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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

RESEARCH MEMORANDUM 

THE EFFECTS OF BODY VORTICES AND THE WING SHOCK -

EXPANSION FIELD ON THE PITCH -UP 

CHARACTERISTICS OF SUPER -

SONIC AIRPLANES 

By Jack N. Nielsen 

SUMMARY 

A calculative technique is presented for predicting the influence 
of body vortices and the wing shock -expansion field on the pitch -up 
characteristics of supersonic airplanes to supplement calculative methods 
for wing vortices which are well known . The method is applied to the 
prediction of the pitch -up characteristics of four airplanes with high 
tails, of which one serves as a calculative example . It was found that 
the pitch -up characteristics as calculated are in good qualitative agree 
ment with the characteristics as measured in the wind tunnel . For the 
four cases considered the wing influenced pitch -up through either the 
shock- expansion field or the wing vortices . Shock- expansion interference 
can be either stabilizing or destabilizing depending on the tail position 
and Mach number . On the other hand body-vortex i nterference and wing 
vortex interference are destabilizing . For a i rplanes with relatively 
small noses compared to the wing , the wing vorti ces dominate the p i tch 
up tendency; and for airplanes with large noses relative to the wing , the 
body vortices dominate . A pi tch -up tendency dominated by body vortices 
more readily results in actual pitch -up than one dominated by wing vor 
tices because body vortices increase in strength quadratically with angle 
of attack , whereas wing vortices increase linearly. Areas of research 
to improve the accuracy of the calculative method are outlined . It is 
believed that the method in its present form is sufficiently accurate to 
establish useful pitch -up boundaries . 

INTRODUCTION 

Some supersonic airplanes encounter severe pitch -up tendencies , 
particularly machines with the horizontal tail relatively high with 
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respect to the wing chord plane. It has been known for some time that 
wing vortices can induce pitch -up (refs . 1 , 2, and 3) . However, body 
vortices and the wing shock- expansion field can also induce sucb t end
encies as discussed in reference 4. The possibility of calculating body
vortex effects rests on the availability of experimental data for the 
vortex strengths and positions (refs. 5, 6, and 7) . The calculation of 
wing shock- expansion effects, on the other hand, is a direct application 
of shock - expansion theory (ref . 8). In reference 4 methods for calcu
lating effects of body-vortex and shock- expansion fields are presented 
together with calculated examples to illustrate the main qualitative 
effects . This paper develops the subject of supersonic pitch -up in 
greater detail than is possible in a general unclassified paper such as 
reference 4. In particular, this paper includes a calculative example, 
and comparisons between calculated pitch -up characteristics and the 
characteristics measured in the wind tunnel for four airplanes over a 
Mach number range of 1.40 to 2.96 . 

a 

(
dCLrr\ 

do, )M 

d 

L 

SYMBOLS 

radius of cylindrical portion of body 

wing chord at wing -body juncture 

lift coefficient 

change in lift coefficient due to addition of tail 

moment coefficient 

change in moment coefficient due to addition of tail 

lift - curve slope per radian of tail alone at Macb number, M 

body diameter 

tail interference factor 

lift 

lift of tail alone in shock - expansion field of wing 

lift developed by horizontal tail at body angle of attack, a, 

lift on horizontal tail due to body vortices 
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tail length, length from center of moments to center of lift 

of horizontal tail 

reference length 

free-stream Mach number 

Mach number at horizontal tail 

free -stream dynamic pressure 

dynamic pressure at horizontal tail 

tail semispan 

reference area 

tail area 

polar coordinates in crossflow plane 

Reynolds number 

free - stream velocity 

tangential and radial components of vortex velocity, 
sketch (d) 

body axes , sketch (c) 

coordinates of image vortex in first quadrant , sketch (d) 

coordinates of external vortex in first quadrant , sketch (d) 

coordinates of vortex in first quadrant at separat i on 

coordinate of center of lift of tail 

angle of attack of body, radians or degrees 

(M2_l ) l/ 2 

(~2 _l)l/2 

downwash angle at tail in wing shock - expansion field 

body-vortex strength , circulation about vortex 

wing -vortex strength 
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tail incidence 

angle -of -attack effectiveness of t wo -dimensional tail of 
infinitesimal chord in shock - expansion field 

average value of ~ over tail plan form 

tail -incidence effecti veness of two -dimensional tail of 
infinites imal chord in shock -expansion field 

Subscripts 

acting on horizontal tail due to body vortices 

body 

horizontal tail 

evaluated at M 

evaluated at MT 

body-vortex s eparation point 

acting on horizontal tail in wing shock-expansion field with 
no wing - or body-vortex interference 

wing 

CAUSES OF PITCH -UP 

In their general sense "pitch -up" and "pitch-up tendency" involve 
subjective pilot opinion of the dynamical condition of an airplane . In 
this paper, however , the terms are us ed in more particular s ens es . By 
pitch -up we mean a reversal in s ign of Clla from negative to positive . 
By a pitch -up tendency we mean an increas e in the derivative dCmI~ as 
the angle of attack increas es , and by nose -down tendency we mean a 
decrease in dCmI~ as the angle of attack increases . Pitch-up of air 
planes at supersonic speeds can result from a number of nonlinear effects . 
One effect which has received widespread attention for missiles i s the 
interference of the wing vortices on the horizontal tail (refs . 1, 2 , 
and 3) . Such interference is important in causing pitch -up for configura 
tions having wings and horizontal tails of nearly equal span . Airplanes 
usually possess wings of greater span than the horizontal tail and thereby 
reduce the possibility of pitch -up from this cause . In addi tion , mounting 
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the horizontal tail in a plane below that of the wing chord further 
reduces the tendency toward pitch-up due to wing vortices by increasing 
the distance of the tail from the vortices . However, for airplanes with 
high horizontal tails, wing vortices can cause significant pitch -up 
tendencies . For airplanes with high tails at least two other factors 
can also be of importance in longitudinal stability . The first of these 
factors is interference between body vortices and the horizontal tail as 
indicated in sketch (a) for a body -tail combinati on . For a range of 

Sketch (a) 

angles of attack , the vortices can pass close to the horizontal tail . 
In this position they can cause large changes in tail normal force if 
they are of appreciable strength . The addition of the wing can influence 
both the positions and strengths of the vortices at the tail for a fixed 
angle of attack . The effect of the vortices is to induce pitch -up by 
increasing the average downwash at the horizontal tail . It would be 
expected that such pitch -up , being a manifestation of viscosity, might 
be insensitive to Mach number and therefore might occur at subsonic as 
well as supersonic speeds . 

The second i mportant factor in the longitudinal stability of 
high -tail airplanes is the direct influence of the wing shock - expansion 
field on the horizontal tail as indicated in sketch (b) . The shock
expansion field is two -dimensional corresponding to the wing chord at 
the wing -body juncture and neglecting three -dimensional effects of body 
interference . For the tail shown in sketch (b) , the tail acts in a high 

Sketch (b) 
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downwash field such that the local flow is nearly parallel to the tail 
chord. As the angle of attack of the airplane is increased, the tail 
moves downward relative to the trailing - edge shock wave out of the shock 
expansion field and into a region of lower downwash . As a consequence, 
the tail download is decreased, resulting in a nose - down tendency . If 
the tail were initially above the expansion fan from the wing leading 
edge, it would move into the wave system of the wing with increaSing 
angle of attack and cause a pitch -up tendency . Since the influence of 
the wing shock-expansion field on longitudinal stability depends on the 
location of the tail with respect to the field, it is sensitive to 
changes in Mach number. The wing shock - expansion field can cause both 
pitch -up and nose - down tendencies in contrast to body vortices which 
cause only pitch -up. 

This paper presents methods for calculating the influence of body 
vortices and the wing shock - expansion field on pitch -up . Methods for 
calculating the effect of wing vortices on pitch -up are fully treated 
in reference 3 . They are, therefore, not repeated here even though wing 
vortices assume importance for some of the airplanes to be considered . 
If the tail is in the wing shock - expansion field, it cannot "see" the 
wing trailing vortices. In this case we use the calculative method of 
this report for shock - expansion interference . If, however, the tail is 
behind the wing shock- expansion field and can "see" the wing trailing 
vortices, we use the calculative method of reference 3 for wing -vortex 
interference. 

THEORY 

In the theoretical sections which follow , we are concerned with 
calculating the lift and moment of the tail due to the body vortices 
and the same quantities for the tail embedded in the shock- expansion 
field of the wing . The total contributions of the tail can be written 

} (1) 

The section entitled "Theory of Body-Vortex Interference" gives 
explicit formulas for the quantities bearing the subscript T(V), and 
the section entitled "Theory of Shock -Expansion Effects" gives explicit 
formulas for the quantities bearing the subscript T(SE) . 
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The general method for calculating the change in longitudinal 
stability due to the body vortices i s briefly the following: The body
vortex locations and strengths are obtained from experimental data cor 
relationsj the influence of the wing on their positions and strengths is 
calculatedj and finally the tail load is estimated . These three steps 
will now be examined in detail . 

Vortex positions and strengths .- There exist several sets of data 
on the vortex positions and strengths for bodies of revolution at super 
sonic speeds (refs. 5) 6) and 7). These data were obtained for the bodies 
of revolution and test conditions shown in figure I and can be correlated 
with fair success . A simplified model of the vortex separation is shown 
in sketch (c). At some distance Xs behind the apex of the body a pair 

-C::::=_--.::...::::~h::"""":Z:::'Z::=2 '=2 =: ='.If--: 
51 S' : Vortex separation pOints 

Z Path af 

'df?''' 
Sketch (c) 

of vortices separates from the body. The pair increases in strength as 
it moves downstream as a result of small vortex filaments originating 
on the body and feeding into the cores . The dashed lines in the end 
view of the sketch are the paths of the vortex cores as they progress 
downstream . 

The paths and vortex strengths of a particular body of revolution 
are dependent on the angle of attack ~ and the axial distance x 
behind the vertex of the body. If ~ and x could be replaced by a 
single nondimensional parameter) the prediction of vortex strengths and 
paths and the correlation of data on vortex strengths and paths would be 
simplified . The analysis of Appendix A based on the model of sketch (d) 
has resulted in such a parameter . It is shown in Appendix A that the 
vortex paths given by yo/a and zo/a and the nondimensional vortex 
strength rB/2rrVa~ are flllctions only of ~(x-xS)/a for the vortex 
model considered in the analysis. Here Xs is the value of x for 
which the vortices separate from the body and is a function of ~. The 



.. . .. · · · • • 
8 • • •• • • • • • .. . · 
experimental results of 
shown in figure 2 . The 

o -r ¥lv
r 

Y. ~ 
_---r-___ 

z. 

. ... •• • • • • • • •• • • NACA RM A57L23 · . · · •• • •• •• 

Jorgensen and Perkins , reference 5 , for Xs are 
precise location of vortex separation could not 

be determined but was found to lie within a 
band about ±l radius wide . The data for the 
lateral and vertical vortex positions for all 
three bodies are correlated in figure 3 as a 
function of a(x -xS)/a . A curve has been 
faired through each set of data to be used 
for calculative purpos es. A scatter about 
the mean curves of ±O.l includes most of the 
data points and repres ents the approximate 
accuracy of the wind- tunnel data . These 
accuracies in vortex position are considered 
sati sfactory for qualitative stability cal 
culations since large changes in stability 
do not usually occur for small changes in 
vortex position . 

Sketch (d) The correlation of the nondimensional 
vortex strength fB/2nVaa from the three 

tests is given in figure 4. It is observed that the data of Mello and 
Raney are in good accord with one another over the range common to both . 
The data of Jorgensen and Perkins lie somewhat higher than those of the 
others , particularly at low values of a(x -xS)/a . This difference i s 
discussed in Appendix A. The correlation is inconclusive for small values 
of a(x -xS)/a, but for larger values the percentage differences between 
the three sets of data are small enough to be i gnored for the purposes of 
this report . For our examples severe pitch -up usually occurs for large 
values of a(x -Xg)/a . 

Effect of wing on vortex paths and strengths .- A knowledge of the 
vortex strengths and paths for a body of revolution provides only the 
first step in the determination of the vortex strengths and positions 
at the tail . It is necessary to take into account the influence of the 
wing flow field on these quantities . A calculated vortex path including 
wing effects is shown in figure 5 for zero wing thickness . In front of 
the wing, body vortices develop as if the \dngs were not present , the 
influence of the wing being felt as the vortices enter the expansion fan 
from the leading edge . It is assumed that the body vortices follow the 
streamlines of the wing shock - expansion field . The vortices are, there 
fore, deflected into a direction parallel to the free - stream direction 
at the start of the expansion fan, and then are turned in traversing the 
fan into a direction parallel to the wing chord . At the trailing - edge 
shock wave the body vortices are again deflected in a direction parallel 
to that of the free stream . It is difficult to assess the accuracy of 
the assumption for nonslender wing panels . For one case a partial assess 
ment has been made. For the airplane model used in the calculative exam
ple, it was found that the path of the body vortex seen in side view in 



B NACA RM A57L23 
•• ••• • 
• • • • • 
• • •• • 

• ••• • ••• •• 
• • • • • • 
• •• • •• • • 9 • • • • • • • • • • 

•• ••• •• • • • ••• •• 

a schlieren picture for ~ = 16.70 was in good accord with the calculated 
path . It is not clear that the lateral vortex positions were correctly 
predicted, however . 

Although shock - expansion theory was used to compute the effect of 
the wing on the vortex paths for the examples of thi s paper, an alternate 
procedure is possible for slender configurations . For such configurations , 
calculation of the vortex paths with the wing panels present can be made 
by using slender -body theory and proceeding step by step . The practical 
calculation of the paths with any degree of preci s ion is best accomplished 
by automatic computing methods . The appearance of vortices separating 
from the leading edges of the wing panels can further complicate the 
problem. 

The addition of the wing to the body caus es an alteration in the 
s trength of the body vortices at the tail as well as a displacement in 
their positions. The gross effect of the wing i s to prevent the forma 
tion of feeding vortex filament s along the length of the body correspond 
ing to the wing -body juncture . It i s , therefore , assumed that the 
strengths of the vortices at the tail position correspond to those of 
the body alone, foreshortened by the chord at the wing -body juncture . 

Tail f orce due to body vortices .- Several authors have made estimates 
of the forces on a tail due t o vortices (refs . 1 , 2 , and 3 ) . We will 
utilize the method bas ed on the charts of tail interference factor in 
reference 3 . The lift on the horizontal tail and b ody s ection due to a 
symmetrical pair of body vortices depends among other things on the posi 
tion of the pair relative to the tail , the vortex s trength, the tail 
lift - curve s lope, and the tail -body configuration . It i s possible to 
construct a convenient nondimens ional factor to calculate the lift which 
depends only on the pos ition of the vortex pair relative to the tail and 
the ratio of body radius to tail s emispan . Such a factor , the quotient 
of a lift ratio and a nondimens ional vortex strength , is the tail inter 
ference factor, iT ' of reference 3, defined as follows : 

Lr(V)/Lr(~) 
( 2) 

Here Lr (~) is the lift on the tail alone , t he two tail panels joined 
together at body angle of attack ~ evaluated at the local dynamic 
pressure and Mach number at the tail l ocati on . We will neglect any 
effect of body vortices on q or M at the tail but will include any 
effect of the shock - expansion field . We can put equation ( 2 ) into the 
more conveniel"t form 
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wherein (dCLT/d~)MT is based on the tail -alone area and local tail Mach 
number . The corresponding moment - coefficient increment due to the action 
of the body vortices on the tail is 

(4) 

The usefulness of e~uation (3) depends on the availability of charts 
for iT, the tail interference factor . The charts of reference 3 for 
this ~uantity apply to the present case of two external vortices symmet 
rically disposed on each side of the body with midwing panels on each 
side . Similar charts can be constructed for one vortex and one panel . 
These charts would be re~uired for determining forces on a single verti 
cal tail in sideslip due to body vortices . Reverse - flow theorems have 
also been used to evaluate iT (see ref. 3) . One assumption underlying 
the application of the method of tail - force calculation based on iT 
is that the vortices remain essentially parallel to the body axis during 
their passage past the tail; that is, the vortex paths in end view can 
be replaced by average positions. When the vortices are in close prox
imity to the tail surface , the lateral motions of the vortex in the 
crossflow plane can be large . Strong coupling then prevails between the 
vortex paths and the resulting tail force . Further theoretical and 
experimental study of this phenomenon is desirable . 

Theory of Shock-Expansion Effects 

In cases for which the shock - expansion effects of the wing on the 
tail are important, account can be taken of the changes in downwash 
angle , dynamic pressure, and Mach number at the tail by direct applica 
tion of shock - expansion theory. The horizontal tail is usually of lesser 
span than the wing and lies behind the inboard sect i ons of the wing . We, 
therefore, assume that the flow in the region of the tail is the two 
dimensional shock - expansion field corresponding to the chord at the wing 
body juncture . Any effects of wing -body interference or wing section in 
distorting the shock- expansion field are neglected . 

The calculation of the lift of the tail in the shock- expansion field 
can conveniently be made in terms of two effectiveness parameters ~~ 

and ~o which will now be derived . Consider a horizontal tail in the 
shock - expansion field of the wing shown schematically in sketch (e) . 
The angle of attack of the tail with respect to the local flow direction 
is OW - ET + 0T · If ~T and ~ are the dynamic pressure and Mach 
number at the tail, the tail lift is 
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Let us make the tail lift in the shock - expansion field nondimensional 
by division with the lift of the tail in the free stream at awl which 
can be written as 

11 

(dCL]:) qaw -- ST 
do, M 

(6) 

Performing the division yields 

Two effectiveness parameters are defined: 

(8) 
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(10) 

With charts of ~~ and ~5' we can easily evaluate the lift of the tail 
in the shock- expansion field. 

We will not be concerned with tail incidence and will not construct 
charts of ~o. However , a series of charts have been prepared for ~~ 

on the assumption that the tail lift - curve slope is inversely proportional 
to ~ as for a two -dimensional airfoil . Under these circumstances 

(11 ) 

In the form of equation (11), ~ accounts for three effects of the wing 
shock-expansion field on the tail. The first factor accounts for change 
in dynamic pressure at the tail, the second factor accounts for change in 
tail lift - curve slope, and the third factor accounts for wing downwash at 
the tail . It is clear that for an infinitesimal tail, qT ' ~, and ET 
are uniform over the tail so that ~~ depends only on position in the 
shock- expansion field . Charts for ~~ on this basis can be used for 
large tails by a suitable averaging technique . A series of charts of 
~~ have been prepared for angles of attack of 50 , 100 , 150 , and 200 and 
Mach numbers of 2, 3, 4, and 5. The general features of these charts 
given in figure 6 are of interest . In the upper expansion fan the effec 
tiveness ~~ falls continuously to zero as the tail moves downward or 
rearward. In the region of ~~ = 0 above the wing the flow is parallel 
to the wing . Behind the trailing - edge shock wave the flow is again essen
tially in the free - stream direction, and the value of ~~ is high . The 
dashed lines represent surfaces of discontinuity across which tangential 
velocity differences exist but across which the flow direction and static 
pressure are continuous . For the higher angles of attack and Mach num
bers, the dashed lines can vary a few degrees from the free -stream 
direction . It is noted that the effectiveness is usually greater below 
the dashed lines than above . This is not surprising in view of the 
greater shock losses through the upper trailing - edge shock than the 
lower leading-edge shock . 

It might ~e surmised that a very low tail would have high effective
ness, ~~, for high supersonic speeds or hypersonic speeds because of the 
large increases in dens ity known to exist on the impact side of the wing . 
Some increase in tail effectiveness above unity does occur for high angles 
of attack and large Mach numbers . When the effects of dynamic pressure , 
Mach number, and downwash are all taken into account , the percentage 
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increase in tail effectiveness is much less than the percentage increase 
in density . The effectiveness ~5 can , however , be very large at high 
a., and high M. 

The values of tail effectiveness for the finite t ails of t h e examples 
to be considered were obtained by averaging the values from figure 6 over 
the horizontal -tail area . The values of lift and pitching moment contri
buted by the horizontal tail in the shock-expansion fiel d are then 

(12) 

The shock - expansion interferences on the tail lift and moment coefficients 
are (l - ~a.,) times the tail contribution for ~a., = 1 . 

APPLICATION OF THEORY 

The calculative procedures described have been applied to the 
prediction of the tail pitching moments of four airplanes with high tail s, 
and the predicted pitching moments are compared with the experimental 
moments. The airplanes are shown in figure 7. For purposes of identi 
fication thes e models will be referred to, respectively, as the arrow
wing interceptor, res earch model , s traight -wing airplane , and the 
swept -wing airplane . The data for the arrow -wing interceptor are hith 
erto unpublished data from the 1 - by 3-foot supersonic wind tunnel . The 
data for the other airplanes as well as the dimens i ons were taken from 
references 9, 10, and 11 . The arrow -wing interceptor serves as a model 
in the calculative example presented in Appendix B. An examination of 
the calculated pitch -up characteristics for the four airplanes and com
parison between calculated and measured characteri s tics yields i nteresting 
results for the effect of configuration change on pitch -up . 

Arrow -Wing Interceptor 

Let us examine the calculated results for the arrow -wing interceptor . 
Specifically, let us consider the net result of the shock -expansion and 
body-vortex effects on the contribution of the tail to the pitching moment 
for M = 1. 97 . The variations with angle of attack of the significant 
parameters influencing the pitching moment are shown in figure 8, and the 
contributions to the tail pitching moment are shown in figure 9. First, 
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with regard to shock - expansion effects , f i gure 8 (a ) shows the tail 
effectiveness ~~ to be zero at ~ = 00 i ncreas i ng to nearly one at 
~ = 200 . Thi s trend is the resul t of the tail being above the wing 
trailing - edge shock wave at ~ = 00 and beneath it at ~ = 200 • The 
curve in f igure 9(a ) which includes only the shock-expansion losses thus 
starts off tangent to the ~~ = 0 l ine , the hori zontal axi s , and curves 
downward toward the ~~ = 1 l i ne at high angles of attack . The shock
expansion interference thus i s stabi l i zing at the h i gher angles of attack 
since it tends to decrea se dCmld~ . Now wi th r egard to body-vor tex 
effects , figure 8(b) shows the verti cal approach of the body vor tices 
toward the plane of the tail as the angle of attack increases . As a 
result , the tai l interfer ence factor shown i n figure 8(c) increases with 
angle of attack also . Figure 8(d) shows that the dependence of vort ex 
strength on angle of attack is quadr atic since a constant val ue of 
rB/2rtVa~ indicates linear dependence . Since the contri bution to the 
pitching moment of the body vortices is proportional to the product of 
the actual vortex strength times the tail interfer ence factor , the con
tribution increas es very rapidly wi th ~ as shown i n figure 9(a) . It 
i s emphas i zed that vortex strength and tail interference factor are both 
important in caus i ng pitch -up i n thi s case , and that i n the pi tch -up 
region the shock- expans i on interference is stabili zi ng . Some experimental 
points are included in figure 9(a) for comparison with the theory. These 
data, obtained in the 1 - by 3- foot supersonic wind tunnel , confi rm a def 
inite pi tch -up . The agreement between experi ment and theory is compati ble 
with the approximations of the theor y . 

A comparison of t h e calculated results sh own in figure 9(b ) for 
M = 2. 96 with t hose for M = 1.97 reveals s ignificant Mach number effects. 
In the first place the ~~ vari ation wi th angle of attack shown in fig 
ure 8(a ) reverses as the Mach number changes from 1 . 97 to 2 . 96 . At the 
lower Mach number the tail is i n the shock- expansion f i el d ini t i a l ly and 
then moves b eneath i t , while at the high Mach number the tail i s ini tial ly 
above the field and moves down into it . For M = 2 . 96 the curve in fig 
ure 9(b) incl uding shock - expans i on l osses starts off tangent to the 
~~ = 1 l ine and curves up toward the ~~ = 0 line . The shock- expansion 
fiel d is thus destabilizing at this Mach number i n contrast to its stabi 
l i zing influence at the lower Mach number. However , near ~ = 180 the 
tail starts to emerge from the shock - expansion field on the lower s i de , 
and the tail effecti veness starts to rise as shown by figure 8(a) . The 
dotted lines i n fi gures 8( a ) and 9(b ) correspond to the angle-of-attack 
range for which this effect occurs . With regard to the effects of the 
body vortices, figures 8(c) and 8(d) show small effect of Mach number on 
the tail i nterference factor . The change in the contribution of the body 
vortices wi th Mach number is thus dependent primari ly on the change in 
l ift - curve sl ope of the horizontal tail and i s destabilizing at both Mach 
numbers . The net result of shock - expansion and body-vortex i nterferences 
is that both are destab i l i zing at M = 2 . 96 , leading to the probability 
of pitch-up at lower angl es of attack than at M = 1 . 97 . 
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The variations with angle of attack of the significant parameters 
influencing the pitching moment due to the tail for the research model 
are shown in figure 10, and the contributions of the tail to the pitching 
moment are given in figure 11 . Shock- expansion theory shows that the 
leading-edge shock wave detaches near ~ = 100 • At this condition the 
tail i s already well out of the shock-expansion field . Thus the inter 
ference of the wing vortices rather than the shock- expansion field is 
important in the upper angle -of -attack range where pitch -up might occur . 
Accordingly, we use the wing -vortex interference method of reference 3 
in calculating the effect of the wing on the tail. 

In figure 10(b) the vortex heights at the tail are shown for the 
wing and body vortices . The body vortices move across the tail at about 
190 angle of attack . The curve of tail interference factor for the body 
vortices in figure 10(c) shows a maximum near ~ = 190 where it crosses 
the tail. The tail interference factor is less for the body vortices 
than the wing vortices , even though the body vortices cross the tail 
whereas the wing vortices do not . The body vortices are usually located 
inboard of the tail tip in relative proximity to the body in contrast to 
the wing vortices which are usually outboard of the tail t ip. In the 
inboard position the body vortices are closer to their images inside the 
body than are the wing vortices to their images . If the body vortices 
actually closely approach the body, their images effectively cancel their 
effect on the tail . As a result the values of iT for body vortices are 
characteristically less than those for wing vortices . The nondimensional 
vortex strength of the wing vortices shown in figure 10(d) i s more than 
twice that of the body vortices . The reason for the difference is that 
the body section in front of the wing has small plan- form area in compar 
ison to the wing . These facts explain the larger influence of the wing 
vortices than of the body vortices shown in figure 11 . One point should 
be mentioned in connection with the body vortices . At ~ = 190 where the 
tail interference factor peaks in figure 10(c) the body vortices are in 
close proximity to the tail - so close that they come into contact with 
the boundary layer . Also there is a rapid lateral movement of the vor 
tices because of their mirror images . The influences of the lateral 
motion and of the boundary layer are neglected in calculating the tail 
interference factor. Therefore , the peak in the pitching moment due to 
a peak in iT has been rounded off, particularly since no peak is found 
experimentally. 

In figure 11, data from reference 9 (supplemented by additional 
measurements at the larger angles of attack) are shown for comparison 
with the prediction . The theory indicates a pitch -up at the high angles 
of attack with a reversal of the slope of the pitching -moment curve . 
The experiment indicates a pitch-up tendency with zero s l ope at ~ = 200 • 

The calculated pitch -up curve is dominated by the wing vortices up to an 
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angle of attack of 200 • Since neither the tail interference factor nor 
the nondimensional vortex strength for the wing vortices changes much 
with ~,a strong calculated pitch -up is not predicted as it would be if 
the body vortices were dominant . 

Straight -Wing Airplane 

The relative proportions of the forebody and wing areas for the 
straight -wing airplane differ significantly from those of the previous 
model . In the present example the plan- form area of the fuselage ahead 
of the wing is about equal to the wing area , whereas in the previous 
example the forebody area was only about one -fifth of the wing area . 
This condition tends to increase the importance of body-vortex effects . 
Also, the Mach number for the pres ent example of 2 . 01 is larger than the 
value of 1 . 4 for the previous example. As a result, the horizontal tail 
of the straight -wing airplane is in the wing shock - expansion field, and 
we must treat the wing -tail interference by shock- expansion methods and 
ignore the wing -vortex interference . Since data are given in reference 10 
for the tail contribution to em with wing off and wing on, we will 
investigate the effect of the wing on pitch -up . 

The variations wi th ~ of the sigl ... ificant pa r ameter s infl uencing the 
pitching moment due to the tail are presented in figure 12, and the con 
tributions of the tail to the pitching moment are presented in figure 13 . 
The low values of ~~ in figure l2(a) show the importance of shock 
expansion interference . The body-vortex heights at the tail are shown 
for the wing -on and wing -off conditions in figure 12(b) . With the wing 
on, the vortices are closer to the horizontal tail because of the deflec 
tion of the vortices by the wing trailing - edge shock wave . The tail 
interference factors with the wing on and the wing off are not gr eatly 
different . The nondimensional vortex strength for the wing -off case is 
greater than for the wing - on case because the wing inhibits crossflow 
around the body at the root chord . 

The calculated contributions of the tail to the pitching moment for 
both conditions are compared in figure 1 3 . The wing -on case shows a 
stabilizing effect of shock - expansion interference at high angles of 
attack . However, the destabilizing influence of the body vortices induces 
a pitch -up at the higher angles of attack . The wing -off case exhibits a 
stronger calculated pitch -up than the wing -on case because the viscous 
crossflow is not blanketed by the wing . Data from reference 10 are 
included in figure 13 for comparison with the theory . Agreement for the 
body-tail combinations is somewhat better than for the wing -body-tail 
combination . However, in view of the approximation in the calculative 
method, the over-all agreement i s considered satisfactory. 



B 
NACA RM A57L23 

•• • • • ••• • • • •• •• 

•• • •• • • • • • • •• . .. . 
Swept -Wing Airplane 

•• c • • • •• a 

• • • • 

••• •• • • • •• • • • • • 17 ... •• 

The variations with ~ of the significant parameters influencing the 
pitching moment due to the tail for the present swept -wing airplane are 
presented in figure 14) and the contributions of the tail to the pitching 
moment are presented in figure 15 . The position of the tail for this model 
is such that wing -tail interference results from the wing vortices and not 
the shock - expansion field . We) therefore) consider the combined influence 
of body vortices and wing vortices on the pitching moment. The heights of 
the vortices at the tail shown in figure 14(a) show the body vortices 
intersecting the horizontal tail near ~ = 18° . The tail interference 
factor for the body vortices exhibits the characteristic peaks near this 
angle of attack. The tail interference factor and vortex strength are 
generally less for the body vortices than the wing vortices . 

The contributions of the tail to the pitching moments shown in 
figure 15 consist of a pitching -moment increment due to tail incidence) 
one due to wing -tail interference) and a lesser one due to body-vortex 
interference. Even though the body vortices have effects of lesser mag
nitude than the wing vortices) their influence on pitch -up is nevertheless 
greater because of the rate of change of their influence with angle of 
attack . The experimental points taken from reference 11 and included in 
figure 15 for comparison with theory include any influence of jet flow on 
the pitching moment during the wind- turillel test . The good agreement 
between experiment and theory is interpreted to mean that the interference 
of the jet flow on the high horizontal tail is not large . 

CONCLUDING REMARKS 

The study of the four airplanes reveals certain generalizations 
concerning the pitch -up of high -tail airplanes at supersonic speeds . The 
influence of the wing is manifes t either through the shock - expansion 
field or through wing vortices . In the former case the influence can be 
either stabilizing or destabilizing) depending on the Mach number) while 
in the latter case the influence is destabilizing . The influence of the 
body nose is manifest through body vortices acting on the horizontal -tail 
plane and is always destabilizing . In contrast to the wing vortices or 
shock - expansion field which cause moment variations moderately nonlinear 
in angle of attack) the body vortices produce sharper nonlinearity which 
can lead to sudden pitch -up . The effect of the body vortices can be 
diminished (1) by decreasing the length of the fuselage in front of the 
wing) (2) by reducing the radius of the fuselage) (3) by positioning the 
tail to reduce the tail interference factor) and (4) by changing the tail 
taper ratio to reduce the tail interference factor for vortices well 
inboard of the tail tips . How these changes affect pitch -up can be esti 
mated by the calculative method illustrated herein . Therefore) the 
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calculative method can be used to establish approximate pitch-up boundaries. 
No claim is made to great quantitative accuracy for the calculative method, 
but it is believed that it is sufficiently accurate for most qualitative 
purposes. Improvement of the accuracy of the method hinges on (1) better 
information for vortex strengths and paths for more body shapes over wider 
ranges of Reynolds numbers and Mach numbers, (2) better understanding of 
the influence of the wing on the vortex paths, (3) better methods of 
evaluating the influence of vortices on lifting surfaces, particularly in 
their immediate prOXimity, and (4) better methods for evaluating the 
downwash behind wing -body combinations at high angles of attack. 

Ames Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Moffett Field, Calif., Dec. 23, 1957 
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THEORY OF VORTEX PATHS AND STRENGTHS FOR FLOW 

OVER AN INCLINED BODY OF REVOLUTION 

In this appendix the equations of vortex motion and vortex strength 
are derived to indicate the basis for correlating the experimental values 
of the vortex positions and strengths . The second purpose is to discuss 
the theoretical solutions and the experimental correlations for the vor 
tex positions and strengths together with the prospects for improved 
solutions . The theoretical treatment is based on the crossflow model of 
sketch (d) . It is assumed that the steady vortex flow past the body of 
revolution is equivalent to the unsteady flow of two external vortices 
with time -dependent strengths in the presence of a circular cylinder in 
uniform flow. Although there is some indication on the basis of the work 
of Mello (ref. 6), that up to 30 percent of the total vorticity can lie 
in the sheets feeding the vortex cores, we nevertheless assume that all 
vorticity is concentrated in the cores. The refinement possible by con 
sideration of s eparate feeding sheets involves mathematical complications 
beyond the scope of this report. 

Since the steady three -dimensional vortex flow is related to an 
unsteady two -dimensional flow, the axial distance x is now related to 
the time directly 

x = vt (Al) 

The velocity components vr and v8 of the right external vortex are due 
to potential crossflow and the other three vortices as follows: 

Potential crossflow : 

Left external vortex : 

Right image vortex : 

Left image vortex : 

Radial velocity 

~v sin 8(1 - a2/r2) 

- (r/4nr)tan 8 

o 

r a2r s in 28 
2n r4+2a2r 2cos 28+a4 

Tangential velocity 

- (r/4nr) 

- (r/2nr)(1 - a 2/r2 ) 

r r(r2+a2cos 28) 
2n r4+2a2r 2cos 28+a4 

Let us now consider the nondimensional variables to be used in the 
equations of vortex motion 
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Vortex s trength: 

Axial distance: 

Radial distance : 

. 
r/2:rrVaa = r* 

a. (x - xS)/a 

ria r* 

* x 

In terms of these parameters , the equations of motion become 

dr* 
d.x* 

r* de 
d.x* 

sin B (1 - ...L) 
r*2 

r* tan B + r *r*sin 2B 
r* r* 4+2r*2cos 2B+l 

r * + r*r*(r*2+cos 2B) _ 

r* r*4+2r*2cos 2B+l 

r * 

r* _ 1 
r* 

(A2 ) 

(A3) 

If for x* equal t o zero the initial values of r s*, rs*, and Bs for 
vortex s eparation are known, the vortex paths can be obtained by step 
by-step integration of equations (A2) and (A3) . However , t o carry out 
the integration the dependence of r* on x* must be known . 

A relationship between r* and x* can be establ ished i f the 
variation with x* of the crossflow drag coefficient, Cdc, i s known . 
The definition of Cdc i s given by the f ollowing equation for the nor 
mal f orce on the body due to vis cous crossflow between positions x and 
xS· 

N (A4) 

As defined , Cdc i s the average cross flow drag coefficient between x and 
Xg. Let us now assume that the entire viscous cross fo rce normal to the 
body axis is represented by horseshoe vortices of which the exter nal vor 
tices and the image vortices of sketch (d) are the trailing members . By 
the usual rel ationship of lifti ng -line theory the lift of a horseshoe 
vortex i s pvr per uni t span so that 

N 2pVr(r - a 2 /r)cos B (AS) 

From equations (A4) and (AS) we obtain the des i r ed rel ationship 

r* (
CdC) x* 
4:rr (r* - l/r*)cos e 

(A6 ) 
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The vortex paths can now be obtained by substituting equation (A6) 
for r* into equations (A2) and (A3). We then have two simultaneous 
differential equations for r* and B which can be integrated step-by
step to obtain the path . I f the integration is started at the vortex 
separation point, the paths will depend on rs*, Bs, and Cdc' so that 
the solution for the vortex paths and strengths has the f orm 

r* = r*(rs*,Bs,Cdc'X*) 

B = B( r s*,Bs ,cdc 'x*) 

r* = r*(rs*,B s,Cdc 'X*) 

To correlate the vortex positions and strengths we might plot r*, r*, 
and B against x*. For small values of x* it would be expected that 
the paths and strengths would depend significantly on the initial value 
of the vortex separation position, rs* and Bs. However , for larger val 
ues of x* it might be anticipated that the paths and strengths would 
no longer be sensitive to the initial conditions . I nstead of determining 
a relationship between r* and x* by specifying the variation of Cdc 
with a , we could have tried the alternate scheme of specifying the varia
tion of the stagnation point Bs with x* . This alternate scheme would 
not change the form of the correlation . 

The correlation of the vortex positions shown in figure 3 is only 
slightly less accurate than the measurements of vortex position could be 
repeated . The correlation of the nondimensional vortex strengths shown 
in figure 4 is not accurate at low values of a(x-xS)/a . I t is desirable 
to know how the correlation was obtained to interpret this discrepancy . 
The values of Xs in the parameter a(x-xS ) /a in all three cases were 
taken from figure 2 which represents results of reference 5. The values 
of Xs measured in reference 6 are in good accord with those of refer 
ence 5, but no values of Xs are given in reference 7. In each investi
gation a different method was used to obtain the total vortex strength. 
Mello measured the individual strengths of both the feeding sheet and the 
concentrated core by measuring velocities tangential to a contour enclos
ing the vorticity and then calculating the circulation of the contour. 
Raney determined his vortex strengths by computing the theoretical flow 
velocities on the basis of the vortex model of sketch (d) and adjusting 
the vortex strengths so t hat the calculated velocities agree with the 
measured ones. J orgensen and Perkins obtained the vortex strength by 
three methods. The one used in the present correlation is that calculated 
from equation (A5) using measured vortex positions and body normal-force 
distributions. The lift associated with the vortex is taken as the nor
mal force as measured minus the "potential lift" calculated by the theory 
of TSien, reference 12. An examination of the data of Jorgensen and 
Perkins shows that lift associated with the vortex exists in front of the 
vortex separation point. Such a fact must mean that the vortex strength 
is greater than zero before separation and must thereby account for the 
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In accordance with the second purpose of this appendix, solutions 
of equations (A2) and (A3) for the path were obtained by numerical inte
gration on a computing machine for various values of Cdc, rs*, and es . 
It was immediately apparent that the path is extremely sensitive to the 
assumed vortex separation position. The study resolved itself into find
ing a vortex separation point and crossflow drag coefficient which would 
give vortex paths in the crossflow plane in approximate agreement with 
the mean path from the correlation. Such a path based on Cdc = 1.2, 
rs* = 1.062, and es = 500 is shown in figure 16 and compared with the 
mean experimental path. The agreement is only fair. The initial fluc
tuation in the calculated path is not significant, but the reversal of 
the vortex path from upward to downward is of interest. The reversal 
point is reached when the external vortices become so strong that their 
mutual downward-induced velocities approximately equal the free-stream 
velocity. The looping of the vortex path after reversal may not be phys
ically significant since the main core may break away from the feeding 
sheet, which then starts a new core. 

It is apparent that the present theory is inadequate for replacing 
the experimental correlations of the vortex positions and strength. In 
view of the desirability of putting the VJrtex theory on a sound theo
retical baSiS, several suggestions for improving the theory are advanced. 
The theoretical model in the first place is incorrect in its neglect of 
the vortex feeding sheet. Some account of the feeding sheet on the path 
of the vortex core can be taken by including, in the equations of motion, 
the Edwards' term (refs. 13 and 14) designed to keep the net forces on 
the combination of the feeding sheet and core zero. 

Another weakness of the present solution is that it does not take 
into account the variation of the crossflow drag coefficient with x* 
known experimentally to exist. If the alternate boundary condition of 
specifying the leeward stagnation point had been used, the variation of 
the stagnation point with x* shown by the data of Jorgensen and Perkins 
would also have to be taken into account, particularly near vortex sepa
ration. However, it is felt that either of these two alternate boundary 
conditions is capable of improvement. The feeding sheets are streamlines 
of the crossflow originating behind the separation points on the sides of 
the body. The effect of the feeding sheets is to streamline the body and 
reduce the velocities at the side edges of the body. The longer the vor
tex sheet, the lower the velocities at the side edges. A relationship 
between the vortex position and strength can thus be obtained by consid
ering the change in side-edge velocity due to the streamlining effect of 
the vortex sheet. It is felt that a boundary condition of this type, 
based on a streamline model, is closer to the physical features of the 
real flow than a specification of the crossflow drag coefficient or the 

, ..... 
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leeward stagnation point based on the present model. It should, therefore, 
lead to greater accuracy than the present solution. Whether such an 
improvement coupled with the use of the Edwards' term will give adequate 
solutions for small x* is questionable. Accurate solutions for small 
values of x* almost certainly will be dependent on the Reynolds number 
since the positions of vortex separation which strongly influence such 
solutions are controlled by the boundary layer. 
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CALCULATIVE EXAMPLE 
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As a calculative example consider the airplane with a high tail 
shown in figure 7(a) . We will calculate the effect of the body vortices 
and the shock-expansion field on the pitching moment due to the tail. 

If the influence of the body vortices is considered, the first 
quantity in equation (3), iT, depends on the vortex locations at the 
longitudinal position of the centroid of the horizontal tail. The calcu
lated paths are shown in side view for ~ = 200 , M = 1.97, in figure 5. 
The initial value of Xs at the separation point of the body vortices 
obtained from figure 2 for ~B = 200 is 

- 7 a 

The values of YS/a and zs/a are obtained from figures 3(a) and 3(b) for 
zero values of ~(x-xS)/a . 

ys/a 0 . 50 zs/a 0. 85 

The correlation curves of figure 3 are used to obtain the vortex paths 
up to the leading edge of the expansion fan. On selected Mach waves in 
the expansion fan the local flow directions are indicated, and the body
vortex paths are drawn to conform with the streamlines . At the trailing
edge shock the vortices are assumed to be deflected in the streamwise 
direction. The verti cal position of the vortices at the tail is now 

The lateral vortex position is assumed to be unchanged from its value 
where it enters the shock-expansion field: 

The value of iT taken from reference 3 is found to be 
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since the vortices have the same effect for the same distance above or 
below the tail. 

The second parameter in e~uation (3), the nondimensional vortex 
strength, is obtained from figure 4. For the present model 

Xs 
- = 7, CW 
a 

3.55, a = 0.575, XT 16.16 

The parameter ~( x-Xg)/a corresponding to a body foreshortened by the 
wing chord at the j uncture is 

a (~ _ XS) = ~ (16.16 - 3.55 
a a 57.3 0 .575 

From figure 4 the corresponding vortex strength is 

The remaining 

1.5 
2T(Va~ 

~uantities in e~uation (3) are 

a 

sT 

ST 

SR 

q 

0.575 

1. 25 

1.80 

14. 37 

0.877, shock-expansion theory 

1.85, shock-expansion theory 

= ~ = 2 .57 , supersonic wing theory 
f3T 

6.92 

2.85 

25 
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The length LT is taken as the distance between the center of moments, 
9.24 inches behind the body vertex, and the 2/3-root-chord position of 
the tail. The contribution of the tail to the moment coefficient because 
of vortices is thus 

= 0.27 

With regard to the effects of the shock-expansion field, the tail 
effectiveness ~ is shown in figure 8(a) as obtained lrom figure 6 . 
We have from equations (12) and (13) 

_ (6. 92) (1. 80 ) ( 20 ) (2.36) TJo, 
2.85 14. 37 \37.3 

-0. 25TJo, 
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wing airplane; M = 1 .56 . 
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