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An analysis has been made t o  permit a comparative evaluation of the 
c turbine  rotor  cooling-air  requirements with convection-cooled blades f o r  

the following four  codustor-outlet radial gas-temgerature profiles along 
the  blade span: (1) a uniform profile, (2) a profile  repreeentable by a 
complete cycle of  .the cosine wave ushg  the  cooler gas layers near the 
turbine  casing and stator inner ring and a hot gas core, (3) a prof i le  
representable by  one-half  cycle of the cosine n v e  using the  cooler gas 
layers near the stator  inner ring and the hotter gas layers new the tur- 
bine casing, and (4) an optimum profile  result ing in  the absolute min imum 
cooling-air  requirements. In  each  caee, the cooling-air-flow requirements 
are  compared with profile (1) , which has been used in turbine-cooling 
analyses. This uniform profi le  can be obtained only at the expense of 
conibustor pressure drop or  length o r  both. Prof i les  (2) and (3) are ob- 
tainable from present combustor designs that have good performance. These 
profiles have the advantage of either  eliminating o r  decreasing  the  turbine 
casing and stator-ring cooling problems at elevated  temperatures,  profile 
(2)  being better in this respect. 

. 

"he results indicate that, f o r  tmblne  design  root stresses of 25,000 
ps i  and turbine-inlet temperatures ne= 260O0 R (conditions of immediate 
interest), profi'le (2)  requires  turbine ro to r  coolant flows slightly 
higher than those of the uniform profi le  f o r  flight Mach n-ers near 2 .O 
with blade-inlet  cooling-air  temperatures near 1000° R. For E Mach number 
near 2.5, the  coolant flow f o r  this condition might be increased by 35 
percent. For higher  stresses,  profile (2)  becomes less favorable on the 
basis of caolant-flow  requirements, bu t  profile (3) becomes  more favor-' 
able. A reduction in coolant flow of 20 percent  for  turbine designa 
applicable to conditions of immediate interest may be obtained by using 
prof i le  ( 4 ) .  This 20-percent change in coolast flow would probably be 

turbojet  and  turboprop  engines. Prof i le  (4), however, exposes the stator 

r ing  cooling problem. 

1 reflected in  approximately a 1-percent &ange in thrust and horsepower of 

- inner   r ing  to  the hottest  gas layere and may present an extreme inner- 
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LNTRODUCTTON 

The preferred primary-cornbustm-outlet rad ia l  gas-temperature profile 
for  turbine engines  should  be based on a compromise among combustor per- 
formance, allowable  turbine blade temperature  distribution,  turbine aero- 
d y n d c s ,  and the  cooling  requirementiof  the  turbine  casing and the aka- 
tor  outer and inner rings (hereinafter  referred  to as the turbine outer 
and inner  shrouds).  For uncooled turbines, the turbine blade stresses  per- 
m i t  a temperature profile  with.the  hottest  region  near  the  turbine  blade a 
t i p  where the  stresses  in  the  turbine  rotor  blades are h. Present  turbo- 
J e t  combustors are  designed to   give t h i s  type  profile, with maximum tem- 
perature  variations between approximately 400° a d  8oOo R .  The preferred 
allowable  turbine-inlet  temperature  profile  for cooled turbines  has  not 
been investigated. Thus, it is  important t o  know whether or  not the gas- 
temperature prof i les  from present combustor designs axe desirable or  to 
what extent  al terations might be profitable.  Therefore,  analyses were 
made at the NACA Lewis laboratory  to  evaluate  the  effects of turbine- 
i n l e t  temperature  (absolute total temperature a t  s ta tor   inlet )   prof i le  
on the turbine rotor  cooling-air  requirements  for  shell-supported 
convection-cooled  blades. 

IC 
i- 
M 
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Shell-supported blades were chosen for this study because they we 
amenable to  analytical   treatment For determining  cooling  requirements. 
Similar studies could  have  been  conducted for  strut-supported  air-cooled 
blades,  but  the  analytical  procedures ere lengthy and use of an e lec t r ica l  
analog ia  generally  required. Also, at the  present time no def ini te  con- 
clusions can  be drawn concerning the relative  superiority of shell- 
supported o r  strut-supported  blades, axia it appears that there w i l l  be 
fields of usefulness for each type of blade. It i s  believed, however, 
that  the  results  obtained hereFn for  shell-supported  blades m a y  be u t i -  
l i zed   in  a general way to   predict  trends that would be  obtained  with 
strut-supported  blades. For liquid-cooled  blades, where the  blade tem- 
perature i s  essentially  equal  to  the  l iquid temperature, the  blade tem- 
perature i s  almost constant, and the gas-temperature prof i le  doee not 
affect   the coolant-flow  requirements. Thus, a study of the  effects  of 
gas-temperature profile on the cooling-flow  requirements fo r  proposed 
liquid-cooled designs i s  generally unnecessary. 

Turbine aerodynamic design has commonly been based on the assumption 
ofuniform  turbine-inlet  temperature  for  both uncooled Snd cooled tur- 
bines. In  addition,  for  cooled  turbine6  the  effective gas tenqerature 
(approximate total temperature re la t ive  to   the turbine rotor) has been 
assumed t o  be uniform over the  turbine blade span for analyses and design 
procedure6 for convection-cooled  blades  published in  the  l i terature  (e.g. ,  
re fs .  1 and 2). Although combustor-outlet prof i les  satisfyin@; t h i s  con- 
di t ion can  be  obtained, it is  at the expense of mixing pressure  losses  or 
combustor over-all  length,  or  both. In general, the more nearly uniform 
the  profile,  the more d i f f i cu l t  the combustor design problem becomes. 

m .  

- 
.m 
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The gas-temperature profiles for efficient combustor design.reported i n  

wave (refs .  3 t o  5) . The prof i les   i l lust rated i n  reference 3 can  be 
approximated by one-half  cycle of the  cosine wave with the  hotter  region 
near the turbine blade t i p  asd the cooler  region ne= the  blade  root. 
The profiles  sham  in  reference 4 and some of those in reference 5 c&~l 
be represented by a complete cycle of the  cosine wave using a hot core 
with  the  cooler  regions  near  both t h e  blade root  and the  blade  tip. With 
the complete cosine wave, the turbine inner and outer shrouds are exposed 
t o  the  coolest  gases and therefore  requLre  the minimum of cooling. In 
fact,  f o r  t h i s  design the average turbine-inlet  temperature might be 
increased  considerably without requiring shroud cooling.  For the half 
cosine wave d t h  the h o t t e r  gas  layers near the blade t i p  region, the 
shroud cooling i s  minimized only on the  inner shroud. Eowever, the 
cooling load is translated t o  the outer  shroud, w h i c h  is  more readily 
accessible. 

I the literature can be approximated with reasonable accuracy by a cosine 

Y 
4 cn 
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cd The purpose of this report i s  t o  present  the results of an analysis 
P that compares the turbine  rotor cooling requirements f o r  the cosine-wave 
3- profiles with those f o r  the uniform gas-temperature prof i le .   In  addj" w! u tion, the analysis is extended to  determine the  gas-temperature prof i le  

for  the absolute minimum coolant flow. The absolute m i n i m u m  coolant flow 
corresponds to an o p t i m u m  gas-temperature  profile. That I s ,  f o r  given 
turbine operating conditions, a minimum value of coolant flow can be ob- 
tained f o r  gas-temperature prof i les  such as the uniform or cosine-wave 
profiles.  For  these same operating  conditions,  there i s  an optimum gas- 
temperature  profile that gives a value of coolant flow smal le r  than those 
obtained for the other  gas-temperature  profiles. This value of coolant 
f low i s  the absolute minimum coolant flow. Turbiae stator blade cooling 
i s  not  considered. The low stresses imposed on the  s ta tor  blades, how- 
ever, permit freedom in the choice of s ta tor  blade designs not acceptable 
for the  rotor  blades. 

The results are  presented f o r  average effective gas temperatures of 
2500°, 3000°,  and 3500° R and turbine blade design  root  stresses of 
25,000 and 75,000 psi.  For the effective gas-temperature profiles rep- 
resented by cosine waves, a meximum variation in the gas-tempaature 
prof i le  of 80O0 R is  used f o r  mst of the results. The effect  of t h i s  
variation on the coolant-flow reqeements  is  also  i l lustrated.  Each 
blade  design i s  defined by a cooling-effectiveness  paramter, which is  
varied over a range  sufficient t o  include a l l  designs of practical  
interest .  
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A?XALY'ITCAL PROCEDURES 

Assumptions 
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Simplifying  assumptions were necessarily Fntroduced i n  th i a  analysis 
i n  order t o  obtain convenient re la t ions   for  t h  temperature  distribution6 
fo r  convection-cooled  turbine  rotar  blades. These assmptlons have gen- 
eral ly  been used i n  the literature for computing the coollng-air 
requirements: 

(1) The effective gas temperature and the total gas temperature 
re la t ive   to   the   ro tor  blades are equal.. 

(2)  The radial heat conduction i n  the blade m e t a l  i s  negligible 
compared with the total heat transfer.  

I 
(3) The outeide and inside heat-transfer  coefficients  are const8,nt 

over the blade outer and surfaces, respectively. . 

(5) The effect  of rotat ion on the  cool--air temperature r i s e  i s  
negligible. 

( 6 )  The innerysurface area won which the in8id.e effective  heat= 
transfer  coefficient i s  based is equal t o  the  outer  surface area. In  
addition, these areas are at the ,. same temperature. (The effective  heat- 
transfer  coefficient is defined t o  include the heat conducting  through 
auxiliary  internal  surfaces such as fins; t h i s  i s  defined Fn genera  
t m s  in ref. 1.) I 

(7)  The chordwise blade temgerature i s  constant. 

For most cooled-turbine  designs using a i r  for convection cooling, 
calculations show that these assu?qtions, with the  exception of assunrp- 
t ion  ( 5 ) ,  have only s l ight   effects  on the cooling requiremnts. R e f e r -  
ence 2 shows that, f o r  high turbine  blade  tip speeds, the rotat ional  
effects  on the cooling  requirements may be large. However, for the pres- 
ent report, the rotational  effects  are  neglected,  since only  a relat ive 
compwison of the coofin@;-air  requirements for  various  gas-temperature 
p r o f i l e s   i e  made. 

Basic  Equations f o r  Temperature Distributions . 
The change Fa the coolin@;-air temperature as it flows radially  out- 

ward through the  blade i s  given by the  heat  bdance: 
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where a l l  symbob are def'ined i n  appendix A. Ln addition, a balance 
between the heat  transferred t o  the  blade and that transferred t o  the 
coolant at aqy spanwise position  gives the expression ' 

or, w i t h  1, = Zi, 

where A E h0&. The differential  equation f o r  the  turbine  blade span- 
wise  temperature  distribution i s  then obtdned  by solving equation (2) 
for TA and d!Tudx and substituting  these  expressions in equation (1). 

* This equation can be  reduced t o  

L %E+ 
dx 

It i s  convenient t o  
by multiplsT'lng each 
t ion  as 

where 

and 

nondimensionalize the spanwise position  variable x 
term by the blade length b asd rewriting the equa- 

@ E -  X b 

If the  spaarise  effective ga8-temperature distribution is specified, 
equation (3) may be used t o   e q r e s s   t h e  spaswise turbine blade temperature 
distribution as a function of the coolant-flow p a a m e t a  K and the 
cooling-effectiveness  parameter X. The spanwise turbine  blade tempera- 

temperature distribution determined by the  design stress and the  stress- 
rupture  characteristics of the  material. 5118, the minimum allowable 
coolant-flow  pasameter f o r  a specified  effective  gas-temperature dhtri- 
bution is obtained when the result ing blade temperature i s  equal to   the  
allowable blade temperature a t  m e  spanwise location and equal t o  or Less 
than the allowable temperature at a l l  other locations. 

L ture distribution must be limited by the maximum allowable  turbine blade 

I 
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If the speswise turbine  blade  tenperatme  distribution i s  specifled, 

equation (3) be used t o  express  the spanwise effective  gas-temperature 
distribution as a function of the cooh t - f low paametez K and the 
cooling-effectiveness  parameter X .  In  this w a y  the effective gas- 
temperature  distribution f o r  the  absolute minimum value of the coolant 
f l o w  for a given  average effective  gas  temperature can be  determined by 
specifying the m a t  desirable turbine- blade  temperature  distribution. 

This report  evaluates  for  given  allowable  blade  temgerature distri- W 
butions both the  absolute minimum value of the  coolant-flow  parameter and 
i ts  corresponding  effective  gas-temperature.  G-stribytion,. and the M m u m  
coohnt-flow parameter f o r  various  given  effective  gas-temperature dis- 
tributions. Thus, equation ( 3 )  i s  solved for  both the  effective gas- 
temperature  distribution and the actual  blade  temperature di8tribUtiOn. 
In both cases,  the  allcwable  turbine  blade  temperature must be specified . 
Therefore, the  allowable  turbine  blade  temperature  distributions as  used 
in this report are f i r s t  determined, after w h i c h  equation (3) is  solved 
for both the  effective  gas-teqerature  distribution and the blade tem- 
perature  distribution. Then, the average effective  gas  temperature i s  
determined. Finally, tbe  effective  gas  temperature i s  related  to  the 
turb ine-h le t  temperature, which is of more importance in rating and 
analyzing  the  engine. 

PC 
PC c 

Allowable Spanwise Blade  Temperature Distribution 

The allowable  turbine  blade  temperature i s  determired by the  design 
value of the turbine  blade  stresses and the  blade  material  stress-rupture 
properties. The allowable  stress-rupture for any material depends on the 
lffe  required 86 we11 as the  temperature. I n  the present  report,  the 
stress-rupture  properties  are  taken  at 100-hour l i f e .  

The design  value of the  turbine blade stress is usually larger  than 
the  actual  centrifugal stress f o r  cooled turbine  blades. This differ-  
ence m y  be  accounted for by introducing a constant of proportionality 
called  the  stress-ratic?  factor. The.msgnitude of. the stress-ratio factor 
is meant t o  include  the  effects of other  stresses, such as bending, v i -  
bration, and thermal stresses,  as w e l l  as t o  provide some margin of safety 
for  the  effects that fabrication may have on the blade  material  strength 
( re f .  1) . With gas-temperature profiles other than the uniform profile, 
the  effects of thermal  stresses may be inteasified. Thus, the need for 
a stress-ratio  factor becomes w r e  apparent. AS shown i n  reference 6, 
the  design s t r e s s  f o r  a uniformly tapered  turbine blade w f t h  a constant 
stress-ratio factor c a n  be expressed by the  equation 

. - .  
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It i s  convenient t o  reduce the number of vasiables i n  equation - 
by expressing  the  root  stress by equation (6) and then  evaluating 
Thus, 

Equation (7) i s  plotted in figures 1( a) and (b) for three values of 
2 d r t  G, t/&, h' me ranges of rh/r t  and h , t / h , h  were selected 

procedures. m s  figure shows that I.a/rt and Am, T&,h have 0- 
secondary effects on the r a t i o  of the stress at asy apaarise position to 
that  at the root,  particulazly, for the  ranges in d r t  encountered. 
Thus, representative  values of rh/rt and mey be selected 

required in  det- the allarable blade temperature distribution. 
For the  present  report, the stress equation  (eq. (7) ) is reduced t o  the 

4 cn to include m e t  values of pract ical  interest accordL t o  present  design 

L t o  express u/6h* ~ h i a  further  reduces  the rimer of design variables 

" simple  expression 

corresponding t o  the mean curves in   f igures  l(a) and (b) . 
The allowable spaswise turbine blade temperature  distribution can 

now be evaluated for any given design root  stress by mrploying equation 
(81, once the  stress-rupture  properties are specified. The present  report 
uses the 100-hour stress-rupture  properties of a promising a l loy  d t h  low 
c r i t i c a l  metal  content, A-286, f o r  evaluating the  allowable turbine blade 
temperature. Tbe allowable spanwise turbine blade temperatures f o r  A-286 
with three  turbine blade desiw root stresses are shown i n  figure 1( c) . 
me extreme curves  (bh = 25,000 h d  75,000 psi)  give the allowable span- 
wise turbine blade temperatures used in the analyses of this report. . 

Minimum Coolant-Flow Parameter f o r  Specified  Effective 

Gas-Temperature Diatribution 

The effective  gas-temperature  distributions t o  be studied nay be 
q r e s s e d  by the equation 

I Tg,e = B - A COS Mx* 

4 where the t o t a l  vmiakion in the effective  gas  temperature i s  given by 
2A. A sketch of the three  profiles expressed  by  equation (9) i s  ahown 
in  sketch (a) : 
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Sketch (a). 

2A 

The following three  cases  are  considered i n  this report: 

(1) When A = 0, equation (9) represents  the uniform profile.  

(2) When A is a positive nmiber and n = 1, it represent8 a pro- 
f i l e  with a hot layer near the turbine  outer shroud and a colder Layer 
near the-turbine inner shroud. 

(3) When A i s  8 positive rimer and n = 2, it represents a pro- 
file with a hot core and colder  layers  near  each turbine m o u d .  

For convenience, the equation is  handled in the general form. 

Equation (3) must now be solved for the  effective  gas-temperature 
distribution given by equation (9 ) .  The eqreaeion  obtained when equa- 
t ion (9 )  i s  substituted in to  equation (3) is  

- % 1  1 + Tb = DJCA +A sin IMX* + z (B  - A COS MX*) (10) dx* 
This i s  a linear  differential  equation with the  general solution 
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- The boundary condition  for this ‘equation is given by 

For this  position,  equation (2)  becomes 

But, from equation ( 11) , 

9 

Tb,h = 3 + C1 - A (14) 

c 
The constant of integration can be evaluated  by  eliminating Tb,h f r o m  
equations (13) and (14) . The equation for the  blade temperature distri- 

1 but  ion then becomes 

The minimum vdue  of coolant-f low par-ter K f o r  each of the 
specified Tg, e distributions can  be evaluated f o r  any cooling-air t e m -  
perature T&h and allowable blade temperature distribution by use of 
equations (10) and (E). The solution is i terat ive.  By writing equation 
(10) in   the  form 

E - A COS =X* - T, 
K =  D 

“d- x S i n  M X *  dx* 1 +  x 
the minimum permissible value of K i s  obtained  for the blade tempera- 
ture % equal t o  the  allowable  blade  temperature at the specified span- 
wise position x*. A t  a l l  other  locations,  the blade temperature must be 
equal  to o r  less than the  allowable  temperature.  Equation (15) can be 
written 

1 
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Substitution of K from equation (16) into equation (17) provides  the 
value of coalhg-air  temperature at the blade  root TA,h f o r  the condi- 
tions  specified. Choice of a different  value of x* i n  equation (16) 
w i l l  result i n  different values of K and TA, h e  In this manner, the 
minimum permissible  value of coolant-f low parameter can be evaluated  for 
a range of' cooling-air temperatures by assuming a cooling-effectiveness 
parameter X, an dlowable turbine blade  temperature  distribution as 
determined frcm stress  calculations, and a rmge of values of x* where 
the blade temperature will  equal the allowable  blade  temperature. - 

This  procedure i s  employed in  this report  considering the three 
effective  gas-temperature  profiles  prescribed  earlier: (1) uniform pro- 
f i l e  with A = 0, (2) half-cosbe-wave  profile wLth . A  f i n i t e  and n = 1, 
and (3) complete-cosine-wave profile  with A f i n i t e  and n = 2 .  I n  each 
case three  values of' B ( 2500°, 300O0, 350O0 R) are specified. 

Y 

Effective Gas-Temperature Distribution 

If the spaarlse blade  temperature distribution requiring an absolute 
minimum coolant flow is Imom, equation (3) c a ~ l  be aolved t o  determine the 
correqonding  effective  gas-teqerature  distribution  (hereinafter  referred 
t o  as the optimum effective gas-tenq?erature profile).  Since  equation (3) 
i s  a firat-order linem di f fe ren t ia l  equation, the  general  solution  can 
be expressed as 

Introducing  the boundary condition as gfven by equation (a ) ,  the   ans tan t  
of integration can be evaluated i n  a marvler similar to that of the l a a t  
section. The equation becomes . 



NACA RM E53314 11 

The integral  in equation (19) can be integrated once by parts   to   fur ther  
reduce  the  equation t o  

Tb 

-(2$ 
e 

+" 

TK .> 
( 2 0 )  

Equation (20) has been used t o  determine the optimum effective gas- 
temperature profile and the corresponding  absolute minimum coolant-flow 
parameter. Appendix B shows that the  spaarise blade temperature d i B t r i -  
bution  satisfying t h i s  condition i s  the  allowable  temperature  distribu- 
tion.  Since  the allowable blade temperature distribution cannot be ex- 
p l i c i t l y  expressed,  equation (20) i s  solved  numerically. The integral is 
evaluated us- Simpson' s rule of replacing  the  integrand by pwabolas . 
In this way, the blade span is  divided  into  ten  equal segments. The pro- 
cedure employed i s  t o  assume several  values of the coolant-flow  pammeter 
K f o r  each  conbination of  cooling-effectiveness  panmeter X, cooling- 
air tenrpersture . TA,hhr and allowable turbine blade temperature . 

distribution. 

Basis f o r  Comparison of R e s u l t s  

The comparison of the cooling  requirements f o r  each effective gas- 
temperature prof i le  w a s  made by computing the r a t io  of the coolant weight 
flow for   e i ther   the optimum temperature prof i le   o r   the  temperature prof i les  
representable by the cosine  or  half-cosine waves to   tha t  f o r  the  uniform 
temperature prof i le .  The uniform temperature prof i le  i s  used as the ref - 
erence, since it is the basis fo r  all cooling results and procedures pub- 
lished i n   t h e  literature. A l l  comparisons are made for the same values 
of average effective gas temperature Tg, e 
cooling-sir  temperature TA,h, and blade geometry. Values of and 
uh axe independent- assigned. The procedures for evaluating Tg,e and 
the  coolant-flow r a t i o  so that the blade geometry i s  metintafned constant 
are given i n  the following sections. In order t o  obtain even values of 

(i.e.,  2500°, 300O0, and 3500° R) , it i s  necessary to  interpolate 
the  coolant-flow results obtdned for the optimum and half-cosine-wave 
gas-temperature profiles.  

- 
blade desi@ I 'OOt S*eS6 bh, 

T.3, e 

Calculation of  average effective gas temperature. - The average 
effective gas temperature Tg,e is  defined as 

- 
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In this definit ion,   the average effective  gas temperature i s  a measure 
of the t o t a l  energy of the gas relative t o  the turbine  rotor. For free- 
vortex  turbine  designs  the  specific-mass-f Low pwameter p V /p ' a 
can be a p p r o a t e d  as a l i nea   func t ion  of the spanwise position. ( A  
linear  function i s  convenient t o   f a c i l i t a t e  the integration  in  equation 
(22)  .) To obtain this functional  relation, it is  necessary t o  specify 
the value of pgVx,g/pLa, at a given spanwise position. For this anal- 
ys is  the value of p g ~ x , g / p 2 c r  is specified at the turbine  rotor  blade 
hub t o  correspond t o  a turbine design having a flow angle of 2S0 and an 
absolute MEtch nmiber  of 1.0 at. the s ta tor   exi t ,   resul t ing in the follow- 
ing  equation: 

g  x,@; 45 

- 
- 

pgvxJg = 0.2679 + 0.0684x* 
p p c r  

The values of flow angle and Mach n W e r  used t o  obtain  equation (23) are 
considered  typical for present  turbine  designs. However, the final cool- 
ing results would be on ly  slightly  affected if the values of t h e  flow 
-le -and Mach nuniber were considerably different from those chosen. 

gas-temperature distribution. For the uniform pro%?e and the p ro f i l e  
given by the complete cosine wave . (  n = 2),  the  integration of equation 
(22) r e s u l t s   i n  Tg9 e = B ( see  eq. (9) ) . For the  half-cycle cosine-wave 
profile,  integration of equation (22) resu l t s  in the expression 

Equations (22)  and (23) axe used to   obtain  for  each effective 

- 
Tg,+ = B + 0.1308.A 

Finally, for t h e  optimum profile the integration of  equation (22) m u s t  be 
carried  aut  numerically  for each effective  gas-temperature  profile. 

Calculation of coolant-flow ra t ios .  - The r a t i o  of the coolant weight 
flow obtained for   the optimum o r  cosine-wave gas-temperature prof i les   to  - 
that f o r  the uniform prof i le  is computed from equation (5) w i t h  the 
expre s sion . .  . . ." . . . - - "" . . . . . . " . .. - -. -. 

* 
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recognizing  that a l l  other terms i n  equation (5) mw be held  constant 
f o r  a particular  design. 

It i s   fur ther   des i rab le   to  make a comparison such that  the  blade 
geometries are the same. For t h i s  condition, it may not be assumed tha t  
X i s  unchanged, since f o r  turbulent flow X depends on the  coolant flow. 
Thus, for  particular engine  design  conditions and a given  blade  design, 

The approximation  given ~n equation (25) resul ts  from the relat ive change 
in   t he  thermal  gradients i n  any auxiliary  heat-transfer  surfaces due to 
the change i n  coolant flow. For the  coolant-flow changes of interest ,  
t h i s  approximation may be assumed t o  be val id .  Substitrrting  equation 
(25) into  equation (24) gives 

w h e r e  the exponent c i s  zero fo r  laminar flaw and 0.8 f o r  turbulent f Low 
(see ref. 2) . It must be recal led  that  K itself depends n the  par- 
t iculaz value of X assigned.  Therefore, in  obtaining from 
equation (26) f o r  a given Xm, it is necessa3.y t o  use the value of K 
corresponding t o  the value of X given by equation (25) . Thus, an 
i terative  solution i s  used t o  calculate  the  coolant-flow  ratios In this 
report. This is done by first assuming tha t  X = 1, and then  solving 
equation (26) f o r  w,/w,, uzl. Then, w i t h  this value of wa/wa, A b u n  
is  computed from. equation (25) and, thus, from i t s  definition, a corrected 
value of K. 

Relation Between Xfec t ive  G a s  and Turbine-Inlet Temperatures 

Since  engines  are rated and analyzed’on  the basis of the  turbine- 
i n l e t  temperature, it i s  desirable to  relate the  effective  gas-temperature 
re la t ive t o  the  turbine rotor, as used i n   t h e  preceding  sections, to the 
turbine-inlet  temperature. In  order t o  obtain a simple relation  with 
relativeiy few variables so that the resu l t s  could be easily interpreted, 
the following simplifying assuqt ions  are  made: 
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( 1) T h e  turbine i s  of free-vortex  design. 

(2)  Impulse canditions  exist a t  the turbine hub section.,. 

(3) N o  turbine-exit whirl exists. 

(4 )  The turbine  efficiency i s  1.00. 

(5) The effective and t o t a l  gas  temperatures  relative  to the turbwe (D 

are the same. 

Although the f i r s t  three assumptions are reasonable f o r  present gas- 
turbine  design  practices,  the  Latter two may result in sl ight   errors  i n  
the  temperature  differences. However, calculations show that  the computed 
temperature  differences  are,  in a l l  cases, within approximately 50° of 
the  actual  values. 5 i s  is considered  acceptable in the  present  analysie 
par t icular ly ,   in  view of the  simplicity  afforded. 

f- 
t- m 

The relat ions  for   the  difference between the  total turbine-inlet 
temperature and the  effective  gas  temperature  are  derived i n  appendix C. ., 
This difference a t  any spanwise position is given by the  equation 

The integration of equation (27) to  obtain  the  difference between the 
average of these  temperatures  gives 

Equations (27) and (28) are plotted. in  figures 2( a) and (b),  respectively, 
f o r  r = 413 considering two turbine hub-tip  radius  ratios.  Figure 2( a) 
i l lust rates   the  dis tor t ion of the effective  gas-temperature  distributions 
required  to  obtain the total  turbine-inlet  temperature.  Figure 2(b) 
i l l u s t r a t e s  the average change. B o t h  the  distortion and the average 
change may be usefu l  in  convertfng the  prescribed and cotnputed effective 
gas-temperature distributions  into the more familiar turbine-inlet 
temperature. 

The coolant-flow  parameter K may be evaluated f o r  any desired 
average effective  gas  temperature Tg,e ana a given  effective  gas- 
temperature prof i le  x i t h  the procedure6 previously  outlined. The value 
of K also depend6 on the choice of the coollng-effectiveness  parameter 

- 
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- 
X ,  t u r b h e  blade  design  root stress UhJ and blade-inlet  cooling-air 
temperature TAJh. Thus, in order  to make t h i s  study as general as pos- 
sible, it i s  necessary to-. choose ranges of the independent variables so 
that  all cooled-turbine  designs of interest  are Included. The ranges of 
independent v a r i a b l e s  chosen f o r  this  analysis are as follows; the  rea- 
sons f o r  the choices are discussed in smsequent  sections: 

Cooling-effectiveness  parameter, X, . . . . . . . . . 0.15,0.30,0.65 

- 

2 Blade design  root  stress, crhJ p s i  . . . . . . . . . 25,000 and 75,000 
4 
0-2 Blade-Met  cooling-air temperature, T;t,hJ 0 R . . . . . 600,1000,1300 

Average effective  gas  temperature, Tg, OR . - - . . . 2500,3000,3500 
- 

Cooling-Eff ectiveness Pazameter 

Tfie values of the.  cooling-effectiveness  parameter X, selected f o r  
t h i s  study were chosen from experience  acquired with the  corrugated- 
insert  blade f o r  both  single-stage and two-stage turbines. The value of 
1, i s  inversely related to the amount of internal  surface area within 
the  coolant  passage  md the actual  inside  heat-transfer  coefficient. 
These two effects combine i n  such a way that the min imum d u e  of X, 
is limited by ei ther  the blade size ( i n  this case  the  area  increases 80 
that the blade size becomes unacceptable), the pressure drop, or  the 
mass-flow capacity. Any nLmiber of blade designs  corresponding to differ-  
ent values or  Xun may be selected for cool ing a specific engine design. 
Examples of this are the vm50us b1ad.e designs  presented in  reference 7 
f o r  each  engine  design. Experience shows that design  values of X, 
near 0.30 seem  most reasonable for  exist-  convection-cooled  blade. de- 
,signs. Values of X, near 0.65 or  greater may be suitable for many 
engine  design  conditions requiring l i t t l e  cooling. However, i n  such 
cases,  the  design value of X, can be lowered without  disadvantage. 
Values of X, below 0.30 can and have  been obtained. However, values 
of X, near 0.15 as used f o r  the lower limit of this report represent 
extremely  effective blade designs  that have not  been  encountered.  Prob- 
ably such values are reasonable on ly  for improved blade designs o r  designs 
using a more effective  coolant  than air (e.g., this approaches the condi- 
tion f o r  liquid-cooled  designs) . 

a 

* 
B l a d e  Design Root Stress 

A t  present, uncooled turbines  are  designe for blade design root - 
stresses un of around 25,000 ps i .  However, in m a y  cases, the trend 
i s  to increase  the blade stresses by decreasing  hub-tip radius r a t i o  i n  

and the weight-flow  capacity.  Experience a l so  shows that cooled  turbines 
- the  interest  of increasing  both  the compressor and turbine work per stage 
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must presently be  designed f o r  blade  root  stresses  higher than those 
indicated by the  centrifugal load t o  account for other stresses, as dia- 
cussed in  a preceding  section. For these  reasons, a high  blade  root 
design  stress of 75,000 p s i  w a s  also considered. 

BlaEle-Inlet  Cooling-Air  Temperature 

Values of blade-inlet c o o l ~ - a i r  temperature can be inferred from 
figure 3, where the  cooling-air bleed temperature is plotted  against the 
cooling-air  bleed  pressure  ratio. The bleed  point  referred  to in figure 
3 may be a t  the compressor ex i t  m at some Intermediate  stage of the cam- 
pressor.  (Ref. 7 discusses  in detail the  effects of coqressor  bleed 
point on rotor  blade coolant flows.) A typical  operating line presently 
anticipated for turbojet  engines  designed f o r   ~ u p ~ s o n i c   f U g h t  up t o  
Mach number of 2.5 is i l lustrated  in   f igure 3 f o r  equal  cooling-air  bleed 
pressure  ratio end compressor pressure  ratio. For the  case shown, the 
take-off compressor pressure  ratio i s  10, and it is  asswd that  the 
engine operates at constant  mechanical speed. The range i n  compressor- 
dischaxge  temperatures i l lus t ra ted  by the operat- line in figure 3 
varies between a lower limit of around. l0Wo R and an upper limit of 
mound 1400° R .  Although this lower limit is acceptable f o r  turbine 
cooling,  experience shows that cooling-air  temperatures of 140O0 R are 
probably  excessive, and bleed ahead of the compressor discharge o r  e l se  
cooling of the bleed a i r  will be required.  Reference 7 indicates that, 
for a f l i g h t  Mach mmiber of 2.0 with  single-etage  turbhes driving com- 
pressors having pressure  ratios  new  the  typical  values ehom In figure 
3, the  cooling-air  temgerature may be reduced by about 200° R by bleeding 
ahead of compressor discharge.  Calculations  obtained f o r  two-stage tur-  
bine  designs at the same conditions  indicate similar results. Thus, a t  
a f l i gh t  Mach number of 2, the  cooling-air  temperatures, a s  suggested by 
available  calculations,  are  about 1000° R and above f o r  compressor pres- 
sure  ratios  anticipated.  Since  Low-pressure-ratio subsonic engFne designs 
(such  designs  axe in  present  application}  require  cooling-air  temperatures 
somewhat below 1000° R, and engines  operating a t  Mach nunibers around 2.5 
may have temperatures  near 140O0 R, a  cooling-air  temperature  range from 
60O0 t o  1300° R was chosen f o r  t h i s  study. 

Average EfPective Gas Temperature 

Since  the  analytical procedure8 employed in   this   analysis  permit an 
mbitrary choice of the  average  effective  gas  teqerature Tg,e, value s 
of 2500°, 3000°, and 3500° R were ch06m f o r  convenience i n  calculations. 
This range o f  values  should  adequately cover the  cooled-turboJet-engine 
designs  anticipated. 

- 
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RESULZS AND DISCUSSION 

The average  effective  gas  temperature i s  used throughout as an in- 
dependent variable in cou~ar ing  the various  effective  gas-temperature 
prof i les  Considered, because it i s  convenient and reduces the variables 
involved.  Since  engines are rated by the turbine-inlet  temperature,  the 
conversion t o  turbine-inlet temperature i s  required.  Figure 2 shows that 
this conversion results in an  average turbine-inlet  temperature  higher 
than the average  effective gas temperatxre. In addition, the turbine- 
inlet tempe ature  profile  relative t o  the effective  gas-temgerature  pro- 
f i l e  i s  ais ,  € orted by increasing  the  differential at the root  more than 
at  the t ip .  This tends to Fncrease the root  total  telqperature  relative 
t o  the  t ip   total   tenqerature .  For a turbine  hub-tip rad ius  r a t i o  between 
0.60 and 0.75 and a t i p  speed of UOO feet  per second, the distortion as 
given  by  figure 2 (a) is between 60' and 40° R from root to t i p .  For this 
case,  the  average  total  temperature  varies between approximately 70° and 
1 3 5 O  R above the  average  effective gas temperature ( see I ig. 2(b) ) . Thus, 
f o r  an average  effective  gas  temperature of 2500° R and a hub-tip radius  
r a t i o  near 0.70, the average  turbine-inlet  temperature i s  about 2600° R. 
These design  conditions are typical for  current  design  practice. Thus, 

previously, may be wed as a reasonable  correction to be  applied through- 

second resu l t s  in an increase in the turbine-inlet  temperature f o r  a given 
effective  gas  temperature. Similarly, the d is tor t ion  of the t o t a l  gas- 
temperature  profile w i t h  respect to the  effective  gas-temperature  profile 
increases  as the t i p  speed increases. This spanwise dfstortion  Increases 
by the same percentage as the  difference between the  average t o t a l  and 
effective  gas  temperatures. 

- 

.. 
> the  correction f r o m  effective  to  turbine-inlet  temperatures,  as  stated 
3 ou t  the  present  report. A n  increase in the t i p  speed above no0 fee t  per  

I l lus t ra t ive  Spanrise Temgerature Distributions 

The spanwise variations  in the corresponding  effective  gas tempera- 
ture,  allowable blade temperature, and actual blade temperature are 
i l lus t ra ted  i n  figure 4 f o r  each effective gas-tenperatme  profile con- 
sidered. The conditions  for these distributions  me  representative of 
- those  desirable f o r  high-temperature  engine desi-gns of immediate interest: 
Tg, e = 2500' R, Ti ' 2600' R, X = 0.30, ah = 25,000 psi, a d  Tk,h = 1000° 
R. For the effective gas-temperature profiles  representable by the cosine 
wave, the  maximum variation in effective  gas  temperature i s  80O0 R (cosine- 
wave amplitude A of 400° R) . For the conditions of f igure 4, the blade 
i s  overcooled  near  the r o o t  f o r  a l l  effective  gas-temperature  profiles 
except  the optimum profile.  In the regions where the blade I s  overcooled, 
the  effective gas temperature may be increased f o r  a  given  coolant flow 
t o  permit the actual  blade  temperature t o  reach the allowable value. If 
the  actual blade temperature  equals  the allowable value, the absolute - 
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m i n i m u m  coolant flow i s  obtained, and the  result ing  effective  gas- 
temperature prof i le  is the optimum profi le .  Such a prof i le  is i l lus t ra ted  
in   f igure   4 (d) .  In this case, the effective  gas  temperature at the blade 
root i s  extremely  high. This resu l t s  in  a large  heat-transfer rate, which 
rapidly increaae.8 t h e  coaling-air temperature from root   to   t ip ,  and, thus,  
in   turn  the  effect ive  gas  temperature  decreases. The lowest effect ive 
gas  temperature  then  occura in the  region of the  turbine blade midspan. 

The effective gas temperature for  the  absolute m i m u m  coolant flow 
as sham L n  figure  4(d) exceeds stoichiometric at the  blade  root and, 
therefore, cannot  be  obtained with hydrocarbon fuels .  Probably, in this 
case, the  temperature  could be lowered within  this limit and s t i l l  approx- 
imate conditions  for  the  absolute minimum coola3lt flow. If the maximum 
temperature i s  limited  to  stoichiometric  temperature,  these  opthum pro- 
f i l e s  are acceptable for combustor designs aitd are  probably easier   to  ob- 
tain  than  the uniform profi le .  However, these  profiles  present  acute 
inner-shroud  cooling problems. 

As the  conditions for cooling become - m o r e  c r i t i c a l  or as the  blade 
cooling  effectivenesa.  decreases (X increafi-es), the coolant-flow  require- 
ments increase. As the coolant flows increase,  the  actual blade tempera- 
tu re  becomes less sensitive to   the  heat transfer.  This r e su l t s   i n   l e s s  
overcooling near the root regions f o r  the uniform temperature prof i le  and 
the  two temperature profiles  representable  by the c o s i ~ e  wave. In fact, 
for   the uniform temperature prof i le ,   the   cr i t ical   point  where the  actual 
and the  allowable  blade  temperatures are equal may occur a t   the   roo t .  
Since  the  overcoaling ha6 been  reduced, the effective gas-temperature 
prof i le  becomes  more favorable  for  the shroud. Figure 5 illustrates the 
effect  on optimum effective  gas-teqerature  profiles of making the  cooling 
conditions more critical or  of reducing  the blade cooling effectiveness. 
For convenience, the  value of Tg,. Used in figure 5 i s  &11 integrated 
average rather  than a mass average as given by equation ( 2 2 ) .  Use of an 
integrated  average in these  instances had a negligible effect on the 
trends and quantitative  values sham in figure 5. An inspection of these 
results  quickly shows that the gradients  in the optimum effective  gas- 
temperature profile  decrease with increasing  values of the average effec- 
t i ve  gaa  temperature, blade design  root stress, cooling-air temp&ature 
at the blade root, or cooling-effectiveness  parameter. In a l l  cases  the 
optimum effective .gas temperature results in  cri t ical   conditions for 
inner-shroud  cooling. It 16 also appwent' that the b e a t  conditions  exlst 
f o r  a high  value of -the 
i n  general,  corresponds 
flows and is inadequate 

cooling-effectiveness  parameter. However, thfs, 
t o  a poor blade design that requires  high  coolant 
f o r  cooling in many cases. 
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Comparison of Cooling Requirements f o r  Each Effective 

Gas-Temperature Profile 

"he r a t i o  of coolant flow f o r  each effective  gas-temgerature  profile 
t o  that f o r  the uniform profile i s  plotted a g m t  the blade-inle-t; 
cooling-air  temperature in figure 6. The effects of cooling-effectiveness 
parameter &, blade design root stress bh, and average effective gas 
temperature Tg, e m e  &own in these plots. For these  figures,  the max- 
imum variation in the effective  gas  temperatures  representable by a cosine 
wave is  800° R (A = #O0 R) . For a of 3000' R, the  cooling-air 
weight-flow ratio W ~ / W ~ , ~  was obtaLned only for  the optimum effective 
gas-temperature prof i le  except for A, = 0.30. As pointed  out  previously, 
a  value of x, near 0.30 i s  reasonable for existing convection-cooled 
blade  designs. The cross-hatched  region fo r  e'ach effective  gas- 
temperature  profile  represents the complete  range from turbulent t o  lam- 
inar flow for the  cooling air. The curve  terminating the cross-hatched 
axe8 neaxest v ~ ~ u e s  of W J W ~ , ~  of unity  represents turbulent flow, 

while the other terminal curve represents lamina flow. For cooled 
engines employing convection-cooled  blades, the cooling-sir f l o w  i s  
either in the 1ax region  or in the transition  region  near  the lam- 
f l o w  limit (ref .  7) . T u r b u l e n t  flow would be expected t o  occur f o r  low- 
a l t i t ude  f l i gh t  a t  high flight speeds, a combination not often  considered. 
Therefore,  the laminar l ines  on these figures are  presently more appli- 
cable. In many cases, however, the effect of the flow region is small. 

@;J e 

Cooling-effectiveness paramter of 0.15. - For an effective cooled- 
blade  design (X!,,., = 0. E), solutions were obtadned f o r  all the conditions 
considered in  th% analysis  (f ig.  6( a)) . As the blade-inlet cooling-air 
temperature  increases,  the  coolat-flow r a t i o  f o r  the  various  profiles is 
essentially  unaffected  except  for bh = 75,000 psi, Fg,e = 3500° R, and 
the complete-cosine-wave profile.  A t  the low-stress  condition 
(ah = 25,000 psi) ,  the effective  gas-temperature  profile  represented by 
the complete cosine wave is, in general, better than that  represented by 
the half-cycle  cosine wave. For both  the complete and the half-cycle 
cosine waves, the required  coolant-flow ratios etre near that f o r  the . 
uniform profile.  A t  the high stress condition  (ah = 75,000 psi),  the 
profile  represented  by the half-cycle  cosine wave becomes better than 
that represented  by  the complete cosine wave. It is of interest  t o  note 
that, as the coolant-flow ra t io  f o r  the temperature  profile  represented 
by  the complete cosine wave becomes higher, that represented by the half- 
cycle wave tends t o  become better. I n  a l l  cases,  the optimum effective 
gas-temperature prof i le  shows gains in coolant-flow ra t io  over  the  other 
profiles, being approximately LO percent below the coolant f l o w  obtained 
w i t h  the uniform profile.  
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COOI-ing-effeCtiVeneSs parameter of 0.30. - Increasing  the  value of 
X, t o  0.30 (decreasing  blade  cooling  effectiveness)  decreases the nun- - 
ber of solut ions  ( f ig  . 6(b)) , and the  effect  of the  gas-temperature  pro- 
f i les  on the coolant-flow ra t io  wdwa,  m becomes  more apparent. At 
the  high  stress and high  average effective  gas  teqerature,   the lack of 
completeness of the curves  indicates  that no solutions w e r e  obtainable. 
The same trends observed f o r  X, = 0.15 -e t rue   fo r  X, = 0.30, except 
that  the  coolant-flow rates are i n  general higher than  those  obtained 
f o r  X, = 0.15. 

Cooling-eff'ectiveness  parameter of 0.65. - A further increase in 
-. 

X, t o  0.65 (further  decreasing the blade  coollng  effectiveness)  again 
decreases  the rimer of solutions and increases the effects of gas- 
temperature prof i le  on the  coolant-flow r a t i o  (fig. 6 (c ) ) .  For t h i s  
case, the only possible  solutions at the two highest average effective 
gas  temperatures  exist  for the low blade-inlet  cooling-air  temperatures. 

Fg,e of 2500° R, solutions were obtained  over  the complete range of 
blade-inlet  cooling-air  temperaturee at bh of 25,000 ps i .  I n  general, 
the  cosine  profiles  require  high  relative coolant flows. These results 3. 

suggest that care must be  extended when subjecting blade8 having  poor 
cooling  effectiveness t o  the effective gas-temperature profiles  repre- 
sented by cosine wave8 if these blades are designed and analyzed f o r  
uniform gas-temperature prof i les .  The advantage of the optimum gas- 
temperature  profile in reducing  the  coolant-flow  requirements decreases 
as the  blade-inlet  cooling-air  temperature  or blade root  design stress 
increase 8 .  

- 

Evaluation o f  Epf ective Gas-Tenrperature Prof i les   for  Cooled-Engine 

Designs of Immediate Interest  

It has been mentioned that cooled-engine  design  conditions of imme- 
diate interest  correspond t o  turbine blade design  root  stresees of about 
25,000 psi,  average effective gas temperatures of 2500° R (average 
turbine-inlet  temperature mar 260O0 R), and a cooling-effectiveness 
parameter of 0.30. Also, for the same value8 of Tg,. = 2500' R and 
X, = 0.30, it i s  of interest   to  evaluate  the  effective gas-temperature 
profiles at the higher blade  root stress (uh = 75,000 p s i ) .  A s  previ- 
ously discussed,  higher  stresses may be  necessary f o r  cooled-engine 
designs. Consequently, the e f fec ts  of the various  effective  gas- 
- temperature prof i les  on the  coolant-flow  requirements fo r  engines  having 
Tg,e of 2500° R md x m  of 0.30 for Oh of 25,000 md 75,000 ps i  &e 
brief ly  d i  s cus sed. 
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Blade design  root stress of 25,000 ps i .  - For the optimum effective 
- gas-temperature  distribution and the engine desi@  conditions dust de- 

scribed,  the  rotor  blade  coolant flow is about 20 percent  be&  that of 
the uniform gas-teqerature  profile f o r  blade-inlet  cooling-air tempera- 
tures ( 1WO0 to 1300" R) encountered fo r   f l i gh t  Mach nmibers  around 2 .O 
t o  2.5 ( f ig .  6(b) (1)) . It is  informative t o  re f lec t  this reduction i n  
coolant  flow i n t o  potential  improvements in the engine performance. 
According t o  the  resul ts  of reference 7, the  actual  turbine  rotor  blade 
coolant f low f o r  these  engine design conditions would probably  not exceed 
4 percent of  the compressor  weight flow. Reference 8 indicates  that a 

specif3c  fuel consumption of the  turbo jet  engine and only a small effect 
on the  turboprop  engine but  would increase  the t h r u s t  and horsepower of 
these  engines by about 1 percent. This represents  the  probable maximum 
potential  f o r  these..design  conditions. Even if the need for i ~ ~ n a - s h r o u d  
cooling  (due t o  the optimum temperature  profile) does not o f f s e t  this 
advantage, it seems likely  that   the mechanical  complexity w i l l .  For 
higher  turbine-inlet  temperatures and correspondingly  higher  ccolant 
weight  flows, the improvements might be m r e  pronounced, particularly if 
the optimum gas-temperature prof i le  i s  maintained  through  several  cooled 
stages. Thus, despite  the problems  such as inner-shroud  cooling that are 
associated  with  the optimum profile,  the  hprovements in engine perform- 
ance  derived from turbine cool ing might be  sufficiently great t o  w a r r a n t  
the use of this   prof i le .  

r", 
0, 20-percent  saving i n  tbis coolant flow would not have much effect  on the 4 

- 

For a f l i gh t  Mach nmiber of 2 .O, the  blade-inlet  cooling-air temper- 
ature may be about 1000° R if the  cooling air is bled ahead of  the com- 
pressor  discharge. A t  this  cooling-atr  temperature and the  engine  design 
conditFons of  Tg,e of 2500° R and )CM of 0.30, the  coolant weight 
f l o w  f o r  the  gas-temperature  profile  represented by the complete cosine 
wave is  about 7 percent  higher than tha t   for   the  uniform profile.  In- 
creasing the f l igh t  Mach nmber results in  an increase in blade-inlet 
cooling-air  temperature and a further  increase in  the  coolant  flow for 
the complete-cosine-wave profile  comared  with that of the uniform profi le  
( f ig .  6(b) ) . A t  a blade-inlet cooling-& temperature of 1300° R, a value 
anticipated f o r  a f l i gh t  Mach nu-uiber around 2.5, the coolant flow for   the 
complete cosine wave is  about 35 percent  higher than tha t  f o r  the uniform 
profile.  This increase would probably be reflected into approximately a 
1- and 2-percent loss in thrust  and horsepower, respectively, for the 
turbo jet  and turboprop  engines. Also, f o r  the engine  design  conditions 
being  considered,  the  gas-temperature  profile  represented by the  half-  
cycle  cosine wave results in no advantage  over tha t   for   the  complete 
cosine wave. TIIUS, f o r  engine  designs  having crh of 25,000 psi, 
of 2500° R, and X, of 0.30, the  effective  gas-teqerature  profile 
given by the complete cosine wave i s  comparable for  turbine  blade cooling 
t o  the uniform prof i le   for  blade-iole-t;  cooling-air  tanperaturea q to 

d 

- 1000° R (or   f l ight  Mach numbers up to  around 2 .O) . In addition, this 
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profile  permits conibustor design  simplification with a tninimum of shroud 
cooling  without  sacrlficing  coollng-air flow. A t  blade-islet  cooUng-air 
temperatures above 1000° R, the  blade cooling  effectiveness may be in- 
creased (Aun decreased) i n  order t o  apply  the complete-cosine-wave pro- 
f i l e  without  significant  losses  in engine  performance. 

Blade design  root  stress of 75,000 p.65. - In the  future, turbine 
and compressor designs may be improved  by increasing  the blade root 
stresses.  For  turbine  blade  design  root- stresses i n  the neighborhood of 
75,000 psi, the cooling-air  requirement far the   effect ive gas-temperature 
profile  represented by the half  cycle of the  cosine wave is, i n  general, 
be t te r  than that represented by the complete cycle ( f ig .   6 (b ) ) .  I n  addi- 
tion,  the  cooling  requirements  for this prof i le  compere favorably  with 
the uniform profile  (within  about 10 percent) . Thus, in general, l i t t l e  
sacr i f ice  in engine performance i s  required if a half-cycle cosine-wave 
gas-temperature prof i le  i s  eqloyed. For values of X, = 0.30, it 
appears that the profile  given by the complete cosine wave  would not be 
desirable for  high-stress  engincdesigns  unless TAlh i s  below 1000° R 

'g,e i s  below 3000° R. This s i tuat ion is  improved t o  some extent 
by improving the  blade cooling  effectiveness and thereby reducing h ,  
as shown by figure 6 (  a) . 

Effect of Combuetor Pressure Losses on Engine Performance 

The disadvantage of the uniform effective gas-temperature prof i le  
result ing from the additional  pressure drop required Fn the combustor 
cEazllMt be immediately evaluated,  because  the  pressure losses required 
c m  only be inferred from the literature. However, it can be easily 
shown from the  engine cycle analysis that large combustor pressure  losses 
must be  sustained in order t o  cause large  engine  thrust  losses,  particu- 
laxly at high  f l ight Mach numbers. This  fact i s  i l lus t ra ted  by figure 7, 
where t he   r a t io  o f  the turbojet   thrust  for prescribed combustor pressure 
losses to the t h r u s t  f o r  no colribustor pressure loss i s  plotted against 
the f l i g h t  Mach number f o r  three conibustor total-pressure  ratios. The 
ordinate of f igure 7 is  inversely proportional_- t o  ..the iwre-ase in the . - 

specific fuel consumption required. As the combustor total-pressure 
r a t i o  i s  decreased from 1 -to 0.9, the maximum decrease in the t h r u s t  is  
4 percent. A t  the  higher  f l ight Mach numbers, the decrease in thrust 
accompat3ging this decrease i n   t h e  combustor pressure  ratio is only about 
.3 percent. Thus, the   thrust  change i s  about one-third of the change i n  
t he   t o t a l  combustor pressure  ratio.  A similar trend  occurs in reducing 
the conibustor pressure  ratio from 0.9 t o  0.8. It i s  therefore  apparent 
that the  use of the uniform effective gas-temperature prof i le  would not 
result in large  increases i n  specific  fuel  conswqtion due t o  cornbustor 
pressure  losses. It must be rememered, however, tha t   the  uniform profi le  
may result i n  severe  turbine shroud cooling problems. 
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.. Effect of Maximum Temperature Variation of Cosine-Wave Profiles 

on Cooling  Requirements 

The ratios of the  cooling-air weight flow for  the  effective gas- 
temperature profiles  representable by the comglete and half-cycle  cosine 
waves and that fo r  the uniform gas-temperature profile are plotted in 
figure 8 for  several  values of the  cosine q l i t u d e  A. It may be re- 
called that f o r  A = 0 the  effective  gas-temperature  profile i s  uniform. 
This i s  the limiting case f o r  the results in figure 8 and corresponds t o  
the value w d w a ,  uzl = 1. Figure 8 i s  limited t o  an  average  effective  gas 
temperature of 25W0 R asd laminar flow f o r  the coo- air as w e l l  as 
& = 0.30, since  these  design  conditions seem feasible f o r  the ne= 
future.  For  present combustor designs that exhibit good performance, 
the m a x i m u m  variation of  the  effective  gas  temperature i s  approximately 
from 400' t o  80O0 R (A of 200' t o  400° R) . Figure 8 i l lus t ra tes   tha t ,  
as A increases,  the cooling requirements, in general, increase con- 
tinua- at about the same ra te .  For most design  conditions of interest ,  
the.maximum variation of 80O0 t o  EOoo R (A of #O0 t o  6OO0 R) increases 
the  coolant-flow r a t i o  by only about 10 percent. Of course, correspond- 
ingly, an equal  de.crease in  the maximum temperature  variation results in 
a reduction of the  coolant flow of the order of LO percent. It i s  im-  
practical   at   present t o  attempt t o  eva lua te  these changes in deta i l .  
However, according t o  the performance  changes previously quoted, the 
effect of these  coolast-flow changes on the performance i s  small. 

Each engine and convection-cooled blade-design  presents a unique 
problem, wbich in most cases f i t s  somewhere within the framework of the 
resul ts  of this  report .  In some cases it may be desirable t o  obtain a 
detailed comparison of the advantages o r  disadvantages of one o r  more 
gas-temperature prof i les .  Such detailed  studies might be of particular 
interest  for  those  design  conditions  for which the  coolant flow i s  aZfected 
appreciably  by  the  gas-tewerature  profFle. These detailed studies would 
involve an evaluation of  combustor performance as  well as calculations of 
turbine shroud-cooling  requirements. In addition,  consideration should 
be given t o  the  effects of the  gas-temperature  profile on the  turbine 
aerodynamics. In   fact ,  i n  no case can any pazticular  profile be com- 
pletely  just i f iable  until the  turbine aerodynamics i s  studied. Where a 
detailed study i s  desirable, it is -suggested'that  the  turbine  rotor 
cooling analysis be completed us* the established  procedures for a 
uniform effective  gas-temperature  profile. The results of this report 
can then be  used to  reflect   the computed cooling  requirements into those 

- f o r  the other  effective  gas-temperature  profiles. However, i n  many cases, 
engineering Judgment' based an the  general  results of this report i s  suf- . 
f i c i en t  f o r  selecting  the  gas-temperature  profile  for a specific  design. 
These general results may be summarized a6 follows: 

- 
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1. The cooling-air flow required  for  blade  designs with poor cooung 
effectiveness  or  for  severe  cooling  -conditions may be considerably higher 
fo r  the effect ive gas-temperature profiles  represented by the cosine waves 
(approximat- present high-performance combustor designs) thas  f o r  the 
uniform profi le .  This suggests that care must be extended i n  applying a 
blade  designed f o r  a uniform effective gas-temperature prof i le   to   the 
gas-temperature profile  represented by the cosine waves. This di f f icu l ty  
w i t h  the  poorly  cooled  blade  designs cazl probablx  be  eliminated i n  most 
cases of present  interest  by improving the blade cooling  effectiveness 
(decreasing  cooling-effectiveness  parameter) . 

2.  For  design  conditions OP most  immediate interest  (design com- 
pressor pressure  ratio of 10, design  root  stress  near 25,000 ps i ,  turbine- 
i n l e t  temperatures around 260O0 R, and blade designs having a cooling- 
effectiveness  parameter  near 0.30), the effective gas-temperature prof i le  
represented by the complete cycle of the  cosine wave w i t h  a m a x i m u m  v a r -  
i a t ion  of 800' X requires  about 7 percent more cooling air than that for 
the uniform profile  except  for a blade-inlet cooling-air  temperature above 
1000° R ( f l igh t  Mach nwiber around 2 .O) . For a Mach number ne= 2.5, the 
cooling-air  flow  for this condition might be increased by about 35 per- 
cent. This increase would probably be reflected  into approximately a 1- 
and 2-percent loss in  thrust  and horsepower, respectively, f o r  the tur- 
bojet  and turboprop w i n e s .  However, w i t h  this complete-cosine-wave 
profile,  the turbine inner and outer shrouds are exposed to  the lowest 
gas temperature and may, therefore,  require  either m cooling o r  a t  least 
a m i n i m u m  of  cooling  while good combustor performance i s  afforded. 

3. As the design blade stress i s  increased, the effective  gas- 
temperature  profile  given by the complete cycle of the coeine wave be- 
comes less favorable,  but the profile  represented  by  one-half  cycle of 
the cosiae wave becomes m o r e  favorable.  For .a high  design s t r e s s  of 
75,000 psi ,  blade cooling-effe.ctiveness  parameter of 0.30, and turbine- 
inlet temperature of 2600° R, this  half-cycle  cosine  profile  requires 
about 10 percent more  coo- air than the W o r m  profi le  f o r  f l i g h t  
Mach nunibere up t o  about 2.0. This  increase  diminishes t o  nearly zero 
at a f l i gh t  Mmh number of 2.5. Thus, for  these  conditions, the engine 
performance would be affected only sl ightly.  On the  other hand, wi th  the 
gas-temperature profile represented by t h i s  0 n e - W  cycle of the cosine 
wave, the inner-shroud cooling problem is minimized at the expense of 
additional cooling on the more accessible  outer shroud. 

4. The optimum effective  gas-teqerature  distribution  (absolute 
minimum rotor  coolant flow) exposes the  turbine inner shrouds to   the 
hottest  gas  layers, while the coolest  region, in general, exfsts near 
the blade midspan position. For most cases of immediate interest ,   the 
gas  temperature near'the inner shroud i s  mound QoOOo R or  higher, 
resulting i n  an extreme shroud-cooling problem. The corresponding 
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coolast-flar decrease com$hred with the   &ifomprof i le  i s  about 20 
percent. For a turbine-inlet  temperature of 2600° R, this might be 
reflected into approldmately a 1-percent saving in t h r u s t  and horsepower 
f o r  turbo j e t  and turboprop engines. 

- 

Lewis Flight Propulsion Laboratory 
National Advisory C o m t t e e  f o r  Aeronautics 

Cleveland, Ohio, J u l y  20, 1955 
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A 

A, 

B 

b 

C 

C 

“p 
F 

f 

f 
Q 

kp 

hi 

h0 

K 

20 

n 

Opt 

Q 

SYMBOIS 

amplitude of cosine wave regresenting temperature profile, OR 

cross-sectional metal area, sq f t  

critical velocity of sound, 

constant i n  eq. (9) , OR 
blade length  or span, f t  

constant 

exponent ( Bee eq . (26) ) 

specific heat at constant  pressure, Btu/( lb) (OF) 

function . .  

function 

function 

acceleration due t o  gravity, 32.2 f t /sec 

effective  inside  heat-transfer  coefficient, Btu/( sec) (sq ft) ( O F )  

inside  heat-transfer  coefficientrBtu/(  see) (sq ft) (9) 

oukside heat-transf er coefficient, Btu/( sec) ( B q  f t) (?I?) 

coolast-flow  parameter, [( 1 + A) cpwa]/hoZob 

inside  perimeter of blade used f o r  defining effective  heat-transfer 

2 

coefficient, f t  

outside  perimeter of blade, f t  

number representing  either 1 or 2 

optimum effective  gas-temperature  profile 

heat-transfer rate, Btu/sec 
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.j 
u -  cd 

R gas  constant, 53.3 ft-lb/( lb) (%) 

r radius 

S stress-ratio factor 

T s t a t i c  temperature, OR 

TI t o t a l  temperature, OR 

T! r e b t i v e   t o t a l  temperature, 41 

T 

U 

v 

W 

W 

X 

X* 

a 

r 
x 
P 

P’ 

average  temperature, OR 

blade speed, f t  f sec 

a ~ ~ s o l u t e  velocity,  ft/sec 

reht ive  veloci ty ,   f t /sec 

weight flow, Ib/sec 

s p a n w i s e  distance from blade root t o  any point on blade, f t  

x/b 

flow angle measured f r o m  axial direction, deg 

r a t i o  of specific  heats 

cooling-eff ec t ivkees  pazameter, hdhp 
static  density,  lb/cu ft 

total   density,   lb/cu f t  

U st ress ,   ps i  

representing effective gas-temperature profile  given by  complete 
cycle of cosine wave 

’ representing  effective  gas-temperature  profile  given by one-half 
cycle of cosine wave 

Subscripts: 

a air 
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a1 

av 

b 

e 

Q 

h 

t 

u 

w1 

X 

1 

2 

- " 

." . 
allowable " 

average 

blade 

effective 

gas 

hub 

. .  . . .. . . . . . - - . . . . . - . . . 

tangential  direction 

U l i f O r m  

axial  direction 

turbine inlet 

turbine  exit  

uz 
PC 
PC 
M 
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APPENDIX B 
I 

PROOF THAT A U D W A B L F :  BLADE TEMPERATTJB3 DISTRIBUTION RESULTS 

A direct method of minimizing the  cooling-air weight flow w h i l e  
w restraining  the m a x i m u m  blade  temperature by the allowable  blade temper- 

m suff ices   to  prove that  the  blade  temperature  corresponding to the allow- 41 
41 Etture was not  developed. However, a relat ively simple indirect  method 

able  blade  temperature  results in the maximum average effective  gas tem- 
perature f o r  a  given  cooling-air weight flow. This is equivalent t o  
proving that  the  allowable  blade  temperature  distribution  results i n  the 
absolute mFnimum cooling-air weight flow f o r  a given average effective 
gas  temperature.  This  proof i s  derived  in  the subsequent paragraphs. 

are  held  constant. 
- Throughout the  proof,  the values  O f  Wa, hot hf, bJ C ~ J  Zo, aSd TA,h 

.I The heat flow through  the different ia l  surf ace element dx is given 
by the following three  equations: 

a& = hoZob(Tg,e - T b ) h *  (B1) 

and 

Equations ( B l )  and (B2) may be integrated over the  entire  blade span t o  
give 

and 

If equation (M) is rewritten as - 



30 L NACA RM E55G14 

it is clear  that  the average effective  gas  temperature can be 
increased by increasing  the average blade temperature Tb, provided the 
t o t a l  heat-flow  rate Q does  not  decrease. It will be  proved that Q 
does not  decrease as Tb i s  Fncreased. 

- 
T@;, e - 

The  maximum average  blade teqerature  subject to the  restraint  that 
the blade temperature  cannot exceed the  allowable  blade  temperature cor- 
responds t o  the  average allowable blade  temperature. It must be  proved 
that as !Pb is  increased  to Tb,s1 the  value of Q i s  not  decreased. 
Since T'  i s  constant,  equation (E) shows that  Q decreases only  if 

T' decreases. Thus, the problem i s  reduced t o  proving that  T '  

does  not  decrease  as % increases. 

a,h 
a, t 8, t 

CD 
LC 
lc 
tr) 

Consider a comparison of the cooling-air  temperature  distributions 
f o r  !Pb %, al, except at a f w t e  number of tangency pointB, and 
Tb = Tb,al. These distributions  are  i l lustrated  for a particular caae i n  
sketch (b) , where T;,al i s  associated  with Tb,al. I n  this sketch, 
TA, a,l i s  a r b i t r a r i l y  drawn t o  exceed TA at all spanwise positions: 

- - - 

I 
0 

. . . .- . -. . . . 
X* 1.0 

Sketch (b) . 
If equations (B2) and (B3) me conibined, the  slope of the  temperature 
distribution curve can  be expressed by 

From equation (B7) and the  sketch  (b),  the  rate af change of the cooling- 
air temperature at x* = 0 is  greater  for Tb = Tb, al than fo r  
T~ qb, al. ( I n  the  event that a tangency poin t   ex is t s   a t  x* = 0, the  
rates of change in  the  temperatures  are  identical. However, the a r g w n t  

- - 
- 

c 



may be  pursued by proceeding t o  a spanwise position immediately beyond 
x* = 0 .) Thus, in the neighborhood of the blade root, I;,& > T;, as 

shown - i n  sketch - (b). If the  cuollng-air - temperature at the t i p  is leas  
for Tb = T ~ , ~ ~  than f o r  ?i$ 'pb,Etl. (i .e. ,  T ; , ~  < TA), it is clear 
that   the corresponding curves of the cooling-air temperature dis t r ibut ions 
must cross at. some spaarise posit ion.  If t h i s  occurs, it i s  pecessary 

. 

that a t  the  intersection  point TA,al = TA and d T A ~  < 5. However, 

'b 'b,al' - Thus, the  cooling-air - temperature at the blade t i p  cannot 
decrease as Tb i s  increased t o  Tb, al. This conrgletes the  proof, since 
this implies that Q does not  decrease and therefore Tg+ 
increase. 

2 dx* dx* 
0 - equation (B7) shows that these canditions axe.Fncompatible if 4 

- 
MUS% 
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APPZNDIX C 
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EVALUATION OF  RELATION BETWEEN EETF,CTIVE GAS AND 

rnINE-INLE2 TEMPERATURES 

The difference between the total absolute and relative  gas tempera- 
tures a t  the turbine inlet as given by the energy  equation i s  

T a k a  t he  difference between equation (Cl) applied a t  hub section and 
applied at any sppanwise position  gives 

For free-vortex flow at the turbine inlet, the  velocit ies a t  different 
radial posit ions  are  related by the  equations 

Employing the last expression and the equations 

< = I ?  l , x  "v2 l,u 
Wl 2 = w2 + w2 I,x 1, u 

equetion ( ~ 2 )  becomes 

Furthermore, if Wl,u i s  replaced by i t s  equivalent - U), equation 
(C4) becomes 

ID 
I- 
I- rn 
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or ,  using  equa.tion (C3) and the  condition % = $ (?>", 
*t 

Equation (C5) relates the  difference between the t o t a l  absolute and 
relat ive gas temperatures a.t any spanwise position t o  the  value  at  the 
turbine hub. The value of thfs difference  a t   the  hub section can now be 
related t o  the  turbine blade t4p speed and hub-tip radius r a t i o  f o r  im- 
pulse conditions  with no exit whirl if losses are neglected.  This  rela- 

- t ion w i l l  now be determined, since these assumptions are reasonable fo r  
the purpose of this report. For such 
diagram at the hub can be  represented . a1 = az: 

3 

conditions, the  turbine  velocity 
as  in sketch  (c) . In t h i s  case, 

'1, x, h 

Sketch  (c) . 
Since - 
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equation (Cl) applied a t  the hub gives 

NACA RM E55G14 

If equation (C6) is introduced  into  equation (CS), the  teinperature dif- 
ference at- any spanwise position becomes 

Introducing  the radial position as given by 

x* = 
r - rh 

’t - rh 

this  expression becomes 

Equation (C8) expresses the difference between the total absolute 
and re la t ive  gas temperatures at any spanwise pos i t ion   in  terms of  only 
the  turbine  t ip  speed a;nd hub-tip r a d i u s  r a t io .  The average difference 
between these temperatures  can be obtained by integrating  equation ((28) . 
The average difference weighted  according t o   t h e  mular area and there- 
fore  weight flow per uniform specific wei.ght flow i s  

( T i  - TY)av = 2 r ( T i  - TI) dx* 
rt 

or . .  

Upon fntegration,  this ex-preasion reduces t o  
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. 
If it i s   f i n a l l y  assumed t h a t  the t o t a l  re la t ive temperature i s  equal to 
the  effective  gas  temperature,  equations (C8)  and (CLO) become 
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0 .2 .4 .6 .8 1.0 
Spanwise position, xk 

(b) Mfference between average tu rb ix - in l e t  and  average 
effective gas temperatures f o r  range of tip speeds. 

Figure 2 .  - Difference between turbine-inlet and rotor 
effective gas temperatures fo r  free-vortex design with 
impulse conditions at root and no losses. 
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9W 
0 4 8 12 16 20 

Cooling-air  bleed  pressure ra t io  

Figure 3. - Variation of cooling-air bleed temperature with 
bleed  pressure ratio and fllght speed. 
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(a) Uniform distribution. 

temperature, Tg, e 

temperature 
- - - Actual blade 

- - - Allowable blade 

I I I 

fb) Half-cosine-wave diatribu- 

# 

.2  .4 -6  .8 1.0 0 .2 .4 .6 .8 1.0 
Spanwise position, x* 

(c) Complete-cosine-wave 
distribution. 

Figure 4. - Spanwise  temperature distributions for four effective 
gas-temperature profiles. Cooling-effectiveness parameter, 
0.30; blade design root strese, 25,OOO psi; blade-inlet cooling- 
air temperature, looOo R. 
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0 .2 .4 .6 .8 1.0 
Spanwise position, x* 

(c) Oh = 25,ooO psi; A = 0.3; (a) ch = 25,000 PSI; Tg,e B O O o  
- 

- 
Tg,e = 2500' R. Rj Tk,h = looOo R. 

Figure 5. - Effect  of cooling conditione and blade coollug 
effectiveness on optimum effective  gaa-temperature profile. 
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(1) Tg,= = 25& R (2) Fg,= = 3000* R (3) $gJe = 3500° R 

(b) CooUng-effectiveness parameter, 0.30. 

Figure 6.  - Continued. wfect of design variables on ratio of coolant flow for each 
effective  gss-temperature prof i le  to that far uniform profile. Cosine-wave empli- 
tude, 40O0 R. 
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Figure 6. - Concluded. Effect of design variable6 011 ratio of 
coolant flow for each effective gas-temperature profile to 
that for uniform profile.  Cosine-wave amplitude, 4000 R. 
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FLgure 7 .  - E b c t  of cambustor preesuxe loss on turbojet-engine thrust for Imical 
engine ogexating Ilm @veri in figure 5. &tea canpressor p r e s m  ratio, 10. 
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(b) Blade  design root stress, 75,000 p s i .  

Flgure 8. - Effect of cosine -wave amplitude on cooling- 
Etir requireEnts for temperature profiles represent- 
able by cosine wave. Laminar C O O U D ~ - ~ ~  flow; 
average effective gas temperature, 25@ Rj cooUng- 
effectiveness parameter, 0.30. 
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