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By Peggy L. Yohner and Robert E. English

SUMMARY

A method is presented for the rapid selection of a turbine design
within specified aerodynamic limits. Tables present detailed information
on the over-all design parameters and velocity-diagram variables of each
design. Charts prepared from the tables facilitate the evaluation of
turbine diemeter and exit radius ratio for a selected number of stages.
The turbine annulus was tapered to yield maximum work output. Aerody-
namic variables accepted as limiting in the turbine designs were: (1)
turbine rotor exit axial Mach number, (2) blade-row entrance relative
Mach number, and (3) zero relative velocity change across a blade row.
Several examples demonstrate the use of the charts and tables.

CW-1
4

INTRODUCTION

\

|

\ Some of the most important considerations in the initial phases of

w a turbine design are the number of turbine stages, the division of work

‘ between the stages, the aerodynamic limits to be imposed on the turbine,

\ and the turbine diameter. A rapid, accurate method of estimating the
turbine diameter for a selected number of stages and a given set of aero-
dynamic limits would accelerate this preliminary phase of the design and
make it more definitive.

Reference 1 presents a method for rapid estimation of the aerodynamic
characteristics of l-stage and multistage turbines within specified aero-
dynamic limits. Reference 2 contains a similar method for l-stage tur-
bines with downstream stators (hereinafter called "1%-stage turbines").

In both analyses, annulus taper is an independent variable whose magnitude
is left to the designer. Tapering the annulus is especially important at
high blade speeds, because turbine work can thereby be increased as much
as 85 percent. The selection of annulus taper for maximum turbine work
(or, alternatively, minimum turbine diameter for a given work output)

’ requires considerable effort, even with the assistance of references 1
and 2.
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The velocity-diagram analysis of the present report considers tur-
bines having 1, l%, and 2 stages. The data of references 1 and 2 were
extended in the following ways:

(1) The amount of annulus taper was selected to produce maximum work
output. For simplicity, the inner wall of the tapered annulus was assumzd
to be conical, even though such a specification probably does not producz
the greatest turbine work within the specified design limits; and the
outer wall of the annulus was made cylindrical.

(2) For 2-stage turbines, deceleration in the second stator was
avoided. (In ref. 1, exclusion of those turbines with deceleration in
the second stator is left to the designer.)

(3) For those design problems in which turbine diameter is not speci-
fied and minimum turbine diameter is desired, charts were prepared to
permit rapid determination of turbine diameter.

(4) The range of blade speed was extended to both higher and lower
values.

(5) The tabulated results were expanded to present more information
on the internal flow of each design.

The turbine aerodynamic variables accepted as limiting in the desiga
were: (1) turbine rotor exit axial Mach number, (2) blade-row entrance
relative Mach number, and (3) zero relative velocity change across a
blade row. Both the turbine exit axial Mach number and the blade-row
entrance relative Mach number were varied to yield turbines of conserva-
tive, moderate, and critical design.

DESCRIPTION OF TABLES AND CHARTS

The symbols used in this analysis are defined in appendix A. The
derivations of the equations and the methods of analyzing the 1-, l—%——,

and 2-stage turbines are described in appendixes B, C, and D, respectively.

Assumptions

The following assumptions were made to simplify the analysis:

(1) There is no radial variation in stagnation state relative to ths
stator.

(2) Free-vortex flow conditions prevail at each axial station.

‘o
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(3) Any effects of annulus wall curvature or radial components of
. velocity may be neglected.
(4) The losses occur as follows:
(a) In a 1-stage turbine, all losses occur in the rotor.

(b) In a l%—stage turbine, the losses corresponding to the

polytropic efficiency all occur in the rotor; additional losses in
the downstreasm stator are considered in the form of a stagnation-
pressure loss coefficilent wyp = 0.05.

(c) In a 2-stage turbine, the entropy rise per stage is split,
with one-third occurring in the stator and two-thirds in the rotor.

(5) The constant value for the ratio of specific heats Y is 4/3.
(6) The turbine polytropic efficiency N, p 1is 0.85.
J

(7) The amount of exit whirl to be tolerated in turbines without

* downstream stators can be assigned as a percentage of the turbine work

_ye
Gzozm.
2gJAH

(8) In the l%—stage turbines, the downstream stator eliminates exit
whirl.

(9) In the 2-stage turbines, the inner annulus wall is a single
conical surface from the first-rotor inlet to the turbine exit.

The effects of assumptions (4) to (6) on the results of the analysis
are described in the DISCUSSION.

Organization of Tables

Each of tables I, II, and III corresponds to a given number of stages
and a particular combination of aerodynamic limits. Table IV summarizes
and identifies these tables for easy reference. (In table identification,
a Roman numeral corresponds to the number of stages; a letter, to the exit
axial Mach number; and an Arabic numeral, to other limiting aerodynamic
variables.)

Figure 1 shows the geometry of the turbines and the axial stations.
Figure 2 presents typical velocity diagrams of the turbines. The tables

. were prepared with blade-speed parameter -——lhljf as the independent
a,CY
variable and exit radius ratio (;h» as thé pérameter.
t/0
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Construction of Charts

Charts were prepared from the tables to facilitate entry into the
tables. Both the abscissa and the ordinate of the charts are dimension-
less quantities that the designer can evaluate from the requirements of
the turbine design. The abscissa and the ordinate were obtained from ths
table information in the following menner:

2
2 U
o () (1)
xpa,laa,cr,l Byl
and
U 2
-gJAH = "gJAH t (2)
az UZ a 1
" ,Cr, 1 t a,cr,
e
It can be seen that the abscissa of the charts 3 has a -
2100} a
asimascr i

close relation to the parameter e described in reference 3, differing
only in that parameter e is expressed in terms of the compressor-inlet
stagnation conditions and this parameter is expressed in terms of the
turbine-inlet stagnation conditions. This parameter is useful because it
relates the compressor and the turbine in a manner that is independent of

actual diameter. The ordinate of the charts —%5£é§— is also expressed
8p yerydl

in terms of turbine-inlet stagnation conditions and is independent of

turbine diameter.

The chart numbering system parallels that of the tables; that is,
data in table I(a) are plotted in chart I(a), and so forth. Each part of
charts I and II represents information corresponding to two parts of
tables I and II so that both (Y—> < limit and YE < 1.0 were sat-

=v2yh Vi
isfied; that is, chart I(a)l contains data from both tables I(a)l and
I(a)3. (Neither table III nor chart III exceeds either the Mach number
limit or the velocity-ratio limit.) Each chart consists of a grid of
curves representing constant Ut and (£Q> . On charts I and II,
8a,cr,l r't/o
where applicable, there is an additional curve representing those designs

1 1
for which (%;)2 = limit and (Y3> = 1.0 simultaneously. Along this
h h
¢/

Vl

3
curve, the slopes of some curves are discontinuous because the turbines
change from Mach-number-limited to velocity-ratio-limited. L
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DISCUSSION
Annulus Taper

Figure 3 compares the attainable work parameter of high-output
1-stage turbines designed with optimum annulus taper and that attainable
from turbines without taper. The maximum benefit from annulus taper is
achieved at a combination of high blade speed and low radius ratio. For

Tl . VA i Uy, L 2
(?;)3 = 0.5 (fig. 3(a)), when (7;)2,h = 0.8 and e g 1.0, there is
Vl
a maximum increase of 85 percent in turbine work; when (?é = 1.0 .and
3
Ut
= 1 = 1.0, there is a maximum increase of 10Z percent in turbine work.
a,Cr,
In the latter case, (%) = 1.334 (fig. 4 or table I(c)3), which exceeds

2,h
the currently accepted limits; the 85-percent increase of the first example
would be the more realistic of the two. Since both the preceding examples

U
bl e =7 and

are extreme, a more typical example might be W SR
2 J

T
(—£>5 = 0.5; in this case there is a 26-percent increase in turbine work

I‘t .
when EL) = 0.8 and (Y%) < 1.0.
g Va/n

Rotor Inlet Mach Number Limitation

Figure 3 also shows that, if rotor inlet Mach number can exceed nor-
mal limits, large amounts of work are available at high blade speeds from
turbines limited by velocity ratio. Figure 4 shows the increases in rotor
inlet Mach number associated with this increase in turbine work for high-
output 1l-stage turbines. In order to show the potential gain resulting
from elimination of the limit on rotor inlet Mach number, the design

Ut

information corresponding to the complete ranges of Er————jf and
8,Ccr,

r
(;E) is tabulated for all 1- and l%—stage turbines limited by velocity
t/o
ratio.

Inlet Radius Ratio

Figure 5 shows the variation of turbine work with inlet radius ratio
for selected high-output 1l-stage designs. Figure 6 shows this same
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variation for selected high-output Z2-stage designs. In both figures an

arrow indicates the inlet radius ratio that corresponds to the maximum v
turbine work and is the design value in the tables. It can be seen that,

as the inlet radius ratio exceeds the value for maximum work, there can

be a sudden decrease in turbine work. This is most critical at high blade
speeds and high radius ratios.

A comparison of figures S5 and 6 shows that the gain in work from
annulus taper 1s greater in a 2-stage turbine than in a l-stage turbine.
Ut
a,cr,l
bine work is 14 percent for the l-stage turbine and 43 percent for the

2-stage turbine.

o
For example, when (F%) = 0.5 and = 0.6, the increase in tur-
o

Ratio of Specific Heats T

In an effort to determine the effect of changes in Yp from the

assumed value of 4/3, two l-stage designs were re-evaluated for Y

varying from 1.3 to 1.4. The results are shown in figure 7. TFor low
blade speeds, there is no change in either inlet radius ratio or turbine
work. At higher blade speeds, the effect is still quite small. The maxi-
mum error introduced by assuming Tp = 4/3 over this range is 1.6 perceat

in turbine work and 0.6 in inlet radius ratio.

Polytropic Efficiency

In the same way, the effect of varying polytropic efficiency from
the assigned value of 0.85 was investigated by varying np p. from 0.75
J

to 0.90. The results are shown in figure 8. The effect of varying poly-
tropic efficiency is greater at high blade speeds than at low blade speels.

The maximum variation in turbine work is 4.9 percent when 5 gr T = 0.4,
U &4 2
and 10.3 percent when af—z——I = 0.8. The maximum variation in inlet
8, CT
U
radius ratio is 2.5 percent when E—;E-—i = 0.4, and 5.0 percent when
28 O
U
t
— = 0.8.
Ba er,l

It should also be noted in figure 8 that, as the assigned value of
turbine efficiency increases, the maximum turbine-work parameter decreasszs.
This variation in turbine work is a direct result of the effect of turbine
efficiency on turbine pressure ratio. Decreasing turbine efficiency %

P.

in Pg 4
raises both the pressure ratio P and the ratio of densities =
o a,o

CLCH
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across the turbine. This effect can be simply explained by considering

a set of conditions different from those used in the analysis: For given
values of turbine work, blade speed, and inlet and exit radius ratios,
and for a given set of turbine exit conditions, the increased density
ratio accompanying lower efficiency decreases the inlet axial Mach number
and thereby increases the potential turbine work capacity within the
specified design limits.

.

Loss Assumptions

Assumption (4) in the DESCRIPTION OF TABLES AND CHARTS considers
that, for 1- and l%—stage turbines, the losses in the first two blade rows

are concentrated in the rotor, whereas for the 2-stage turbines the losses
are divided between the stator and the rotor. In order to determine the
effect of these differing assumptions on the final results, three l-stage
designs were computed with the loss distribution assumed for the 2-stage
turbines; that is, one-third of the entropy rise occurs in the stator and
two-thirds in the rotor. All three designs were high-output l-stage tur-

v
bines <(—£> = 0.7 and (Ki) = O.8>. The comparative results are
S35 Bk

shown in the following table:

—
r U.
('rﬁ) = o All losses occur in rotor One-third of losses occur in Percent change
T/3| “aycr,1 stator, two-thirds in rotor
] = e ] e e e
Tt /2 U1?1,3 1 Paa cr/3,m [\Ft/2 Ug);r, L Pala,cr/3,m| \Ft/2 Uﬁ);r, Pafa,cr /3,m
0.5 0.1 ]0.50 9.061 (0.4191 0.5742 0.50 8.986 [0.4192 0.5742 (o} -0.8 0 0
) 113{0) .840 5.405 .0530 .5495 .825 5.148 .0601 .5514 -1.8 -4.8 13.4 .4
) 30 .96 2.210 | .0050 .5334 .965| 2.186 .0052 .5343 5 -1.1 4.0 2

The largest change occurs at a high blade speed and low radius ratio.
Decreasing the blade speed or increasing the radius ratio causes the
change in turbine work to approach 1 percent. In addition it should be
noted that, of the two weight-flow parameters, the turbine-exit weight-
flow parameter is much less sensitive to the loss assumptions and is con-
sequently more reliable.

Second-Stage-Stator Velocity Limitations

In order to determine the effect of the velocity limits of the
second-stage stator on design turbine work, these limits were decreased
and a selected group of designs was recalculated. Figure 9 shows the
comparative results. At high blade speeds the last three blade rows are
all limited by Mach number. As the blade speed is decreased, the second
rotor becomes limited by velocity ratio while the first rotor and second




stator remain limited by Mach number. A further decrease in blade speed
changes the second-stator limitation to velocity ratio, and finally at
low blade speeds the last three blade rows all become limited by velocity
ratio. The effect of decreasing the Mach number limit from 0.8 to 0.7 is

a minor decrease in turbine work (5 percent at the maximum), but the

effect of decreasing the velocity-ratio limit is a major decrease in tur-
bine work (31 percent or more). As the blade-speed parameter was decreased

|
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|

to 0.2, it became impossible to compute a design for (25)5 = 0.6 and
,m

v
(vi)t = 0.9. The velocity level at the inlet to the second stator, dic-

tated by the limit imposed, was insufficient to pass the necessary mass
flow even in a straight annulus. It should be noted that at the low blade
speeds, where the second stator is limited by velocity ratio, use of ref-
erence 1 will yield inappropriate results.

Comparison of Work Available

Figure 10 compares the amount of work available in 1-, l%, and 2-
stage turbines for selected design limitations. It is interesting to ncte o
that at extremely low blade speeds there is more work available in a l%-
stage turbine than in a 2-stage turbine. The large work output of the
L%-stage turbine results from the large tangential velocity at the inlet

to the downstream stator. The inlet tangential velocity acceptable by
this stator is independent of rotor blade speed and remains high even at

low speeds.

USE OF TABLES
General
The charts facilitate entry into the tables when turbine blade speed
and exit radius ratio are unknown and enable the designer to determine

rapidly which of the many possible designs is most applicable to the given
design problem.

The turbine design requirements will commonly consist of':
(1) Angular velocity , radians/sec
(2) Work per pound of gas -AH, Btu/1b

(3) Weight flow w, lb/sec .
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(4) Turbine-inlet stagnation temperature Tl, YR
(5) Turbine-inlet stagnation pressure P, 1b/sq ft

These turbine variables are not convertible to those in the tables without
some selection of turbine diameter. However, they are readily expressed

e
in terms of the chart variables, namely, . ena —8I0E
np_ -8 a
a,lia,er;l aycr, it
where
Py
Pa,1 = RTy (3)
and
2,
3 iL
Bg,0r,1 < ;;‘;‘i gRTy (B5)
With calculated values for these parameters, it is possible to enter any
of the charts and determine ——&— and (;h) :
a,cr,l t/o

In order to help determine which of the designs is most applicable,
the tip radius of the turbine may be calculated by

r, = Uy by - Y o7 2 ) (4)
By cogl e

and compared with a limiting or desired value. All designs with too large
a diameter may then be discarded, and only those that are reasonable

should be further investigated through use of the appropriate tables.

Interpolation in Tables

Any of the tables may be entered directly if a blade-speed parameter
and exit radius ratio are known for any given set of turbine design limits.
In general, linear interpolation in a given table would be adequate, and
no more than one significant figure would be lost in the result. However,
this is not always true, and the tabulated results should be scanned in
the region of interest to determine the method of interpolation to be
used. For example, the pressure ratios corresponding to a high blade-
speed parameter are extremely nonlinear, and some other method of inter-
polation is advisable. The turbine characteristics do not vary linearly
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with rotor inlet Mach number; for many 1- and l%—stage turbines, two

values of rotor inlet Mach number are provided by parts 1 and 2 of tables
I and IT and a third value can be obtained from part 3.

To illustrate the use of the tables, an example requiring direct
interpolation is shown. A l-stage turbine, with an exit axial Mach number
v
(—E) of 0.6, a rotor inlet velocity limitation (!l> of 0.6, an
A m 8/2,h

T
exit radius ratio (—Q) of 0.63, and a blade-speed parameter P o TR
3 S Shjcr,l

of 0.562 is investigated through use of the tables. Table I(b)l is indi-

= pV
cated. Linear interpolation is used to determine gJéﬂ, <; & > 3
3,m

Ug aaa,cr
(rh> o (Vé>h and ABy, Interpolating with respect to Ut
—— = |7 .
Te/2” P3’ \V3)n’ PERS . P a,cr,l
5y -oJAH T
holding (—P-) = 0.6 ylelds —>—— = 0.980, and holding (;}1-) = 0.7 yieldet -
T+/3 Ug il
-gJAH 3
“565— = 1.221. Then, interpolating with respect to (;%)3 between the
t
-gdJ.
preceding two numbers yields the final = > = 1.052. In s similar way

pVZ ry Pl &
e = 0.5246, f—> = 0.663, p- = 1.61, vr) = 0.780, and
Pa a,cr/3,m t/2 S 3/h

_ o]
DBy 2.3 = T7.7°.

EXAMPLES OF USE OF CHARTS SUPPLEMENTED BY TABLES
Design Specifications and Preliminary Calculations

To illustrate the use of the charts and tables, a turbojet engine
with high weight flow and high compressor pressure ratio is investigated
Four turbine designs are read from the charts: a high-output l-stage

turbine, a high-output L%-stage turbine, a conservative Z2-stage turbine,

and a moderate 2-stage turbine. The frontal area (in proportion to com-
pressor frontal area) of each of these turbine designs is then evaluated
and the most applicable ones are chosen. These are further evaluated
through the use of the tables.

The turbine design requirements are specified by the following
conditions:
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aLiL

. PO
Compressor pressure ratio, (?——>
in/C
Compressor polytropic efficiency, np C
J

Oin
8inA“b

U
: t
Compressor equivalent tip speed, <:7==;>
0.
in/C

Turbine-inlet temperature, T,

Compressor-inlet temperature, T, .
2

Compressor-inlet pressure, o
J

Compressor equivalent weight flow, (K—————> 35.0 (lb/sec)/sq ft
@

2)(0)

0.88

1000 ft/sec

2200° R
518.7° R
2116 1b/sq ft

The assigned quantities are:

Ratio of turbine to compressor weight flow,
(1+£) (1-b) .
Combustor pressure loss, (—£L>
Pin/B
Ratio of specific heats in compressor, 16
Ratio of specific heats in turbine, T
Gas constant, R

1L0)

01595

1.4

4/3

53.4 ft-1b/(1b) (°R)

2 -gJAHy _
The dimensionless parameters wg and £ 125 are then
P ,a a
gl E8 e al 8,5 C1 !
calculated for use in entering the charts:
o0 = (1)(5)
PL,E = Yb- 1/\J
= (1.4)(53.4 )
= NOL4INT1TB. 2
= 0.2402 Btu/(1b) (°R)
R 15
Ten
{75 C'p,C
= =l ) :
e (Pi;)c : Cp’chn’C
7 0.3247
= [(9.0) : l.O](O.2402)(518.7)

129.7 Btu/1b
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P p
P. =P <._2_) (_0_>
i
L 0,0 \Pi 1 Jc\Pin /s

(2116) (9.0) (0.95)

18,092 1b/sq ft

_ 18,092
Pa,1 = (53.4)(2200)

0.1540 1b/cu ft, from eq. (3)

AJZ(%)(32.17)(53.4)(2200)

a,cr,l
= 2078 ft/sec, from eq. (BS)
Wl _ ("~N@in 1nV
S ~ \ Bipht C(l +1)(1 - D) ,\/'—
pa,l alyerii AH in/C pa e a exiyls

(35.0)(1.0)(1000)2(§ii§)lvgi323 [(0,154o§(2o78)3]

= 0.0253
-gJAH) 3 (32.17)(778.2) (129.7)
2 = 2
8a,cr,l (2078)
= 0.7520

Entry into Charts
A1l the following values are linearly interpolated from the charts.
Example 1. - Entry into chart I(c)l for a l-stage turbine with exit

axial Mach number of 0.7 and rotor hub inlet Mach number limit of 0.8
yilelds

U F
(7—45-—:> = 0.645 and (—§> = 0.840
&g,cr,1/T *tlo,T

The location of the point on the chart indicates that the design is
limited by Mach number.

-
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Example 2. - Entry into chart II(c)l for a li-stage turbine with

exit axial Mach number of 0.7 and rotor hub inlet Mach number limit of
0.8 yields

Uy Iy
——) = 0.593 and (——) =20.791
& er, 1 /T Xt/ 0,T

The entire range of this chart is limited by Mach number.
Example 3. - Entry into chart III(a)l for a 2-stage turbine with exit

axial Mach number of 0.5 and rotor hub and second-stage stator hub Mach
number limit of 0.6 yields

U Ir
<——t—> = 0.492 and (—11) = 0.617
a T 50,1

anicT, 1.

Example 4. - Entry into chart III(a)2 for a 2-stage turbine with
exit axial Mach number of 0.5 and hub Mach number limit of 0.8 yields

U T
<_'°—_> = 0.459 and (-2 = 0.535
8a,cr,1/T It Jo,T

Evaluation of Turbine Frontal Area
No limiting value for tip radius is specified in this problem, but

the comparative compressor and turbine tip areas may be evaluated as
follows:

2

(_Ag) _ (aa):§}l)T Ga,cr,l)g (5)
G (i&.f(flﬁﬁ)
«/525'0 S8,
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Example 1. -
(fg) _ (0.645)2(2078)%
Ac’t  (1000)2(1.0)
= (4.318)(0.645)%
= 1.796
Example 2. -

(4.318) (0.593) %

P
b

1.518

Example 3. -

<%§>t = (4.318)(0.492)%
= 1.045
Example 4. -
Aq 2
<ZE)t = (4.318) (0.459)

0.910

It can be seen from the preceding results that, if the compressor is
not the component which limits the engine frontal area, a conservative 2-
stage turbine (example 3) will meet the requirements. However, if the
turbine must be no larger than the compressor, increasing the turbine huls
Mach number limit to 0.8 (example 4) will more than satisfy this require-
ment. Examples 3 and 4 are further investigated through the use of the
tables.

GLST
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Entry into Tables

Table IIT yields the following results:

f '

Ex- (m) Uy, |-eddi, o (P Vg ) (Th> ARy 3| Py o8, - C_z) ‘L'_) ]Cﬁ) (‘é) C.’i'> (ﬂ)
- S S A o 2 2 3
= 5 0? v/5,m|\'t/2|885_5 | P5 |7 h,2-37) 5,07 |\Vg fp | Nady NV /y Nadg VS /| Na /g

@ a a,
ple t a,cr,l a®a,cC a0 e
3 [0.617| 0.492 3.107 0.4636 [0.768|1.673|3.17| 114.1 [-19.0/0.698| 0.600 | 0.811] 0.600(0.862| 0.600
4 .533 .459 3.599 L4634 .751)2.105 |3.42 115.8 | -20.9| .807 .800 |%*1..000| *.777(1.000 .878

All of the tabulated values were obtained by linear interpolation from
the table except those values marked with a superscript (¥). Example 4
is located in the table in a region very near the transition of the sec-
ond stator from velocity-ratio-limited to Mach-number-limited, and linear
interpolation would yield (¥§> < 1.0 and (%) < 0.8. Therefore, the
47t Sl
surrounding points were plotted and cross-plotted, and the desired values
were read from the cross plots. In each of the plots, enough points
beyond the transition point were plotted to determine whether each point
to be used in cross-plotting was limited by velocity ratio or by Mach
number.

It can be seen from the foregoing results that examples 3 and 4 are
almost alike in some respects. There is almost the same amount of turning
in the first rotor (a glance will show this is the most critical blade row
in this region of the table) and almost the same amount of exit whirl.
There is less pressure drop across the turbine and less taper required in
example 3. Therefore, if the additional 4.5 percent in frontal area could

be tolerated, example 3 would provide the velocity parameters for the final

design calculations. If the turbine frontal area is critical, specifying
an exit axial Mach number of 0.5 with a limiting hub inlet relative Mach
number of 0.7 would probably yield a turbine of sufficient capabilities
and frontal area to satisfy the requirements.

CONCLUDING REMARKS

A method was devised for the rapid selection of 1-, l%—, and 2-stage

turbine designs within specified aerodynamic limits. The turbine annulus
was tapered to yield maximum work output. For given sets of turbine de-
sign limits, charts permit determination of attainable values of blade-
speed parameter, exit radius ratio, and turbine diameter from turbine
design data commonly specified in turbojet-engine design. For ranges of
blade-speed parameter and exit radius ratio, detailed design information
is tabulated.

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, October 17, 1957
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APPENDIX A

SYMBOLS
annular area, sq ft

tip frontal area, sq ft

sonic velocity, a/TeRt, ft/sec

critical velocity, Q/;%% gRT, ft/sec

ratio of bleed air to compressor-inlet airflow
specific heat at constant pressure, Btu/(1b)(°R)
diffusion factor of downstream stator blades

parameter used in relating compressors and turbines,

wU
<f————il————> 5 Ib/sec5
AdinN%in’c

fuel-air ratio

acceleration due to gravity, 32.17 ft/sec2
stagnation specific enthalpy, Btu/lb
mechanical equivalent of heat, 778.2 ft-lb/Btu
stagnation pressure, 1b/sq ft

static pressure, lb/sq ft

gas constant, ft-1b/(1b)(°R)

radius, ft

entropy, Btu/(1b)(°R)

stagnation temperature, °R

static temperature, °R

blade velocity, ft/sec
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v velocity of gas, ft/sec

W weight-flow rate of gas, lb/sec

¥ weight-flow parameter, w/paaa,crAt

a flow angle of absolute velocity measured from axial direction
(fig. 2), deg

B flow angle of relative velocity measured from axial direction
(fig. 2), deg

Y ratio of specific heats

o) ratio of stagnation pressure to NACA standard sea-level pressure,
p/2116

p polytropic efficiency

6 ratio of stagnation temperature to NACA standard sea-level tem-
perature, T/518.7

0 gas density, 1b/cu ft

o] solidity, ratio of blade chord to pitch

@ angular velocity, radians/sec

® stagnation-pressure loss coefficient of downstream stator blades

Subscripts:

a stagnation condition

B combustor

© compressor

h hub radius

il ideal

in inlet

m mean radius

exit
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R rotor

S stator -
T turbine

t tip radius

Z axial component

6 tangential component

Superscripts:

' relative to rotor

* stagnation state relative to stator, which would exist if only
the axial component of velocity were considered
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APPENDIX B

METHOD OF ANALYZING 1-STAGE TURBINES

The following conditions were assumed in the computations for the
1l-stage turbines:

(1) Flow through the turbine is adiabatic.

(2) At any given axial station, both stagnation pressure P and
stagnation temperature T are constant radially.

(3) Free-vortex flow conditions prevail at each axial station; that
is,

0 (I‘Ve ) BV
or arz =0 (B1)

(4) Tip radius is constant from entrance to exit.

(5) Any effects of annulus wall curvature or radial components of
velocity may be neglected.

(6) The turbine working fluid obeys the perfect-gas law; that is,
% = Rt (B2)

(7) At the mean radius, PV,A 1is constant from inlet to outlet.
(8) The entire loss in the turbine occurs across the rotor.

The following constants were assigned:

(1) Ratio of specific heats 7y = 4/3

(2) Turbine polytropic efficiency Np,T = 0.85

The following quantities were assigned and varied independently:

v
(1) Exit axial Mach number (—5>

8 5,m

1

(2) Either rotor hub inlet Mach number (%;) or rotor hub velocity
290

3 )
ratio G;-ZT)
3/h
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) e
(3) Exit radius ratio (_2)
Lt/3

(4) Blade-speed parameter Ut

aycryl
-V§ 5
(5) Leaving loss —22
The general method of solution was as follows: Values for both inlef
s q f'_h —gJAHl_3
radius ratio - and turbine-work parameter ————"2
v/ Ui s
J

were assumed.

For each assumed value of inlet radius ratio the turbine-work parameter
was varied until the computed rotor hub inlet velocity was equal to the

assigned limit. This assigned limit was either in the form of Mach number

NACA RM E57J09

1
V! V2
= or velocity ratio \i7) . The inlet radius ratio was repeatedly
a/z n’ V3 /n
J

increased by some increment A(;%)Z, usually 0.005, until the value of

turbine-work parameter began to decrease. The greatest value of turbine

work obtained in this manner was taken to be the maximum turbine work that

could be achieved by varying inlet radius ratio. See figures 1(a) and

2(a) for the axial stations and velocity diagrams, respectively.

Conservation of energy requires that

H - H; = CP,T(Tl - TS) = -AH
where
c.. = _r R
P y-14
Critical velocity is defined as
e
8a,cr & A7 ¥ T gRT

Combination of equations (B3), (B4), and (B5) yields

2
Ts vy - 1\ (-8J4H; 3\ ( Uy
ol T 2
i Tp + 1)\ Uy Ba,cr,l

(B3)

(B4)

(B5)

(B6)
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and
2 2
B o [ N
Bg,er/3m 2gJAH) _3 UE 8a,cr,1/ \T3
The definition of total state requires that
- 2
%=1-(Y+i)<"> (B8)
T aa,cr
As an aid in analysis, a temperature T* was defined
2
\)
* _ )
T™=T - 5@33; (B9)

which is identical to the relation
2
Vz

—Z_ £
Zgios (B10)

™=t 4

This temperature T¥ is herein called "exial stagnation temperature"
because equation (BlO) indicates that, if the static enthalpy is increased
by the kinetic energy contained in the axial component of velocity, the
temperature reached is T¥. Equations (B8), (B9), and (B1l0O) may be com-
bined to produce

T )
T % "\ zZz /\&
T T (Bll)
Ta e
T Yt a,cr
where
a = A/vgRt (B12)

Equations (BS) and (B12) may be combined to show that

Vz = Vefr+1t (B13)
aa,cr a 2 Ak

It is now possible to evaluate the complete velocity diagrams at the
turbine exit in terms of the critical velocity 8a,cr,3"
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From the isentropic relation

1

S—a - (%)Y_l (B14)

and equation (B8), the specific-mass-flow parameter can be expressed

L

2 201
sz -1 VG Vz Vz
T = + 1 (? "\& a (B15)
Pa a,cr I a,Cr a,cr 8, CT

and can be evaluated at the turbine exit.

The definition of polytropic efficiency and assumption (8) result in

x
-2 - @5)
3 S &
From assumption (7)
(VM) 2 o = (PV A)5 o (B17)

where

A= nr%[ - (;%)2:‘ (B18)

Combination of equations (B2), (BS), (Bl7), and (B18) yields

. 2
- (@)
pV oV T> P I
e ) () T (319)
] a,er/2,m a a,cr/3,m 372, _ h
t/2
Turbine work may also be expressed as
TV -r,V
Hl _ H3 = 0 20,2 56,3 - _AH (BZO)

gd

GLSY
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Manipulating equation (BZO) gives

& Vo -gire (Ve Ug
= = + \7, (B21)
| B, er/e,t U 3, \%a,cr/1

The complete velocity diagrams at the turbine rotor inlet can now be
evaluated in terms of critical velocity a

8, CTs

By use of equations (B5), (B8), and (Bl2), it is possible to write

Q%) S (aa‘,[(':r>2,h \]IYT2+ . (rT - 5<a v )2 G

From equation (B5) it is obvious that

V'
Yé> _ (?a,cr)ZJh (B23)
h

! 1/2
‘s ( A > Ts)/
&a,cr/3,h I

The definition of inlet weight-flow parameter is

w = .4 (B24)
1 At(pa a,cr)l
where
W = (prZ,lAl)m (B25)
and
A, = nrf (B26)

The combination of equations (B18), (B24), (B25), and (B26) and the
use of assumptions (4) and (8) yield

pVv r, \@
g %y = (—5—> == (—h> (B27)
paaa,cr 2,m F£/2




24 NACA RM ES7J09

APPENDIX C

METHOD OF ANALYZING l%—STAGE TURBINES

The following conditions were assumed in the computations for the l%~
stage turbines:

(1 to 7) Same as for l-stage turbines (appendix B).
(8) The entire loss in the first stage occurs in the rotor.

(9) The chord length of the downstream stator blades is constant
radially.

(10) Annular area across the downstream stator is constant.

11) The gas leaving the downstream stator has only axial velocity;
Y5
that is, V6,4 = 0. .

The following constants were assigned:
(1 and 2) Same as for l-stage turbines (appendix B).
(3) Mean solidity of downstream stator blades 03, m = s

(4) Stagnation-pressure loss coefficient of downstream stator blades
& = 0.05.
m

(5) Hub diffusion factor of downstream stator blades Dy, = 0.4.

The same quantities as for the l-stage turbines were assigned and
varied independently.

The general method of solution was as follows: A value for tangen-
vV
tial Mach number at the inlet of the downstream stator 7? - was
m
J
assumed. The specific-weight-flow parameter downstream of the stator was
then computed from two independent relations. In one case ® was used

to determine the pressure ratio through the stator, and in the other Dy
was used to determine the velocity leaving the stator. The value of

Vv
(Tg> was adjusted until the two methods of computing (:_féﬁl__>
a/3 m p.a
s a“a,cr/4,m
gave identical results. Since these computations were independent of both
inlet radius ratio and turbine work, this trial-and-error computation was
solved, and then the method of solution outlined in appendix B was fol-

lowed. The axial stations and velocity diagrams for l%-stage turbines
are given in figures 1(b) and 2(b), respectively.

-

SLSY
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From the definition of total state

sl e @
Equations (BS), (B12), and (Cl) may be combined to yield
5 -1/2
- [ ] e

where
Ef il (2

The specific-mass-flow parameter at the inlet to the downstream
stator may be evaluated from equation (B1l5), where

a P\ & a
a,cr/3,m 3,m\ a,cr/3,m
A )

8a,cr/3,m 8 /3,m\%a,cx/3,m

A derivation similar to that used for equation (B19) incorporating
assumption (10) yields

and

( = )

pv p.a

( 7 > _\aacr 3,m (c6)
4,m

Pala,cr P_4
P3
Py
where 7. may be solved in equation (B5) of reference 4 as follows:
3

T

Pa = ' - vy o
pr-1-g{l- |1+ )(;)3,111 (c7)
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|

yields \
|

D:(-Yﬁ>+lv_9él_ (CB) 1

V3 20V3

The solution of equation (C8) for (? v >4 b is
a,cr/4,

( 6 >
Vv V &a,cr/3,n
(;————) = (\a ‘> Dy, + 1+ 2 2 (c9) |
a,cr/4,h a,Cr/ 3, 20 V >
h 3,0
2

where from assumption (9)
oy = O |—Fv— (c10)
By application of assumptions (3) and (11), equation (B15) may be
written:
-1

oV, Ym - 2
'z =(V ) 1 - = - A (c11)
paaa,cr 4,m aa,cr 4,h Tp + aa,cr 4,h

Equation (C6) yields the specific-weight-flow parameter from the
pressure losses, and equation (Cll) gives this parameter from the dif-

fusion factor.

The use of equations (Bl) through (B6) with (C4) and (C5) permits
evaluation of the complete velocity diagrams at the turbine rotor exit
in t f th itical velocit :
in terms o e critical velocity 8a,cr,3

Equations (B16) through (B27) specify the necessary information
to complete the calculation.

A
A
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APPENDIX D

METHOD OF ANALYZING 2-STAGE TURBINES

The following conditions were assumed in the computations for the
2-stage turbines:

(1 to 7) Same as for l-stage turbines (appendix B).

(8) The inner annulus wall is a single conical surface from the
first rotor inlet to the turbine exit.

(9) The axial lengths of the last three blade rows are equal.

(10) One-third of the over-all stage loss occurs in the stator blade
row and two-thirds in the rotor blade row.

(11) The velocity ratio across the hub of each rotor blade row is
never greater than 1.0.

The following constants were assigned:
(1) Ratio of specific heats v = 4/3

(2) Turbine stage polytropic efficiency
n =1 =1 = = 0.85
p,T,1-3 p,T,3-5 p,T,1-5

The following quantities were assigned and varied independently:

v
(1) Exit axial Mach number (35)5
,

1 1
(2) Rotor hub inlet limiting Mach number (¥E)2 hlimit = (%;)4 hlimit
Y )
(3) Second-stage stator hub inlet limiting Mach number (%)3 hlimit
J

(4) Limiting velocity ratio across tip of second-stage stator

v
(T§> Timit
Vy/y
r
(5) Exit radius ratio (=&
THLS

U
(6) Blade-speed parameter (? . >
2 CT /8

7
‘VG 5,m

(7) Leaving loss EEEZHT—E
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The general method of solution was as follows: Values for inlet

T -
radius ratio f% o turbine-work parameter —ggégilé, and turbine seconi-
U
h,5

AH
] -
radius ratio and work parameter, the second-stage work ratio was varied

until the second-stage rotor hub inlet velocity satisfied the assigned
limits. These assigned limits were: either the rotor hub velocity ratlo

stage work ratio were assumed. For each assumption of inlet

V4 : V!
i) = 1.0 and the rotor hub inlet Mach number \—
5/h

& assigned value,

<
dnT

Vi V! .
or {—) < 1.0 and \— = assigned value.
Va/n &44,h

A similar restriction was put on the velocity into the second-stage

)
stator. The velocity ratio at the tip (yi was assigned, and the hub
4/%

inlet Mach number (%)3 h was evaluated. If this Mach number exceeded its
J

assigned limit, then (%)3 h was set equal to its assigned limit and the
J

tip velocity ratio (§§> was computed.
4/t

While the inlet radius ratio was held constant, the turbine-work
parameter was varied (with the iteration just described being carried out
for each trial value) until the first-stage rotor hub inlet velocity safti-
isfied the assigned limits. These assigned limits were identical to those

Vil '
for the second-stage rotor; that is, either V§> = 1.0 and 0%9 <
2

Vl 3 h ’h
: 2 i A -
assigned value, or \7=+) < 1.0 and (— = assigned value.
\/ a
34h 2,h
The inlet radius ratio was successively increased by an arbitrary
T
increment, A(?E = 0.005, until the value of over-all turbine-work parem-
t/2

eter began to decrease. The greatest value of turbine work obtained in
this manner was taken to be the maximum turbine work that could be
achieved by varying inlet radius ratio.

Figure 1(c) shows the assumed 2-stage turbine geometry and axial
stations, and figure 2(c) shows the velocity diagrams.

.
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Equations (B3) through (Bl5) permit evaluation of the velocity dia-
grams, in terms of the critical velocity, and the specific-mass-flow
parameter at the turbine exit by rewriting the equations to apply to over-
all turbine conditions where necessary. For example, equation (B6) would

become:
2
Ts Yo - Y\[-&JAH, _ U,
==1-2 - > (p1)
P Yp + Uy 8a,cr,l
Equations (B3) to (BS) combine to become
2
Tz 2(yp - 1) (-8I0E; g\ (Al g U T,
=1+ > NG — (D2)
5 vp + 1\ i 1-5/\8a,cr,1/ \Is

and thus all necessary temperature ratios are defined.

If the expansion across the second turbine stage were isentropic
with the gases expanding from some inlet pressure Pz to some ideal exit
pressure P5 17 this expansion could be expressed

2

Tp
YT-l

P T
P - <T_3> =)

5,1 5

However, from the definition of polytropic efficiency the actual expan-
sion is expressed

L
np,T, z.5 (YT']—)
2 41
i (_é) (D4)
Ps \T5

The losses AS that occur during the actual expansion may be expressed
in terms of the ideal and actual pressures as

A83_5 - ln( PS ) (DS)

J  \Pg 3

From assumption (10)

P P
1 _1lR R iRt
Tl =57 1n<F5 i) =MSz 4 == 1n(—-P3) (D6)
2
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Solution of equation (D6) for stator pressure ratio yields

5,1

Equations (D2), (D4), (D7), and equations (B15) to (B2l) permit
evaluation of complete velocity diagrams at the second-stage rotor inlet

in terms of the critical velocity 8g,cr,47 where

-8JAH; 5 -gJAH) 5 OBz g

e ve Mhs

t

(D8)

and evaluation of the specific-mass-flow parameter, where
T 1("h 2("n
5 e e (p9)
t/4 L/ 2 t/5
from assumptions (8) and (9).
Equations (B22) and (B23) define the second-stage rotor hub inlet
1 V)
velocity in terms of the specified limits Y—) and (—%) .
B4 h V5/n

A derivation similar to that for (B19) yields

- 2
v v P\t - (‘2)
P o 2
—Z Y e (§é> ______jiég (D10)
paaa,cr 3,m paaa,cr 4,m\"3 Ty

where

i e
(L5, 1)
Tt )3 Ft)2 rt)5

from assumptions (8) and (9).

From assumption (3) and the velocity diagrams

2 2 2 2 2
oGl ] e
8a,cr /3,m Tm)3|\Va/t \Ba,cr/4,t 8a,cr/3,m

SLSY
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where
e
8ol 2.0 (D13)
I‘m I‘h
1.0 + —
s

and (ﬁi)t has been assigned. Substitution of (D12) in (B1lS5) yields

( PV, > _-( Vz> N T-l l: Ty ] V3 T l
Paa,cr, S,m.- Za,cr/3,m rT+l <\a cx/3,m H> m> <\a,cr> die

\ V
From equation (D14) (a & ) may be evaluated and then ( 2 ) may
&,er/3,m 8a,cr/3

be evaluated from equation (D12).

A derivation similar to (B22) yields

(Qs,h B Qia%:js,h YT2+ 1{1 3 (YT 5 lS( v )2 L)

Vo * 1/\8, cr/3,n
If the result of equation (D15) exceeds the assigned limit, (%) is
set equal to the limit, and from equation (Cl) 3,h
Ym + l[
=L e — (o16)
gy Cr/5nh 35h

g T T

From assumption (3) and the velocity diagrams
2

v\ NIEE LT
=|=— ( ) - (D17)
8a,cr/3,m /51 B, cr/3,8 8a,cr/3,m

where

xr
e B
h t
== ™ (D18)
T O
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Substitution of equation (D17) in (B15) yields

VoL
oV v ro-1 | ( Vz \? rm\2| [rn\2 2
o)L Eel el eleal)) -
fa a,cr/3,m a,cr/3,m Yot aa,cr 3,m ‘m/3 Im/3 8'za.,cr 3y

Vv
ain may be evaluated from equation (D19) and then \gz——
= <Pa,cr 3,m 8 : ( 8a,cr/3,m

may be evaluated from equation (D17). Velocity diagrams and assumption

(3) permit evaluation of (ngF—- and then
a,cr/3,t

v
(YS) _ (?a cr)S t (D20)

7 v
Ba,cr/4,t

It is now possible to evaluate the complete velocity diagrams at the first
rotor exit in terms of the critical velocity ag cr, 3.

By repeating the procedure outlined for the second-stage rotor, the
specific-mass-flow parameter, the velocity diagrams at the inlet to the
first-stage rotor in terms of the critical velocity g, cr,2’ and the

first-stage rotor hub inlet velocity in terms of the specified limits

1
(%:) and (:%. may be evaluated.
3’h

A derivation similar to that for equation (B27) yields

- (ko - @ o
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TABLE III. - Continued.
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TABLE IV. - SUMMARY OF TURBINE DESIGN CONDITIONS

1-Stage turbines l%—Stage turbines

2 Table Table
(V_z) (y;) YA |Yo,0,m (%) <E) L

= 3,m 2 2,h éh gere . 3,m & 2,h Vé h
0.5 0.6 [<1.0 0.01 |I(a)l| 0.5 0.6 |<1.0 |II(a)l
8 |<1.0 I(a)2 -8 I=<iUoNITT(a)2
=== 150 I(a)3 — 1.0 'ET(a)3
0.6 0.6 [<1.0 0.02 |I(pv)1| 0.6 0.5 |<1.0 |II(b)l
8 [<1.0 I(b)2 .8 [€1.0 [II(b)2
— 1.0 1(b)3 - 1.0 |I1(b)3
057 0.8 [=--- 0.02 ([I(e)l| 0.7 0.8 |<1.0 |TII(e)l
1.0 [€1..0 I(c)2 1.0 [=1.0 |Tile¢)2
— 1.0 I(c)3 ——- 1.0 [II(c)3

2-Stage turbines

2 Table
V_ E 'Ve,o , 1
)" % Vi 2gJAH

(0)5 <0.6 <1.0 0.01 |[III(a)l
=.8 <1.0 III(a)2

0.6 <0.6 =100 0.02 |11I(b)1
<.8 <1.0 III(b)2

07 =018 S1.0 0.02 [III(c)




4575

CW-8 back

NACA RM E57J09

Station 2 3

1

: 4—

18 } 1R t

| |
+—

(a) 1-Stage turbines.

%) 4

1
T Al

|

2
l -
1

18 j 1R 28
|

| t
(b) l%—Stage turbines.

2 3 4 5]

L
=4

' |

1

* t

\ 18 ‘ 1R ' 28 ’ 2R
| I |

(c) 2-Stage turbines.

—

Figure 1. - Annulus geometry and axial
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