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SIMPLY SUPPORTED LONG RECTANGULAR PLATE UNDER
COMBINED AXIAL LOAD AND NORMAL PRESSURE

By Samuel Levy, Daniel Goldenberg,
and George Zibritosky

SUMMARY

A solutlon is presented for the load—strain curve of a
simply supported rectengular plate having a width-length ratio
of 1:4 under combined normal pressure and axial load, The cal-
culations are carried to axial loads considerably in excess of
those required to buckle the plate,

Normal pressure was found to make the buckling load
larger than its value for zero normal pressurejy the theoret—
ical buckling load was larger by a factor of 3F,1 for one com—
bination of axial load and normal pressure, Normal pressure
caused o decrease in effectlive width at loads below the normal
buckling load and an incrcease in effective width for loads .

somewhat grcater than the normal bdbuckling load; however, normal -

pressure caused less than 1 percent increase in effective width
for average compressive strains greater than six times the
buckling strain for zero normal pressure,

For scme combinatlions of normal pressure and axial load
the plate can be in equilibrium in more than one duckle pat—
tern, Under such clrcumstances it 1s possidble for the plate
to be either buckled or unbuckled depending on the prev1ous
history of loading,

The results indicate 1t to be conservative design in the
elastic range to neglsct the effect of lateral pressure on the
sheet buckling load and on the load carrled by the sheet after
buckling, .

INTRODUCTION

The sheet in airplane wings, fuselages, and hull bottoms
constructed of sheet metal reinforced by stringers frequently
s subjeccted to normal pressure as well as forces in the plane
of the sheet, It is important, therefore, to determine the

RESTRICTED



NACA TN No, 949 2

N L]
effect of normel pressure on the load—straln eurve of a long
rectangular plate which approximates the sheet betwseen
stringers, ‘

Experimental results on the effect of normal pressure on
the critical compressive stress of curved shest are gliven by
Rafel (reference 1), These results indicate that for the two
specimensg tested normal pressure can more than double the
critical compressive stress,

A general solution for the deflection and stress digtri-
bution in flat sheet subjected tc normal pressure and axial
force is given in reference 2, This general solution will be
usaed in the present paper to determine the sffective width of
e simply supported flat rectangular plate subjected to combined
axial compression and normal pressure up to axial loads consid—
erably exceeding the normal buckling load, A4 ratlo of width to
length of plate of 1l:4 was chosen, .since this is typleal of both-
hull-bottom plating and monog¢ogque wings,

SYMBOLS

The symbols have the following significance (see fig, 1):
a length of plate
b = i width of plate

h thickness of plate
v deflection of plate

x, ¥ coordinate axes with orlgin at corner of plate

E Young'!s modulus
t =./ECE~= 0,316, Poissont'g ratio
D = Eh3/12(1-p®), flexural rigidity of plate
uniform normal pressure on plate
e average compressive strain at edges y = 0 and D
P axial load on plate

FUNDAMENTAL EQUATIONS

An initislly flat rectangular plate of uniform thickuess
will be considered, The plate is simply supported on all four
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edges, The loading consists of a uniform normal pressure
combined with axial loading in the direction of the longer:
gside of the rectangle,

DEFLECTION EQUATIONS

By use of the method outlined on page 3 of reference 2,
1t can be shown that, if the lateral deflection of the plate
is epproximated by an expression having four undetermined
constants, : - -

= 13 ny BOX gy T
w w1’1 sin - sin o) + Wy, 1 sin . sin o

57X Ty 7UX ny
- w in 20X g4n T¥ 4 w in ZO% g4n T
wg , sin == s n = 7,1 sin === sin = (1)
the following relations hold:
pe PDb 3
0 =— 0,26628B2~+ 1,6725h%w_ _~ 0,1013%2w_ _+ 1, 004w
Eh 1,3 Bh sl 1,
2 a 3
— 3w"1w3’1 + ‘?g.093'.nr="1w1'1 + 3.222w3,1w5’1

a 42 2
- 3.0625w3,1y7,1 + 4.326Wg qWy, g3+ 4.680w, qwy 1

(2)

+ O?w w w
7 3,1 B41 741

- 8,0 -
6 45W1,1ws,1ws,1 6.205w1,1w5,1w7’1

4

b Pb
O0=— 0.0 25 8 - 2 -
. 8876Eh + 3,616%h W:h1 O.Qllsmhws’l w1,1
a
+ 4,093w1,1w3’1 — 3.022w1,1w5 . ¥ 1,316w, 4

: ] 2 2
+ 5.766w5’1ws’1+'4.992w5,;w7’1 + 7,294wqg ,1W3 1

+ 6.443W1’1W3,1W5,1"" 6.125“1’1w3'1w7,1+ 7. O'?wl’lws,iw?’l

(3)
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4

+ B,766wS _w + 3,441w3
s ’ Byl

+ 7, 0w, w. W 1t 9,986w, .w (4)

3,175,197,1

pbé

Pb
O=-— 0,0380405— + 24,450h°w - 4,964y
: Bh 7 Eh

1 741

2 a 2
- 3.102w1’iw5’1 + 4.680w1’1w7,1 — 3,063w; 31Wq,1

a

+ ?,295w311w7’1

a a
+ 4.994w5’1w5’1 + 13.27w5’1w7’1

3 )
+ 10.37W7’1+ 7oo7w1,1w3’1w5,1 (5)
EFFECTIVE WIDTH

_ The ratio of the effective width to the initial width
(defined as the ratio of the actual compressive load carried
by the plate to the load the plate would have carried if tke
stress had been uniform and equal to the Young'!s modulus times
the average edge strain) was computed from equation (11) of
refexence 2 as? '

Effective width » P . R

= (6)
Initial width m2Eh , 4 2 a 2
Pt —— (W] o+ 9wy i+ 26wy o+ 4By )
128b H ’ ? H
The average compressive strain at the edges ¥y = O,

¥y = b . was also computed from eguation (11) of reference 2 as:
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=
P T ( ] a 2 a
e = + - w + 9w .+ 25w + 49w .)(7)
Ebh  128b° N it 3,1 Syt el

Equation (1) restricts the shape of the deflected sur—
face of the plate to one sine wave across its width and a
combination of four sine waves along its length, This in-
troduces errors into the solution; howsever, reference 2 shows
that for plate deflections less than twice the plate thick-
ness the errors are probably less than 5 vpercent. .

SOLUTION

The four simultaneous cubic equations, (2) to (&),
were solved for the deflectlion coefflcilents We 34 Wy. 10
We 1, &nd w, 5, using the following stepsi ’ ’

1, Divide each of equations (2) to (5) by &°,

2, Estimate values of w, ,/h, ws’l/h, wg,y/B, and
w7,1/h corresponding to chosen values of P'b/Eh:3 and
pb*/Eh*,

%3, Expand the right—hand side of each of equations (2)
to (5) in a Taylor series in the neighborhood of the estimated
valuos of wy,,/h, wz,1/h, ws,1/h, and wp,1/h, onitting

terms of higher order than the first,

4, S0lve the resulting linear equations for the differ-
ence between the estimated values of w1,1/h’ Ws;1/h-

Ws,1/h9 and w7,1/h and their improved values; use Crout's
method (reference 3),

5, Repeat untll the estimated error is lsss than 0,2 pcr—
cent, One or two trials usually were sufficient to give a
satisfactory answer, :

6, If the load is constant while the dcflection changes,
consider one of the deflection coefficients wl,l/h, Ws,z/h-

wg,1/h, or w, ;/h as independent variable in place of one
of 'the load coefficients Pb/Eh® or pb*/Eh%, The defloction
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coefficients determined by this procedure are given for
p=0 in table I, for p= 2,40Eh*/b* in table II, for

4, 4
p=12,02Eh*/b* in table III, and for p= 24,03Eh /b~ in
table IV, The average compressive strain e =at the edges
computed from equation (7) ig aleo given in tables I 1o IV,

Oubic equations like eguations (2) to (F) frequently
have more than one real solution, XTor the case whers the o
lateral pressure is zero (table I), two solutions, onoc cor-
responding to 5 buckles and the other to 7 buckles ara
given, In the other cases the presssurs 1s not zero (tablc
II to IV), and only one solution is given although other solu-
tlons arsc possidble, The single solutions glven in these cases
correspond to a continuous change in buckle pattern from zero
axial load to the maximum axial load coasidercd and probably
corrcspond o the lowest equilibrium load,

The development of the buckls pattern is shown graphiﬂ_
cally in figures 2 t0o 5 for gressures p= 0, 2,40Eh /b
12,022h%/b%, and 24,03Eh*/Db?, respectively, It is seen
that the deflection of the plate at the axial center line is
a single long bulge for low axial force P and gradually
builds up to a regular buckle pattern at larger values of P,
The shifting of the buckle pattern from 3 to 7 buckles in .
figures 4 and § is accompanied by a drop in axial load, It is
slgnificant to note that the initlal general downward deflec—
tion of the sheet due to normal pressure p is almost entirecly
wiped out at large values of axial force P,

The axial load P given in tables I to IV is plotted
agalnst the average edge compressive straln e in figures 6 -
to 9, The most striking feature of figures 6 t0 9 is the fact
that the plate can be in equilidrium in mors than one duckle
pattern for a given combination of loads, TFor example, with a
normal pressure p= 24,03FZh%/b4% (fig, 9) and an axial load P=

10,00Eh®/b, the sheet can be in stable equilibrium witi 1
buckle 2% e=12,5h?/b®, with 3 buckles at e=16,1h%/b3,
and with 7 buckles at e=18,6h®/b®, and the sheet is in un—
stable equilibrium with 3 buckles at e=13,6h3/b® and with 7

buckles at e = 17,3h®/b2®, This anomalous condition also has boon
observed experlimentally, Almost any condition of stable equi-—
livrium of the sheet can be reached by a suitable history of DY o
vious loading, ¥For example, when P = 7Eh3/b and p= 12,02En%/p4

in figure 8, the sheet is in stable equilidbrium at e= 8.2h3/'b2



~3

NAGA TN Ho, 949 -

for axial lozds increasing from zero and at e = 9,8h3/b3
3
for axial loads decreasing from 9Eh /b,

The axial load at which buckling occcurs is P= 3,84Eh”/b
4 4
when p = 0, P=4,05BEh°/b when p=32,40Eh /b , P=8,56Eh /b

9
< 4%
when p = 12,02Eh*/v*, and P=11,84Eh°/b when p= 24,03%h /b ,

The buckling load at the highest normal pressure 1s 3,1 tincs
the buckling load with no normal pressurse,

‘The ratio of effective width to initiml width was come
puted from equation (6) and tables I to IV, The results are
plotted in figure 10 for p= 0, figure 11 for p= 2,408h*/b*,

figure 12 for p = 12,02Eh*/v*, and figure 13 for

P = 24,03Eh*/b*, Incrcasing normal pressure lowers the effec—
tive—-width ratio for strains less than the buckling strain,

e = 3,80h%/b®, and raises the effective—width ratio for strains
somewhat grenter than this, For strains well beyond this
(e > 16,50°/b° when p = 12,02Eh*/b* anda e > 21,1h°/%"

4, 4
when p= 24,03Eh /b ) the normal pressure causes less than 1
percent increase as compared with the effective~width ratio
found for zero normal pressure,

CONCLUSIONS

The buckling load is considerably increased by normal
pressure, For the highest pressure considered, the theorstical
buckling load is 3,1 times the buckling load for zero normal
pressure, Normal pressure causes a decrease in effective
width at strains below the normal buekling strain and an in-—
crease in effective width for strains somewhat greater than
the normal buckling strain, If the buckling load is consider—
ably excoeded, however, normal pressure causes less than I-
percent increase in effective width, For some combinations
of normal pressure and axial load the sheet can be in equi=
livrium in more than one position, Under such circumstances
it is possible for the sheet to be elther unbuckled or buckled,
depending on the previous history of loading,

The results indicate it to be conservative design in the
elastic range t0 neglect the effeat of lateral pressure on the
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sheet buckling load and on the load carried by the sheet
after buckling,

National Bureau of Standards,

Woshington, D, C,, June 2, 1944,
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Table I.~ Values of deflection coefficients for various

values of axial compressive load in the x -

direction, P, for simply supported rectangular plate,
a = 4b, p = 0,316, Normal pressure, p = O,

_ 7
Pb ¥1,1 w3.1 ¥5,1 "7,1 eb
Eh® h h o) h hd

3.84 0 0 0 0 3.84
3.95 0 0 .281 0 4.10
4.05 0 0 . 390 0 4.34
4,84 0 0 .548 0 4.88
| 4.44 0 0 .665 0 5.89
5.80 o] o] 1.000 o] 7.13
5.92 0 0 1.838 0 8.88
8.80 0 0 1.478 0 11.00
.60 0 0 1.864 0 13.94
| 8.40 0 0 1.833 0 14.88
9.88 0 0 2.001 0 16.99
4.93 0 0 0 0 4,93
7.08 0 0 0 1.000 10.80

 8.11 0 0 0 1.414 | 16.66

11.30 0 0 0 1 1.738 33.53

13.89 0 0 0 2.000 28.40

Table Il.- Value of deflection coefficlents for wvarious

values of axial compressive load in the X =

direction, P, for simply supported rectangular plate,
a=4b, p = 0.318. Normal pressure, p = 8.40Eh4/b4.

Pb wi,1 w31 w51 LLS T ebd
EhS h h h h he
0 . 368 .064 .015 .004 .01
.99 . 388 .083 .080 .005 1.00
1.97 .417 .115 .031 .007 3.00
2.96 .448 173 .058 .013 3.00
(3.95___ 484 __ | .88 __ | .181_ | .019_| 4.08
4,05 .483 .857 .195 017 4,18
4,13 .470 . 847 .245 011 4,31
4.34 .349 .18l .445 -.013 4.68
4.44 .230 .183 .658 -.033 5.238
1 4.93 .144__| .083__| .908__| -.083_| 6.51
5.92 .085 .054 1.845 | =.021 8.88
6.91 .080 .043 1.509 -,019 | 11.30
7.90 047 .035 1.733 -.018 13.89
8.90 .038 .030 1.934 -~.018 16.11
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Table III.- Values of deflection coefficients for various values
of axial compressive load in the x - direction, P,

for simply supported iectangular plate, a = 4b, p = 0.316. Normal

pressure, p = 12.03Eh%/b4.

PD w1 w3,1 ws5,1 w7,1 eb®

En3 b h h h n?
0 1.331 .388 .112 .034 0.27

.99 1.393 .382 .139 .045 | . 1.38
1.97 1.460 .429 .173 .080 2.34
8.96 1.539 .480 .215 .081 3.43
| 3.95 _| 1.680_| .53 _| .23 _| .109 | 4.53]
4.93 1.710 .579 .317 .148 5.87
5.88 1,796 .880 .373 .194 6.85
6.91 1.880 .656 .438 .855 8.08
7.90 1.928 .678 .472 . 344 9.37
| 8.13 | 1.989_| .e75 _| .483 _| .374 | 9.71]
8.38 1.914 .668 .488 .418 10.09
8.41 1.908 .665 .488 .424 10.14
8.48 1.899 .661 .488 .436 10.228
8.49 1.889 .857 .488 .447 10.28
 8.58 _| 1,878 _| .653 _| .487 _| _ .458 _| 10.34]
8.56 1.851 .648 .484 .480 10.43
8.55 1.787 .617 .473 .520 10.51
8.49 1.730 .596 .460 .548 10.51
8.29 1.602 .558 .433 .600 10.41
| 8.26 _ | 1.585_| .568 | .405 | .608_| 10.38]
8.24 1.578 .574 .390 .611 10.36
8.33 1.576 .583 .380 .613 10.35
8.31 1.573 .603" . 360 .612 10.31
8.14 1.569 .647 .3230 .606 10.21
| 8.03_| 1.856_| .es9_| .280_| .596_| 10.04,
7.46 1.483 .800 .158 .548 9.83
6.55 1.870 .800 .024 .483 8.05
5.88 1.087 1.000 -.085 413 7.38
5.75 .953 1.100 -.151 .413 7.34
| 5.98__ | .894 _| 1.800 -.197 .438 _| _ 7.78]
6.28 .873 1.300 -.335 .4823 8.49
6.77 .874 1.400 -.387 .541 9.43
7.40 .896 1.500 -.397 .619 10.84
8.34 .934 1.600 -.3235 .784 18.37
| 8.83 _| .961_ | 1.650_| -.339_| .799_| 13.48
9.15 .976 1.670 ~.344 843 14.06
9.81 .998 1.682 -.348 .941 15.43
10.00 1.001 1.670 ~.345 .975 15.84
10.24 .974 1.560 -.330 1.0623 15.46
| 10.16 __| .950 _| 1.490 | -.303 _| 1.081_| 16.38]
9.98 .917 1.400 -.381 1.094 16.08
9.73 .879 1.300 -.258 1.099 15.65
9.45 .840 " | 1.200 -.331 1.098 15.17
9.17 .801 1.100 -.305 1.095 14.67
_s8.89 _| .782 1.000 _| =-.179 _| 1.089_| 14.17]
8.64 .784 .900 -.151 1.084 13,738
8.40 .687 .800 -.133 1.079 13.30
8.19 .651 .700 -.093 1,076 18.96
8.023 .617 .600 -.0862 1.077 13.69
|_7.89 .583 .500_| -.030_| 1.083_| 12.53]
7.83 .548 .400 .003 1.100 18.54
7.89 .508 . 300 .034 1.135 12.83
8.00 474 .848 .047 1.170 13.24
8.33 417 .185 .054 1.250 14.28
. 8.70__| .2373_| .151_| .058 _| 1.327 15.38]
9.30 .380 .119 .048 1.438 [ 17.13
9.87 .283 .101 .041 1.533 18.77
10.90 .836 .080 .033 1.690 21.70
11.85 .804 .087 .038 1.831 24.39
| 13.80 _| .180 _| .058 _| .034 1.943 | 87.07
13.83 .160 .050 , 031 2.065 29.93]
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Table IV.- Values of deflection coefficients for various
values of axial compressive load in the x -
direction, P, for simply-supported rectangular Elate
a = 4b, p = 0.318. Normal pressure, p = 24.03Eh%/b4. 5
= L1 | "1 | fsa | Fri | &
Eh® h h h h he
0 2.084 .560 218 . 080 0.65
.99 2.089 » 8600 .48 . 098 1.73
1.97 8.157 . 640 .81 .115 8.88
2.96 8.828 .888 . 318 .138 3.93
| 3.95 _ | ®2.302 _| .788 _| .353 _| .l64 5.08
4.93 e.378 .768 . 391 194 T 8.81
5.98 8.454 .800 .430 .2R8 7.38
6.91 8.588 .836 . 468 , 867 8.58
7.90 8.598 .868 . 5086 .311 9.80
 _8.88 _| &2.668 __| .898 _| .541 _ | .368 1 11, 05
9.87 8.714 .981 574 . 423 12.337
10.66 8,735 .933 . 585 L4882 13.40
11.84 2.874 .918 .607 .833 15.20
11.81 2.516 .867 + D74 . 780 15.48
| 11.30 __| 2.884 __| .811 .501 | .800 _| 15.06 ]
10.65 2.0886 .847 | . 374 .839 | l4.41
9.93 1.96& .980 . 0886 .803 13.43
9.28 1.857 1.063 <133 . 759 12.54
8.58 1,732 1.138 .048 .718 t 11.63
| 7.87 1.581 _ [ 1.317 __| =.042 __| .666 __] 10.77_
7.32 | 1.414 1.318 -.131 | .835 10.24
7.8 1.323 1.397 -.183 .837 10.31
7 .36 1.885 1.443 ~-.208 .645 10.49
7.58 1.885 1.553 -.258 .B883 11.37
| 8.34 1.800 _ | 7.873__| =.303 __| .758 _| 12.60]
T 9.13 1.802 1.789 - 341 .844 " | 14.38
10.13 1.282 1.879 -, 369 .949 18.36
11.45 1.349 1.941 -, 388 1.100 19.04
12.88 1,846 1.8986 -, 379 1.885 20.88
12,35 1.837__} 1.887__| =-.372__) 1.849__| R1.05
12.38 1.183 1.701 -.331 1.3123° | 21.11
11.80 1.111 1.508 -.288 1.334 20.35
11.00 1,018 1.237 -.210 1.337 18.98
10.30 .210 .947 -.187 1,338 17.682
- 9.90 .865_ | .813_| -.087_1 1.333_] 17.15]
9.80 .808 .887 -.037 | 1. 345 | 16.76
9.60 .698 . 364 . 054 1,416 17.31
Q.87 .689 . R84 . 069 1.483 18.26
11.00 .488 .180 .068 1.688 28l.74
| 13.00__| 413 _ ] .143 _| 0568 __| 1.888_ | &84.66
18.83 . 368 .133 .080 1,938 27.051"
13.88 . 385 .106 044 8.059 29.86
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Figure 6.- Axial load P as a function of average edge strain e when
normel pressure, p = 0, (b = plate width, h = plate thickness).
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Pigurs 7.- Axial load P as & function of average edge strain e. Normal
pressure, p = 2.40Eh%/1v%, (b = plate width, h = plate
thickness).
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Figure 8.~ fxial load P as a function of average edge strain e,
Yormal pressure, p = 12.02Eh%/1v%, (b = plate width,
. h = plate thickness).
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Figure 9.~ fxial load P as a function of average edee strain e,
Nermel pressure, p = 24,038hi/1v4, (b = plate width,
h = plate thickness).
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Figure 10,~ Varistion of ratio cof effective width to iniitital width
with edge strain e, Normal pressure, p=0, ( b =
plate width, h = plate thickness).
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Figure ll.e Variation of ratic of effective width to initiel width
with edge strein e, Normal pressure , p = 2.40En%/vd,
(b = plate width, h = plate thickness),
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Figure 12.~ Variation of ratio of effective width to initiel width
with edge strain e, Normal pressure, p = 12,08Eh%/b4,
(b = plate width, h = plate thickness).
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Figure 13.~ Variation of ratio of effective width to initial width
with edge stain e, Normal pressure, p = 24.03Ehi/b4
(b = plate width, h = p ate thickness). ) =
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