZ NS AN ENNE1 FE3 %1 NEEE AIET)
hE FEN N i B 3 P

B TR I

5 S SR T

Figure 6, - Chart for determination of K for thermal boundary-layer calculations. (A 17-
by 20-in. working chart of this figure 1s enclosed.)




NACA RM ESLF22

fy

o
1T i © U
T ~
T T par k
E : fEed &
xN ; He
N . *
ik i g
+ +H R -~
< ] 5 ) b
4 1 ey q
M- i =
1 Hitissals 2 R
| w N
1 ERNEgA T N
1 i f . XY
11 4 FLLAN) ﬁ. Gl o
- i HERHEEET &
_ ) 3
T i )
L|x.~. i m R N-
z hrrky e i i g
o R
T ~ 7
-+ s i °©
REN a
LT 1] N o~
i (o) »
: f 4
it e g 8
T Py
-t i1 £ m
T o (o} )
~ ; v -
: @ .
2 -
R (N m m
] N 2 L
3 T = I -
| © §d
L)
3 ZEoe
i H & W -
ERER A3
A H % g »
L
1] . +
L Q
gt 59
I 4+
A i ) o KN
it ] W Cr 4
e R S o8
. N
‘ g
HHE R LR
T - m W
THH T w‘ ..ﬁ
¥ ¥ iy N .
: K %4
Wr Syt .M..umv
I m y
Ly
H ! d <
y|
% i FRpamn 5
HIpA RN AN . ol
H I8 i oy 2
H | A R g
H t =
5l + R ARRENRN] L - 3 m
i ~HIHE o o
| m ATA S, 3
L e S e <
1 ! 3 £
s 4 8
SR P &
Dt
Lﬁ“,rr SRUERY AN I NEN 1 .N
AV A B HiH g -
:w\ \__ m / v fm_: :_ I m
i reh - '
llll\ i1 ! \J.|_ “ .
L -
- o — o L
L mv
-
w0
VH =t




1 . 2226

Trigonometric
approximation
Exact solution
Polynomial
approximation

|

»

I

Figure 8. - Comparison of approximate velocity profiles for solid surface with Hartree solutions (reference 16).
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Figure 9. - Comparison of approximate velocity profiles near stagnation point with Schlichting
solutions (reference 14). B8, 1.
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Figure 10. - Comparison of approximate velocity profiles for flat plate with Schlichting solutions
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(reference 14).
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(a) Blade I. Ratioc of chord length to distance between consecutive
blades c/s, 1.408.

44%24"

NACA

(b) Blade II. Ratio of chord length to distance between consecutive
blades c/s, 1.136

Figure 12. - Turbine-blade profiles used for calculated examples.
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(b) Blade II.

Figure 15. - Veloclty distribution around surface of blade.
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(b) Blade II.

Figure 14. - Growth of flow lmpulse and thermal convectlon boundary-layer
thicknesses for blade. Pr, 0.7,




54

NACA RM ES1F22

5
| Pressure surface Suction surface
4
3
2 I Vy
" LN | Pl
~ T AN B
S S NS AL
\ L1 ~d_
__ > LZ"‘———/ J \&\ ‘&*ii*\\
] /// S~ __é_\\\-iﬁim;F?'F
0 —
(a) Blade I.
M 5.0 7S
\/ﬁgo Pressure surface / \ Suction surface
T //// \\\\
[\ Bk
1.5 f T
Hi
" il
1.0 T v
-1 I N e
N S~
.5 / \ \ \\N\\
T \ T
\\\ . .
| ——
?8 .6 .4 .2 o] 2 4 .6 .8
x

(b) Blade II.

Flgure 15. - Variatlon of local heat-transfer coefficient near stagnation point

for blade.

Pr, 0,7.
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Figure 16, - Surface temperature distribution for blade. Pr, 0.7.
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Figure 17. - Variation of coolant flow required to malntain constant
blade temperature for blade I. ¢, 0.7, Pr, 0.7.
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Figure 18. - Growth of flow impulse and thermal convectlon
boundary-layer thicknesses for constant blade temperature
for blade I. ¢, 0.7; Pr, 0.7,
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Flgure 19. - Isocline solution of flow
boundary-layer equatilon.
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Figure 20, - Isocline solutlon of thermal
boundary-layer equatlon,
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